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Preface

This dissertation contains results in the area of constructive mathematics with em-
phasis to computable algebra and computable analysis. Mal’cev [66] and Rabin [86]
initiated the study of computable groups, and Turing [96, 95] started the investi-
gation of effective procedures in analysis. The thesis in hand is divided into two
parts.

Part I contains results on computable abelian groups. More specifically, we
introduce a new computably-theoretic concept of limitwise monotonic sequence
and apply this notion to study effectively presentable torsion abelian groups and
other structures. We completely describe higher computable categoricity in the
class of homogeneous completely decomposable groups. For this description we
need new computably-theoretic and algebraic methods. We show that a functor
from the class of countable trees into the class of abelian groups defined in [50] is
injective on a certain subclass of trees. This fact has recently found an application
in computable group theory [35]. We also study a jump degrees of torsion-free
abelian groups, and show that for every computable a there exist a torsion-free
abelian group having a proper a jump degree.

Part II is devoted to the study of computable separable metric and Banach
spaces, with a strong influence of certain ideas from computable model theory
and algorithmic randomness. We consider computable metric spaces associated
to Banach spaces and show that every separable Hilbert space possesses a unique
computable structure, up to a computable isometry, and C[0,1] and /; possess
more than one. We study computable metric spaces which are not associated to
Banach spaces and show that Cantor space and the Urysohn space have a unique
computable structure, up to a computable isometry, and also describe computable
subspaces of IR" having a unique computable structure. Finally, we generalize the
concept of K-triviality [80] to an arbitrary computable metric space, and show that
two possible adequate generalizations of K-triviality actually coincide.
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Chapter 1

Introduction

Computable (constructive) mathematics was born quite early in the XX’th century,
and its birth pre-dates the formal clarification of what is a computable process.
For instance, Brouwer [13], [14] used intuitively effective procedures; Max Dehn in
1911 [22] studied word, conjugacy and isomorphisms of finitely presented groups
using intuitive algorithms. Modern computable mathematics goes back to 1930s to
the fundamental papers of Turing [96, 95], and the Russian school of constructive
mathematics founded by Markov in the late 1940s (see, e.g., Kusner [62]) who
explicitly used computability theory.

This dissertation is devoted to the study of effective procedures in infinitely
generated groups and separable metric spaces. These results belong to effective
algebra and computable analysis, respectively. Both fields are branches of com-
putable mathematics and have many similarities. Nonetheless, they have been
developing quite independently in the recent years and have certain distinctions.
As a consequence, the thesis is divided in two independent parts.

The first part of the thesis is devoted to infinitely generated computably presented
abelian groups. By computable groups, we mean groups where the domain is
computable and the algebraic operation is computable upon that domain. A group
is computably presented if it has a computable isomorphic copy. The study of
computably presentable groups was initiated by Rabin [86] and, independently,
Mal’cev [67] in the early 1960’s. Such studies can be generalized to other algebraic
structures, a tradition going back to Grete Herrmann [44], van der Waerden [99],
and explicitly using computability theory, Rabin [86], Mal'cev [66] and Frolich
and Shepherdson [38]. The fundamental works of Mal’cev and Rabin mentioned
above gave rise to computable model theory which studies effective procedures in
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abstract algebraic structures [33, 3].

The second part of the thesis studies computable separable metric and Banach
spaces. A separable metric space is computable if it contains a dense computable
sequence of points. A computable normed spaceis defined similarly. The spaces are
usually assumed to be complete. The study of effective procedures in uncountable
spaces goes back to Turing [96, 95]. These studies can be generalized to topological
spaces [101]. Methods of modern computable analysis have various applications in
algorithmic randomness [80, 26, 81]. There are certain interactions of computable
analysis and theory of numberings [101]. Standard references for computable
analysis are [101] and [85].



1.1 Overview of Part I: Computable abelian groups

As its name suggests, computable abelian group theory combines methods of com-
putability theory and commutative algebra. The systematic study of computable
abelian groups was initiated by Mal'cev [67]. The standard references for com-
putable abelian group theory are [58, 23].

We assume that the reader is familiar with basic notions of computability the-
ory [92]. Further notions will either be given when needed, or can be found
in [92, 33, 3].

1.1.1 Computable algebraic structures.

The definition below is central to the first part of the thesis.

Definition (Mal’cev, Rabin). Aninfinite countable algebraic structure (e.g., a group)
is computable if its universe can be identified with the natural numbers so that the
functions and relations become uniformly computable. This numbering of the
universe is called a computable copy of the structure.

For instance, a group is computable if its domain and the operation are both
computable. Computable copies are also called computable presentations or con-
structivizations [33, 3].

Computable algebraic structures are the main objects of study in computable
algebra. Nonetheless, non-computable structures appear naturally in many cases.
For instance, every finitely presented algebra is computably enumerable. Such
algebras are also called X0-algebras, see e.g. [33, 60]. It is well-known that there
exist finitely presented algebras with undecidable word problem, whence non-
computable. For a group-theoretical description of computably enumerable groups
see the famous work of Higman [45]; see also Feiner [34] for an application of
computably enumerable Boolean algebras in degree theory. Another example
of non-computable but (in some sense) effective structures are finitely generated
subgroups of computable permutations of the natural numbers. Such a group
may not be computable in general, yet it is IT) or co-c.e., because if two elements
are unequal we will eventually see it. These LV and IT) structures share several
common properties with computable ones (see, e.g., [60]).

The natural examples discussed above motivate the study of structures com-
putable relative to an oracle. A countably infinite algebraic structure A is d-
computable if its universe can be identified with the natural numbers w in such a
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way that the operations become (uniformly) d-computable. For instance, one may
speak of structures computable in the halting problem, natural examples being X9
and IT) structures.

Classically algebraic structures are considered up to isomorphisms. It is rather
natural to consider computable structures up to computable isomorphisms:

Definition (Mal'cev, Rabin). Two computable structures are autoequivalent if they
are isomorphic via a computable isomorphism. A computable structure is said
to be computably categorical or autostable if every two computable copies of this
structure have a computable isomorphism between them.

The terms “autoequivalent” and “autostable” are mostly used by Russian-
speaking mathematicians [33], while most of English-speacking authors use the
terms “computably isomorphic” and “computably categorical” [3]. If a structure is
not computably categorical, it is natural to ask the question of how close to being
computably categorical the structure is. For instance, a linear ordering of order
type IN is not computably categorical since there is the canonical example where
the successor relation is computable, and another where the successor relation is
not. But if we are given an oracle for the successor relation, then the structure
is computably categorical relative to that. The halting problem would be enough
to decide whether y is the successor of x in such an ordering. This motivates the
following definition.

We say that a structure A is AD-categorical if every two computable presentations
of A have an isomorphism between them which is computable with oracle 0",
where 0"~V is the (n-1)-th iteration of the halting problem.

1.1.2 The Two Problems

Most of the results included in the first part of the thesis are related to Problem A
and Problem B below, restricted to the class of infinite abelian groups.

Problem A. Given an infinite countable structure (e.g., a group or a field), determine
if this structure has a computable copy. More generally, describe all Turing degrees
d such that the structure has an d-computable copy.

There is no hope of finding a general necessary and sufficient condition for
countable structures to be computably presentable. For instance, there is a graph
having an d-computable copy for every non-computable d, which yet has no com-
putable copy [100, 89]. Thus, probably the strongest condition one can think of
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fails for structures in general. Furthermore, even for certain sufficiently broad
classes of algebraic structures such as Boolean algebras and abelian groups there is
a little hope to obtain a satisfactory solution to this problem. In context of infinitely
generated abelian groups, it is not even known which reduced abelian p-groups
can be computably presented. Khisamiev [58] obtained a satisfactory solution in
the special case of p-groups of small Ulm length. However, the case of arbitrary
(constructive) Ulm length has remained undiscovered for over 20 years, and the
problem seems to be difficult. We refer to [3] for a more detailed discussion and
more partial results concerning Problem A.

The second problem addressed in the first part of the thesis is:

Problem B. Given two computable structures, determine if there is a computable
homomorphism (embedding, isomorphism etc.) between the structures. Describe
computably and AJ-computably categorical structures (for positive n € w or n a
non-empty constructive ordinal).

In contrast to Problem A, a lot more is known about computably categorical
structures. For instance, there are characterizations of computably categorical
algebraic structures in the classes of Boolean algebras [42], [64], linear orders [87],
torsion-free abelian groups [41], [83], abelian p-groups [33], and other structures [3].
There are notions similar to computable categoricity such as relative computable
categoricity [3]. Although computable categoricity has been central to computable
algebra for over 50 years, there is still a lot to be understood. For instance, not
much is known about computably categorical fields [77]. Also, it is not known if
the index set of computably categorical structures is ITj-hard [102]. For more recent
results on computably categorical countable structures see [25].

Once computably categorical structures in a given class are characterized, it is
natural to ask which members of this class are Ad-categorical. Here the situation
usually becomes more complex. There are only few results in this area, most of
them are partial. For instance, McCoy [68] characterizes AJ-categorical linear orders
and Boolean algebras under some extra effectiveness conditions. Also it is known
that in general A’  -categoricity does not imply Af-categoricity in the classes of
linear orders [4], Boolean algebras [3], abelian p-groups [7], and ordered abelian
groups [72].

Problems A and B in general suggest to view computable (d-computable) struc-
tures of a certain language as a category in which computable (d-computable)
isomorphisms are morphisms. This idea has recently developed to the study of
computable functors between classes of computable structures (see, e.g., [59]). We
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emphasize that Problems A and B are not the only important themes of computable
model theory and, more generally, effective mathematics. For other problems such
as spectra of relations or computable dimension see [33], [3].



Part I is organized so that the algebraic content of the results increases from
chapter to chapter. It is assumed that the reader has a sufficient background in
computability theory [92] and knows basics of computable model theory [3]. We,
however, except that the reader may not have a sufficient background in abelian
groups. Thus, we give some classical definitions of the theory which will be
used without expect reference in the text. After we give the basics, we review the
upcoming chapters, stating results formally and providing more background along
the way.

1.1.3 Basics of abelian group theory

Following the tradition of abelian group theory, we use + to denote the group
operation [39, 40]. Recall that if we replace a filed by a commutative ring in the
definition of a vector space, we obtain the definition of a module over this ring. An
abelian group H can be viewed as a Z-module, as follows. We write kh to denote

h+h+...+h and we write (—k)h to denote —(h + h + ... + h), where k is a positive
~— S——

k times k times

integer and h € H. We also set Oh = 0, for every h € H. Basics of module theory can
be found in [63].

An abelian group H is torsion-free if kh # 0 for every nonzero h € H and every
positive integer k. An abelian group is torsion if for every h € H there exists a
positive integer k such that ki = 0. There are abelian groups which are neither
torsion nor torsion-free. For h and element of an abelian group, if there exists k
such that kh = 0, then the least k with this property is called the order of /. For a
prime p, an abelian torsion group is a p-group if every element of it has order p* for
some k. We usually restrict ourselves to torsion-free or p-groups, but there will be
one theorem about torsion groups which are not p-groups.

In algebraic lemmas we may view abelian groups as modules. We will fre-
quently use the notion of linear independence over Z taken from module theory:

Definition. Elements gy, ..., g, of a torsion-free abelian group G are linearly inde-
pendent if, for all cy, ..., ¢, € Z, the equality cogo + 181 + ... + c4gn = 0 implies that
co =€ =...=¢, =0. An infinite set is linearly independent if every finite subset of
this set is linearly independent. A maximal linearly independent set is a basis. All
bases of G have the same cardinality. This cardinality is called the rank of G.

We write A £ B to denote that A is a subgroup of B. It is not hard to see that a
torsion-free abelian group A has rank 1 if and only if A £ (Q, +).
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Definition. An abelian group G is the direct sum of groups A;, i € I, written
G= EBZ. - Aj, if G can be presented as follows:

1. The domain consists of infinite sequences (ay, 41,4, ...,4;,...), each a; € A;,
such that the set {i : a; # 0} is finite.

2. The operation + is defined component-wise.

The groups A; are the direct summands or direct components of G (with respect
to the given decomposition). Note that there may be lots of different ways to
decompose the given subgroup. One can check that G = . A;, where A; £ G,
if and only if (1) G = )., A, i.e. {A; : i € I} generates G, and (2) for all j we have
Aj N Yierjzj Ai = {0}

This thesis studies effective content of algebraic structures, abelian groups in
particular, therefore we have to agree on the signature (formal syntactical lan-
guage). We will see that for our purposes we do not need to use the more
complicated two-sorted signature of modules (see, e.g., Proposition 3.2.2). By
convention, our signature contains only +. Thus, — and the module multiplica-
tion kh should be understood as abbreviations. For example, x — y = z stands for
(Vh)[(h +y = 0) = x + h = z]. Furthermore, if + is represented by a computable
function, then both — and ki can be computed effectively and uniformly.

We will use one more abbreviation. For k a positive integer and g € G, we write
klg in G (or simply kl|g if it is clear from the context which group is considered) and
say that k divides g in G if there exists an element 1 € G for which kh = g, and we
say that /1 is a k-root of g. Note that k|g is simply an abbreviation for the formula
(n)(h+h+...+h = g) in the signature of abelian groups. If for every k # 0 and
every x ek ténieswe have k|x, then the group is called divisible. It is well-known that
every abelian group G can be embedded into a divisible group. The least subgroup
of the divisible group containing G is uniquely determined up to an isomorphism,
and is called the divisible hull or the divisive closure of G. There is no standard
notation for the divisible closure of G, some authors use D(G).

If the group G is torsion-free then every ¢ € G has at most one k-root, for every
k # 0. Assume there were two distinct k-roots, h; and h,, of an element g. Then
k(hy — hy) = 0 would imply hy = h,, a contradiction.

Definition. Let G be a torsion-free abelian group. A subgroup A of G is called pure
if for every a € A and every n, nja in G implies nja in A. For any subset X of G we
denote by [X] the least pure subgroup of G that contains X.
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For instance, every direct summand of a given group G is pure in G, while the
converse is not necessarily the case. Also, every pure subgroup of a divisible group
is divisible itself.

1.1.4 Summary of Chapter 2: Limitwise monotonic sequences

In this chapter we introduce and study a purely computably-theoretic concept
of uniform limitwise monotonicity for sequences of sets. Then we apply the
computably-theoretic results to investigate degree spectra (to be defined) of certain
algebraic structures including abelian groups.

A set S is limitwise monotonic relative to a given degree a if there is an a-
computable function ¢ : w X @ — w such that (1) max; g(x,s) exists, for every
x, and (2) S = rng(Ax[max; g(x,s)]). The second condition can equivalently be
replaced by (2’) g is total, g(x,s) < g(x,s + 1) for all x,s € w, and lim; g(x, s) exists.
We say that the function f(x) = max, g(x, s) is limitwise monotonic.

Khisamiev was the first to introduce the notions of computable monotonic
approximation and the notions of s-function and s;-function [58]. As we have
already mentioned, Khisamiev used computable monotonic approximations of Zg
sets to study computable abelian p-groups of small Ulm length [58]. He also
showed that there is a A9 set which is not limitwise monotonic (Proposition 3.8
of [58]). Independently, Khoussainov, Nies and Shore in [59] introduced limitwise
monotonic functions in the study of computable models of N;-categorical theories.
See [21,43,54, 15,49, 19, 29] and [46] for further applications, and [47, 55] for certain
generalizations of this notion.

We introduce the following notion:

Definition. An ordered sequence of sets S = {S,} e, is uniformly limitwise monotonic
(relative to a, in a) if there is a computable (a-computable) function g such that

e max, g(n, y, x) exists for every n, y € w, and
e S, =rng(Ay[max, g(n, y,x)]), for every n € w.

We say that g is a uniform limitwise monotonic (relative to a, in a) approximation of S.

This is clearly a generalization of the concept of limitwise monotonic sets. It
follows that a set A is limitwise monotonic if and only if the sequence {5, },c,, where
S, = A for all n, is uniformly limitwise monotonic. We study uniformly limitwise
monotonic sequences from the computably-theoretic point of view, and then apply
these results to computable model theory. We prove:
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Theorem 2.2.1. There is a sequence of infinite sets which is uniformly limitwise
monotonic relative to every hyperimmune degree (in particular, relative to every
nonzero A)-degree), but is not uniformly limitwise monotonic.

The proof of the next theorem uses the ideas of the proof of the theorem above.
However, we note that in the theorem above we are able to handle uncountably
many (hyperimmune) degrees while in the theorem below, in the case of a single
set, we are able to deal with only countably many degrees.

Theorem 2.3.1. There is a IJ set S such that S is limitwise monotonic in every
nonzero Ad-degree, but is not limitwise monotonic.

A natural question arises if the theorems above can be extended to all non-zero
degrees. This question is answered in the next theorem:

Theorem 2.4.1. If a sequence of sets {S,}uc, is uniformly limitwise monotonic in
all degrees except perhaps countably many, then {S,}.c, is uniformly limitwise
monotonic.

We apply the above theorems to investigate degree spectra of structures. If
an algebraic structure is not computable, then it is natural to ask how close to
computable the structure is. This property is reflective in the collection of all Turing
degrees relative to which a given structure possesses a computable presentation.
More formally, the degree spectrum of A is

DegSp(A) := {d : A is d-computable}.

We apply our computably-theoretic results to abelian groups and obtain the
following result:

Theorem 2.5.1.

1. There is a torsion abelian group G such that (a) G has no computable copy,
and (b) G has an a-computable copy, for every hyperimmune degree a.

2. There is an abelian p-group A such that DegSp(A) contains a AJ degree a if
and only if a > 0.

In the first part of this theorem, the group G isoftheformG = @pex (@ne s, Ly ) ,

where X is a set of prime numbers and S, C w for each p € X. In the second part,
the group A is a p-group and is of the form €, _; Z,», where S C w \ {0}. The result
resembles a similar fact for linear orders [76] , but the proof is quite different.
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Itis natural to ask whether the theorem above can be strengthened for groups of
the form G = @pEX(@n s, Z,). For instance, one would like to know if there exists
a group G of such form such that the group has an x-computable copy if and only if
x > 0 (or if and only if x is not low,, for some 7). We apply our computably-theoretic
result to show that such groups do not exist:

Theorem 2.5.2. For any group G of the form G = (P, (@nesp an) , where X is a

set of prime numbers and S, C w \ {0} for each p € X, we have the following: If the
group G has an x-computable copy for every degree x, except perhaps countably
many, then G has a computable copy.

Then we illustrate similar applications of the computably-theoretic results to
equivalence structures and N;-categorical theories.
This chapter is based on the paper [56].

1.1.5 Summary of Chapter 3: Completely decomposable groups

In this chapter we give a higher level classification of effective categoricity for a
certain basic class of torsion-free abelian groups. Recall that an abelian group is
torsion-free if every nonzero element of this group is of infinite order.

Question. Which computably presentable torsion-free abelian groups are Ad-categorical,
forn >2?

As with the classical theory of torsion-free abelian groups, general questions
about isomorphism classes are often rather difficult. The main difficulty is the
absence of satisfactory invariants for computable torsion-free abelian groups which
would characterize these groups up to isomorphism [32].

There are better understood subclasses of the torsion-free abelian groups such
as the rank one groups, the additive subgroups of the rationals. As we remind
the reader in the next section, these groups have a nice structure theory via Baer’s
theory of types (Baer [5]). This theory can be extended to groups that are of the form
®;H; where each H; has rank 1, a class called the completely decomposable groups. As
is well-known, Baer’s theory extends to this class so we would have some hope of
understanding the computable algebra in this setting.

We restrict ourselves to a natural subclass, the homogeneous completely decom-
posable groups which are countable direct powers of a subgroup of the rationals.
More formally, we consider the groups of the form €5, H, where H is an addi-
tive subgroup of (Q, +). These groups in the classical setting were first studied by
Baer [5]. The class of homogeneous completely decomposable groups of rank w
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is certainly the simplest and most well-understood class of torsion-free abelian
groups of infinite rank. Note that, from the computability-theoretic point of view,
this is the simplest possible non-trivial case we may consider: every torsion-free
abelian group of finite rank is computably categorical. As we will see, even in this
classically simplest case the complete answer to the problem does not seem to be
straightforward. To understand the effective categoricity of these groups, we will
need both new uses of computability theory in the study of torsion-free abelian
groups, and some new algebraic structure theory.

More specifically, we introduce a new purely algebraic notion of S-independence,
where S is a set of primes. This is a generalization of the well-known notion of
p-independence for a single prime p. In the theory of primary abelian groups,
p-independence plays an important role. See Chapter VI of [39] for the theory
of p-independent sets and p-basic subgroups. We establish several technical facts
about S-independent subsets of homogeneous completely decomposable groups.
These facts are of independent interest from the purely algebraic point of view. For
instance, our results essentially show that S-independence and free modules over
a localization of Z play a similar role in the theory of completely decomposable
groups as p-independence and p-basic subgroups do in the theory of primary
abelian groups. The notion of S-independence seems to be an adequate replacement
of linear independence in the case of free modules over a localization of Z.

We apply the algebraic techniques developed for S-independent sets to establish
an upper bound on the complexity of isomorphisms.

Theorem 3.4.1. Every homogeneous completely decomposable group is Aj - cate-
gorical.

This result is sharp: there exist homogeneous completely decomposable groups
which are not A)-categorical so that we cannot replace A by A). Also, a homoge-
neous completely decomposable group of rank w is never computably categorical
(folklore). It is natural to ask for a necessary and sufficient condition for a homo-
geneous completely decomposable group to be A)-categorical. Remarkably, there
is a natural condition on the group classifying exactly when this happens.

We characterize the case where a computable completely decomposable homo-
geneous group is Ad-categorical via a combination of an algebraic (the group must
be of the form ), Q®), where Q) = ({1/p" : p € P,n € w})) and a mild effec-
tiveness consideration (the complement of the corresponding set P is semi-low).
That is, P must resemble a computable set in the sense that it has a weak guessing
procedure for membership, called semi-lowness.

12



We say that a set S is semi-low if the set Hs = {e : W, NS # 0} is computable
in the halting problem. As the name suggests (for co-c.e. sets) this is weaker than
being low (meaning that A” =r (, since every low c.e. set is one with a semi-low
complement, but not conversely, see Soare [91, 92]). Semi-low sets are connected
with the ability to give a fastest enumeration of a computably enumerable set as
discovered by Soare [91]. In that paper, Soare showed that if a is a c.e. degree which
is nonlow, then it contains a c.e. set whose complement is not semi-low. Semi-low
sets also appear naturally when one studies automorphisms of the lattice & of
computably enumerable sets under set-theoretical inclusion. Soare (see, e.g., [92],
Theorem 1.1 on page 375) showed thatif a c.e. set S has a semi-low complement, then
the lattice of all c.e. sets is isomorphic to the principal filter £(S) of c.e. supersets
of S. Furthermore, if a c.e. set S has a semi-low complement, then L(A)/F is
effectively isomorphic to &/F, where ¥ stands for the ideal of finite sets. We
mention that a c.e. degree is low if and only if it contains a semi-low 5 co-c.e. set [28].
It is rather interesting that semi-lowness appears in the characterization of AS-
categorical abelian groups:

Theorem 3.5.1. A computable homogeneous completely decomposable group A
of rank w is Ag - categorical if and only if A is isomorphic to @i o Q®, where P is
a c.e. set of primes such that {p : p prime and p ¢ P} is semi-low.

In particular, if P is c.e. and low, then Gp is Ag categorical. As far as we know, this
is the first application of semi-low sets in effective algebra. Also, the proof of the
theorem above is of some technical interest as it splits into several cases depending
on the manner by which the type of the group A is enumerated. The flavour of this
proof is that of the “limitwise monotonic” proofs in the literature but is a lot more
subtle. The method has a number of new ideas which would seem to have other
applications.

The chapter also contains further results on bases of certain homogeneous com-
pletely decomposable groups viewed as free modules over a localization of integers.
This chapter is based on the paper [31].

1.1.6 Summary of Chapter 4: An effective transfromation

There are many known functors between classes of structures, used in different
ways. For instance, Mal’cev [65] considered a functor taking rings to their Heisen-
berg groups. He showed that there is a copy of the input ring, defined with
parameters, in the output group. Mal’cev used this idea to obtain, from the ring

13



of integers, a group whose elementary first order theory is hereditarily undecid-
able. In computable algebra functors are often called effective transformations to
emphasize their constructive nature [48].

In this chapter we study a transformation of trees into torsion-free abelian
groups which proved to be useful in effective algebra. One uses infinite divis-
ibility to distinguish certain elements of a torsion-free abelian group from other
elements. Fuchs [39] used infinite divisibility to construct indecomposable torsion-
free abelian groups of large cardinalities. See [39] for more examples of this kind
in pure abelian group theory. See also [82] for the study of infinite divisibility and
indecomposability of automatic abelian groups.

Hjorth [50] used infinite divisibility to study torsion-free abelian groups from
the descriptive set theory point of view. He showed that the isomorphism problem
for torsion-free abelian groups is not Borel (see [50] for definitions).

Downey and Montalban [32] applied the ideas of Hjorth and defined an effective
transformation of trees to torsion-free abelian groups, as follows. Following Fuchs
[39], we denote by p,*¢ the collection of generators {p,*¢ : k € w}. Let (p,), (9x) be
two disjoint computable sequences of distinct primes. Suppose a tree T = (V,E)
with distinguished root r is given. The group G(T) is the subgroup of & _, Qv
generated by p, v for v € V of height n, and q,*(v + w) where (v, w) is an edge,
v is of height n-1 and w is of height n. Clearly, isomorphic trees give rise to
isomorphic groups. It was not clear if the coding preserves the isomorphism type
in general (in this case it would be said to be injective). Nonetheless, Downey
and Montalbén [32] used this coding to show that the isomorphism problem for
computable torsion-free abelian groups is X}-complete. We show:

Theorem 4.3.1. The transformation form [32] is injective for the special class of
rank-homogeneous trees (to be defined).

Although the class of rank-homogeneous trees is rather specific, Fokina, Fried-
man, Harizanov et al. [35] recently applied this fact to show that the isomorphism
relation on computable torsion-free abelian groups is tc-complete among X} equiv-
alence relations (see [35] for definitions). We will not discuss this application in the
chapter.

The proof of the theorem above is purely algebraic. We conclude the chapter by
a proposition which states that in general the transformation is not injective and,
therefore, the statement of the theorem can not be extended to the class of all trees.

The chapter is based on the paper [36]. The non-injectivity proposition was
published in [73].

14



1.1.7 Summary of Chapter 5: Jump degrees of torsion-free abelian
groups

Recall that the degree spectrum of an algebraic strucutre A is
DegSp(A) := {d : A is d-computable}.

The degree spectrum may have no least element (for example, see [88]). As a
result, there has been a line of study into the jump degrees of structures. If A is a
countable structure, « is a computable ordinal, and a > 0 is a degree, then A has
o jump degree a if the set

{d@ : d € DegSp(A)}

has a as its least element. In this case, the structure A is said to have a jump degree.

A structure A has proper a™ jump degree a if A has a™ jump degree a but not g™
jump degree for any < a. In this case, the structure A is said to have proper a
jump degree.

For a computable ordinal «, it is well-known that an arbitrary structure may
not have o/ jump degree (for example, see [30]). The existence or nonexistence of
a structure with proper o/ jump degree a for a > 0@ depends heavily on the class
of algebraic structures considered. Within the context of linear orders, if an order
type has a degree, it must be 0; if an order type has first jump degree, it must be 0’;
and yet for each computable ordinal a > 2 and degree a > 09, there is a linear
order having proper a/ jump degree a (see [30], culminating results in [2], [52], [61]
and [88]). Within the context of Boolean algebras, if a Boolean algebra has n' jump
degree (for any n € w), it must be 0"); yet for each a > 0(), there is a Boolean algebra
with proper o' jump degree a (see [53]).

The subject of this chapter is the existence of jump degrees of torsion-free abelian
groups. For a € {0,1,2}, it is known that every possible proper o/ jump degree is
realized.

Theorem (Downey [23]; Downey and Jockusch [23]). For every degree a > 0, there is
a (rank one) torsion-free abelian group having degree a. For every degree b > 0’, there is a
(rank one) torsion-free abelian group having proper first jump degree b.

Indeed, every finite rank torsion-free abelian group has first jump degree as a
consequence of a computability-theoretic result of Coles, Downey, and Slaman [20].
In contrast, not every infinite rank torsion-free abelian group has first jump degree
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as a consequence of the following theorem. Recall that a nonzero degree a is low if
a’ = 0’ and nonlow otherwise.

Theorem (Melnikov [71]). There is a torsion-free abelian group G such that DegSp(G) =
{a : ais nonlow}. Consequently, there is a torsion-free abelian group with proper second
jump degree 0”.

The proof of the theorem above will not be included in the chapter and can be
found in [71]. Results of Ash, Jockusch, and Knight (see [2]) and two observations
of Melnikov (see Theorem 3 and Proposition 10 of [71]) have implications about
proper second jump degrees and proper third jump degrees.

Theorem (Melnikov [71]). For every degree a > 0", there is a torsion-free abelian group
having proper second jump degree a. For every degree b > 0", there is a torsion-free
abelian group having proper third jump degree b.

In this chapter we generalize this result to an arbitrary computable ordinal a.

Theorem 5.0.1. For every computable ordinal a and degree a > 0@, there is a
torsion-free abelian group having proper a” jump degree a.

Fixing a, we prove this theorem by coding sets S C w into groups G¢ in such a
way that G¢ is X-computable if and only if S € 20(X). The coding method is based
on techniques in Fuchs (see Section XIII, Chapter 88 and Chapter 89, of [40]). In
particular, given torsion-free abelian groups A and B of a certain type and elements
a € Aand b € B, Fuchs adds elements of the form p™(a + b) for n € w to A® B
to build an indecomposable group containing A @ B. This method can be also
viewed as a generalization of the methods discussed in the previous section (the
latter really being a simplification of the former).

The chapter is based on the paper [1].
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1.2 Overview of Part II: Computable metric spaces

Computable analysis combines methods of recursion theory and classical analy-
sis [12, 85]. In contrast to computable algebra, a computable metric or normed
space generally contains non-computable points. Another difference is that many
effective procedures in analysis output an effectively fast converging sequence,
while a procedures in effective algebra typically gives a single element at once.
For instance, a computable isomorphism (embedding, homomorphism, etc.) in
algebra is a computable function, and a computable isomorphism (homeomor-
phism, isometry, quisi-isometry, embedding, etc.) in analysis is usually a Turing
functional.

1.2.1 Basics of computable metric space theory

Given a classical result from analysis, one may ask for its effective versions. For
instance, one may prove the effective analogue of the classical Weierstrass theorem
for computable functions [85] or study derivatives of computable differentiable
functions (see Myhill [78], Pour-El and Richards [84] and Nies [81]). However,
results may depend on the initial definition of a computable function (see, e.g., the
recent paper [10]). To develop a meaningful theory we have to choose a definition
to work with. We choose an approach which is common for separable metric spaces
and, more specifically, for separable Banach spaces [12]:

Definition. Let (M, d) be a complete separable metric space, and let (gi)icy be a
dense sequence without repetitions. The triple M = (M, d, (9i)icw) is a computable
metric space if d(q;, gx) is a computable real uniformly in i, k. We say that (7;)ic,, is a
computable structure on M.

We refer to the elements of the sequence (g;)ic., as the special points. A Cauchy
name for a point x is a sequence (gy)).., of special points converging to x such that
d(Grs), 9rp) < 27° for each t > s. An element x of M is computable if there exists a
computable function f such that (g¢)),., is a Cauchy name for x. An X-computable
space is defined similarly. It is well-known that a point x from M = (M, d, (¢:)ice) is
computable if, and only if, from a positive rational 6 one can compute p such that
d(x,g,) < 6. To emphasize which computable structure on M is considered, we say
that x is computable with respect to (g;)ic, (Written w.r.t. (4i)ic,). We usually identify
a special point a; with its number i and say “find a special point such that ...” in
place of “find a number i such that «; ...”.
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Example. The following metric spaces possess computable strucutres:

(i) The unit interval [0, 1] with the usual distance metric.

(ii) Cantor space {0, 1}“, consisting of the functions f: @ — {0, 1} with the distance
function d(f, g) = max{2™": f(n) # g(n)}, (where max0 = 0).

(iii) The space C[0,1] of the continuous functions on the unit interval with the
pointwise supremum metric.

Definition. Let M and N be computable metric spaces. A map F: M — N is
computable if there is a Turing functional ® such that, for each x in the domain of F
and for every Cauchy name x for x, the functional ® enumerates a Cauchy name
for F(x) using x as an oracle!.

To emphasize which computable structures we consider, we say that a map F
is computable with respect to (a;),, and (5;),., (written w.r.t. (a;),_, and (8:),.,)- The
composition of two computable maps is computable.

In the special case of isometric (more generally, bi-Lipschitz) maps, Defini-
tion 6.1.1 is equivalent to saying that for every special point a; in M the point F(«a;)
is computable uniformly in i. We will use this observation without explicit reference
to it.

Problems A and B discussed in the overview of Part I have natural analogs for
computable metric spaces. For instance, one may raise the question of existence
or uniqueness of computable structures on a given space. This leads to the no-
tions of equivalent structures [12] and isometric structures [85]. Also, in contrast
to computable algebra, a computable space may well contain a non-computable
point. As a result, one may study non-computable points which are close to being
computable [74], or ask how close they are to being computable [75]. See [101] for
more on computable analysis.

i€w

'That is, (®*(n)),., is a Cauchy name for F(x).
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Part II is organized so that it should better be read in order. For instance,
definitions and certain facts from Chapter 6 will be used in Chapter 7, and Chapter 8
has an application of results contained in Chapter 7.

1.2.2 Summary of Chapter 6: Computablyisometric Banach spaces

In this chapter we study computable isometries between computable metric spaces
associated to Banach spaces.

Recall that a computable structure on a separable metric space is defined via a
computable dense substructure of it, a typical example being the space of the reals
with the computable subspace of the rationals. Clearly, a metric space may have
more than one computable structure. For example, on the space of continuous
functions C[0, 1], the collection of piecewise linear functions with rational break-
points is a computable structure, and so is the collection of all polynomials with
rational coefficients. These structures are different, but given a Cauchy name of a
function f in one structure, one can uniformly pass to a Cauchy name for f in an-
other structure, and vice versa. This leads to the notion of equivalent computable
structures which has been intensively studied [12, 85].

Pour-El and Richards [85] were probably the first to observe thatin many natural
settings the notion of equivalent structures seems too restricted. For instance,
consider the reals R with the usual computable structure given by an effective
listing of rationals (7;),.,. Lety be anon-computable real. The collection (g;+7),., isa
computable structure on Rnotequivalent to (g;),.,. However, the structures (;+7y)..,
and (g;),, may be represented by the same algorithm computing the distances
between the special points. Also, there is an isometry x — x + y which preserves
computability of points in an algorithmically uniform way. Classically metric
spaces are often considered up to surjective isometries. This example suggests to
consider computable structures up to computable surjective isometries. Computable
structures (a;)ic, and (B;)ic ON @ complete separable metric space (M, d) are equivalent
up to computable isometry, or computably isometric, if there exists a surjective self-
isometry ¢ of M and an effectively uniform algorithm which on input i outputs a
Cauchy name for ¢(a;) in (;),.,. Similar notions have already appeared in literature
in a different terminology (Pour-El and Richards [85] for Banach spaces, recently
and independently Iljazovic [51] for metric spaces).

We may think of the collection of all computable structures as of a category
in which computable isometries are the morphisms. The following definition is
central to the chapter:
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Definition. A metric space (M, d) is computably categorical if every two computable
structures on M are computably isometric.

It is natural to ask:
Question. Which classical metric spaces are computably categorical?

Computable categoricity of countable algebraic structures typically depends on
the signature of a given structure. This basic idea turns to be useful in the study
of uncountable metric spaces associated to Banach spaces. For instance, if a metric
space M is associated to a Banach space, than we may ask if the addition operation
is computable with respect to every computable structure on M. We will show
that if the answer is “no”, then (under certain extra conditions) it implies M is not
computably categorical. If the answer is “yes”, then it is interesting on its own
right. Also, in the case of Hilbert spaces, the positive answer implies computable
categoricity (to be shown in Theorem 6.3.2).

Using this basic idea and the classical theorem of Mazur and Ulam, we prove
several technical facts about computably categorical Banach spaces. As a conse-
quence of these facts and a result form [85], the space I; = {(c;),., : Y.ilcil < oo} with
the metric induced by the /;-norm is not computably categorical.

We prove that for every computable structure on a Hilbert space H, if 0 is
computable point then the vector space operations are computable as well. Together with
the results from [85], it implies:

Theorem 6.3.2. Every separable Hilbert space is computably categorical as a metric
space.

In contrast to Hilbert spaces, we prove that the space C[0,1] of continuous
functions on the unit interval has a computable structure with respect to which the
operation x — (1/2)x is not computable. As we will show, this implies:

Theorem 6.4.2. The space C[0,1] with the pointwise supremum metric is not
computably categorical as a metric space.

The chapter is based on the paper [70].

1.2.3 Summary of Chapter7: Computably categorical metric spaces

This chapter continues the study of computably categorical spaces. In this chapter
we mainly consider metric spaces which are not necessarily associated to Banach
spaces.

One uses an effective version of the usual back-and-forth technique to show that
the countable dense linear order is computably categorical as a countable algebraic
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structure (folklore, see also [24]). In the case of uncountable metric spaces the
situation is generally more complex. Nonetheless, using a variant of the back-and-
forth technique we prove:

Theorem 7.1.1. Cantor space {0,1}” with the metric max{2™: f(n) # g(n)} is
computably categorical.

Cantor space with the (ultra)metric max{2™": f(n) # g(n)} is the central to the
modern theory of computably random reals [80], [26].

The Urysohn space [97] is the Fraisse limit of finite metric spaces. Itis the unique
ultrahomogeneous universal separable space [57]. It is known that Urysohn space
is homeomorphic to a Hilbert space (Uspenskij [98]). Remarkably, the original
construction of Urysohn [97] was effective. As a consequence, the Urysohn space
is computable. We show:

Theorem 7.2.1. The Urysohn space is computably categorical.

It is unknown if one can define the Urysohn space “explicitly” without using
variations of the Fraisse construction or a random process. Our theorem essentially
shows that the original effective construction due to Urysohn is the unique way one
can effectively define the Urysohn space.

We characterize computably categorical subsets of IR”, where n € w. We intro-
duce the notion of an intrinsically computable base which is essentially a linearly
independent set computable in every computable structure, up to an isometry. We
show:

Theorem7.3.1. A computable metric space isometric to a subset of R" is computably
categorical if, and only if, it contains an intrinsically computable base.

This theorem resembles results on countable Boolean algebras, linear orders and
other countable structures mentioned in the previous subsections. We also give an
alternative characterization of computably categorical subspaces of IR" which does
not implicitly involve the geometry of IR". This leads to a sufficient condition for an
arbitrary space to be computably categorical. The methods developed for R" and
its subspaces have an application interesting on its own right. More specifically,
one can show that every two computable strucutres on the unit interval (and on
many other rigid subspaces of R") are equivalent. As a consequence of this fact
and results from the next chapter, the usual notion of K-triviality is invariant under
the change of computable structure on the unit interval.

The chapter is based on the paper [70].
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1.2.4 Summary of Chapter 8: K-triviality in metric spaces

Chaitin [18] and Solovay [94] were the first to study K-trivial infinite sequences of
bits. In the last decade this notion has turned out to be of key importance for the
interactions of computability and randomness.

Let K(x) denote the prefix-free Kolmogorov complexity of a binary string x. This
is a variant of the usual plain Kolmogorov complexity C(x) based on a universal
machine such that no string in the domain can be an initial segment of another.

We identify infinite sequences of bits with subsets of w. A set A C w is Martin-
Lof random iff Vn [K(A T,,) > n — O(1)], namely, the complexity in the sense of K of
its initial segments A I, is close to maximal. By definition, a K-trivial set A is far
from random: the complexity of its initial segments is minimal up to a constant,

namely
K(AT,) < K(n) + O(1), (1.1)

where the number 7 is identified with the string given by its binary expansion.
The notion of C-triviality is defined in an analogous way. Chaitin [18] showed that
each C-trivial set is computable, and that each K-trivial set is AJ. Solovay built a
K-trivial set that is incomputable [94]. A much simpler construction of such a set
that it also computably enumerable (c.e.) was given in [27]. The coincidence of the
K-trivial sets with several other classes was shown in [79]. For instance, aset A C w
is called low for K if K(y) < K4(y) + O(1) for each string y. Nies and Hirschfeldt
(see [79]) proved that K-triviality is equivalent to lowness for K. These and other
results show that the K-trivial sets are very close to being computable.

We are interested in extending the notion of K-triviality to settings more general
than subsets of w. Recall that a computable strucutre on a metric space is a sequence
(ap),., of points dense in the space for which the distances between points are
uniformly computable. We say that a point x € M is K-trivial if for each positive
rational 6 there is p € w such that

d(x, a,) < 6 and K((p, ) < K(5) + O(1). (1.2)

(Here we fix some effective encoding of the positive rationals by natural numbers,
and hence binary strings; by K(6) we mean the complexity of the string encoding
6.) Note that the pair ({p, 6)) determines an elementary closed ball {y: d(y, p) < 6}.
The intuition is that for each 0, the point x is contained in such a ball that is highly
compressible as measured by 6 and p. We give fourfold evidence that this is the
right generalization of K-triviality to a computable metric space M.
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This class of points coincides with the one defined above in the case of Cantor
space. For the unit interval, our definition of a K-trivial point yields the class of
points with a K-trivial binary expansion. This establishes that the class is actually
independent of the choice of base 2. Barmpalias et al. [8] introduced a notion
of K-triviality for compact subsets of Cantor space. We show that their notion
coincides with ours for the metric space of compact sets with Hausdorff distance.
We show in Theorem 8.4.1 that every computable complete metric space without
isolated points contains a dense set of K-trivial incomputable points. We show that
K-triviality of a point is invariant under the change of computable structure to an
equivalent one. As a consequence of the results of the previous chapter, it implies
that K-triviality on the unit interval [0, 1] is independent of the standard definition
of a computable real.

We also discuss other possible definitions of K-triviality in metric spaces. At
tirst sight one may think that our definition should be replaced by

d(x,a,) < 6 and K(p) < K(6) + O(1). (1.3)

However, this is not the right generalization of K-triviality for various reasons, as we
will see. For instance, this weaker definition does not imply the usual K-triviality in
Cantor space. On the other hand, each K-trivial set A satisfies our initial condition
in Cantor space: for each n let p, be the number so that a,, = AN {0,...,n - 1}.
But K-triviality in Cantor space seems to be much stronger: since we can compute
the tuple (po, ..., pu-1) from A [, we have in fact K(py, . .., pn-1) < K(n) + O(1). This
condition says that the point has a K-trivial Cauchy name: we say that a Cauchy
name for a point x is a sequence (p;)se,, 0f special points converging to x such that
d(ps,pr) < 27° for each t > s (the notion of K-triviality has a natural generalization
to functions from w to w, as we will discuss in detail).

It may seem that our initial “local condition” , which talks about each 1 sepa-
rately, is inadequate, because it relies on the particular structure of Cantor space.
In this case there would be no reasonable way to extend this notion to the general
setting of a computable metric space. However, this is not the case, as we show:

Theorem 8.3.1. Every K-trivial point in a computable metric space has a K-trivial
Cauchy name.

The theorem above shows that in fact for each K-trivial point we can find a sequence
(Pn)new in such that K(py, ..., ps-1) < K(n) + O(1).
The chapter is based on the paper [74].
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Part I

Computable abelian groups
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Chapter 2

Limitwise monotonic sequences

In this chapter we study uniformly limitwise monotonic sequences of sets, and then
apply our computably-theoretic results to abelian groups, and other structures.

2.1 Preliminaries

Recall the following definition:

Definition 2.1.1. An ordered sequence of sets S = {S,}ner is uniformly limitwise
monotonic (relative to a, in a) if there is a computable (a-computable) function g such that

e max, g(n, y, x) exists for every n,y € w, and
e S, =rng(Ay[max, g(n,y, x)]), for every n € w.
We say that g is a uniform limitwise monotonic (relative to a, in a) approximation of S.

Here we prove two properties of sequences of sets. The first property states
that uniformly limitwise monotonic sequences of infinite sets possess injective
enumerations. This is a uniform statement of the result of Harris [43] for limitwise
monotonic sets. The second property gives a necessary and sufficient condition for
a uniformly X)-sequence of sets to be uniformly limitwise monotonic.

Proposition 2.1.1. (Harris [43]) Suppose S = {S,} 1w is @ uniformly limitwise mono-
tonic sequence of infinite sets. Then there is a limitwise monotonic approximation
g(n, y,x) of S such that Ay[max, g(n, y, x)] is injective for every n € w.

The following proof is a uniform version of the proof for the case of a single set
(see [43] or [29]).
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Proof. Let f(n, y, x) be a uniform limitwise monotonic approximation for S. Without
loss of generality we can assume that Ax[f(n,y,x)] is non-decreasing for every
nyeEw.

First we set g(n,y,x) = 0 if x < y. To define g(n,y,x) for x > y, suppose that
for every iy’ < y and x” < x the values of g(n, ¥, x) and g(n, y, x’) have already been
defined. Choose (yo, xo) least such that xy > x, f(n, ¥, %)) > maxy« g(n,y,x’) and
S, y0,%0) € {8(n, v/, ) |y < y). Set g(n, y,x) = f(n, yo, Xo).

It is not hard to check that Ay[max, g(n,y,x)] is total and injective. It is
also evident that rng (Ay[max, g(n,y,x)]) € S,, for every n € w. To see that
S, € rng(Ay[max, g(n,y,x)]), we use an inductive argument. The definition of
g may be viewed as a construction, where at each stage we compute the value
of g for exactly one new pair of arguments, and the value of f for a new pair
of arguments as well. We denote our current guess about max, g(n, y, x) at stage
s by [max, g(n, y,x)]s, and similarly for f. Suppose there are y and n such that
max, f(n,y,x) € rng (Ay[max, g(n, y,x)]), and vy is least with this property.

Then there should be a stage s such that for every stage t > s and every iy’ <y,
[max, f(n, v, x)]; = [max, f(n,y,x)]; € g (Ay[max, g(n,y,x)]). We may further
assume that s satisfies [max, f(1,y,x)]s; = max, f(n,y,x). By the definition of g,
there should be a stage t, > s and an argument y, such that [max. < g(n, yo, x")], =
max;, f(n,y,x), since we always start with g(1,y,x) = 0 for x < y. If there is no
stage t1 > tp and y; < yo such that [max, g(n, y1,x)];, = [max, g(n, yo, x)];, then
max, (1, Yo, x) = max, f(n,y, x). Therefore there should exist y; and a stage t; such
that [max, g(n, y1, x)];, = [max, g(n, yo, x)];,- We can use the same argument to find
y» and t, which play the same role for y; and #; as the latter arguments do for y
and t. Since y = yo > y; > ... we will find the least y; in this sequence. But then
max, (1, y;, X) = max, f(n, y,x), contrary to the hypothesis. |

We will need the following lemma that gives a necessary and sufficient condition
for a Z—set to be limitwise monotonic.

Lemma 2.1.1. (Folklore; see, e.g., [29]). An infinite Zg—set is limitwise monotonic if
and only if it contains an infinite limitwise monotonic subset.

Proof. Let S be a Z)-set and U C S be limitwise monotonic and infinite. Since Sis a
Y-set, there exists a computable function /1 such that for every z € w we have

z€S & Wy is finite.
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Let f(y,s) be a limitwise monotonic approximation of U. We shall define g so that
g is a limitwise monotonic approximation of S.

Fix a computable list {(zk, Yk, 5)}kew Of all triples with the property that f(y, sx) >
z; for all k € w. Define

atks) =1 * if Whzs € Whezseo
’ f(yx,s) otherwise.

We claim that g is a limitwise monotonic approximation of S. Indeed, first note
that for all k, s € w, we have g(k,s) < g(k,s + 1). It is also easy to see that max; g(k, s)
exists for all k € w, as max; g(k, s) < max; f(k, s).

Assume thatz € S. Since U is an infinite set, there exists a k such that f(yx, sk) > z«
where z = zx and W) = Wiz, s,- Thus, for all s we have Wy, s € Wy, s, Therefore
lim, g(k,s) = zx = z. Now assume that z ¢ S. Then the set W) must be infinite.
Let k, s be such that g(k,s) = z. There is an s" > s such that Wy,,)+ € Wi, Then
g(k,s") = f(yx,s’) for all s’ > s. We conclude that z # lim; g(k, s) for all k € w. O

We will need a uniform version of the lemma above. For a set A C w, we define
sup A = max A if A is finite, and sup A = oo otherwise.

Proposition 2.1.2. Suppose S = {S,},e, is uniformly Zg. Assume that there is
a uniformly limitwise monotonic sequence U = {U,}.e, such that U, C S, and
supU, = supS, € w U {0}, for every n € w. Then 8 is uniformly limitwise
monotonic.

Proof. We carry out the proof of the lemma above uniformly in n. There is a
computable function & such that for all z,n € w we have

z €S, & Wy, is finite.

Let f(n,y,s) be a uniform limitwise monotonic approximation for the sequence
ﬂ = {uf’l}nEOJ'

For each n € w, let {(z}, y}, 5})}kew be a uniformly computable listing of all triples
such that f(n, y,s}) > z}. Define
z; if Win,zny,s © Whin,zn),57/
f(n,y},s) otherwise.

g(n,k,s) = {
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Taking into account that sup U, = sup S,, one proves, as in the lemma above, that
An, k[max, g(n, k, s)] is total and S,, = rng (Ak[max, g(n, k, s)]) for n € w. O

2.2 Relative to every hyperimmune degree.
In this section we prove:

Theorem 2.2.1. There is a sequence of infinite sets which is uniformly limitwise monotonic
relative to every hyperimmune degree (in particular, relative to every nonzero A)-degree),
but is not uniformly limitwise monotonic.

Proof. In order to prove Theorem 2.2.1 we need to build a sequence S = {S,} . of
infinite sets such that S satisfies the following conditions:

(@) Sisnot uniformly limitwise monotonic, and
(b) S is uniformly limitwise monotonic relative to every hyperimmune degree.

The definition of the family S is simply a diagonalization construction. We
define the n-th set S,, as follows:

5 @ — {max, @,(x)} if max, @,(x)exists,
"o otherwise.

We do not assume that ¢, is total; we simply say that max, ¢,(x) is defined if

{y : u(x) I= y} not empty and, furthermore, has a maximal element. We assume

for a contradiction that the sequence § is uniformly limitwise monotonic.

Then there exists a computable function g such that (1) for all n,y € w the
value max, g(n,y,x) exists, and (2) S, = rng(Ay[max, g(n,y,x)]) for all n € w.
Let f be a computable function such that ¢,y = Ax[g(n,0,x)] for every n. Then
4, = max, Qsu(x) exists and so a, ¢ S¢y). On the other hand, we have a, =
max, ¢(n,0,x) € S, for every n. Hence, ¢sn # ¢, for every n € w. We have a
contradiction with the Recursion Theorem. Thus, S is not uniformly limitwise
monotonic.

Now we show that S is uniformly limitwise monotonic relative to every hyper-
immune degree x. Fixa functionr <r xsuch thatno computable function dominates
r. We define an x-computable function g as follows. First, set g(n, {m, u),0) = m for
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all n, m and u. Supposing g(n, {m, u),s) has been defined with value k, we set

k+1 ifu <sand max, @, (x) =k,

g(n,(m,u),s+1)= {

k otherwise,

where t = max({r(k), s}. Fixing n and m, one can see that m # max, ¢,(x) if and only
if max, g(n, (m, u),s) = m for some u. Furthermore, if k = max, g(n, (m, u), s) exists,
then k # max, ¢,(x).

Now assume that sup, g(11, (m, u),s) = co for some n, m and u. It must be the case
that sup_ ¢, (x) = co. For each k € w, define h(k) to be the least integer such that

k < maXy<() @i ().

By our hypothesis, the computable function & fails to dominate r. Therefore there
must be an integer k > m such that h(k) < r(k). But the definition of g ensures that
max;, g(n, (m,u),s) < k, contrary to our assumption. Indeed, suppose g(n, (m, u),s) =
k, for some s. We show that g(n,(m,u),s + 1) = k. Let t = maxr(k),s}. We
have t > h(k) and max,« @, ¢(x) > maxXyuw) Pun(X) > k. By the definition of g,
g(n,{m,u),s + 1) = k. This is a contradiction. Thus, max; g(n, y,s) exists for every
n,y € w,and S, = rng (Ay[max, g(n, y,s)]) for all n € w. O

2.3 Relative to every non-recursive A) degree
The main result of this section is:

Theorem 2.3.1. There is a X9 set S such that S is limitwise monotonic in every nonzero
Ag-degree, but is not limitwise monotonic.

Preliminary remarks. The proof is similar to the proof of the previous theorem. The
difference is that now we work within columns of a single set, not within different
sets in a sequence, and our strategies will interact. In the situation of a single set,
we need a finite injury argument combined with the permitting strategy described
in detail in the previous paragraph. We give a formal proof below.

Proof. Recall that we have to build an infinite L) set S which is not limitwise
monotonic, but is limitwise monotonic in every nonzero Ag degree. It is well-
known that every nonzero A) degree is hyperimmune.

31



Let {{,}ne be a computable listing of all partial ¢’-computable functions. To
be more specific, we define the n’th partial Ag function to be limy ¢, (x, k), where
@y is the n’th partial computable function of two arguments. Thus, the limit and
even @,(x, k) for some or all (1, k) may be undefined. The listing, however, cover
all total A9 functions, by Limit Lemma. We need to build a set S € I that satisfies
the following requirements:

N; : Ay[max, ¢;(y, x)] is total and injective = S # rng (Ay[max, ¢;(y, x)]);

R, : 1, is total and ¢, is not computably dominated = S is limitwise
monotonic relative to ¢,,.

Note that by Proposition 2.1.1, the requirements N; guarantee that S is not limit-
wise monotonic. To satisfy R, we define a (trace) function Am, s[g,(m, s)] with the
following properties:

1. The function Am, s[g,(m, s)] is total and computable in 1, if ¢, is total.
2. For each n and m, the value of g,(m, s) is equal to (n, m, k), for some k.

3. The function Am[max, g,(m,s)] is injective on its domain, and satisfies the
following sub-requirements for all m € w:

Ry, : Py, is total and ¢, is not computably dominated = max;, g,,(m, 5)
exists, and max; g,(m,s) € S.

Note that, by Proposition 2.1.2, if the requirements R, ,, are met for every m,
then the requirement R, is met. We order the requirements effectively in such a
way that N; is of a higher priority than R, ,, if i < (n, m).

The strategy for N; is to keep max, ¢;(j, x) for at least one j outside S, where
j < i. All these values are restrained for the R, ,,-requirements of lower priority.
The strategy can be injured by at most i many traces max; g,(1m,s) € S that are of
higher priority than N; (that is, (m, n) < i). Thus, N; wins by keeping max, ¢;(j, x)
outside of S for some j < i.

The strategy for each R, ,, is to define functions g,(m, s) which we call “traces”,
for s € w, avoiding the numbers restrained by N;-requirements of higher priorities.
The definition will be similar to the one we had in the proof of Theorem 2.2.1.
We need to keep in S the value of max, g,(m,s). Here we have to be more careful
because it may happen that ¢, is not total. In this case the naive definition of S (e.g.,
as the collection of final traces for all n and m) can cause S ¢ Zg. To circumvent this
problem we give a more accurate definition of S (see below).

Foreachn € w, define a partial function g, by induction as follows. Set g,,(m, 0) =
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(n,m,0) and

(n,m, k+1) if g,(m,s) L= (n,m, k), P,(k) |, and
(n,m, k) € {maxe; @is(j, x) | j < i < (n,my},
where t = max{y,(k), s},

gn(m,s +1) = s(n,m,ky if g,(m,s) l=(n,m,k), ¥,(k) |, and

(n,m, k) ¢ {max,«; @is(j, x) | j < i < (n,my},

where t = max{i,(k), s},

T otherwise.

By its definition, {g,},e is @ uniformly computable sequence of partial (’-computable
functions. Now set
S ={n,mk)| (3s)[g.(m,s) = (n,m, k) &
(Yu = s)(Vi < (n,m))(Vj < i)[{n, m, k) # max,<, ;iu(j, x)]]}.
By its definition, S is Zg. Furthermore, if (n,m, k) € S then (n, m, k) = max; g,(m, s).
Indeed, let {(n,m, k) € S. Then g,(m,s) = (n,m, k) and

(Yu 2 s)(Vi < (n,m))(Vj < D)[(n, m, k) # maxea, @in(j, 0],

for some s. It follows that g,(m, u) = (n,m, k) or g,(m,u) T, for all u > s. Thus, for
every n,m there exists at most one k such that (n,m, k) € S.

First, we show that S is limitwise monotonic relative to every A € AJ — A
Fixing A € A) — AJ, since A is hyperimmune, there is an 7 € w such that ,, is total,
Y, <r A, and 1, is not dominated by any computable function. Thus, g, is a total
function, and g, <r A.

We claim that if max; g,(m, s) = (n,m, k) then (n,m, k) € S. Fix an s > ¢,,(k) such
that g,(m, u) = (n,m, k) for all u > s. Then we have

(Yu > s)(Vi < (n,m))(Vj < i)[{n, m, k) # maxXy<, Piu(j, x)]-

Therefore, (n,m, k) € S.

For the sake of contradiction, suppose sup, g,(1,s) = oo for some m € w. Then
the finite set I = {(;, j) | j < i < (n,m) & sup, ¢;(j, x) = oo} is not empty. Choose an
integer sy € w such that

if j <i<(n,m)and (i, j) ¢ I then max, ¢i(j, x) < sp.
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For every k € w, define h(k) to be the least integer such that

n,m, k) < min max @, , X).
( ) G jyel x<h(k) Pint (jr X)

By the choice of 1, there must be an integer k > s such that h(k) < 1, (k).

The definition of g, ensures that max; g,(m,s) < (n,m,k), contrary to our
assumption. Indeed, assume g,(m,s) = (n,m,k) for some s. We show that
gn(m,s + 1) = (n,m,k).

Let t = max{i,(k),s}. Note that t > 1, (k) > h(k). If j <i < (n,m)and (i, j) € I
then
maXy< Qi (j, X) = mMaXean) Pinio(j, X) > (n,m, k).

If j <i<{(n,m)and (i, j) ¢ I, then
(n,m, k) >k > sy > max, @i(j, x) > maXy<t @i;(j, x).
Thus, whether (i, j) € [ or (i, j) ¢ I,
(n,m, k) & {maxeq @ie(j, x) | j <1 < (n,m)}.

By the definition of g,, we have g,(m,s + 1) = (n, m, k).

Thus, max, g,(m, s) exists for every m € w, Am[max, g,(m, s)] is injective, and
rng (Am[max; g,(m,s)]) € S. By Lemma 2.1.1, the infinite set S is limitwise mono-
tonic in A.

We prove that S is not limitwise monotonic. Suppose S is limitwise monotonic.
Then, by Proposition 2.1.1, there is an i € @ such that

S = g (A jlmax, ¢;(j, x)]),
where Aj[max, ¢;(j, x)] is total and injective. Hence, the finite set
{max, @;(j,x) [ j <} S S

has cardinality i + 1. Observe that for every n and m there exists at most one k
such that (n,m, k) € S. Therefore, there are integers n, m, k and j < i such that
i < (n,m) and max, @;(j,x) = (n,m,ky € S. But by the definition of S we have
(n,m, k) # max, @;(j, x), for j <i < (n,m). Thus, S is not limitwise monotonic. O
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2.4 Relative to every degree except perhaps countably
many

We prove:

Theorem 2.4.1. If a sequence of sets {S, }neq is uniformly limitwise monotonic in all degrees
except perhaps countably many, then {S,},e. is uniformly limitwise monotonic.

Recall that a tree T C 2= is splitting if for every o € T there exist incomparable
strings po, p1 € T, such that 0 € py and 0 C p;. Theorem 2.4.1 follows from the
technical lemma below:

Lemma 2.4.1. Suppose a sequence {S,},c, is not uniformly limitwise monotonic.
Let ® be a Turing operator and T C 2= be a non-empty computable splitting
tree. Then there is a non-empty computable splitting subtree T; C T such that the
condition

(Vn)(Vk)[max, ®*(n, k, s) exists | & (¥n)[S, = rng (Ak[max DX(n,k,s)])]

(that is, X is a uniform limitwise monotonic approximation of {S,}e.) fails for
every infinite path X through T;.

First we prove the theorem using Lemma 2.4.1, and then we prove the lemma.

Proof of Theorem 2.4.1. Let {S,}sc be uniformly limitwise monotonic in all degrees
except perhaps countably many. We prove that {S,,},,c, has tobe uniformly limitwise
monotonic.

Assume that {S,},c» is not uniformly limitwise monotonic. We will build un-
countably many sets X satisfying the requirements

Pi : Cl)i is not a uniform limitwise monotonic approximation of {S,}cq,

for a fixed effective list of all Turing operators {®,,}cq-

To make sure that each requirement P5 is met for X, we apply Lemma 2.4.1.
More specifically, for each computable splitting tree T and each Turing operator
®, we fix a subtree P(®, T) C T such that ® is not a uniform limitwise monotonic
approximation of {S,},c., for every infinite path X through P(®, T).

For a non-empty computable splitting tree T C 2=¢, define

Ro(T)={oc €T |o Cpoorpy <o}
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and
Ri(T)={c€T|o < piorp Ca},

where py, p1 € T areincomparable. Wehave Ro(T) € T, Ri(T) € T, [Ro(T)IN[R1(T)] =
0, and Ry(T) and R;(T) are non-empty (computable) splitting trees.

Let h : @ — {0,1} be any (not necessarily computable) function. Let Xj, be an
infinite path through (., Tx, where {Ti}ie, is the family of computable splitting
trees defined recursively as follows:

1. Ty =2
2. Topy1 = Rh(m)(TZm)/ me w;
3. Tomsr = P(®yy, Toms1), m € w.

Then the set X, satisfies P,,, for all m € w, and the map h +— X, is injective. Thus,
{Su}new is not uniformly limitwise monotonic relative to 2% many different oracles.
This is a contradiction. O

Proof of Lemma 2.4.1. For each n consider the set

M, ={y | (Fk)(3s)(Jo € T)[D°(n,k,5) l=y &
VTt e T)(Vs)Vy)o St & D (n,k,s") L=y — vy <yl

We have following cases:

Case 1. There exists y € M,, — S,,, for some y, n.
Then we can choose o € T such that y = ®?(n, k,s) | and

VMt e T)(Vs" (VYo S 1 & D (n,k,s") =y — v <yl},

for somek,s. WecansetT; ={t € T| 1 C o oro C 1}, since y = max; ®*(n,k,s) ¢ S,,
for every infinite path X through Tj.

Case 2. There exists y € S, — M,,, for some y, n.
Define a computable function

f:2% —T
by recursion as follows:
1. Define f(A) = A, where A is the empty string.
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2. Suppose we have f(a) = 0, and the length of a has the form ¢ = (k, t) (it is
important for us to make sure that for each k we will have infinitely many
corresponding lengths of the form ¢ = (k,i)). Suppose ®°(n,k,s)[t] |= y,
for some s < t. Since y ¢ M, we can find a string t € T, ¢ C 7, such that
®“(n,k,s") 1>y, for some s’. If ®(n,k,s)[t] T or ®’(n,k,s)[t] |# y for every
s < t, then set T = 0. Then we choose incomparable strings py, p1 € T, such
that T € pp and 7 C p;, and define f(a 1) = p;, fori € {0, 1}.

Let Ty = {o | (3 € 2“)[o C f(B)]}. Suppose X is an infinite path through T;.
For every k € w we have only two possibilities. First, there is a string 7 € X
such that ®*(n,k,s) |> y, for some s. Second, there are no ¢ € T; and s such that
®(n, k,s) |=y. Hence,

y € S, — g (Ak[max; ®*(n,k,s)]),

for every infinite path X through T;.

Case 3. S, = M, for every n.

In this case, the sequence {S,},¢. is uniformly Zg (see the definition of M,).

For every m € w, let Y(n,m) = {0 m, knm, Ynm) be the first found triple (o, k, y)
such that 0 € T and ©7(n,k,s) |= y > m, for some s. Set 1(n, m) to be undefined if
such a triple does not exist. Clearly, i is a partial computable function.

Note that if y(n, m) is defined, then y(n, m’) is defined for every m’ < m.

Suppose firstly that i(n, m) is undefined, for some m € S,,. We have

m € S, — g (Ak, s[®*(n,k,s)]) € S, — g (Ak[max, ®*(n,k, s)]),

for every infinite path X through T. Then we can set T; = T. Hence we assume
that 1(n, m) is defined for every n, m € w such that m < sup S,,.

The intuition behind the formal argument below is as follows. We attempt
to define a uniform limitwise monotonic approximation of some subset of {S,},cq
using the fact that {S,,},c = {M,}new. Since by Proposition 2.1.2 we cannot succeed,
we will have to have an infinite splitting subtree of T witnessing this failure.

Define partial computable functions

froxXxwx2 —Tand g: o Xw X2 — w
by recursion, as follows:
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1. With A the empty string, define
f(n,m,A) =0, and g(n,m,A) = Yym,

if P(n,m) L= {onm, knm, Ynm), and set f(n,m,A) T and g(n,m, A) T if Y(n, m) is
undefined. Note that f(1,m, A) and g(n,m, A) are defined if m < sup S,,.

2. Suppose f(n,m,a) and g(n,m,a) have already been defined. Let (7,y) be
the first found pair such that t € T, f(n,m,a) C 7, g(n,m,a) < y, and
(1, kym,s) 1=y, for some s. Then we choose incomparable strings py, p1 € T
such that T C pg, T € p;. We set

f(n,m,a*i) = pi andg(n,m,a*i) =y,

fori € {0,1}. If f(n,m,a), g(n, m, o) are undefined or (7, y) does not exist, then
f(n,m,a+1i)and g(n, m, a + i) remain undefined.

It is crucial that if g(n, m, a) is defined and g(n, m, a * i) is undefined then g(n, m, a) €
M, = S,.

Suppose that for every n,m € w there is a string p € 2<“ such that g(n, m, ) is
undefined. By our assumption, § is not the empty string if m < sup S,. Hence,
if m < sup S, then there is a string a € 2°“, such that g(n,m, a) is defined, but
g(n,m,a *0) is undefined (recall that g(n, m, a * 0) | iff g(n,m,a x 1) |).

Consider the sequence {U,},c,, Wwhere U, = {h(n,m) | g(n,m,A) |}, and h(n, m) =
min{y | (Ja € 2<“)[g(n, m, a) =y and g(n, m,a *0) T]}.

We show that {U,},e, is uniformly limitwise monotonic. By the definition of £,
dom(h) = dom(y) is c.e., and g(n, m, a*i) | implies g(n, m, a) < g(n, m, a+i), for each
i € {0,1}. Thus, given m and n, we can monotonically and uniformly in n and m
approximate h(n, m), as follows. Let g, be the (finite) part of ¢ computed at stage s.
As usual, we may assume that g;(n,m, @) | implies that the length of « is less than
s. Therefore, given n,m, u, s € w such that g,(n,m, A) | and s > u, we can effectively
choose k(n, m, u, s) least such that

gs(n,m,a) = k(n,m,u,s) and g;(n,m,a +i) T,

for some i € {0,1} and a € 2<“. Suppose g:(n,m,a) T, gu(n,m,A) | and s > u. Let
y C a be the C-maximal substring of a such that g.(11,m,y) |. Such y exists because
gs(n,m,A) l= gu(n,m, A). Fixi € {0,1} so that y »i C a. By the choice of y, we have
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gs(n,m,y) |, gs(n,m,y +i) T, and, therefore,
gn,m,a) | = gn,m,a) > gn,m,y) > k(n,m,u,s).

Thus, k(n,m,u,s +1) > k(n, m, u,s) for every n,m,u,s € w such that g,(n,m, A) | and
s > u. Furthermore, for every a we have g(n,m,a+0) | if and only if g(n, m,a 1) |.
This implies maxs, k(n, m,u,s) = h(n,m). It remains to define a total limitwise
monotonic approximation of h(n, m) using the partial approximation k(n, m, u, s), as
follows. Let M(n, z) be a total computable function such that

h(n,m) | & gn,m,A) | & vn,m) | < (Iz)[M(n,z) = m].
Define u(n, z) to be equal to the least stage u such that g, (1, M(n,z), A) |. Set
Hn,z,s) = k(n,M(n,z),u(n,z),s + un, z)).
The function H(n, z, s) is total and non-decreasing in s. Furthermore,
max; H(n, z,s) = max, k(n, M(n, z),u(n, z),s + u(n, z)) = h(n, M(n, z)),

for every n and z. Hence, H is a uniform limitwise monotonic approximation of
{Up}new. We have sup S, = sup U, since h(n,m) |> m for every m < sup S, and
U, € M, = S,. By Proposition 2.1.2, {5}, is uniformly limitwise monotonic,
contrary to the hypothesis.
Thus, there exist n,m € w such that f(n, m, f) and g(n, m, p) are defined for every
p € 2. Set
Th={ol@Be2°)|o C f(n,mP)} € T.

We have limg.f(,m,a)cx §(n,m, ) = oo for every infinite path X through T;, and
@) (g, k1, 80) = g(n,m, &) for some s,. Therefore max; ®*(n,k, ) does not
exist for every infinite path X through T;. |

2.5 Applications

Our goal is to to apply the results obtained in the previous sections to study degree
spectra of structures in the classes of abelian groups, equivalence structures, and
models of Ni-categorical theories. For a background on the general theory of
computable structures, see [33].
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2.5.1 Abelian groups

Let po,p1, ... be the sequence of prime numbers listed in increasing order. For a
prime p and integer 7, the cyclic group of order p" is denoted by Z,.. For an infinite
set S (0 ¢ S) and prime p we denote by A,(S) the group A,(S) = @n s Zpn- We need
the following uniform version of a well-known result of Khisamiev ([58], Theorem
3.4):

Lemma2.5.1. AsequenceS = {5,},c, of infinite sets of positive integers is uniformly
limitwise monotonic if and only if the abelian group G = @, __ A,,(S,) has a
computable copy.

Proof. Assume G = J,, G; is computable, where G; is the part of G enumerated
at stage s. By the definition of G, for every element a of G we can effectively
choose a positive integer m, least such that m,a = 0. We have a € A, (S,) if and
only if m, is a power of p,. Therefore, given n € w and a computable index for G,
we can uniformly compute an index for the computable subgroup A, (S,) of G.
Also, given an index for A, (S,), we can uniformly pass to a computable index for
Ci={ce€ A, (Sy) | puc = 0} = {¢ificw- Let f(n,i,8) =max{h [h =1V (Ab € Gy)[(Vk <
h)pkb # 0 Apli~1b = ¢;]}. By the definition of C,, we have S, = rg (Ai[max; f(n,1,9)]).
The function f(n,1,s) is a uniform limitwise monotonic approximation of S.

Now suppose S = {S,}uer is uniformly limitwise monotonic. By Proposi-
tion2.1.1, we can choose a uniform limitwise monotonic approximation f(n,1,s) of S

such that Aifmax; f(1,1,s)]is injective for every n. Wehave G = U, D, o (@ i<t Zi0in ),
where h(n,i,t) = max.; f(n,i,5) and P, » (@ig th(n,i,t)) is a naturally-defined sub-
group of the group P, _,., (@l - ZPZ(n,i,Hl)) . O

Theorem 2.5.1.

1. There is a torsion abelian group G such that (a) G has no computable copy, and (b) G
has an a-computable copy, for every hyperimmune degree a.

2. There is an abelian p-group A such that DegSp(A) contains a A degree a if and only
ifa>0.

Proof. The first part of the theorem follows from Lemma 2.5.1 (relativized) and
Theorem 2.2.1, and the second part of the theorem follows from Theorem 3.4
(relativized) of [58] and Theorem 2.3.1. |
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Theorem 2.5.2. For any group G of the form G = @p x (@n s, an) , where X is a set

of prime numbers and S, C w \ {0} for each p € X, we have the following: If the group G
has an x-computable copy for every degree x, except perhaps countably many, then G has a
computable copy.

Proof. The theorem follows from Lemma 2.5.1 (relativized) and Theorem 2.4.1. O

2.5.2 Equivalence relations

To apply our computably-theoretic results we need the following observation (see,
e.g., [17] or [15] for a proof):

Lemma 2.5.2 ([15]). Suppose © is an equivalence structure in which all equivalence
classes are finite and have distinct cardinalities cy, ci, . ... Then ® has a computable
copy if and only if C = {cy, c1, ...} is limitwise monotonic.

Now the proof of the following theorem follows from Lemma 2.5.2 and Theo-
rem 2.3.1:

Theorem 2.5.3. There exists an equivalence structure © such that DegSp(®) contains a
A) degree a if and only if a > 0. O

2.5.3 N;—Categorical theories

Recall that a first order complete theory T is Ni-categorical if all models of T of
cardinality N; are isomorphic. There are many natural examples of N;-categorical
theories: the theory of algebraically closed fields of a given characteristic, the
theory of vector spaces over a given countable field, and the theory of one successor
function on the natural numbers. Baldwin and Lachlan [6] showed that all models
of a given N;-categorical theory T with more than one countable model (up to
isomorphism) form an elementary chain Ay < A; < ... < A, of length w + 1,
where < stands for an elementary embedding. In this chain A is the prime model
of T, and A, is the saturated model of T. A natural question arises for a given
Ni-categorical theory T: Which models in the corresponding elementary chain are
computable? This is known as the spectra problem for N;-categorical theories [59].
Goncharov [33] asked whether the prime model A, of T is computable, given that
one of the models A; in the elementary chain is computable.

The problem of Goncharov was resolved in [59]. Recall that a model M of a
theory T is minimal if there is no formula ¢(x) such that the sets {m | M | ¢(m)}
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and {m | M = =¢(m)} are infinite. A theory T is strongly minimal if all models of T
are minimal. A theory is algebraically trivial if the algebraic closure of every set X in
every model of the theory equals to the union of the algebraic closures of elements
of X.

Theorem 2.5.4 ([59]). For every given set S there exists an Ni-categorical but not No-
categorical theory Ts with the following properties:

1. The theory Ts is strongly minimal and algebraically trivial,
2. Every (countable) non-prime model of Ts has a computable copy if and only if S € ¥,
3. The prime model of T's has a computable copy if and only if S is limitwise monotonic.

Theorem 2.5.4 and the existence of a Zg set which is not limitwise monotonic (see,
e.g., [59] or Proposition 3.8 of [58]) implies that there is a strongly minimal and alge-
braically trivial 8;-categorical theory such that every (countable) non-prime model
of T is computable, but the prime model of T is not computable. This is a nega-
tive solution to Goncharov’s problem in a strong form. However, Theorem 2.3.1
combined with Theorem 2.5.4 has an even stronger consequence:

Theorem 2.5.5. There exists an Ni-categorical but not No-categorical theory T with the
following properties:

1. The theory T is strongly minimal and algebraically trivial.
2. Each (countable) non-prime model of T has a computable copy.

3. The degree spectrum DegSp(Ao) of the prime model of T contains a A degree a if
and only if a > 0.
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Chapter 3

Completely decomposable groups

This chapter contains a complete characterization of Al-categorical homogeneous
completely decomposable groups, for n > 1.

3.1 Algebraic preliminaries: torsion-free groups

Let us fix the canonical listing of the prime numbers:

Po,P1s---/Puse---

Definition 3.1.1 (Characteristic and h;). Suppose G is a torsion-free abelian group. For
g € G, g # 0, and a prime number p;, set

() = maxik : pt|g in G}, if this maximum exists,
8= 00, otherwise.

The sequence xc(g) = (ho(g),m(g), .. .) is called the characteristic of the element g in G.

Thus, for a torsion-free groups G, a subgroup H of G is a pure subgroup of G if
and only if xx(h) = xc(h) for every h € H.

Definition 3.1.2. Let a = (ko, k,...) and g = (lp, [1, . ..) be two characteristics. Then
we write a < fif k; < [; for all i, where oo is greater than any natural number.

Definition 3.1.3 (Type). Two characteristics, a = (ko,ki,...) and p = (lp,11,...), are
equivalent, written a ~ B, if k, # 1,, only for finitely many n, and k,, and 1, are finite for
these n. The equivalence classes of this relation are called types.
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We write t(g) for the type of an element g. If G < (Q, +) (equivalently, if G has
rank 1) then all non-zero elements of G have equivalent types, by the definition of
rank. Hence, we can correctly define the type of G to be t(g) for a non-zero g € G,
and denote it by t(G). The following theorem classifies torsion-free abelian groups
of rank 1:

Theorem 3.1.1 (Baer [5]). Let G and H be torsion-free abelian groups of rank 1. Then G
and H are isomorphic if and only if t(G) = t(H).

The proof essentially uses that every rational group of type t has an element of
characteristic x, where yx is (any) characteristic of the type t. The proof is easy and
can be left to the reader. The next simplest class of torsion-free abelian groups is
the class of homogeneous completely decomposable groups.

Definition 3.1.4 (Completely decomposable group). A torsion-free abelian group is
called completely decomposable if G is a direct sum of groups each having rank 1.
A completely decomposable group is homogeneous if all its elementary summands are
isomorphic.

It is known that any two decompositions of a completely decomposable group
into direct summands of rank 1 are isomorphic. It means that every decomposition
has the same number of elementary summands of every isomorphism type. For
instance, two homogeneous completely decomposable groups of the same rank are
isomorphic if and only if these groups have the same type [5]. We will refer to
this fact by citing Theorem 3.1.1 since it is a straightforward consequence of this
theorem [39].

Definition 3.1.5. Suppose G is a torsion-free abelian group, g is an element of G, and n|g

somen. If r = % then we denote by rg the (unique) element mh such that nh = g.

Notation 3.1.1. Let G be an abelian group and A C G. Suppose {r, : a € A} is a set of
(rational) indices. If we write Y, 1.a then we assume that r,a # 0 for at most finitely
many a € A, and every element r,a is well-defined in G, according to Definition 3.1.5. We
will use this convention without explicit reference to it.

Now suppose R £ (Q,+), and A € G. We denote by (A)r the subgroup of G (if this
subgroup exists) generated by A C G over R £ Q, i.e. (A)r = {Ypen 728 : 7, € R}. Finally,
for R £ Qand a € G, we denote by Ra the subgroup ({a})r of G.

LetR £ Q. If aset A £ Gis linearly independent then every element of (A) has
the unique presentation ), ,a. Otherwise we would have } ., 7,a = 0 for some
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set of rational indices {r, : a € A}, and thus m} ., 1,a = Y. ,comr,a = 0, for some
integer m such that mr, € Z for all a € A, contrary to our hypothesis. Therefore,
(A)r = €D,_, Ra for every linearly independent set A.

3.2 Computable abelian groups and modules

The notion of a c.e. characteristic is one of the central notions of computable abelian
group theory.

Definition 3.2.1. Let a = (h;)ic, where h; € w U {0} for each i, be a characteristic. We
say that o is c.e. if the set {{i, j) : j < h;, h; > 0} is c.e. (see [71]). .

The definition above is equivalent to saying that there is a non-decreasing
uniform computable approximation h;; such that h; = sup_h;, for every i. Observe
that this is a type-invariant property. Thus, a type fis c.e.if a is c.e., for every a in f
(equivalently, for some « in f) Theorem 3.2.1 below was rediscovered several times
by various mathematicians including Knight, Downey, and others (see, e.g., [23]).

Theorem 3.2.1 (Mal'tsev [67]). Let G be a torsion-free abelian group of rank 1. Then the
following are equivalent:

(1) The group G has a computable presentation.

(2) The type t(G) is c.e.

(3) The group G is isomorphic to a c.e. additive subgroup R of a computable presentation
of the rationals (Q, +, X). Furthermore, we may assume that 1 € R.

Furthermore, each c.e. type corresponds to some computably presented sub-
group of the rationals. See [71] for a proof. If a group G is homogeneous completely
decomposable then t(G) is also well-defined. The (1) < (2) part of Theorem 3.2.1
can be easily generalized to the class of homogeneous completely decomposable
groups:

Proposition 3.2.1. A homogeneous completely decomposable group G has a com-
putable presentation if and only if t(G) is c.e.

See [71] for more details.

Definition 3.2.2. We say that C is a computable presentation of a module M over a ring

Rif

(1) the ring R is isomorphic to a c.e. subring Ry of a computable ring Ry,
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(2) C is a computable presentation of M as an abelian group, and
(3) there is a (total) computable function f : Ry X C — C which maps (r,m) tor-m € C,
for everym € Cand r € R;.

Recall that Q) is the subgroup of the rationals (Q, +) generated by the set of

fractions {lk 1k € w and p € P}. recall also:

p

Notation 3.2.1. For a given set of primes P, the group Gp is the countably infinite direct
sum of isomorphic copies of Q).

Remark 3.2.1. According to Definition 3.1.5, for every r = % € QW) and a an element of

the group Gp, the element ra € Gp is definable by the formula ®,(x,a) = mx = na in the
language of abelian groups (recall that mx and na are abbreviations).

Proposition 3.2.2. The following are equivalent:

1. Pisc.e.
2. Q% is a c.e. subring of a computable presentation of (Q, +, X).
3. Gp is computably presentable as an abelian group.

4. Gp is computably presentable as a module over Q).

Proof. The implications (1) — (2) and (2) — (3) are obvious.

(3) — (4). By Proposition 3.2.1, the characteristic @« of Gp is c.e. By Theo-
rem 3.2.1, Q¥ is isomorphic to a c.e. additive subgroup A of (Q, +, X). Observe that
Q™ may be considered as a c.e. subring of Q, because we can ensure that 1 € A.
It remains to observe that for each element ¢ € Gp and each rational r € Q®), the
element rg can be found effectively and uniformly.

(4) — (1). Pick an element g of Gp which is divisible by a prime p if and only
if p € P. Thus, p € P if and only if (dx € Gp) px = g, proving that P is c.e. m|

Remark 3.2.2. Actually we have shown that every computable presentation of Gp is already
a computable presentation of Gp as a module over Q\P).

Lemma 3.2.1. For a c.e. set of primes P, the following are equivalent:

1. Every computable presentation of the group Gp has a I{) basis which generates
this presentation as a module over Q).
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2. The group Gp is A)-categorical.
3. The Q)-module Gp is Al-categorical.

Proof. By Proposition 3.2.2, the ring Q) is a c.e. subring of a computable presenta-
tion of (Q, +, X).

(1) — (2). Let A and B be computable presentations of the group Gp. Both A and
Bhave I bases which generate these groups over Q). We map these bases one into
another using 0""~). By Remark 3.2.1, we can extend this map to an isomorphism
effectively, using the c.e. subring Q™ of Q.

(2) = (3). Observe that every computable group-isomorphism between two com-
putable module-presentations of Gp is already a computable module-isomorphism.

(3) — (1). Pick a computable presentation H of Gp such that the basis which
generates H over Q) is computable. If Gp is Al-categorical then every computable
presentation of Gp has a ¥ basis which is the image of the computable onein H. O

Thus, from the computability-theoretic point of view, Gp may be alternatively
considered as an abelian group or a Q®-module.

3.3 S-independence and excellent S-bases.

The notion of p-independence (for a single prime p) is a fundamental concept in
abelian group theory (see [39], Chapter VI). We introduce a certain generalization
of p-independence to sets of primes:

Definition 3.3.1 (S-independence and excellent bases). Let S be a set of primes, and
let G be a torsion-free abelian group. If S # 0, then we say that elements by, ..., by of G are
andp € S. If S = 0, then we say that elements are S-independent if they are simply linearly
independent.

Every maximal S-independent subset of G is said to be an S-basis of G. We say that an
S-basis is excellent if it is a maximal linearly independent subset of G.

It is easy to check that S-independence in general implies linear independence.
However, an S-basis does not have to be excellent. Lemma 35.1 in [39] implies that
the free abelian group of rank w contains a {p}-basis which is not excellent.

The main reason why we introduce the notion of S-independence is reflected in
the example and the lemma below.
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Example 3.3.1. Let Z2 be the free abelian group of rank 2, and let e; and e, be such
that Z? = Ze; ® Ze,. Suppose that we need to fest, given a pair of elements g;
and ¢, if Zg1 + Zg>» = Z2. That is, we wish to be able to say “no” if ¢; and g,
do not generate Z2. If g; and ¢, together generate the group, then {g1, >} should

be linearly independent. But this is not sufficient: suppose that g; = 2¢, + ¢; and
81—

g2 = ey; then 2|g1 — ¢, but the element h = is not in the span of {g1, g2}

Now we make each Z-component of Z? infinitely divisible by 2 and consider
the group Q®e; ® Q@e,. Note that 2|g; — g2 in Q@e; ® QPe,, but it is not a problem:
it is easy to check that {g;, ¢,} generates Q®e; @ Q@e, over Q@. In contrast, the
elements h; = 3¢y + ¢; and h, = e fail to generate Q@e; & Q®e, over Q©@.

More generally, in QPe; & QWe,, the existence of p-roots for p € P can not be used
to test if two given elements generate the whole group over Q) or not.

Notation 3.3.1. In this section P stands for a set of primes and P for the complement of P
within the set of all primes:

—_—

P={p:pisprimeandp & P}.

Lemma 3.3.1. Suppose G = (B, Q®, and let B C G. Then B is an excellent P-basis
of G if and only if B generates G as a free module over Q).

Let P be the set of all primes. Then P = 0. Recall that 0-independence is
simply linear independence, and Gp = D(w) = P, Q. It is well-known that every
maximal linearly independent set generates the vector space D(w) over Q. If P = (
then Gy = FA(w) = €, Zis the free abelian group of the rank w. As a consequence
of the lemma, every excellent $-basis of FA(w) generates FA(w) as a free abelian

group.
Proof. (=). Let B be an excellent P-basis of G. Suppose g € G. By our assumption, B
is abasis of G. Therefore, there eiist integersmand m, b € B, such thatmg = )., myb.
Suppose m = pm’ for some p € P. By Definition 3.3.1, p|m; for all b € B. Therefore,

without loss of generality, we can assume that (m,p) = 1, for every p € P. By the
definition of G, we have:

m
g= ; be € (B)Q(P) < G.

The set B is linearly independent, therefore (B)qw = €D, ; Q®b (see the discussion
after Notation 3.1.1). We have g € (B)on = G for every ¢ € G. Thus, G = (B)gw).
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(). Let G = P,; QP for B C G, and ph = Y., myb, where my is integer for
everyb € B,and p € P. We have h € Gp and thus h = ¥, .3 hy, where h, € Q®b for
each b € B (recall that i, = 0 for a.e. D).

Therefore ph = pY yecghy = Ypep Py = Y., mpb, and phy, = myb for every b (by
the uniqueness of the decomposition of an element). Each direct component of G
in the considered decomposition has the form Q®p. In other words, the element
b plays the role of 1 in the corresponding Q¥)-component of this decomposition.
Now recall that p ¢ P. Thus, m, # 0 implies p|m; for every b, by the definition
of Q). O

In later proofs we will have to approximate an excellent basis stage-by-stage,
using a certain oracle. Recall that not every maximal f’\-independent set is an excel-
lent basis of Gp. Therefore, we need to show that, for a given finite f—independent
subset B of Gp and an element g € Gp, there exists a finite extension B* of B such
that B* is F—independent and the element g is contained in the Q”-span of B*.

Proposition 3.3.1. Suppose B C Gp is a finite F—independent subset of Gp. For
every ¢ € Gp there exists a finite P-independent set B* C Gp such that B € B* and

g € (B*)Q(P) .

Proof. Pick fe; : i € w} C Gp such that Gp = ), QPle;. Let {eg, e, ..., e,} be such
that both B = {by, ..., b} and g are contained in ({ey, ey, ..., €,})or. We may assume
k <n.

Lemma 3.3.2. Suppose B = {by,..., b} € P . QW®e;, is a linearly independent

i€{0,...,

.....

.....

(2) (froco, - - -, reci})ger = (B)ger-
Proof. 1t is a special case of a well-known fact ([63], Theorem 7.8) which holds in

general for every finitely generated module over a principal ideal domain (note
that Q) is a principal ideal domain). m

We show that if B is F—independent (not merely linearly independent) then
we can set B* = {by,..., b} U {cks1,...,¢u}, where C = {co,...,c,} is the set from

—

Lemma 3.3.2. Suppose p| Y. o<i<k 1ibi + Yoii1<i<n NiCi for a prime p € P. We have

D 0" =D @ v,

i€{0,...,n} 1<i<k k+1<i<n
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and Y, qnb; € P, QPc. By the purity of direct components, we have
Pl Y mibi within @, _,, QPe; and p| ¥y i, mici within B, . QP)c;. But the
former implies p|n; for all 1 < i < k by our assumption, and the latter implies p|n;
forall k +1 < i < n by the choice of C and Lemma 3.3.1.

The set B* is actually an excellent P-basis of P, c(0,.n] QWe;, since the cardinality
of B¥isn+1 = rk(G}iE{0 ..... " Q®Pe,). Therefore, the set B* = {by, ..., b} U {cks1, - .., Cn)

is a f)\—independent set with the needed properties. m|

Suppose G is a torsion-free abelian group, and a,b € G. Recall that x(a) < x(b)
iff hi(a) < hi(b) for all i. In other words, p"la implies p¥|b , for all k € w and every
prime p.

Definition 3.3.2. Let G be a torsion-free abelian group. For a given characteristic a, let
Gla] ={ge G:a < x(g)}

We have h;i(a) = hj(—a) and inf(h;(a), h;(b)) < hi(a + b), for all i. Furthermore,
X(0) > a, for every characteristic a. Therefore, G[a] is a subgroup of G.

Definition 3.3.3. Let @ = (ay, a2, . ..). Then Q(«) is the subgroup of (Q, +) generated by
elements of the form 1/p; where x < .

Example 3.3.2. Let @ = (00,1,00,1, ..., a9 = 0,41 = 1,...). Consider
B=a+(,1,0,-1,0,0,0,0,0,...,0,...).

By Definition 3.1.3, p = a. Consider the group H = Q(a). We have 1 € Q(a) and
X(1) = a within Q(«). Note that the characteristic of a = 3/7 in H(a) is . Observe that

a/p;k belongs to H[B], for every k,j € w. In contrast, a/py+1 does not belong to H[B].
Indeed, the characteristic xy(a/13) is

(OOIZIOOIOI OOIO/ Ool 1/ OOI 1/ Ool 1/"')
and
(00,2,00,0,00,0,0011/001110011/---) 25 = (0012100101001110011100111-")'

Recall that the type is an equivalence class of characteristics. Thus, the type of
H £ Qis simply the type of any nonzero element of H. We are ready to state and
prove the main result of this section.
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Theorem 3.3.1. Let G = @i@) H, where H £ Q, t(H) = fand o = (ap, a1, . . .) is of type
f. Then Gla] = Gp, where P = {p; : h; = oo in a}. Furthermore, if B is an excellent P-basis
of Gla], then G is generated by B over Q(«).

Informally, this theorem says that each homogeneous completely decomposable
group of rank w has a subgroup isomorphic to Gp, for some P. Furthermore, every
excellent P-basis of this subgroup generates the whole group G over a certain
rational subgroup Q(«) taken as a domain of coefficients. The group Q(«) is not
necessarily a ring (recall Notation 3.1.1). The idea of the technical proof below was
essentially illustrated in Example 3.3.2.

Proof. We prove that Gla] = Gp.

Let gi be the element of the i'th presentation of H in the decomposition G =
@iewH such that x(g;) = a. The collection {g; : i € w} is a basis of G. Therefore,
{gi 1 1 € w} is a basis of G[a]. By the definition of P, ({g; : i € w})ow is a subgroup of
Gla]. Furthermore, since {g; : i € w} is linearly independent,

(1gi: i € whom = P Qg

i€w

Thus, we have
@ Qg c Glal.
1€w
We are going to show that every element ¢ € G[a] is generated by {g; : i € w}
over Q. This will imply Gla] = Gp.
Pick any nonzero g € Gla]. The set {g; : i € w} is a basis of G[a], therefore
ng = Yic, Migi for some integers n and m;, i € w. Since direct components are pure,
1| Y. ey m;gi implies n|m;g; for every i € w, and § = }¢; % gi. After reductions we

have ¢ = )i n—l gi, where n—l is irreducible. It suffices to show that — € Q.
. . ,

1 nl
I4

m. —
Assume there is i such that — ¢ Q. Equivalently, for some p; € P, we have
n.

1
’

m,
m; # 0 and n; = pyn’, where n; is an integer (recall that # is irreducible).

1
’
i 8i

=
Tli Pk

’

m’ :
We have hk(7Z Qi) = h( < hk(lf_)’ since m; is not divisible by p;. But
i k

hk(;%) < hi(gi) (recall that h(g;) is finite). It is straightforward from the definitions
k
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m’
of hy that I (g) = min hk( - gi) 11 € I,m; # 0}, since each g; belongs to a separate

direct component of G. Therefore h(g) < hk(— Qi) < h(gi). But x(gi) = a. Thus,
X(g) # @ and g ¢ Gla], and this contradicts our ch01ce of g. Therefore, Gla] = Gp.

We show that if B is an excellent P-basis of Gla], then G = (B)q() (recall Nota-
tion 3.1.1).

For every b € B consider the minimal pure subgroup which contains b (recall
that we denote this group by [b]. Consider (B) = ) ,.5[b] £ G. Infact(B) = @beB[b]
because B is linearly independent within G[a] and, therefore, within G as well.

By our choice, b € Gla]. Thus, x(b) > a within G. We show that in fact x(b) = a.
Assume x(b) > a. We have b = pa for some a € G[a] and p € P. But B is P-
independent. This contradicts the fact that p|1-b and 1 is evidently not divisible by
p. Therefore, we have

[b] = Q(a)D.

It remains to prove that G C (B). Pick any nonzero g € G. There exist integers m
and 7 such that (m,n) = 1 and X(% g) = a. To see this we use the fact that x(g) € f.
It is enough to make only finitely many changes to x(g) to make it equival to a.

Equivalently, % g € Gla]. We have % g= Z rpb, by Lemma 3.3.1. By our

beB,r,eQP)
assumption, x(b) = )((% g) = a, for every b € B. Obviously, ml% g in G. Therefore,
by the definition of « and B, we have m|b in Q(a)b. Thus, there exist x; € [b] = Q(a)b
such that mx, = b. We can set ¢ = ),z nryx,, where nrpx, € [b]. This shows
G = (B)ow)- O

3.4 Effective content of S-independence.

Theorem 3.4.1. Every computably presentable homogeneous completely decomposable
torsion-free abelian group is A3-categorical.

The proof of the Theorem 3.4.1 is based on the lemma below. The proof of this
lemma uses Theorem 3.3.1.

Lemma 3.4.1. LetG = @iew H, where H £ Q, the type t(H) is f, and a = (ag, a1, .. .)
is a characteristic of type f. Let G; and G, be computable presentations of G.
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Suppose that both G;[a] and G,[a] have X excellent P-bases. Then there exists an
AY isomorphism from G; onto G,.

We first prove Theorem 3.4.1, and then prove Lemma 3.4.1. We need to show
that a given homogeneous completely decomposable group satisfies the hypothesis
of Lemma 3.4.1 with n = 3.

Proof of Theorem 3.4.1. Let G be a computable presentation of G = . H, where
H < Q. Let a be a characteristic of type t(H) and P = {pr : ax = o ina}. By
Theorem 3.3.1 and Lemma 3.4.1, it suffices to construct a excellent P-basis of Gla]
which is XJ.

We are building C = |, C,. Assume that we are given C,_;. At step n of the
procedure, we do the following:

1. Pick the n-th element g, of G[a].

2. Find an extension C, of C,_; in G[a] such that (a) C,, is a finite F—independent
set, and (b) g, is linearly dependent of C,,.

Let G = @id Re;, where x(e;) = @ and R = H. Observe that at stage n of the
procedure we have g, UC,_1 C ({eo, . . ., &})om, for some k. By Proposition 3.3.1, the
needed extension denoted by C, can be found.

It suffices to check that the construction is effective relative to 0. We use com-
putable infinitary formulas in the proofs of the claims below. See [3] for a back-
ground on computable infinitary formulas.

By Theorem 3.3.1, we have G[a] = Gp, where P = {p : p*|h} is a Hg set of primes.

Claim 3.4.1. The group Gla] is c.e. in 0”.

Proof. Pick any h € G with x(h) = a. By its definition, for every g € G, the property
x(g) > a is equivalent to

N N\ @opix=1— @Eyp'y = g).

p—prime kew

Therefore, the group Gla] is a IT)-subgroup of G. O

Claim 3.4.2. Thereisa 0”-computable procedure which decides if a given finite set B C G[a]
is P-independent, uniformly in the index of B.

Proof. It suffices to show that the property “Bis a ﬁ-independent setin G[a]” can be
expressed by a I'T) infinitary computable formula in the signature of abelian groups
with parameters elements from B.
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Note that in general P € IT). By Claim 6.3.1, the group G[a] is a I1J-subgroup
of G. Thus, the condition “B is a P-independent set in G[a]” seems to be merely Hg:

/\ /\ ([p € PA (Ax)(x € Gla] Apx = Z myb)] — /\plmb).
b

MEZ<® p—prime beB

The idea is to substitute the Zg formula (dx)(x € Gla] A px = Y, mpb) by an
equivalent Zg one, using a non-uniform parameter c € G such that x(c) = a. More
specifically, we are going to show that for every p, ¢ P, the formula

() (x € Gla] A pox = Z myb)

beB

is equivalent to
F)Ay € G)(a, <k ApSy = Z myb),
beB

where a, is the v-th component of a corresponding to p, and
a, <k & (e, 2 k) & ~(FE)(PEE = o).

Suppose there is x € G[a] such that p,x = } ,.zmpb. Since h,(x) > a,, we have
P’y = x and pf,‘”“y = p,x, for some y € G, so we can set k = a, + 1. For the converse,
suppose there exist such k and y. Then p,x = pty for x = p5-ly. We have k > a,
and therefore (k — 1) > a,. But h,(x) > (k — 1) because x = p5~ly is divisible by p*~?,
and thus h,(x) > a,. The characteristic of x differs from the characteristic of y only

at the position for the prime p,. Thus, for every w # v,

o) = ho(pEy) = o) b)) = et

beB
since ), Myb € Gla]. Therefore, x(x) > a and x € G[a]. O

By Claim 3.4.1 and Claim 3.4.2, the procedure is computable relative to 0”.
Assuming Lemma 3.4.1, this completes the proof of the theorem. |

Proof of Lemma 3.4.1. Recall that G; and G, are computable presentations of G such
that both G;[a] and G,[a] have X0 excellent P-bases. We need to show that there
exists an A? isomorphism from G; onto G,. Let B; and B, be excellent D-bases of Gy
and G,, respectively.

54



Observe that the group Q(a) is isomorphic to a c.e. additive subgroup R of
(Q, +, X). Furthermore, we may assume that 1 € R. To see this pick h with x(h) = «
non-uniformly, and then apply Theorem 3.1.1 to the group [#]. By Theorem 3.3.1,

we have
G1 = @Rb = G2 = @Rb’

beB, b’eB,

To build a A isomorphism from G to G, first define the map from B; onto B, using
a standard back-and-forth argument. Then extend it to the whole G; using the fact
that 7 - b can be found effectively and uniformly, for every r € Rand b € B;. m|

By Proposition 3.2.2 and Remark 3.2.2, “computable presentation of Gp” can be
equivalently understood as “computable presentation of the group Gp” or “com-
putable presentation of the Q)-module Gp”. Before we turn to a more detailed
study of A)-categorical completely decomposable groups, we prove a fact about

excellent P-bases of the group Gp which is of an independent interest for us:

Theorem 3.4.2. If a computable presentation of Gp has a L basis which generates it as
a free Q)-module, then this presentation possesses a I19 basis which generates it as a free
QP -module.

Proof. Recall that, by Lemma 3.3.1, a basis generates Gp as a free Q®-module if
and only if this basis is an excellent P-basis. The proof of the theorem is based on
Lemma 3.3.1 and the short technical lemma below.

Lemma 3.4.2. Suppose {¢; : i € w} C Gp is such that Gp = @, QPe;, and sup-
pose {by,...,bi} C Gp\ {0}. For any integer m # 0O, the set B = {ey, by, ..., by} is
F—independent if and only if B,, = {ey, b1, ..., bi1, by + mep} is ?—independent. Fur-
thermore, (B)or = (By)ge, for every m.

Note that for the (obvious) second part of Lemma 3.4.2 we do not assume that B
is P-independent.

Proof of Lemma 3.4.2. Suppose B = {eg, by, ..., by} is F—independent. We show that
B,, = {eo, b1, ..., br_1, by + meg} is f—independent as well.

Pick an arbitrary p € P. Suppose that p divides ¢ = npey + Yi<ick_q nibi +
ne(bx + meg) = (ng + mem)ey + Y q<i Nibi. Recall that the set B = {eg, by, ..., by} is
F—independent. Therefore, p|n;, for every 1 < i < k. As a consequence, p divides

Npey = §—MiiMeg — Y1 <i<x Mibi. By our assumption on the element ey, we have p|ny. O
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Suppose that E = {¢y,ey,...} is a Zg excellent P-basis of G = @iew QWPle; = { g0 =
0, g1,...} which is a computable group. We fix a computable relation R such that
x € E if and only if (3**y)R(x, y). We build a co-c.e set of elements B such that the
following requirements are met:

Ro: ey € B;

R;: if g; = ex for some k then B contains exactly one element of the form (e +mey).

We also require that the only elements that enter B are due to one of these
requirements. There is no priority order on the requirements.

We first show that if all the requirements are met, then the set B is an excellent
P-basis of G. Assume R; is met, for every j. It follows that for every k there exists
m such that e, + mey € B. Also, if B contains two elements of the form e, + mey
and e + ney, then necessarily n = m. We show that B is an excellent P-basis of G.
Note that, if B is not F—independent, then there is a finite subset By of B which is
not ﬁ-independent. By (a multiple application of) Lemma 3.4.2, this contradicts the
choice of E = {ey, €1, ..., }. It remains to apply the second part of Lemma 3.4.2 and
see that the Q-spans of B and E coincide.

All strategies in the construction will share the same global restraint. More
specifically, in the construction the strategies will put restraints onto certain ele-
ments of the group. The desired set B will consist of elements which eventually
become forever restrained by the strategies.

Strategy for Ry: Permanently restrain e.

Strategy for R;, j > 0: If R; currently has no witness then pick a witness c¢; which is
equal to g; + mey, where m is the least such that g; + mey is not restrained and is not
yet enumerated into B. Declare c; restrained (thus, ¢; is now our witness, and our
current guess is ¢; € B). If ¢; is the n™ element of the group, ¢; = g,, then enumerate
each g, with x < n into B unless g is already in B or is restrained. If, at a later
stage, a fresh y is found such that R(gj, y) holds, then enumerate g; + me, into B,
and initialize R; by making c¢; undefined.

Construction.

Stage s. Let R, j < s, act according to their instructions.

End of construction.

The set B consists of elements which eventually become forever restrained by
strategies. Also note that each element of the group can be restrained at most once.
Thus, the set B is c.e.
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To see why R; is met note that the requirement eventually puts a permanent
restraint on its witness g; +mey if an only if (3°*y)R(g;, y). This is the same as saying
that g; = e, for some k. O

3.5 Semi-low sets, and A)-categoricity.
Recall that a set A is semi-low if the set Hy = {e: W.NA £ 0} = {e: W, ¢ A} is
computable in @

Theorem 3.5.1. A computably presentable completely decomposable abelian group G is
AY-categorical if and only if G is isomorphic to Gp where P is semi-low.

The proof of this theorem is split into several parts. Each part corresponds to
a different hypothesis on the isomorphism type of G. Different cases will need
different techniques and strategies.

Proof. We need the following technical notion:

Definition 3.5.1. Let @ = (h;)e, be a c.e. characteristic (see Definition 3.2.1), and let h; s be
its non-decreasing uniform computable approximation: h; = sup, h;, for every i. We say
that o has a computable settling time if there is a (total) computable function ¢ : v — @
such that

I h,‘/lp(i), lfhl isﬁnite,
L 00, otherwise,

for every i. We also say that 1\ is a computable settling time for (h;s)i sew-

This is the same as saying that, given i, there exists an effective (and uniform)
way to compute a stage s after which the approximation of h; either does not
increase, or increases and tends to infinity. Note that this is the property of a char-
acteristic, not the property of some specific computable approximation. Indeed,
given an approximation of a having a computable settling time, we can define a
computable settling time for any other computable approximation of a. Further-
more, as can be easily seen, this is a type-invariant property. Thus, we can also
speak of types having computable settling times.

If a homogeneous completely decomposable group G of type f is computable,
then f is c.e. (see Proposition 3.2.1). Suppose that G is a computable homogeneous
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completely decomposable group of type f, and let a = (h;),c, be a characteristic of
type f. We consider the cases:

1. The type f of G has no computable settling time. In this case G is not AS-
categorical by Proposition 3.5.2. Observe that if f has no computable settling
time then the set Fin(a) = {i : 0 < h; < oo} has to be infinite (see, e.g.,
Proposition 3.2.2). Thus, G can not be isomorphic to Gp, for a set of primes P.

2. The type f of G has a computable settling time, Fin(a) = {i : 0 < h; < oo} is
empty (finite), and the set {i : i; = 0} is semi-low. In other words, the group
G is isomorphic to Gp with P semi-low. In this case G is Ag-categorical, by
Proposition 3.5.1 below.

3. The type f of G has a computable settling time, the set Fin(a) = {i : 0 < h; < oo}
is empty (finite), and the set {i : h; = 0} is not semi-low. Here G is again
isomorphic to Gp, but in this case G is not A)-categorical, by Proposition 3.5.3
below.

4. The type f of G has a computable settling time, and the set Fin(a) = {i : 0 < h; <
oo} is infinite and not semi-low. As in the above case!, G is not Ag-categorical,
by Proposition 3.5.3.

5. The type f of G has a computable settling time, and the set Fin(a) = {i :
0 < h; < oo} is infinite and semi-low. The group is not Ag-categorical, by
Proposition 3.5.4 below.

We first discuss why case (3) and case (4) above can be collapsed into one case.
First, define Inf(a) = {i : b = oo} and V = {i : 0 < hjy < oo}, where ¢ is a
computable settling time for a. Note that V is c.e. Evidently, Inf(a) = Fin(a) U {i :
h; = 0} and Fin(a) = Inf(a) N V. We claim that “Fin(«) is not semi-low” implies
“Inf(a) is not semi-low”. We assume that Inf(a) is semi-low and observe that
{e: WenFin(a) # 0} = {e : W NV NiInf(a) # 0} = {e : Wye) N Inf(a) # 0} for a
computable function s. Therefore, Hriy) <p HW <r (', as required.

Therefore, cases (3) and (4) are both collapsed into

(3) If f has a computable settling time and Ir f(«) is not semi-low, then G is not
AJ-categorical.

'We distinguish these two cases only because these cases correspond to (algebraically) different
types of groups. We discuss a bit later why these cases are essentially not different.
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Now we state and prove the propositions which cover all the cases above.

Recall that, by Proposition 3.2.2, the group Gp has a computable presentation as
a group (module) if and only if P is c.e.

Proposition 3.5.1. If Pis semi-low (and co-c.e.) then Gp is AY-categorical.

Proof. The proof may be viewed as a simpler version of the proof of Theorem 3.4.1.
Let G = {g0 =0, g1, ...} be a computable copy of Gp. By Lemma 3.2.1, it is enough

—_

to build a Zg excellent P-basis of G.

We are building C = | J,, C,. Assume that we are given C,_;. At stage n of the
construction, we do the following:

1. Pick the n-th element g, of G.

2. Find an extension C, of C,_; in G such that (a) C, is a finite F—independent
set, and (b) C,, U {g,} is linearly dependent.

The algebraic part of the verification is the same as in Theorem 3.4.1 (and is
actually simpler). Thus, it is enough to show that (a) in (2) above can be checked
effectively and uniformly in (". Given a finite set F of elements of G, define a c.e. set
V consisting of primes which could potentially witness that F is F—dependent:

v=lps V[P ma Ay p imol)
meZcard(F) g€F g€F
The c.e. index of V' can be obtained uniformly from the index of F. It can be
easily seen from the definition of P-independence that

VNP =0ifand only if F is F—independent.

By our assumption on P, this can be decided effectively in ('. O

Fix a computable listing {®,.(x, v)}.e. of all partial computable functions of two
arguments. We say that lim; @,(x, s) exists if @,(x,s) | for every e and s and the
sequence (D,(x,s))se, stabilizes. In the upcoming propositions we will use the
following;:

Notation 3.5.1. Fix an effective listing {W,(x, 5)}.ew 0f total computable functions of two
arguments satisfying the property:

(lim, @,(x, s) exists) = (lim; D,(x, s) = lim; W, (x, s)),
for every x and e. (We may assume that W.(x,0) = 0, for every x and e.)
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Proposition 3.5.2. Suppose that the type f of a computably presentable G = D, H
has no computable settling time. Then G is not A)-categorical.

Proof idea. Let a = (h;)ic,y be a characteristic of type f. We build two computable
groups, A and B, both isomorphic to G. The group A is a “nice” copy of G. The
group B is a “bad” copy of G in which the ¢/ elementary direct component is used
to defeat the ¢’ potential AJ-isomorphism from B onto A.

The first main idea of the strategy uses Baer’s theory of types. We wait for
the e potential isomorphism to converge on some specifically chosen element b,
from the ¢ elementary direct component of B. We pick a fresh number j so large
that, if the ¢ potential isomorphism is indeed an isomorphism, the characteristic
X(be) = (di)ico Of b, and the characteristic a = (h;);c,, have to be equal starting from
the j position. We may choose such a number j using that A is “nice” (to be
explained in more detail). From this moment on, make sure dy; = Iy s — 1 for k > j
least such that h; > 0, where t is the current stage of the construction and s > t.
By the choice of f, such a position k can be found. Note that the ¢ potential
isomorphism is merely a (partial) A) function, and at a later stage it may output a
new potential image of b,. In this case we make di s = h; and repeat the strategy.

The strategy would work if we had no symbols oo in f. If we have o on f, then
it may happen that

hk = 11%’1’1 hk,t = 0o,

for the k we pick at the final iteration of the strategy (if the strategy iterates infinitely
often then we win). In this case the strategy fails because both hs and ds = hys — 1
tend to infinity.

The second main idea is to pick a new fresh position k; for which hy, s > 0 if we
see his > hy; at a later stage s. We may keep iterating this strategy defining k, when
both i and hy, increase, etc. Nonetheless, this strategy is not sufficient if

hki = 11¥n hki,t = 0

for every i.

The third main idea uses the notion of computable settling time. More specif-
ically, each time we pick a new position k; as described above, we additionally
attempt to define a computable settling time 1 for a. If we have to make one more
iteration as described in the previous paragraph, we set y(k;) = t. We also define ¢
on arguments between k; and k;,1 (to be explained formally in the construction).

We keep introducing ki.1, ki+> etc. This process never terminates only if every
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position we pick corresponds to co in a. Thus, we will succeed in defining a
computable settling time for f, contradicting the choice of f (to be explained in more
detail). Therefore, we eventually pick a position k; such that /i, < co. The groups
A and B are both isomorphic to G by Theorem 3.1.1, because the characteristic of
b. belongs to f. (Several minor technical details have not been mentioned in this
sketch.)

Proof of Proposition 3.5.2. In the construction below we identify elements of A and
B and the corresponding elements of w. It suffices to build two computable pre-
sentations, A and B, of the group G = €D,__ H, and meet the requirements:

R, : lim; W,(b,, t) exists = lim; W,(x, t) is not an isomorphism from B to A.

The nonzero element b, is a witness for the R, strategy below. More specifically,
we enumerate A = € _ Ha, and B = @ __ C.b, in such a way that the sets
{a, : n € w} and {b, : e € w} are computable. Let (h;);c,, be a characteristic of type f.
Fix a computable approximation (h;s)iseo Of (h:)ice such that (1) hjs < hjsi1, and (2)
h; = lim, h; 5, for every i and s.

We make sure x(a,) = (h)ico, for every n, while the characteristic x(b.) = (d(€);)ic
of b, will be merely equivalent to (/;)c,, for each e (thus, C, = H, for each e).

The construction is injury-free, and we do not need any priority order on the
strategies.

For every e, the strategy for R, defines its own computable function i, which? is
an attempt to define a computable settling time for (/;);c,,. To define 1), the strategy
uses the sequence (k,,)ic,, (to be defined in the construction).

Strategy for R,: If at a stage s of the construction the parameter k. is undefined
then:

1. Compute W, (b,,s). From this moment on, the strategy is always waiting for
t > s such that W,(b,,t) # W.(b,,s). As soon as such a t is found, R, initializes by
making all its parameters undefined and also making d(e);s = hj; for every j we
have seen so far.

2. Leta € A be such that a = W,(b,,s). Find integers ¢, and c such that
ca = )., cya,. Let j be a fresh large index such that (1) the prime p; does not occur in
the decompositions of the coefficients c and c,, (2) hjs > 0, and (3) d(e);s < hjs.

3. Once j is found?®, declare ¢,(j) = s. From this moment on, make sure

2Since it will be clear from the construction at which stage 1), is defined (if ever), we omit the
extra index t in ¢, and write simply 1),. We omit the index t for parameters k. ;; as well.

3We may assume that at stage s such an index j can be found, otherwise we speed up the
approximation (h;s);se, during the construction.
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d(e)js = hj; — 1 for every t > s, unless the strategy initializes. Set k.o = j, and
proceed.

Now assume that the parameters k., ...k, , have already been defined by the
strategyat < s. We also assume that 1).(i) has already been defined for each i such
that k.o < i < maxik,, : 0 < x < y}. Assume also that k,, was first defined at stage
u < s. Then do the following;:

I. Wait for a stage t > s (of the construction) such that either (a) h;; > h; for
some i such that k.o < i < max{k,, : 0 < x < yland i ¢ {k.,...k,}, or (b)

hiu < hi; for each i € {k,, ...k, }. While waiting, make d(e);, = hj, (r is the

current stage of the construction), where j <rand j ¢ {k.o, ...k, }.

IL. If (a) holds for some i, then set k,,+1) = i. If (b) holds, then let i be a fresh
large index such that h;; > 0 (and d(e);; < h;;), and set k. (,+1) = i. In this
case also define ,(j) to be equal to the current stage for every j such that
maxfk.y : 0 < x < y} < j < ke y+1). Then proceed to IIL

III. Setd(e);, = hi, — 1 at every later stage v, where i = k,,.1), unless the strategy
initializes.

End of strategy.

Construction. At stage 0, start enumerating A and B as free abelian groups over

{1} new and {b,}rew, respectively. Initialize R,, for all e.

At stage s, let strategies R,, e < s, act according to their instructions. If R, acted
at the previous stage, then return to its instructions at the position it was left at the
previous stage.

Make x(a,) = (his)ico in As for every n < s, and x(b,) = (d(e)is)icw in Bs for

every e < s, by making a, and b, divisible by corresponding powers of primes.
End of construction.

Verification. For each e, the following cases are possible:

1. lim; W, (b,, s) does not exist. In this case the strategy initializes infinitely often.
By the way the strategy is initialized, the characteristic of b, is identical to a.

2. lim; W, 4(b,,s) exists and is equal to W,(b.,[). The domain of i), should be
finite. For if it were not, the it would be co-finite and then @ would have a
computable settling time. The computable settling time can be defined using
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a (non-uniform) expansion of ¢, to the finite set on which it is not defined.
Therefore, the only possibility is that there is a parameter k., such that the kg‘y
position in « is finite. For otherwise we would be able to extend the definition
of ¢, again and again (see the construction). However, the strategy ensures
lim; @, 5(b,, s) is not an isomorphism since the characteristic of b, and « differ
at k" position. We conclude that a differs from x(b,) in at most finitely many

Y
positions, and the differences are finitary.

In both cases x(b.) is equivalent to a. By Theorem 3.1.1, A = B = G. m|

Recall that cases (3) and (4) were both reduced to:

Proposition 3.5.3. Let G be computable homogeneous completely decomposable
abelian group of type £, and suppose a = (sup, h;5)ic, in f has computable settling

time y. Furthermore, suppose I f(a) is not semi-low. Then G is not A)-categorical.

Proof idea. We build two computable groups, A and B, both isomorphic to G. The
group Aisa “nice” copy of G. The group B = EDE o @n o Cenbenisa“bad” copy of G
in which the ¢ direct component is used to defeat the e potential A)-isomorphism
from B onto A.

Recall that Inf(«) is a c.e. set. Given e, we attempt to define a functional I'(e, 11, s)
such that HW(H) = lim;I'(e, n,s). For every n, we pick an element b,, in B and
attempt to destroy the e potential AJ-isomorphism from B to A. We start by setting
I'(e,n,0) = 0. We wait for j to appear in W, s \ Inf(a);. If we never see such a j, then
our attempt to define I'(e, 1, s) is successful. If we find such a j, make b,, divisible
by a large power of p; destroying the potential isomorphism (this power depends
on our current guess on the isomorphic image of b, ,, in A). We will set I'(e, nn,t) = 1
only if the e potential isomorphism changes on b,, at a later stage t. We make
I'(e,n,r) = 0 as soon as j enters Inf(a), and then we start waiting for a new fresh
number to show up in W, \ Inf(a). If we see such a number then we repeat the
above strategy with this number in place of ;.

Our attempt to defineI'(¢, 1, s) necessarily fails for at least one index n. Therefore,
the e’ potential isomorphism will be defeated at the element b, ,. Algebra is sorted
out using Theorem 3.1.1.

Note that the algebraic strategy above differs from the one we used in Propo-
sition 3.5.2. More specifically, we make elements divisible instead of keeping
elements non-divisible. This strategy could not be used in Proposition 3.5.2, be-
cause it would not be consistent with the infinitary outcome (the case when the
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e" potential isomorphism changes infinitely often). We will see that this is not a
problem here.

Proof of Proposition 3.5.3. We build two computable copies of G by stages. Recall
that the first copy A = €D, Ha; is a “nice” copy with x(a;) = a, for every i. The
second (“bad”) copy B = P, D,.,, Cenben is built in such a way that x(b.,) is
equivalent to a, for every e and n.

Recall Notation 3.5.1. It suffices to meet the requirements:

R, : (Vn)lim; W, (b, ,, t) exists = lim; W,(x, t) is not an isomorphism from B to A.

The strategy for R, initially attempts to define a total 0’-computable function I
such that I'(n) = 0 iff W,, C Inf(a). If we succeeded, this would imply

Hi = n:W,nInf(a)# 0} ={n: W, ¢Inf(a)} <r 0,

contradicting the hypothesis. In the following, we write I in place of Inf(«a). Also,
we omit e in I'(e, 1, s) and write simply I'(n1, s). We also assume at most one number
can be enumerated into W, at every stage. We split R, into substrategies R, ,, 1 € w:

Substrateqy R.,. Permanently assign the element b., to R.,. Suppose that the
strategy becomes active first time at stage s of the construction. Then:

1. Start by setting I'(n,s) = 0 (we may suppose that I'(, j) = 0, for every j < s).
At a later stage t, we define I'(n, t) to be equal to I'(n1, ¢ — 1), unless we have a
specific instruction not to do so.

2. Wait for a stage t > s and a number j € W,; \ I;. (Recall that we assume that
at most one number can be enumerated into W, at a stage.)

3. Weletp = p;with j € W,;\I;atalater stage t. Finda € A; suchthata = W,(b., t)
(recall that the enumeration of A is controlled by us). Find integers ¢, and ¢
such that ca = ), c,a,. Let k be a fresh large natural number such that (i) the
prime p = p; has power at most [k/2] in the decompositions of the coefficients
c and ¢,, and (ii) hjy(;) < [k/2], where ¢ is the computable settling time. Note
that (i) and (i) imply k is so large that p* does not divide a = W, (b,,,, t) within A,
unless j € I;. Make b, , divisible by p* within B.

Wait for one of the two things to happen:

I. (I changes first). We see j € I, at a later stage u > t, and W,(b,,,v) =
W, (b,,n, t) for each v € (t, u]. We return to (2) with u in place of s.
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II. (W, changes first). We see W, (b, ,, 1t) # We(bey, t) foru > t,and j € W, , \ I,
tfor each v € (t,u]. Then set I'(n, u) = 1 and start waiting for a stage w > u
such that j € I,. If such a stage w is found, then we set I'(n, w) = 0 and
go to (2) with w in place of s (and we do nothing, otherwise).

End of strategy.

Construction. At stage 0, start enumerating A and B as free abelian groups over
{ai}iew and {be,n}e,new-

At stage s, let strategies R, ,, e,n < s, act according to their instructions. If R, ,
acted at the previous stage, then return to its instruction at the position it was left
at the previous stage.

Make x(a;) = @ = (h))jeo in A for every i. For every e, n € w, make x(b.,) = h; in
B for every j except at most one position, according to the instructions of R,,. We
do so by making a4; and b, , divisible by corresponding powers of primes.

End of construction.

Verification. By Theorem 3.1.1, A = B = G. Assume that lim; W, (b, ,, s) exists for
every n (thus, II does not get visited infinitely often). Given 1, consider the cases:

e R., eventually waits forever at substage (2). Then lim;I'(n,s) = 0 and W, C I.
Thus, we have a correct guess about Hy 7.

e R,, visits I of (3) again and again from some point on (every time returning
to (2)). Then lim;I'(n,s) = 0 and W,, C I, and we again have a correct guess
about HW'

e R.,eventually waits forever atsubstage (3). Then b, , witnesses thatlim; W, (b, ,, s)
is not an isomorphism.

There should be at least one n for which lim;I'(n,s) # HW(H). Therefore, for
at least one n, the strategy R., eventually waits forever at substage (3). Thus, R, is
met. O

Proposition 3.5.4. If the type f of a computable homogeneous completely decom-
posable group G has a computable settling time, and Fin(a) = {i : 0 < h; < oo} is
infinite and semi-low for & = (;)ieq Of type £, then G is not A)-categorical.
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Proof idea. We combine the algebraic strategy from Proposition 3.5.2 and the guess-
ing procedure based on the hypothesis Fin(a) = {i : 0 < h; < oo} is semi-low. As
before, we are building two computable copies, A and B, of G.

If Fin(a) were an infinite computable set, then the algebraic strategy would be
rather straightforward. To destroy the ¢ potential A)-isomorphism from B to A,
we pick a large j € Fin(a) and make the witness b, € B not divisible by p;. If the
potential isomorphism changes at a later stage, we make h;(b,) = a; and repeat the
strategy for another fresh and large i € Fin(a). We have already discussed a similar
algebraic strategy in the idea of proof of Proposition 3.5.2 (the case with no oo’s in
a).

However, Fin(a) is merely semi-low. Recall that the type has a computable
settling time. Therefore, we can produce a computable approximation (h;s);se, Of
a such that, for every i, either a; = h; or @; = 0. We focus on the computable set
N ={i: hjp # 0} = Inf(a) U Fin(a). Note that Inf(a) = {i : a; = oo} is c.e.

Imagine the e potential AJ isomorphism has settled on its witness b, € B (if it
never settles we win). To successfully run the algebraic strategy, we need to find
at least one i € Fin(a). We find a fresh large i € N and keep b, not divisible by p;.
We can do so because i is so large that b, has not been declared divisible by p?’”o
yet. At the same time we start enumerating a c.e. set first setting W = 0, and ask if
W N Fin(a) = 0 (recall that the guessing procedure is A)). We do nothing and wait
until we get the answer W N Fin(a) = 0. Note that we should eventually see this
answer, otherwise we get a contradiction by keeping W empty. Then we enumerate
i into W. We do not make b, divisible by any further prime until we see:

(1.) ienters Inf(a). Then we pick next least j € N, enumerate j into W, and
repeat the strategy keeping b, untouched.

(2.) The current guess becomes W N Fin(a) # 0. We allow the construction to
continue building the elementary component corresponding to b, but keep b, not
divisible by p;. If i never enters Inf(a) we win. If at a later stage i enters Inf(a),
we wait until our guess is W N Fin(a) = (0. Again, it should eventually happen,
otherwise we get a contradiction by not changing W. Then we make b, infinitely
divisible by p;, pick a large fresh v € N, enumerate v into W, and repeat the whole
strategy with v in place of i (again, keep b, untouched etc).

Note that we eventually reach (2.) with some j € W, and either j never enters
Inf(a) or we change our guess on W N Fin(a). In the latter case will reach (2.) again
with another number, and either win or change the guess once more. We can not
change the guess infinitely often, because Fin(«a) is semi-low. Thus, eventually the
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algebraic strategy succeeds.

In the formal construction each strategy defines its own sequence of c.e. sets.
Every set from the sequence corresponds to a potential image of b,, which can be
changed at a later stage. If the image changes, we start enumerating the next set
from the e sequence. Since the construction is effective and uniform, we may
assume that the indexes of these c.e. sets are listed by a computable function, and
the index of this function is given ahead of time. We give all details in the formal
proof below.

Proof of Proposition 3.5.4. LetI beacomputable function such thatlim, I'(1, s) guesses
Fin(a) N W,, = 0 correctly. As in the proof of Proposition 3.5.2, we are building two

computable copies,
A =D Ha,and B =5 Coh,

new ecw

of G. We make x(a,) = a and x(b.,) = (d(e))icw = a, for every n and e. Recall
Notation 3.5.1. The requirements are:

R, : If lim; W, (b,, t) exists, then lim; W, (x, t) is not an isomorphism from B to A.

For every ¢, the strategy for R, will enumerate its own sequence of c.e. sets. The
indexes for the sets are listed by a computable function g of two arguments:

{Wg(e,s) }sea; .

Let (his)isco be a computable approximation of a such that, for every i, either
a; = h;p or a; = co. Also, let n(0),n(1) ... be an effective increasing enumeration of
the infinite computable set N = {i : h;y # 0}.

The strategy for R,: Suppose s = 0 or W,(b.,s) # We(b.,s —1). Do the following
substeps:

1. Make x(b.) = (d(e))ico and a equal at all positions seen so far.
2. Begin enumerating W) by setting W) = 0.
3. Wait for a stage u such that I'(g(e, s), u) = 0.

4. Leta € A be such thata = W,(b,,s). If a = 0 do nothing. If a # 0, find integers
¢y and ¢ such that ca =}, c,a,. Let n(i) € N be a fresh large number such
that (1) the prime p,; does not occur in the decompositions of the coefficients
c and ¢y, (2) hye0 > 0, and (3) d(e)xs = O for every k > n(i).
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5. Enumerate n(i) into Wy(s. Keep d(e),;, = 0 for | > s (unless we have a
specific instruction not to do so). Restrain the element b, by not allowing the
construction to make it divisible by any prime greater than p,.

6. Wait for one of the following three things to happen:

L. W.(b,,s) # W.(b, 1) at a later stage t. Then declare b, not restrained and
restart the strategy with ¢ in place of s (go to (1); for instance, make b,
divisible by the corresponding power of p,;).

II. The number n(i) enters the c.e. set Inf(«a) at a stage s > t (thus, h,;) = ).
Make b, infinitely divisible by p,; and return to (5) with n(i + 1) in place
of n(i) keeping b, restrained.

III. T'(g(e,s),t) = 1 (thus, we believe W N Fin(a) # 0 and j € Fin(a)). We
remove the restraint from the element b, allowing the construction to
make b, divisible by p; with i ¢ W if needed. We keep b, not divisible
by pugy-

If at a later stage r the number n(i) enters Inf (), (thus, W) € Inf(a),),
then make b, infinitely divisible by p, (7). In this case also wait for a stage
w > r such that I'(g(e, s), w) = 0. Then return to (4) with a new fresh and

large n(j).

End of strategy.

Construction: At stage 0, start enumerating A and B as free abelian groups over
{an}new and {belkeq, respectively.

At stage s, let strategies R,, e < s, act according to their instructions. If R, acted
at the previous stage, then return to its instruction at the position it was left at the
previous stage.

Make x(a,) = (his)icw In As for every n < s, and (his)ico = (d(€)is)icw in Bs for
every e < s which is not restrained, unless R, keeps d(e);s = 0.

End of construction.

Verification. If lim, W, (b,, t) does not exist, then we reach I of (6) infinitely often and,
therefore, x(b.) = a. Assume that lim; WV, (b,, t) exists. Let s be the stage after which
W, (b, t) never changes again and

W, (b, $) = lim W(b, 1.
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Let u > s be a stage such that lim; I'(g(e, s), t) = T'(g(e, s), u). The set W) is designed
to make lim,;I'(g(e,s),t) = 1. It I'(g(e,s), u) = 0 was the case, then we would add
more elements to Wy at a stage v > u and eventually put some n(j) € Fin(a) into
Wo(,s), @ contradiction.

By the definition of T, if lim;I'(g(e,s),t) = 1, then there is at least one j €
Wes) N Fin(a). Furthermore, the strategy guarantees that there is exactly one such
a j, namely the last witness n(i) which visits III of the strategy at some stage and
stays there from this stage on. As a consequence, the element b, will eventually be
unrestrained (see the construction).

The algebraic strategy guarantees b, is not divisible by p,; while the image is
(see the second paragraph of proof idea). Furthermore, b, is declared not restrained
as soon as we reach III with 7(i), meaning that the characteristic of b, satisfies the
property d(e); = a; for each j # n(i). It remains to apply Theorem 3.1.1. m|

We note that in the proposition above the algebraic strategy from Proposi-
tion 3.5.3 would not succeed. Theorem 3.5.1 is proved. O

Corollary 3.5.1. For a c.e. set P, the following are equivalent:

1. Gp has a L excellent D-basis;

2. Gp has a X.9-basis as a free Q¥)-module;
3. Gp has a T1{-basis as a free QV)-module;
4. Gp is A)-categorical;

5. P is semi-low.

Proof. The proofisacombination of Theorem 3.5.1, Theorem 3.4.2, and Lemma 3.2.1.
O

Corollary 3.5.2. Each computable copy of the free abelian group of rank w has a I1{ set of
free generators.

Proof. The free abelian group can be viewed as the free Z-module. It remains to
apply Theorem 3.4.2 and Theorem 3.5.1 with P the set of all primes. m|
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Chapter 4

An effective transformation

This chapter studies properties of a certain computable functor (effective trans-
formation) from computable trees to computable abelian groups. We begin with
recalling some definitions and basic facts about rank-homogeneous trees (from

[16]).

4.1 Rank-homogeneous trees

Definition 4.1.1 (tree rank). Let T be a subtree of w=“. We define the tree rank of x € T,
denoted by tr(x), by induction.

1. tr(x) = 0 if x has no successot,
2. fora > 0, tr(x) = a if av is the least ordinal greater than tr(y) for all successors y of x,

3. tr(x) = oo if x does not have ordinal tree rank.

Tree rank is sometimes called foundation rank. Note that tr(x) = oo if and only if
x extends to a path.

Definition 4.1.2 (rank-homogeneous tree). A tree T C w= is rank-homogeneous
provided that for all x at level n,

1. iftr(x) is an ordinal, then for all y at level n+1 such that tr(y) < tr(x), x has infinitely
many successors z such that tr(z) = tr(y),

2. iftr(x) = oo, then for all y at level n + 1, x has infinitely many successors z such that

tr(z) = tr(y).
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For a rank-homogeneous tree T, let R(T) be the set of pairs (1, @) such that there
is an element at level n of tree rank a (where « is an ordinal, not o). Note that
the top node in T has rank oo just in case R(T) has no pair of the form (0, «). Also
note if T has a node of rank oo, then the top node must have rank oo, and if the top
node has rank oo, then there are nodes of rank oo at all levels. Thus, from the set of
pairs R(T) in which the second components are ordinals, we can deduce all of the
information that would be given if we included pairs with second component co.

Proposition 4.1.1. Suppose T, T’ are rank-homogeneous trees. Then T = T" iff R(T) =
R(T").

Proof. Clearly, if T = T, then R(T) = R(T’). Suppose R(T) = R(T"). To see that
there is an isomorphism, we show that the set of finite partial rank-preserving
isomorphisms between subtrees of T and T” has the back-and-forth property. The
subtrees must be closed under predecessor in the large trees, and the finite partial
isomorphisms must preserve all ranks, both ordinals and co. Given a finite subtree
of one of the large trees, we can reach any further node by a finite sequence of steps
in which the node being added is a successor of one already included. Therefore,
it is enough to prove the following.

Claim: Let p be a rank-preserving isomorphism from the finite subtree 7 of T onto
the finite subtree v’ of T, and leta € T — 7 be a successor of b € 7. Suppose b’ = p(b).
Then there exists a’, a successor of b’ in T”, not already in ran(p), such that 4’ and a
have the same rank.

The rank of p(b) is the same as that of b. If a has rank co, then b and b’ also have
rank oo, and b’ has infinitely many successors of rank co. If 2 has ordinal rank «,
then b and b’ have rank either co or some > a. In either case, b’ has infinitely
many successors of rank a. We choose a’ to be a successor of b’, of the proper rank,
not already in ran(p).

O

The class of countable rank homogeneous trees is denoted by RHT.

4,2 The transformation

Hjorth [50] gave a transformation from trees to torsion-free Abelian groups which
enabled him to show that the isomorphism relation on these groups is not Borel.
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Downey and Montalban [32] built on Hjorth’s ideas to show that the isomorphism
relation on these groups is analytic complete. The transformation

G:T—- G(T)

from [50] and [32] is described below.

We consider the elements of w=“ as a basis for a Q-vector space V*. Let T be
a subtree of w=“, and let V be the subspace of V* with basis T. Let T, be the set
of elements at level n of T. If u is at level n > 0, let u~ be the predecessor of u.
Let (py)neo be the standard computable list of primes, in increasing order. We let
G(T) be the subgroup of V generated by the vector space elements of the following
forms:

1. Lk, wherev € T, and k € w,
(p2n)

v+ i
2. ——,wherev € T,, v’ is a successor of v, and k € w.

(P2n+1)k
If P is a finite set of prime numbers, we let Q) be the set of rationals of the form

k
p where k € Z and m is a product of powers of elements of P.

Elementary facts.

1. Q0 =7
2. QP N QW = QPNR)
3. QP 4+ QW = QPUR)

Recall that 0 is the top node in the tree T. Note that each element of G(T) can be
expressed in the form
h = Lpeva,v + Lyeub, (U™ + u)

where
1. U,V are finite subsets of T, 0 ¢ U,
2. ifve VNT, thena, € QUr=),

3.ifueldNnT,;, thenb, € Q({p2n+1}).
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The transformation described above takes the full class of trees to the class
TFA of torsion-free Abelian groups. Our goal is to show that the restriction of the
transformation to the class RHT of rank-homogeneous trees is 1 -1 on isomorphism

types.

4.3 The injectivity on RHT

The main result of the section, and of the whole chapter, is:

Theorem 4.3.1. For every two rank-homogeneous trees T and T’, the groups G(T) and
G(T") are isomorphic if, and only if, T = T".

Preliminary remarks. The idea of this technical result can not be described in two
or three sentences. We, however, give some intuition which lies behind the proof
below. Consider the transformation T — G(T). The first idea would be: given a
group of the form G(T), reconstruct vertices of T and understand which ones are
adjacent. This is not possible: we will show that, in general, non-isomorphic trees
may give rise to isomorphic groups. Thus, we have to use the special features of the
class of rank-homogeneous trees. In particular, we know that the collection of ranks
of vertices at different levels of a rank-homogeneous tree uniquely determines the
isomorphism type of the tree. We do not distinguish between elements of the tree
T and the corresponding elements of G(T), which we call vertex elements. We will
describe elements of G(T) that resemble vertex elements. We call these elements
vertex-like. We will also describe a relation on these elements that resembles the
successor relation. From this, we obtain a notion of rank for vertex-like elements.
We will use this new notion of rank to provide, for each n € w and each countable
ordinal ¢, a sentence in L,,, ,, that is true in G(T) if and only if T has a node at level
n of tree rank a. From this, it follows that rank-homogeneous trees that give rise
to isomorphic groups must be isomorphic. These is all done by a careful analysis
of infinite divisibility within the group G(T). The proof uses the machinery from
[50, 32] and is (essentially) purely algebraic.

Proof. The results in [32] use only a few simple facts, which they extract from the
proofs in [50]. We begin with these same facts, but we shall need more. Recall that
0 is the top node in the tree T. We write p™|h if h is divisible by all powers of p.

Lemma 4.3.1. Let h € G(T), say h = ),y 4,0, where V is a finite set of vertex
elements and g, € Q —{0}. If p is a prime and p™|h, then there is some g € G(T) such
that ¢ = Y., 1,0, where p™|g, and for allv € V, r, € QW) — Z.
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Proof. We multiply /1 by an appropriate integer and then divide by a powerofp. O

The next two lemmas are given explicitly in [32].

Lemma 4.3.2. Let /1 be an element of G(T), say h = },y 1,0, where V is a finite
subset of T and r, € Q — {0}. If (p2,)*|h, then for all v € V, v has length n.

Proof. We take g = } .y 7,v as in Lemma 4.3.1. For v € V, the coefficient 7/, has the
form a, + (X,.ciz, bu) + bo, where U, consists of successors of v, if v has length m, then
a, € Q({PZm})/ ifue U, thenb, € Q({PZmH})/ and b, € Q({pZm—l}). Since 1€ Q({pZn}) -7, we
must have m = n and a, # 0. Note that (}.,cy, b.) + b, must be in Z. m|

Lemma 4.3.3. Let /1 be an element of G(T), say h = } .y 1,0, where V is a finite
subset of T and r, € Q — {0}. If (p24+1)7lh, then for all v of length n in V, v has a
successor u € U.

See [32] for a proof. We will not give the proof because we will actually need more
(see Lemma 4.3.4). It is useful to keep in mind the following example showing that
the predecessor of v, even if it exists, may not be in U:

Example: Leth =u—-u" = (v+u)—(v+u’), wherev € T,, and u, u’ are successors of
vin T,41. Then p3 |k, although in our expression for h, the coefficient of v is 0.

The following is taken from Hjorth [50] (Propositions 2.2 and 2.5).

Proposition 4.3.1. Let ¢ be a homomorphism from G(T) to Q such that ¢(v) = 1 for
veT,and p(v) = =1 for v € Tyi. Let h = Y oy CoU + Yy Auld, where V. C T, and
U C Tusr. If (p2ns1)™Ih, then @(h) = 0. Moreover, for eachv € V, if hy = c,0 + Yy, Auld,
then (pan+1)™|hy, and @(hy,) = 0 (here U, € U contains all successors of v in U).

Using Proposition 4.3.1, we obtain:
Lemma 4.3.4.
1. Suppose h = a9 + Y.,y auu, where U C T. If (p1)®|h, then
ap = Zuell ay.

2. Suppose h =} oy 4,0 + Yy butt, where U C T4q, and V is the set of prede-
cessors of these elements. For v € V, let U, be the set of successors of v. If
(P2n+1)*|h, then for eachv € V, a, = ) ;. bu-
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Proof. For 1, we consider a homomorphism ¢ taking 0 to 1 and taking elements at
level 1 to —1. We have ¢(h) = 0 = a9 — }.,,c;; 4. By Proposition 4.3.1, ap = }_,cy; Au-
For 2, we consider a homomorphism ¢ taking all elements of V to 1 and all elements
of U to —1. By Proposition 4.3.1, foreachv € V, p(a,0+ ).y, bu) = 0 = a,— )iy, bu
Therefore, a, = ).y, bu- O

Note that in Lemma 4.3.4, in Case 1, we may have gy = 0 and ), ; 4, = 0, and
in Case 2, we may have a, = 0, and }_ ;; b, = 0. We need a refinement of Lemma
4.3.2.

Lemma 4.3.5. Suppose (p2,)™|h.

1. If n > 0, then h can be expressed in the form } ., 7,0, where V C T, and r, is
in Q({pZmPZn—l}).

2. If n = 0, then & has the form @, where r € Q(roD),

Proof. We consider the two cases separately.

Case 1: Suppose nn > 0. By Lemma 4.3.2,  can be expressed in the form } ., 1,0,
whereV C T,,and r, € Q. Justbecause h € G(T), wehaveh =Y ., a,u+Y.,cw bu(u+
u~), where if u € Ty, then a, € Q) and b, € QW=D For u at level k # n, the
coefficient of u in the expression for h must be 0. This coefficient has the form
Ay + (L= bw) + by

Claim: For all k > n, for u at level k (appearing in our decomposition), a, and b, are
integers.

Proof of Claim. We work our way back from the largest k > n with some u at level k
that appears. For the greatest k, if u is at level k, and u appears, then no successor
of u appears. We have 0 = a, + b,, where a, € Q) and b, € QP»-1). Then both
a, and b, must be integers. Supposing that the claim holds for k¥’ > k, where k > n,
let u be an element at level k that appears. We have 0 = a,, + (}_,,-, b») + b, where
a, € Q=) p, e QUp=1) and Y, by, € Z. Again a, and b, must be integers. O

Using the Claim, we can complete the proof for Case 1. For v at level n, the
coefficientisr, = ay+(Y.,-_p buw)+by, where Y. -_ by, € Z,a, € QUP2) and b, € QUpz-1)),
Therefore, r, € Q({panpln—l}).

Case 2: Suppose nn = 0. Then the only possible v is @, so h = (). Since there is no
0~, we haver = ayp + )., _y by. By the argument above, }.,,-_, b, € Z. Since gy is in
Qo) r is also. O
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A node in T, has the feature that there is a successor chain of length n leading
from 0 to it. We try to describe this in the group G(T). We define first the pseudo-
vertex-like elements at level n, and then the vertex-like elements at level n. We start
with the definition of pseudo-successor:

Definition 4.3.1 (pseudo-successor). Suppose nonzero h and g are so that p3|g and
Poniollt, for some n > 0. We say that h is a pseudo-successor of § if (p2,+1)*|(g + h).

Lemma 4.3.6. There is a computable infinitary formula ©(x) such that for all T €
RHT with Ty # 0, ©(x) is satisfied just by 0 and —0.

Proof. We let ©(x) say the following:

1. (pO)Oolx/
2. for primes q # po, q Ix,

3. x has a pseudo-successor,

1
4. p—x has no pseudo-successor.
0
It is not difficult to see that 0 and —0 satisfy ®(x). We must show that other
elements do not. If x satisfies Condition 1, we can apply Part 2 of Lemma 4.3.5, to

see that x has the form 10, where r € Q). Then r has the form (P%' where z € Z.
0
Condition 2 implies that z is not divisible by any primes other than p,. Therefore,

x has the form +p*0. Condition 3 says that x has a successor. Using this, we show
that k > 0. Take y such that (p,)*|y. By Part 1 of Lemma 4.3.5, y = }_ .y S,v, where
V C Ty and s, € QUWP2#1D_1f (p)™|(x + y), then by Lemma 4.3.4, +(po)f = Y.,y So- This
implies that the right-hand side is an integer, and then the left-hand side is as well.
Therefore, x = J_rp’(;, where k > 0. Finally, we show that if x satisfies Condition 4,

1
then k cannot be positive. If k > 0, then —x = p§~'0. This satisfies Conditions 1 and
0

2. Moreover, if v € Ty, then p’(‘)‘lv is a successor of piox, contradicting Condition 4.
Therefore, x must have the form +0. O

Definition 4.3.2 (pseudo-vertex-like). An element h € G(T) is pseudo-vertex-like, or
p-v.l, at level n, if one of the following holds:

1. n = 0and O(x) holds, or
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2. n>0and

(@) pSlh,

(b) there exists a sequence o, g1, - - ., n = h, such that gy satisfies the formula ®(x)
from Lemma 4.3.6, and for all i < n, we have p3’|g; and p3;, (g + Si+1)-

It is easy to see that all vertex elements are pseudo-vertex-like.

Remark. For each 11, we have a computable infinitary formula that defines the set
of p.v.l. elements of G(T). The formula is independent of T. For each n, we have a
computable infinitary formula defining in G(T) the set of pairs (g, 1) such that g is
p.vl. atlevel n and / is a pseudo-successor of g. The formula is independent of T.

We define rank for p.v.l. elements by analogy with tree rank. We write rk(h) for
the rank of & in the group G(T), and tr(v) for the tree rank of v in the tree T.

Definition 4.3.3 (rank). Let h be p.v.1. at level n.

1. rk(h) = 0 if h has no pseudo-successors,

2. for a > 0, rk(h) = a if all pseudo-successors of h have ordinal rank, and a is the least
ordinal greater than these ranks,

3. rk(h) = oo if h does not have ordinal rank.

We note that rk(h) = oo if and only if there is an infinite sequence (gi)ic» Such
that each g; is p.vil,, go = h and gi;1 is a pseudo-successor of g;.

Lemma 4.3.7. Suppose h is p.v.l at level n, expressed in the form ) ., 1,0, where V
is a finite subset of T,, and r, # 0. Then for all v, tr(v) > rk(h).

Proof. We show by induction on «a that if rk(h) > a, then forallv € V, tr(v) # a. (We
allow the possibility that rk(h) = c0.) Letrk(h) > 0. Let gbe a p.v.l. pseudo-successor
for h. Then (p2n+1)°Il(h + g). Say § = Y.,cu Sult, where U is a set of vertex elements
atlevel n + 1 and s, # 0. By Lemma 4.3.3, for each v € V, there is some u € U such
that u is a successor of v. Therefore, tr(v) # 0.

Consider a > 0, where the statement holds for § < a. Suppose rk(h) > a. Let
g be a p.v.l. pseudo-successor of & such that rk(g) > a. Say g = ).,y Sult, where U
is a set of vertex elements at level n + 1 and s, # 0. By the Induction Hypothesis,
tr(u) # p for any B < @, so tr(u) > a. By Lemma 4.3.3, some u € U is a successor of
v. Then tr(v) # a. Finally, we show that if rk(h) = oo, then for all v € V, tr(v) = oo.
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There must be an infinite sequence of p.v.l. elements (gi)ke, such that go = h and
Sk+1 is a pseudo-successor of gx. We have gx = ). ;. sutt, where Uy is a set of vertex
elements at level n + k, and s, # 0. For each element of U, there is a successor in
U+1. We obtain a chain of successors, starting with v = vy € Uy, and choosing vy
a successor of v in Uy,1. Therefore, tr(v) = oo. O

Remark. For each n and a, we have a formula of L, ., defining in G(T) the set of
p-v.l. elements at level n of rank a. The formula is independent of T. Moreover, it
lies in the least admissible set containing the ordinal a.

It is again helpful to consider an example.

Example: Let v € T; and let u and u" be successors of v in T,. Suppose that both u

’ . 1 p4 - 1
and u’ have successors in T3. Let g = —u +

u’. Since py’lu, u’, we have p|g.

Since ps(v+g) = (v+u)+ (ps—1)(v + u’;)q:lwe see ihat p5|(v + ). Therefore, g is p.v.l.

and it is a pseudo-successor of v. We can show that ¢ has no pseudo-successor, even

though we have expressed it in terms of u and ', both of which have successors in

Ts. Suppose that & is its a pseudo-successor at level 3. Then h = }_ .\ 1w, where

W C Ts and 1, € Q. By Lemma 4.3.5, we must have r,, € Q¥5#9). We must have

p=|(g+h). By Lemma 4.3.4, if W, W,, are, respectively, the sets of successors of u, 1/
1 pa—1

inW,then ) e "o =—,and Y} e, Tw = . This is a contradiction.
u p4 u P4

We strengthen the definition of p.v.l. element in order to rule out examples like
the one above, in which g has no successor, but it has a decomposition in terms of
elements all having successors.

Definition 4.3.4 (vertex-like). Let g € G(T). We say that g is vertex-like, or v.1., if
1. gisp.v.l. at some level n, and

2. either

(a) rk(g) > 0, or

(b) rk(g) = 0 and for any decomposition ¢ = }.;r;g; such that all g; are p.v.l. at
level n, there exists j such that rk(g;) = 0.

Lemma 4.3.8. If v is a vertex element, then it is vertex-like.
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Proof. We already noted that a vertex element is p.v.l. Suppose v is at level n, and
rk(v) = 0. Then v has no successors. We must show thatif v = ), j1i8j, where each
gjis p.v.l. at level n, then for some j, rk(g;) = 0. Suppose that for all j, rk(g;) # 0.
Say h; is a p.v.l. pseudo-successor of ¢; at level n + 1. By Lemma 4.3.2, each g;
has a decomposition in terms of tree elements at level n. Since v = }.;7,¢;, v must
appear with non-zero coefficient in the decomposition of some g;. Then by Lemma
4.3.4, the corresponding /; has a decomposition that involves successors of v with
non-zero coefficients. This is a contradiction. O

We would like to show that if g is v.l. at level 1, expressed in the form ) ., 1,7,
where V C T,, and r, # 0, then rk(g) is the minimum of tr(v), forv € V.

Lemma 4.3.9. Suppose g is v.l. at level n. Say g = Y.,y 7,0, where V C T,.. Then
rk(g) = 0 iff there exists v € V such that tr(v) = 0.

Proof. First, suppose there exists v € V such that tr(v) = 0. By Lemma 4.3.7,
tr(v) > rk(g), so rk(g) = 0. Next, suppose rk(g) = 0. The elements of V are p.v.l. and
one of the decompositions of g is }_ ., #,0. By the definition of vertex-like, there is
some v such that rk(v) = 0. Then v has no pseudo-successors, so v has no successors
in T. Therefore, tr(v) = 0. O

Lemma 4.3.10. If ¢ is v.l. at level n and rk(g) > 0, then ¢ has a decomposition
Y.vev M0 Where all coefficients 1, are integers.

Proof. By Lemma 4.3.5, ¢ can be expressed in the form )., 1,0, where V C T,, and
r, € QUrzpz) Gince rk(g) > 0, we have a p.v.l. pseudo-successor ¢’, expressed in
the form Y., s,u, where U C T,,;; and s, € QUPz+2P21D) Consider h = ¢ + ¢’. Since
(P2n+1)*|h, we can apply Lemma 4.3.4. For each v € V, let U, be the set of successors
of vin U. We have r, = } ¢y s, It follows that }° ., s, and r, are integers. O

Suppose g is a v.l. element at level n. Recall that the definition of v.1. has two
condidions, with the second split into two cases. If Condition 2 (a) holds for g, then
Lemma 4.3.9 says that g can be expressed as a sum of vertex elements on level n
with integer coefficients. If rk(g) = 0, then the decomposition of g involves some
terminal vertex element.

Lemma 4.3.11. Let g be v.l. at level n, with a decomposition }_ . 1,0, where V C T,
and all coefficients r, are non-zero. Then rk(g) = min,eytr(v).
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Proof. By Lemma 4.3.7, tr(v) > rk(g) for all v € V. We show by induction on «a that
if tr(v) > a for all v € V, then rk(g) > a. For a = 0, the statement is trivially true.
Suppose a > 0, where the statement holds for all § < a. If g satisfies Condition 2
(b) from the definition of v.l., then by Lemma 4.3.10, there is some v € V such that
tr(v) = 0. Suppose rk(g) = p, where 0 < f < a. For allv € V, tr(v) > f, so v has
a successor u, with tr(u,) > . By Lemma 4.3.10, we may suppose that all r, are
integers. We have a successor h of g, of the form } . r,1,. This & is vertex-like
at level n + 1, and by the Induction Hypothesis, rk(h) > 5. Then rk(g) cannot be
after all. Finally, suppose tr(v) = oo for all v € V. For each v, there is an infinite
successor chain, and we can use these to form an infinite chain of successors of g,
so rk(g) = oo. O

We are ready to finish the proof of the theorem. Recall that for a tree T, R(T)
is the set of pairs (1, ) such that there is some v € T at level n with tr(v) = a.
Proposition 4.1.1 says that for rank-homogeneous trees T, T’, T = T” if and only if
R(T) = R(T"). Let T, T € RHT. We show that T = T" iff G(T) = G(T"). We let R(G(T))
be the set of pairs (1, @) such that there is a v.l1. g € G(T) at level n with rk(g) = «a.
We can show that R(T) = R(G(T)). If (n,a) € R(T), then thereisa v € T and a
corresponding vertex element v in G(T) witnessing the rank. By lemma 4.3.11, the
group rank of v is equal to the tree rank of v. Therefore, (1, ) € R(G(T)). On the
other hand, if (1, @) € R(G(T)), witnessed by ¢ = ) .y 10, then by Lemma 4.3.11,
there is some vertex element v € V,, such that tr(v) = a. Therefore, (n,a) € R(T).
This completes the proof that G : T — G(T) is 1 — 1 on isomorphism types. O
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4.4 The failure of injectivity

Consider the following isomorphism invariant of a given tree T which says how
many nodes the tree T has at the n-th level: L(T) = (|T,| : n < height(T)). If T
has all leaves at one level, then L(T) is a tuple of the form (ng,ny,...,n;), where
1=mn9<m <... <my. The previous theorem can not be improved to the class of all
trees:

Proposition 4.4.1. Suppose that finite trees T and U have all leaves at one level.
Then G(T) = G(U) if and only if L(T) = L(U).

Proof. Consider the pure subgroup G, of G(T) generated by the image of T,,. Note
that ¢ € G, if and only if p3’ |¢. Observe that the number of nodes in T, is equal to
the rank of G,. Note also that n > height(T) implies that the rank of G, is 0. Thus,
the number of nodes in T, depends on the isomorphism type of G(T) only, for every
n > 0. This gives the proof of the “only if” part.

For the “if” part of the proposition, for eachn < height(T) consider the subgroups
H, and F, of G, generated by {(v — w) : v,w € T, have the same predecessor} and
{v:veT,}, respectively. Observe that F,_, = F,/H, viaa homomorphism ¢, which
takes each node (element, corresponding to it) to its predecessor. The groups F,,
F,-1 and H, are free, therefore the subgroup H, detaches as a summand of F, (see,
e.g., [39], Theorem 14.4).

Now assume we are given two trees, T and U, such that L(T) = L(U). Let
G = G(T) and G' = G(U). As above, define H,, F, and ¢, for G, and similarly define
H;, F;, and ¢;, for G'. Since L(T) = L(U), we have rk(H,,) = rk(H},) and rk(F,) = rk(F},),
for each n < h = height(T) = height(U). Furthermore, by the above observation, we
have F, = Fp®H1®...®H, and F, = FieH ®...&H,. Letp: Fy — F| be an
isomorphism. It is clear how to extend this isomorphism to an isomorphism 1 of
F, onto F;, so that y/(H,) = H), for each n < h.

Using i we can define an isomorphism 0 : (B, S $H o<n<n Fn Which maps
each summand F, to the corresponding F;, and such that 8¢, = ¢;,0 on their domain
and range, for each n. It remains to prove that the map 0 can be extended to an
isomorphism from G(T) onto G(U).

The map can be extended to a map 0 : P, << Gn = P, <n<p Gn- It remains
to show that the infinite divisibility can be preserved as well. Givena € F,, we
have 0(a + ¢,(a)) = O(a) + O(p,(a)) = O(a) + ¢,(0(a)), and for b € F;, we have
0~ (a + ¢,(a)) = 07 (a) + 07X (¢, (a)) = 67'(a) + $.(67'(a)). This shows that O can
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be correctly extended to the whole group preserving infinite divisibility. This
completes the proof of the proposition. O

It is natural to ask if Proposition 4.4.1 can be extended to the case of finite trees
having leaves not at the same level. Consider the trees (T (top) and U (bottom)):

Y1

/ \
Y2 Y3
7N\
Ya Ys
X1
) / \ )
X4 X5

Fact 4.4.1. L(T) = L(U) but G(T)  G(U).

Proof. The subgroup of G(U) generated by elements at level 1 having successors
and predecessors has rank 2, while the similarly defined subgroup of G(T) has
rank 1. It remains to note that the group generated by elements at level 1 having
successors and predecessors can be defined by a first-order formula in the language
of abelian groups augmented by predicates for infinite prime divisibility (p:°| for
I € w).

O
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Chapter 5

Jump degrees of torsion-free abelian
groups

The main result of the chapter is:

Theorem 5.0.1. For every computable ordinal a and degree a > 0\, there is a torsion-free
abelian group having proper o' jump degree a.

Proof idea. The basic idea is rather simple. We wish to have a way of coding a set S
into a group G¢ so that S X if, and only if, G¢ has a computable copy. As we will
discuss in more detail, providing such a coding is sufficient for proving the theorem
(as it follows from [2], say). Although the basic idea is rather simple, the coding
requires a lot of work. The main basic technical idea is to use infinite divisibility
by various primes to effectively encode a potential £ representation of S into the
group (similarly to how it is done in the case of trees) so that the isomorphism type
of the outcome depends only on the set S. Using the machinery introduced in the
previous chapter, one can certainly obtain several codings of this kind.

The main problem is, however, not in coding but in undoing the set S from the
group G¢. We have to come up with a computable infinitary formula which isolates
the set within the group. This task is the main difficulty of the proof, because not
every coding which one can come up with has this property (an evidence is the
failure of injectivity, see Proposition 4.4.1). Thus, we have to adjust the coding
to make the set definable within the group. This is done by a careful analysis of
infinite divisibility within the group. We develop a new language and an algebraic
machinery which enables us to define S within G¢.

The structure of the chapter. Section 5.1 provides the reader with further background
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and necessary notations and conventions. Section 5.2 describes the encoding of sets
S C w into groups G¢ (this encoding depends on a). Theorem 5.0.1 is demonstrated
in Section 5.3.

5.1 Background, Notation, and Conventions

In this section, we review basic terminology and results relevant to torsion-free
abelian groups. We also introduce some classical notation and adopt some conven-
tions that will simplify the exposition.

The groups G constructed for Theorem 5.0.1 will have countably infinite rank.
The key coding mechanism will be the existence or nonexistence of elements di-
visible by arbitrarily high powers of a prime. (Recall the definitions of infinite
divisibility.)

Remark 5.1.1. Within any presentation of G, the set {x € G : p™|x} of elements
infinitely divisible by p is II5(G). Indeed, this set is a subgroup of G under the
group operation (which we use without further mention).

Notation 5.1.1. In the following, D(G) stands for the divisible closure of G.

Note that the countable divisible torsion-free abelian groups are the groups Q"
(for n € w) and Q%, and the divisible closure of Z is Q. Classically, the divisible
closure D(G) exists, is unique, and contains G as a subgroup. In terms of effective
algebra, Smith (see [90]) proved that every computable torsion-free abelian group
has a computable divisible closure and that there is a uniform procedure for passing
from G to D(G).! However, in general the divisible closure is not effectively unique
(i.e., unique up to computable isomorphism) and the canonical image of G in D(G)
is computably enumerable but not necessarily computable (see [37] and [93] for
a complete discussion of these issues). Therefore, when we consider a particular
copy G of a torsion-free abelian group, we use D(G) to denote the canonical divisible
closure as in [90]. Thus, we have a uniform way to pass from any given copy of G
to a copy of D(G). In our construction, we will use a more limited notion of closure
under divisibility by certain primes.

!One forms D(G) from pairs (g, n) with ¢ € G and n > 1 modulo the computable equivalence
relation (g, n) ~ ¢(h, m) if and only if mg = nh.
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Definition 5.1.1. If p € w is prime and G is a torsion-free abelian group, define the p-
closure of G (denoted [G],) to be the smallest subgroup H of D(G) containing G having
the property (Vg € G) [p™ 1 g]-

More generally, if P is a set of prime numbers and G is a torsion-free abelian group, define
the P-closure of G (denoted [G]p) to be the smallest subgroup H of D(G) containing G
having the property (Vg € G)(Vp € P)[p®|g]. We often write [Gl,,,, for [Glp with
P = A{po, p1}, [Glp, for [Glpuyg, and so on. If G is any torsion-free abelian group and P is
any set of prime numbers, we say that G is P-closed if G = [G]p.

The following lemma says that if G is P-closed, then the result of closing G
under additional primes will still be P-closed. In particular, we can view the prime
closure [G]p as the result of closing G under each of the individual primes in P in
any order.

Lemma 5.1.1. If G is a torsion-free abelian group, P is a set of primes, and g is a
prime not in P, then [[G]p]; = [G]p,.

Proof. Since [[G]p], is clearly a subgroup of [G]p, and since every element of [[G]r],
is infinitely divisible by g, it suffices to show that each element of [[G]p], is infinitely
divisible by each prime p € P. Fixp € P and g € [[G]p];- We need to find h € [[G]p],
such that ph = g. By the definition of [[G]p],, there is a k > 0 such that g € [Glp;
let 11 be this element. Let ¢ € [Glp be such that pg = Handleth e [[G1r], be such
that g*h = ¢. Then

7'(ph) = p(g'h) = pg =h = g's.
Since G is torsion-free, the equality ¢*(ph) = ¢*¢ implies ph = ¢ as required. |

By an obvious variation of the construction in [90], there is an effective way to
pass from G to a copy of [G]p which is uniform in both G and P. As above, the
closure operation sending G to [G]p is not necessarily effectively unique so we fix
this uniform procedure to define a particular copy of [G]p given a particular copy

of G.

Convention 5.1.1. We will write statements such as ([Z],, »\[Z]p) N [Z],, . = 0.
Such statements are intended to apply within a fixed (one-dimensional) copy of Q,
where Z £ Qis fixed as well. In particular, the indicated prime closures of Z should
all be seen as being taken within a fixed copy of Q.
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Often, we will write elements of the form . as > + 2 even though Y and Z

p p
may not exist within the group. We justify this by passing to the divisible closure

of the group and considering the canonical image of the group within its divisible

x+y x V. X ¥ . :
= E + ; in D(G) even though E and ; may not be in the image

closure. Thus,
of G.

Definition 5.1.2. A rooted torsion-free abelian group G is a torsion-free abelian group
with a distinguished element (termed the root of G).

We use rooted torsion-free abelian groups to help build our groups inductively.
When we consider isomorphisms, we always consider group isomorphisms with
no assumption that roots are preserved. That is, the root is only used as a tool in
the inductive definitions and is not a formal part of the algebraic structure.

Definition 5.1.3. Let G be a torsion-free abelian group and {d;};c; € D(G) be a subset of
its divisible closure. We define the extension of G by {d}ic;, denoted

G diziel),
to be the smallest subgroup of D(G) containing G and d; for i € 1.

Note that if G is computable and {d;};¢; is a computable set of elements of D(G)
(indeed, computably enumerable suffices), then the subgroup (G;d; : i € I) is com-
putably enumerable in D(G). Since there is a uniform procedure to produce a
computable copy of any computably enumerable subgroup of D(G) (by letting n
denote the n-th element enumerated into the subgroup and defining the group op-
erations accordingly) we have a uniform procedure to pass from G to (G;d, : i € I).

We continue by introducing some (important) conventions that will be used
throughout the paper without further mention.

Convention 5.1.2. If §is any nonzero ordinal, when we write = 6+iorff = 6+20+i
for some i € w, we require 6 to be either zero or a limit ordinal (allowing zero only
if B < w) and ¢ to be a nonnegative integer.

If i is even, we say the ordinal f is even; if i is odd, we say the ordinal f is odd.

When at limit ordinals, it will be necessary to approximate the ordinal effec-
tively from below. We therefore fix a computable ordinal A and increasing cofinal
sequences for ordinals less than A.
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Definition 5.1.4. Fix a computable ordinal A.

Fix a computable function f : A X w — A such that f(a +1,n) = « for all successor
ordinals « +1 € A and n € w, and such that {f(a, n)},eo is a sequence of increasing odd
ordinals (greater than one) with a = U,e, f(a, n) for all limit ordinals o € A.

We denote f(a, n) by f,(n).

5.2 The Group G; (For Successor Ordinals a)

Fixing a computable successor ordinal @ below A, the group gg will be a direct sum
of rooted torsion-free abelian groups G¢(n) coding whether 7 is or is not in S. It
will be useful to have a plethora of disjoint sets of primes. We therefore partition
the prime numbers into uniformly computable sets P = {pglgear1, Q = {gp}pcasr1,
u= {uﬁ,k}ﬁ€a+l,k€w/ V= {Uﬁ,k}ﬁeaﬂ,ke(w D = {du}rew, and E = {en}neq,-

More specifically, the isomorphism type of G¢(n) will be either [G(X))], or
[GAT)], , or [H(Z))], or [H(IT))], (all described later) depending on whether a
is even or odd (deciding G versus H) and whether 7 is in S (deciding X versus IT).
The group G¢(n) will be X-computable (uniformly in n) if S € ¥0(X). Conversely,
there will be an effective enumeration {Y, },c,, of computable infinitary X{, sentences
such that G5 F Y, if and only if n € S. Thus, the group G¢ will be X-computable if
and only if S € £(X).

The definition of the rooted torsion-free abelian groups G(X0), G(I10), H(XY),
and H(ITY) is done by recursion. Unfortunately, the recursion is not straightforward
for technical reasons within the algebra (discussed in Remark 5.2.1). Indeed, we
introduce additional rooted torsion-free abelian groups G(X2(m)) for m € w if a is
an even ordinal.

We define some of these groups pictorially in Section 5.2.1. The hope is these
examples provide enough intuition to the reader so that the formal definition of G§
(and all the auxiliary groups) is not (too) painful.

5.2.1 Defining Q(Zg), Q(Zg(m)), Q(Hg), H (Zg), and H (Hg) Pictori-
ally

For each successor ordinal § > 3, we give a pictorial description of the groups Q(Zg)
(if B is odd), Q(Zg(m)) (if B is even), and Q(Hg). The recursion starts with G(X3(mm))
as Z with root r = p?" and G(IT)) as [Z],, with root r = 1. The recursion continues as
illustrated in Figure 5.1 and Figure 5.2.
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Figure 5.1: Q(Zg) (Top) and Q(Hg) (Bottom) if f=0+20+1>1

For each even ordinal g = 6 + 2¢ + 2 > 2, we give a pictorial description of the
groups W(Zg) and H (Hg). Though their definition relies on Q(Zg_l) and Q(Hg_l) as
illustrated in Figure 5.3, no further recursion is required.

Within these figures, the recursively defined rooted torsion-free abelian groups
are denoted with triangles (the text inside specifies which recursively defined
group), with the root denoted by a circle at the top. A line segment connecting two
roots and with a label p denotes the sum of the roots is made infinitely divisible
by p. Brackets around a recursively defined rooted group with a label p denotes
the p-closure. A prime p next to a root r denotes r is made infinitely divisible by p.

5.2.2 Defining G Formally

Having pictorially described some of the associated groups, we formalize the def-
inition of G¢. Of course, doing so requires formalizing the definition of all the
auxiliary groups.

Definition 5.2.1. For each ordinal p with 1 < B < a, define rooted torsion-free abelian
groups g(zg) and Q(Hg) (if B is odd) or Q(Zg(m))for m € w and Q(Hg) (if B is even) by
recursion as follows.

e For =2, define Q(Zg(m)) to be the group Z with root r = pY' and define Q(Hg) to
be the group [Z],, with root r = 1.
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Figure 5.3: 7{(22) (Top) and W(Hg) (Bottom) if f=6+20+2>2
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e Forodd p=0+2C+12>3,define Q(Zg) to be the group

<[Z]pﬁ o (P P 6=, m) o €5 GUTIL_,); g5 (r + 1), G5 (r + i) : k,m, t € a)>,

kew mew kew

with root r = 1 in [Z],,, where ry is the root of the kth copy of Q(H ) and 1y, is the
root of kth copy of Q(Z _,(m)).

Forodd p=06+2€+1 > 3, define Q(Hg) to be the group

<[Z]pﬁ@@@g(z L)) G+ Ti) - kmt€w>

kew meEw

with root r = 1in [Z],,, where 1y, is the root of kth copy of Q(Z (m)).

These are illustrated in Figure 5.1.

e Foreven f =0+20+2> 2, define Q(Zg(m)) to be the group

<@ [Q(Z ] ® @ [Q(H ] " p;ro,vgjc(rk +71) Tkt € a)>,

0<k<m k>m

with root r = ry, where ry is the root of the kth copy of Q(Zg_l) or of Q(Hg_l)
depending on whether k < m or k > m.

Foreven p =6+ 20+ 2 > 2, define Q(Hg) to be the group

<€B (G5 0], 5 piro, vyt ) Kt e w>,

kew

with root ¥ = 1y, where 1y is the root of the kth copy of Q(Zg_l)

These are illustrated in Figure 5.2.

e For limit p = 6 > 0, define the group Q(Zg(m)) to be

<@ G ] © @ Q(Hfﬁ CUNE pgtro, (e + ) k€ a)>,

0<k<m k>m

with root r = ry, where ry is the root of the kth copy of G(X° % ®) o of G 5 ©)
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depending on whether k < m or k > m.

Define G(ITy) to be the group

<@ [Q(Z%f(k))]

—t —t
s Pg o, Uﬁ,k(rk +71) tkt e CU>,
kew k

Mﬁ'
with root r = 1y, where ry is the root of the kth copy of Q(Z?ﬁ (k)).z

This completes the formal descriptions of these groups.

For odd g > 3, recall that the group Q(Zg) has the form

<[Z],,l, o () PGS, m) & €D GUTL_,); g5 (r + 1), G5 (r + i) : k,m, t € a)> .

kew mew kew

We refer to the subgroups (indexed by k and m) of the form §(22_1 (m)) with roots ry
as the Q(Zg_l(m)) components of Q(Zg). Similarly, we refer to the Q(Hg_l) subgroups
(indexed by k) with root r, as the Q(Hg_l) components of Q(Zg). We use similar
language in the case of even  and limit , as well as for other groups defined
inductively within the chapter.

We emphasize the components of a group do not detach as direct summands
(because of the divisibility introduced by the primes gz and vgy). For clarity, we
alwaysrefer to direct components (when the directness is an issue) without omitting
the word “direct”.

When we speak of components, we mean the components which are used in
the inductive definition of these groups (or their prime closures), and we do not
care if there are alternate ways to present the group. More formally, every such
group will be considered as an image of one canonical copy given by the definition,
and a subgroup is a component if and only if it is an image of a component which
was used in the definition of this canonical copy. The isomorphism is chosen once
and forever.

The important relationship between Q(Zg) and Q(Hg) for odd B and Q(Zg(m))
and Q(Hg) for even f is whether each embeds within the other. For small 8, one can
see that the groups defined above satisfy the following embeddability relations:

2We emphasize that the definition of Q(Zg(m)) and Q(I—Ig) for B = 6+2¢+2is identical to the case
of f = 0 as by definition fs.pe2(k) = 0 + 2€ + 1 for all k. We separate them, here and in some later
proofs, in hopes of not obfuscating the intuition.
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if B > 1 is odd, then Q(Zg) £ Q(Hg) and Q(Hg) < Q(Zg); if B > 0 is even, then
Q(Hg) £ Q(Zg(m)) and Q(Zg(m)) < Q(Hg) for all m € w. For larger ordinals j,
the formal proof of these properties is less straightforward. Moreover, stronger
properties of such groups are needed to run a successful induction. We avoid these
formal difficulties by not using these embedability relations in later proofs, stating
them only in order to aid intuition. Though they will not be formally used, the
reader may find it useful to keep in mind which groups are “bigger”.

The embeddability relations discussed reflect the utility of the coding. Infor-
mally, we will ask

Is there a large subgroup attached to x?

about an element x that is infinitely divisible by an appropriate prime. The answer
will allow us to extract whether the 22 outcome or the Hg outcome was the case.

We (informally) justify not using a simpler recursive scheme to define the groups
Q(Zg) and Q(Hg) in the following remark.

Remark 5.2.1. It would of course be simpler if Definition 5.2.1 used only the odd
recursion schema (for all successor ordinals). Unfortunately, the embeddability
relations would not be satisfied in this case, e.g., when f = 4 it would be the
case that Q(Zg) < Q(Hg) and Q(Hg) < Q(Zg). The reason is G(XJ) would contain
infinitely many copies of G(IT3) and infinitely many copies of G(XJ) whereas G(IT})
only would contain infinitely many copies of G(£3). As G(ITJ) £ G(X)), it would
follow that G(X}) < G(IT)). Hence asking if there is a large subgroup would not
distinguish between the £ and the IT) outcomes.

For even successor ordinals § > 4, we will need additional auxiliary groups

7‘{(22) and 7{(1_[2).

Definition 5.2.2. For each even computable ordinal f = 6 + 20 + 2 > 4, define rooted
torsion-free abelian groups H (L) and H(I1y) as follows.
Define H(Zy) to be the group

<[Z]pﬁ o (Do) e P GUI,); g5+ 1), a5/ + 1) kKt € a)>,

kew kK ew

with root r = 1in [Z],,, where 1y is the root of the kth copy of g(22_1) and ry is the root of
k'th copy of G(ITy_)).
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Define H(ITy) to be the group

<[Z]pﬁ ® @ GEp ) a5 (r+m) kb e a)>

kew

with root r = 1in [Z],,, where 1y is the root of the kth copy of Q(Zg_l).
These are illustrated in Figure 5.3.

It is now possible to define G5 for S C w.

Definition 5.2.3. For each successor ordinal a > 3 and set S C w, define a torsion-free
abelian group G2 as follows.

o Ifa=0+2C+1 23, define G to be the group

65 = Ple)], e Dloam], -

nes n¢s

o Ifa=0+2C+2,define Gt to be the group

Gs = (P[HE)], o D [HD)], -

nes n¢s

The following definition and associated observation will be exploited in later
sections when we wish to express elements as sums of roots of subcomponents.

Definition 5.2.4. If G is any group within this section, or any direct product of prime
closures of such groups, we let Rg denote the set of roots of the recursively nested components

of G.

Of course, some elements serve as the root of more than one component at
different ordinal levels. For example, if § is odd, then the root of a Q(Zg_l(m))
component of Q(Hg) is also the root of a [Q(ZE_Z)]%LO component. However, this
root appears only once in Rg. The fact below is a straightforward consequence of
the definition of G:

Fact 5.2.1. The set Rg is a basis for both G and D(G).
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5.3 Proof of Theorem 5.0.1

Having defined G¢ for each successor ordinal a > 3, it of course remains to verify
the desired properties. We state these explicitly.

Lemma 5.3.1. For each successor ordinal a > 3, there is an effective enumeration
{Yi}new of computable XY sentences such that G¢ | Y, if and only if n € S.

Lemma 5.3.2. For each successor ordinal @ > 3, if S € X)(X), then G has an
X-computable copy.

We also note that the lemmas hold with all possible uniformity. Assuming
Lemma 5.3.1 and Lemma 5.3.2, we prove Theorem 5.0.1. Lemma 5.3.1 is demon-
strated in Section 5.3.1 and Lemma 5.3.2 is demonstrated in Section 5.3.2. We note
that the proof of Theorem 5.0.1 from Lemmas 5.3.1 and 5.3.2 is identical to the case
of linear orders (see [2]).

Proof of Theorem 5.0.1. As we have mentioned before, the basic idea is standard.
We, however, give a proof here. A reader familiar with such arguments may skip
it. Only the (trivial) coding at the limit case perhaps deserves some attention.

Fix a computable ordinal «, a degree a > 0@, and aset A € a. Thecasesa =1,2
follow at once from [71], and we may assume that a > 3. If a is a successor ordinal
B + 1, we argue the torsion-free abelian group G := Q‘/’;@Z has proper a jump
degree a. Recall that a relation on a structure M (having a finite language, say) is
relatively intrinsically X if itis X0 (8B) for every 8 = M. A relation on Misrelatively
intrinsically c.e. if, and only if, it is definable by an infinitary computable Zf, formula
in the language of M (see [3] for a proof). By Lemma 5.3.1 and Lemma 5.3.2, we

have

DegSp(G) = (X:A®A e (X))
= {X:AeA(X))

(for a finite, these are X (X) and A’ ,(X)). It follows {X@ : X € DegSpec(G)}
contains precisely those sets that compute A. Thus G has a'” jump degree a. On the
other hand, if 8 < a, the set {X® : X € DegSpec(G)} has no element of least degree
(see Lemma 1.3 of [2]). Thus G does not have g jump degree for any g < a.

If a is a limit ordinal, fix an a-generic set B such that B® =r B 0@ = A.
Viewing B as a subset of w X w (see [2]), we write B, := {k : (n,k) € B}. We argue the
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torsion-free abelian group

G =P I6s],

new

has proper a'" jump degree a, where Gj, is the group Qg‘;(”) associated with the

set B, and the ordinal f,(n). Making use of the uniformity in both Lemma 5.3.1 and
Lemma 5.3.2 and that the prime e, distinguishes the subgroup Qé‘;l(") from Q{B‘;(,n/) for
n’ # n, we have
DegSp(G) = {X:B, € Z?a(n)(X) uniformly in n}.

We explain the case when o = w, the case of an arbitrary limit ordinal « is not
much different. The reader can also find a proof for arbitrary limit « in the classical
paper [2]. In fact, it does not matter they G is a group, ordering, or something else;
it only matters that {X : B, € Z%X (n(X) uniformly in 1} serves as its degree spectrum,
where (f,(n)),., is a uniformly computable sequence of notations in a fixed segment
of O below a.

From now on, we follow the discussion after Lemma 3.1 of [2]. Lemma 1.1
of [2] allows us to produce an w-generic set B such that B has degree d = degr(A).
The rest of the argument relies on the specific construction of B which will not be
given here, but can be found in [2]. As we have mentioned before, B C w X w. The
basic facts on the (hyper)jumps and the uniformity of indices when performing
(hyper)jumps (see [3]) implies that DegSp(G) contains B. Furthermore, if D €
DegSp(G), then B@) < D@. (See [2] for technical details.) Therefore, d is an
w-jump of G. Towards a contradiction, suppose that G has an n’th jump degree for
some 7 € w. This means that there is Y € DegSp(G) such that Y <r X™, for all
X € DegSp(G). Thus, in particular, Y <t D™ for those D such that B is A%Y(n)(D)
uniformly in n. The choice of B, however, implies that for every n, the collection
{Y® Y € DegSp(G)} has no least element under <r. The proof of the latter can be
found in [2], Lemma 1.4. O

5.3.1 Proof of Lemma 5.3.1

The definition of the X, sentences {Y},},c, is done recursively, mirroring the recur-
sive nature of the definition of G5. Before we start constructing formulas ®g(x) and
W4 (x) connected semantically to Q(Zg), Q(Zg(m)), and Q(Hg), we demonstrate two
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divisibility lemmas that isolate aspects of the odd and even inductive steps. The
proofs of these are similar to proofs of lemmas by Downey and Montalbdn (see
Lemma 2.3 and Lemma 2.4 of [32]). For the proof of Lemma 5.3.3(1), we make
explicit whether we are viewing elements of 8 as belonging to 8 or the divisible
closure of 8. For later parts of Lemma 5.3.3 and Lemma 5.3.4, we do not make
it explicit as which it should be is clear from context. Before stating these two
divisibility lemmas, we note a number of simple number theoretic facts (without
proof) that we will use repeatedly (without mention).

Fact 5.3.1. The following facts hold of prime closures of Z.

o Forany primes po and p1, [Z],, +[Z],, = [Z],,p,, where the sum [Z],, +[Z],, denotes
the set of all g € Q such that q = a + b for some a € [Z],, and b € [Z],,,.

o For all sets of primes Py and Py, [Z]p, N [Z]p, = [Z]pynp,-
o If Py and P, are disjoint sets of primes, then ([Z]p, \ Z) N [Z]p, = 0 and O ¢
([Z]py \ Z) + [Z]p,.

Lemma 5.3.3. Fix pairwise disjoint sets of prime numbers F;, F,, and P and a prime
number p ¢ F; UF, UP. For each i € w, fix a copy of [Z]r, and let x; denote the
element 1 in this copy. For eachi,j € w, fix a copy of [Z]f, and let y;; denote the
element 1 in this copy. Let B be the group

<@[Z]pl ® (PIZlr; % i ke a)>] .

i€w i,jew P

B .=

Then 8 has the following properties:

1. For any z € 8B and 0, € F;, we have 07" | z if and only if z = };mx; with
m; € [Z]F, p.

2. Forany y € 8 and 0, € F», we have 0y’ | y if and only if y = Zi,j m; jy;; with
mi;j € [Z]p,r, p-

3. Fixing an integer ¢, if p | Z]- my,;ye,j, then Z]- my,; = 0.

4. If z can be expressed as z = ), m;x; with m; € [Z]p, then for each 0; € F; and
0, € F,, the element z satisfies the formula

oy lz A Ay eB)[pTl(z+y) A oy ly]. (t)
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5. If z € B satisfies (1) with witness y € B, then z = ) ; m;x; with m; € [Z]p and
y = Xi;mijyi; with my; € [Z],r,p for all i, j and m; = }.;m;; for all i (noting
that m; = 0 is possible).

We also note that the lemma can be carried through in the case when 8 detaches as
a summand of a larger group C and for every 8 < A < C and every prime z which
occurs in the definition of B, we have z*|x, x # 0 and x € A implies x € B. The
lemma holds even if 8 is pure in a larger group C, with similar restrictions.

Proof. For (1), the backward direction is immediate. For the forward direction,
we express z (in the divisible closure) as z = };; m;x; + Zi,j m; ;y;; with m;, m; ; € Q
(allowing the possibility of a coefficient being zero). If 07" | z, as the summation is
tinite, there is a [Z],,-multiple Z of z in B with

N el 1 j

Z = E in'l' E T,]yl/]
- 1 -
i i,

7 01

(with the right hand side expressed in the divisible closure) where 7;,11;; € Z,
m; # 0 implies oyfif;, 1;; # 0 implies oyfift; ;, and n;,n;; > 0. Since the coefficient
of y;; in any element of B (viewed in the divisible closure) is an element of [Z], , p’
and ([Z],,\Z) N ([Z],F,p) = 0, it must be that 7iz;; = 0 for all i, j, and so m;; = 0 for
all i, j. The coefficient of y;; in any element of 8 (viewed in the divisible closure)
is an element of [Z]prpzlpi this is an immediate consequence of the fact that every
element of B is a formal sum Y ;a;x; + Zi,j bij(xi +yi;) + Zi,j cijyi; with a; € [Z]F, p,
bi; € [Z],p, and c;; € [Z]F,p. Thus, in the divisible closure, the coefficient of any
fixed y; ; is an element of [Z],,p + [Z]r,pr = [Z],F, p-

Thus if 0° | z, then z = }; m;x; (in the divisible closure) with m; € Q. From the
structure of elements of B, we have m; € [Z],r, p. Fixi. If m; ¢ [Z]F, p, then there
would be a non-[Z]p-multiple of x; + y; ; in z for some j, in particular a [Z], p\[Z]p-
multiple. Then the coefficient of this y; ; in z (in the divisible closure) would be in
[Z],p\[Z]p + [Z]E, p. However 0 ¢ [Z],»\[Z]p + [Z]F,p, yielding a contradiction to
the form z = }; m;x;. Thus m; € [Z]g, p for all i, completing the proof of (1).

For (2), the argument is similar and we leave the minor change in details to the
reader.

3Though we justify this here, we omit such arguments in the rest of the chapter as all are similar
to the argument here.

99



For (3), as p™ | Xjme jye j, there is a [Z] -multiple 2 of ). ; m; . ; in B with

.\ M
“= Z ne; Yt
=P

A

TTZg,'
where 11, ; € zZ*0, plite j, and ng; > 0. Indeed, we may assume that ), j T[j € [Z],\Z

(in particular, that it is not an element of [Z]pr,) if }| jme; # 0. From the structure
of elements of B, we have

Z=aexe+ Z bej(xe + ye ) + Z Ce,iYe,j
j j

A

mg,]‘ .
) ¢ [Z]pr,, it must be the

with ae € [Z]Fl,P/ bg,]' S [Z]p,p, and Cej € [Z]Fz,p. As Z]

case that ) j be; ¢ [Z]p. However this would imply the coefficient of x, is nonzero
as 0 € [Z]r, p + [Z],p\[Z]p. This would contradict the form of Z, showing (3).

For (4), wenoteif z = ), m;x; with m; € [Z]p, then y = ) ; m;y; is in B. Moreover,
by Parts (1) and (2), this y witnesses z satisfying (1), showing (4).

For (5), fix z and y with 0" | z, p* | z+ y, and 03 | y. By Part (1), we have
z = ) ;mix; with m; € [Z], p. By Part (2), we have y = }:i,j m; jy;; with m; ; € [Z], F, p.
As p* | z + y, there is a [Z] ,-multiple Z + § of z + y in B with

Ao~ 11, 11,
zZ+y= Z EJQ + Z Pni/j Vi,
i ij
where 11, 1i1; ; € Z, 111; # 0 implies pfriv;, i1 ; # 0 implies pfrft; ;, and n;,n;; > 0. As

. 11 11
W = E —x,-+§ —io
, Y
— i e pn

is in B (by virtue of it being a sum of [Z],-multiples of x; + y;) and infinitely
divisible by p, the element

s i j 1
ZW‘W-ZW%‘J‘ZE%D

i,j i

100



. N 7 i j
is in B and is infinitely divisible by p. By Part (3), this implies p_” = Z o
j
all i. This is equivalent to m; =}’ M for all i.
As m;; € [Z],F,p for all i, j, fixing i, the sum Z]' m;jis in [Z],r,p. As [Z]p,p N

[Z],,5,,p = [Z]p, it follows m; € [Z]p for all i. This shows (5). O

Lemma 5.3.4. Fix pairwise disjoint sets of primes F;, for i € w, and P, and fix a
sequence of distinct primes p,,, for n € w, such that p, ¢ (Uie,Fi) U P for each n.
Let 8 be the group

Xii Xii+ Xig1i
B = |<7—';—’k],']—+1']:i,j,kEa)andalloieF,-H

P
0; Pi P

where ¥ is the free abelian group on the elements x;; for i, j € w. Then 8 has the
following properties:
1. Fixing an integer ¢, a prime o; € F;, and an element z € B, if o, | z, then
zZ= Z] Mg,iXe,j with Mg, S [Z]FC,P-

2. Fixing an integer ¢, if z = }_;m,, x; ; is nonzero, then p7z for any i.

3. Fixing primes 0; € F; for 0 <i <k+1,if zy,..., 211 € B satisfy
o7 |ziforalli <k+1and p°|(z; + zi1) forall i < k

then there are constants m; € [Z]p such that z; = }, jmixijforall0 <i<k+1.

The same remark as in the previous lemma, on direct detachement and pureness,
holds for this lemma.

Proof. For (1), we express z as z = }; im;;x;; with m;; € Q*. As oy | z and the
summation is finite, there is a [Z],,-multiple Z of z in B with

.\ M
Z= Z iy i
ij

7 9¢

where 11 ; € z*0 odr;;, and n;; > 0. Thus the coefficient of x; ; in Z is an element of
[Z]5,\Z. On the other hand, the coefficient of x;; in any element of 8 is an element
of [Z]r,p + [Z],p + [Z]pH,p4. As ([Z];,\Z) N [Z]F, p,pi0,p = O if i # £, it follows that z
can be expressed as z = . my jx; ; with mg; € Q.

“We ignore the degenerate case of i = 0 as it is actually simpler.
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We show my ; € [Z]f, p for all j. Fixing j, if m,; were not in [Z]f, p, there would
necessarily be a non-[Z]p-multiple of either x; j+x/,1; Or x¢_1 ; +x,; in 2. This implies
the coefficient of x,,1; or x,_1 jisnonzeroin Z as 0 ¢ [Z],, p\[Z]p + [Z],,..p + [Z]F,,..p
and 0 ¢ [Z],, p\[Z]p + [Z],,_, p + [Z]F,_, p. However this contradicts the form of Z, so
it must be that m,; € [Z]F, p, showing (1).

For (2), fix an ¢, a nonzero element z = ) MeXej, and an integer i towards
a contradiction. As we are assuming p:° | z for a contradiction, there is a [Z],-
multiple Z of z in B with

2= Z mTi,ng,]‘
i Pi

where 71, ; € z*0, piiie;, and n,; > 0. Fix j and note that the coefficient of x;; in Z is
an element of [Z],,\Z. On the other hand, the coefficient of x;; in any element of 8
is an element of [Z]g, p +[Z],,p +[Z],,., p- As ([Z],\Z2)N([Z]F,p +[Z],,p+[Z]pp) = 0
if € ¢ {i,i+1}, we must have ¢ € {i,i+ 1}. We show that either yields a contradiction.

If ¢ =i, as ([Z2],\2) N ([Z]r,p + [Z]p.,p) = O, the term x;; + X¢41,; must have
a nonzero coefficient in the expression of Z as an element of 8. Indeed, this
coefficient must be an element of [Z],,\Z as the coefficient of x;; in Z is in [Z],,\Z.
This implies the coefficient of x;,1 jin Zis nonzero as 0 ¢ ([Z],,\2)+[Z],,,,.p+[Z]E,.. p,
contradicting the form of z. If £ = i + 1, identical reasoning suffices to contradict
the form of z. We have thus shown (2).

For (3), we induct on k. For k = 0, by Part (1), we have z; = }, 1M jXi,j with
m;; € [Z]g,p tori € {0,1}. As py’ | (zo + z1), there is a [Z],,-multiple Z of z := zy + z;
in B with

.\ o 1,
2= ) i+ ) i,
Po i Po

]

with pofiitg ;, poltityj, ng; > 0, and ny; > 0. We rewrite Z as

A A n1,j=10,j ~
. Mo, my,j = Py Mo,
e Z o, (xolj + xll]') + Z oy xllj.
i Po j Po

As the first summation and Z are both in 8 and infinitely divisible by p,, so is
the second summation. By Part (2), the second summation must be zero. Thus
1,/ pg” = 1flg,j/ pgo’j for all j, and so mg; = my; for all j, with this value an element
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of [Z]g,p N [Z]r, p = [Z]p, completing the base case.

Assuming Part (3) for k, we show it true for k + 1. As in the base case, write
zi =Y, 1M jXi,j with m; ; € [Z],p fori < k+2by Part (1). By the induction hypothesis,
for each fixed j, the values of m;; for 0 < i < k + 1 are equal. Let m; denote
this common value. Since m; is in [Z]g,p N -+ N [Z]f, p, it must be in [Z]p. As
Zkso = 3, j Mier2,jXks2,j With Mg € [Z]E,,, p, the same analysis as in the base case
implies my, j = Myy1,; = m;. O

We continue by introducing various formulas that capture structural aspects
of the groups. These formulas describe how group elements interact in terms of
infinite divisibility by certain primes. When defining these formulas and verifying
their properties, we often restrict quantification from ranging over all group ele-
ments to ranging only over those elements which are infinitely divisible by certain
primes.

To make this notion precise, we define the (computable infinitary) language of
infinite divisibility. The signature of this language is the same as the signature of
the language of groups except that for each prime p, we add a relation symbol for
the relation p™ | x. That is, we treat p™ |t for each prime p and term t as an atomic
statement. We build up formulas in this language in the standard computable
infinitary manner.

Definition 5.3.1. For any formula ¢ in the infinite divisibility language and any prime q,
we define the relativized formula @7 by recursion as follows:

o If @ is atomic, then @7 =4 .

o If @ = (A\Bi), then @7 =a \; B similarly for \/, =, and —.
o If @ = (W) (), then @7 =ay (6) [7° | x A F1(1)].

o If @ = (V2) B(x), then @7 =qy (V) [7%|x — I(¥)].

Thus, a formula ¢7 restricts all quantification to be over elements which are
infinitely divisible by the prime q. The following lemma is a formal statement of
this property.

Lemma 5.3.5. Let G be a torsion-free abelian group, let g be a prime, and let G, be
the subgroup consisting of the elements infinitely divisible by 4. If G, is a pure
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subgroup, then for any formula ¢(x) in the language of infinite divisibility and any
parameters a from G,, we have

GE¢'@ ifandonlyif G,k ¢@. (5.1)

In particular, if G is {g}-closed, then G, = G and hence
G E ¢'(a) if and only if G E ¢(a).

Proof. Suppose G, is a pure subgroup. We proceed by induction on ¢(x). If ¢(x) is
atomic, then ¢Y(a) is the same as ¢(a). If ¢(a) has the form ty(a) = ti(a), then (5.1)
follows because G, is a subgroup. If ¢(a) has the form p™ |t(a), then (5.1) follows
because G, is pure. The inductive cases for /\, \/, — and - follow immediately by
definition, leaving only the quantifier cases. It suffices to consider the case for 3.
Suppose ¢7(a) has the form ((Ix)B(x,a))? and G E (Ax)[g* |x A p(x,a)] with a
fixed witness x. Since x is infinitely divisible by g4, we have x € G,. By the inductive
hypothesis G, | f(x,a) and hence G, | (dx)B(x, a) as required. Conversely, suppose
G, E (Ix)B(x, a) with fixed witness x € G,. By the inductive hypothesis, G  (x, a),
and since every element of G, is infinitely divisible by g, we have 4* | x. Therefore,
we have G E (Ax)[3% | x A B(x,a)] as required. O

Because the language of infinite divisibility is infinitary, we can express the
relation p™ | x using the standard formula ¢,(x) given by

o) = /\@Ay) [Py = x].

kew

In any group, the atomic relation p* | x and the formula ¢,(x) are equivalent in the
sense that they are satisfied by the same elements. Thus, we can always translate
formulas in the language of infinite divisibility into formulas in the (computable in-
finitary) language of group theory.” Notice, however, that some caution is required
because the relativized formulas (p* | x)7 and goZ(x) are not (always) equivalent: the
former is satisfied by those elements infinitely divisible by p, whereas the latter is
satisfied by those elements infinitely divisible by p and 4.

When we measure the quantifier complexity of a formula in the language of
infinite divisibility, we will always mean its complexity as a formula in the language

>As all of our languages are computable infinitary languages, we drop explicit reference to this
fact from now on.
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of group theory. Given the remarks in the previous paragraph, we need to be careful
how we translate relativized formulas in the language of infinite divisibility into
formulas in the language of group theory for the purposes of measuring complexity.
Thus, when we say a formula ¢7 (in the language of infinite divisibility) is in X or
IT;, we mean that the following formula i (in the language of group theory) is in
the complexity class.

e First, use the recursive definition of relativized quantifiers to write ¢ in an
unrelativized form in the language of infinite divisibility.

e Second, replace each occurrence of an atomic formula p* |t in this unrela-
tivized formula by the corresponding formula ¢,(t) to obtain a formula 1 in
the language of group theory.

By performing the translation in this order, we ensure that we do not add additional
divisibility conditions on the witnesses for p™ |t and thus each atomic fact p™ |t
remains I'I5 even if it is under the scope of a relativizing prime.

We need one further convention before giving our formulas. Note that this
convention does not change the quantifier complexity of any formula.

Convention 5.3.1. When we quantify over group elements using (3z) or (Vz), the
quantification is restricted to nonzero group elements. Hence (3z) [¢(z)] is an abbre-
viation for (3z) [z # 0 A Y(z)] and (Vz) [¢(z)] is an abbreviation for (Vz) [z = 0 V ¢(2)].

In a similar manner, we regard each of the formulas Ag(x), ®g(x), Ws(x), Bg(x),
and Og(x) (all defined later) as having an additional conjunct x # 0. In most cases,
we could show that such a conjunct is unnecessary, but it easier to add it and
ignore the issue of the zero element. The point of this convention is merely to keep
our formulas a reasonable size and to avoid repeatedly stating assumptions that
elements are not the zero element.

The formulas Ag(x) below capture when an element x is a sum of roots of
Q(Zg(m)) components (for even ). The formulas ®g(x) and Wg(x) capture when
an element x is a sum of roots of Q(Zg) components and a sum of roots of Q(Hg)
components, respectively.

Definition 5.3.2. For each even ordinal B, we let Ag(x) be the computable infinitary formula
Ap(x) = pE" [x A (Jw) [u;‘,’l lw A v;‘/’o [ (x + w)].

Definition 5.3.3. For each ordinal p with > 2, we define computable infinitary formulas
Dg(x) (for odd B) and Wg(x) (for even f) by recursion as follows.

105



If B = 2, define Wy(x) to be the formula W»(x) := p7° | x.

If B = 3, define ®g(x) to be the formula

O3(x) = p1x A AY)[45 1 +y) A Way)].

If B = 6+ 2€ > 2, define Wg(x) to be the formula

Ws(x) := /\ (Axo, ..., xm) [xo =xA /\ u;‘,’k | xe A /\ v;‘,’k | (xx + Xpe1) A CD;;&’;)(xm)].

Mmew k<m k<m

Note that when B is a successor ordinal, the last conjunct is CI)Zﬁ_1 (2m).

If B =06+2€+1 > 3, define Og(x) to be the formula
Dy(x) = pi 12 A @Y) [ 1 (x + 1) A Aga(y) A Wpa(y)]

Lemma 5.3.6. The complexity of Az(x) is LS (independent of f). If = 6 +2¢ > 2,
then Wg € HE. Iff=06+20+12>3,then®g € Zg. Furthermore, the relativization of
these formulas to any prime does not change their complexity.

Proof. These statements follow immediately from p* | x being Il{ and induction. O

Fact 5.3.2. Let py, p1 and p, be distinct prime numbers and let 1(x) be the formula
po 1x A @YIpT Iy A p3 | (x + y)]. The following properties hold for any prime q.

1. If G E ¢A(x) for a fixed x € G with witness y and H is a pure subgroup of G with
x,y € H, then H = ¢(x) with witness y.

2. If H E Y(x) for a fixed x € H with witness y and H is a subgroup of G, then
G E ¢I(x) with the same witness.

In particular, these properties hold for Ag(x).

More generally, we have the following fact about our formulas as a consequence
of them imposing only positive infinite divisibility conditions.

Fact 5.3.3. Let @(x) be a formula of the form Ag(x), @p(x) or Ws(x). If H = @(x) for some
fixed x € H and if H is a subgroup of G, then G = @(x).

The next lemma gives the key properties needed to verify that our construction
succeeds.
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Lemma 5.3.7. Fix an odd ordinal 8 > 3 and a set of primes P disjoint from {p,},<s U
{90} o<p U {ttpm} p<pmew U {Dpmbp<pmen- Let G be the group [@ic,Cilp, where each C; is
either isomorphic to Q(Zg) or Q(Hg). 6

1. If B = 3, then G = W, (y) if and only if y can be expressed as y = )] a;y; with
each y; a root of a G(IT)) component and a; € [Z],, 4, p-

2. ForB=06+20+1>3:

(@) f G F Api1(z) A Wp_i(2), then z = ), a;z; with z; a root of a Q(Hg_l)
component, a; € [Z]py, , 4, (if f —1is not a limit) and a; € [Z]p,, (if f—11is
a limit).

(b) If z = Y a;z; with z; a root of a Q(Hg_l) component and a; € [Z]p, then
G E Ap-1(z) A Wpa(2).
3. Forf=0+2(+3>3andk > 0:

@) fGE g 1klz/\CDuﬁ (z), then z = Y a;z; with a; € [Z1; 145, and z; a roOt
ofa [Q(Z 3 )]uﬁ—l,k component.

(b) If z =) a;z; witha; € [Z]uﬁ P and z; aroot of a [Q(Zg_z)]uﬁ%/k component,
then Gk u, |2 A O (2).

4. Forp=0+1land k> 0:

@ IfGFuy,, lzAd, - 1(2)(.2) then z = Y aiz; with a; € [Z],,_, 4,p and z; a

root of a [G(X} | (k))]uﬁ_l , component.
(b) Ifz = ¥ aiz; witha; € [Z],,,, pand z;arootof a [Q(Zf ()1, component,
then G u | 1z A @7 (2).

Moreover, the same is true if G is a finite sum of such groups C;.

Before proving Lemma 5.3.7, we establish some notation and some basic facts
which will be useful in the proof. By Fact 5.2.1, we can write any element of G,
as an element of D(G), in the form Y g;x; where each g; € Q** and x; € Rg. We

®The astute reader will note the upcoming statements are almost, but definitely not, bicondi-
tionals as a consequence of differences of elements within distinct C;. Though it is not too difficult
to formulate (stating precisely is a bit more difficult) exact conditions for an element to satisfy the
appropriate conjunction, we do not need them for our purposes.
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will often use various divisibility conditions to narrow which roots x; can occur in
such a sum for particular elements and then use Lemma 5.3.3 and Lemma 5.3.4 to
restrict the possible values for the coefficients g;.

Definition 5.3.4. If X C Rg, denote by Span4(X) the set of all elements g € G such that,
in D(G), § = Y. qix; where q; € Q and x; € X for all i.

Lemma 5.3.8. For any set X C G (in particular any set X C Rg), the set Span(X) is
a pure subgroup of G.

Proof. The set Spang(X) is clearly a subgroup of G. To see that it is pure, fix
g € Spang(X), n > 0,and h € G such that nh = gin G. We need to show that
h € Spang(X). Write g = Y. gixi (in D(G)) with q; € Q and x; € X. Because G
is torsion-free, the element / is the unique element satisfying nh = g. Therefore,
in D(G), we have h = }(g;/n)x; and hence h € Span(X). O

Note that in the context of torsion-free abelian groups, the subgroup Span(X)
need not separate as a direct summand of G. Nevertheless, in the proof of
Lemma 5.3.7, we will often be able to describe the isomorphism types of such
subgroups. The next lemma pertains to any torsion-free abelian group.

Lemma 5.3.9. Let H be a torsion-free abelian group which is P-closed for a set P of
primes. Let p be a prime and let & € H be infinitely divisible by p. Then for any
q € [Z]p, the element gh is infinitely divisible by p.

Proof. Let ¢ € H satisfy p‘g = h. Since H is [Z]p-closed and g € [Z]p, we can
multiply this equation by g in H to obtain (qp*)g = gh. Thus, the element gg
witnesses that gh is divisibly by pF. O

We return to the proof of Lemma 5.3.7. We work both within G and D(G) during
this proof and often rely on context to indicate which group we are working in.

Proof of Lemma 5.3.7. Before establishing Lemma 5.3.7, we say a word about its
proof. For § = 3, we demonstrate (1) directly. For § > 3, we demonstrate (2), (3),
and (4) by simultaneous induction on . The base case of the induction is the case
p = 5 for (3). The induction cases proceed as follows. To prove (2) for g, we use
that (3) and (4) hold for values less than or equal to 8; to prove (3) for 5, we use
that (2) holds for values less than f; and to prove (4) for 5, we use that (3) holds
for values less than . Because (3) includes our base case, we begin with the proof
of (3) after showing (1).
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(1) For = 3, we show y canbe so expressed if G = W»(y),i.e., if G F p7° | y. Working
in D(G), we express y as y = },a;y; where a; € Q and y; is the root of a G(X5(m))
component, a G(IT)) component, or a [Z],, component. We note that it is impossible
that any y; is the root of a G(X9(m)) component. For if one were, with y; the root of
a Q(Zg(m j)) component, there would be a [Z],,-multiple § of y in G with

N ai
7=Y v
7 P1
where 4; € Z*°, pfd;, and n; > m;. However, this is impossible as the coefficient of
the root of any Q(Zg(mj)) component in G has the form a/ p’{ where a € [Z],, p and

Thus, we have that y = }_ a,y; where each y; is the root of a [Z],, component or
a G(ITY) component. In other words, we have y € 8 where 8 := Spang(X) and X is
the set of roots of Q(Hg) components and [Z],, components of G. Hence 8 can be
written as a direct sum of subgroups

[<[Z]p3 ® @[Z]pl ) kte a)>]

P

since G(IT)) = [Z],,.” Since G E p°ly and B is a pure subgroup of G (by
Lemma 5.3.8), we have that 8 F p°|y. Applying Lemma 5.3.3(2) to 8 (with
Fi1 = {ps}, F» = {p1}, p = ¢35, and P = D) yields that each y; is the root of a Q(Hg)
component and each a; € [Z],, ., p.

Conversely, suppose y = Y, a;y; with a; € [Z],, 4,» and y; the root of a G(IT))
component. Since y is the sum of roots of G(IT)) components, we have y € 8
(where 8 is as in the other direction). Since each a; € [Z],, 4, », Lemma 5.3.3(2)
implies that pJ° | y.

(3) For the base case when § = 5, we first show (3)(a). Fix k € w and suppose that
G Eu |z A D;¥(2), recalling ug, |z A O (z) is

uglz ApSlz A @lug ly A g3’ 1z +y) A pT Lyl 1)

We need to show that z = ) a;z; with each a; € [Z]w,qs,p and each z; a root of a
[G(Z)].,, component.

70Of course, here we mean r to be the root of the [Z]y, component and 7 to be the root of the kth
copy of [Z],,. When obvious, we omit such explanation.
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[ee]

Since u x | z, the element z must be a sum z = ) w;, where each w; comes from a
[G(ED].,, or [GAT)].,, component (which we denote by G;). Indeed, since p3’ |z by
hypothesis, each w; is a multiple of the root of G;. Hence, the element z must be a
sum z = ), a;z; where a; € Q and each z; is the root of G;. We endeavor to show that,
in fact, each a; € [Z],,, 4, p and each G; is a [Q(Zg)] component.

Fix a witness y for (f). Since ug, | y, the element y must also be contained within
the [G(Z))]u,, and [GIT))].,, components. Furthermore, since p$° | y, the element y
must have the form y = }, b;y; where each b; € Q and y; is the root of a G(IT9)
component. Since the [G(IT))],,, components do not contain G(IT)) components,
each y;is the root of a G(IT)) subcomponent of a [G(X))],,, component. Thusz,y € B
where B := Span(X) and X contains the roots of the [GIT))].,, components, the
roots of the [Q(Zg)]uu components, and the roots of the G(IT)) components of the
[G(E)].,, components. By Lemma 5.3.8, the group B is a pure subgroup of G.

Uy k

To describe the isomorphism type of 8, we need to analyze which primes
infinitely divide the roots occurring in X. The point is that a particular element
of X may be the root of components at more than one level and each level will
introduce different infinite divisibilities. Because of these considerations, we split
into cases depending on whether k > 0 or k = 0.

First, consider the case when k > 0 and let r be the root of a [G(IT})],,,, component
or a [G(X))]u,, component. The root r is infinitely divisible by ps (since it is a root
at level 3), by u4 (by the prime closure of the component added at level 4) and by
all the primes in P (by the prime closure of G). Because k > 0, the element 7 is not
the root of a component at level 4 and because the level 3 (at which r is a root) is
odd, the element 7 is not the root at level 2. Similarly, if 7 is the root of a G(IT))
subcomponent of a [G(X))],,, component, then 7 is infinitely divisible by p; (since it
is the root of G(IT))), by 14« (by the prime closure) and by all the primes in P. Again,
the element r is not the root at any other level. Thus, when k > 0, the group 8 is
isomorphic to a direct sum of infinitely many copies of [Z],, ,,, p (coming from the
roots of the [G(IT))],,,, components) and infinitely many copies of

[<[Z]p3 ® @[Z]pl )k te a)>] (5.2)

ty i, P

(coming from the roots of the [Q(Zg)]m,k components and the roots of their Q(Hg)
subcomponents).
We show that each z; in the sum z = ) a,z; is the root of a [Q(Zg)]u ., component. If

not, then we can suppose without loss of generality that z is the root of a [G(IT))].,,
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component, that is, the element z is the element 1 in a direct summand of 8 of the
form [Z],, u,,p. Since g3’ | (X aizi + Y. bjy;), there is a [Z],,-multiple @ of z + y in B
such that

. 4 b
=) Su+), Y
i 15 i 93

where 4;, Bj € Z, qid;, ki > 0, qﬂﬂj and ¢; > 0 (assuming 4;, Bj # 0). However, the
coefficient of z in any element of 8 must be from [Z],,, ,,,, p. Hence, we have 4y = 0
and therefore ay = 0.

Having established that each z; is the root of a [G(X))].,, component, it follows
that z, y € 8’ where 8’ := Spany(X’) with X" C X containing only the roots of the
[G(E))].,, components and the roots of their G(IT)) subcomponents. That is, the
group 8’ is the subgroup of B consisting of the direct sum of the infinitely many
copies of the group in (5.2). Since 8’ is a pure subgroup of G, we have by Fact
5.3.2(1)

BEPSIzA A 1z+y) A pTlyl

(with our fixed element y € 8’ as witness). Therefore, we can apply Lemma 5.3.3(5)
(with F; := {p3}, F2 := {p1}, p := g3 and P := P U {uy,}) to conclude that z = }’ a,z;
with a; € [Z],,, p.

Second, consider the case when k = 0. In this case, we have z = Y a;z; where
each z; is the root of a [G(X))],,, component since there are no [G(IT))],,, compo-
nents. A rootr of a [G(X9)].,, component is infinitely divisible by ps (since it is a root
at level 3), by uy (by the prime closure), by ps4 (since k = 0 and hence r is also the
root of a Q(Hg) or Q(Zg(m)) component) and by all the primes in P. Furthermore,
if r, 7" are roots of (distinct) G(IT}) or G(XJ(m)) components within the same C;, then
r — 1" is infinitely divisible by gs. (This divisibility does not add to the infinite
divisibility of either r or 7/, but it does effect the isomorphism type of 8.) However,
if r,7” are roots of such components in different C;, then r — 7’ is not divisible by gs.
To smooth out this difference in divisibility and to simplify the calculations, we
work in [B],.

The group [B],, is isomorphic to the direct sum of infinite many copies of

[<[Z]”3"’4 ® g?[z]m; 45 (r+ 1)kt e a)>]

1y,0,495,P
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(coming from the roots of the [G(X))].,, components and their G(IT)) subcompo-
nents). Since 8 is a pure subgroup of G and 8 is a subgroup of [8],,, we have by
Fact 5.3.2(1) and Fact 5.3.2(2)

[Bls Epslz A @gs’ 1z +y) A pTly]

with our fixed element y € B as the witness. Applying Lemma 5.3.3(5) (with
F1:={ps,ps}, F2 := {p1}, p := gz and P := PU{uyy, g5}), we conclude that a; € [Z]p,, , 4-
This completes the proof of (3)(a) when § = 5.

To prove (3)(b) when = 5, assume z = ) a;z;, where a; € [Z]u&k,p and each z;
is the root of a [G(X))],,, component. Let G; denote the [G(X))],,, component
containing z;. We need to show that G satisfies

ufklz Apslz A (Hy)[uzkly A gy lz+y) ApTlyl

Since z; is the root of G;, we have p7’[z;. By Lemma 5.3.9 and the fact that G; is
PU{uyx}-closed, it follows that p3* [a;z; and u:’k |a;z;. Hence, we have p7’ | zand uy’ x | z.

Let y; be the root of a Q(Hg) component inside G; and let y := }_a;y;. Since
Q(H ) = [Z],,, we have p7° | y;. As G;is P U {uy;}-closed, it follows that py laiy; (by
Lemma 5.3.9) and that ug; [a;y;. Hence, both p; and u, infinitely divide y. By the
definition of G(XJ), we have 45 | (z; + y;) and applying Lemma 5.3.9 one more time,
we obtain g3’ | (a;z; + a;y;). Therefore G satisfies @g“'k (z) with witness v.

This completes the base case of § = 5.

Next, we show (3) for [3 > 5 supposing (2) holds for g — 2. To prove (3)(a), we
suppose G | ug, 1z A @y Ky " (2), recalling g i lz A @Z’i’;’k(z) is

I EN N EUNE ) B i LR W, Vo ) IR o)) M€

We need to show that z = ) a,z; with each a; € [Z]uﬁ_llk,%,p and each z; a root of a
[Q(ZO 2., component.

As in the p = 5 case, together gy x |z and p?, |z imply that z = Y. a;zi, where
a; € Q and each z; is the root of a [Q( _2)]%_1,,{ or [Q(Hﬁ_2)]uﬁ_1,k component. We
endeavor to show that, in fact, each a; € [Z]uﬁillk,qﬁ,p and each z; is the root of a
[Q(Zg_z)]uw’k component.

Fix a witness y for (1}). Our first goal is to show that y is a sum of roots of
Q(H2_3) components. Since u;‘il,k | y, the element y lies within the [Q(ZE_Z)]uﬁ_lrk and
[Q(Hg_z)]uﬂk components. Thus, we have y € H := Span(X) where X contains the
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roots of the [Q(Zg_z)]uﬁ_llk and [Q(Hg_z)]u 5.1, components as well as the roots of all the
components nested via the recursive construction inside these components. Note
that H is the subgroup of G consisting of the elements infinitely divisible by ug_; 4.
Because G satisfies AZ’;_ Sy A ‘Pg‘i 5 (y), we have that H satisfies Ag_3(y) A Wp_3(y)
by Lemma 5.3.5.

We describe the isomorphism type of H in two cases: when k > 0 and when
k = 0. If k > 0, then the roots of the [g(zg_z)]uﬁ-u and [Q(Hg_z)]uﬁ_lk components
are not roots of components at any level other than  — 2. Thus, the group H is an
infinite direct sum of [G(Z} ;)] ,,p and [GIT} )], ,,,p groups.

If k = 0, then note that there are no [g(Hg_z)]uﬁ_w components. Each root of a
[g(z‘g_z)]uw,@ component is also the root of a Q(Zg_l(m)) or a Q(Hg_l) component.
Thus, each such root is infinitely divisible by pg_; (in addition to the divisibility
imposed at level f — 2). Furthermore, if 7" are roots of Q(Zg_l(m)) or Q(Hg_l)
components from the same C;, then qg’ |(r — 1’). If they are roots from different C;,
then we have no such g; divisibility. To incorporate the extra divisibility by ps_4
and to smooth out this divisibility difference by g4, we study [H],,,- The group
[H]4,5., is isomorphic to an infinite direct sum of [Q(Z‘g_z)]]ﬁ' groups where P’ :=
P U {up-1,,49p, pp-1}-

In each of the k > 0 and k = 0 cases, we can apply Part (2)(a) for H or [H ]qﬁ,pﬁ_1
and  — 2 to conclude that y = }_ b;y; is a sum of roots y; of Q(HE_B) components
in G (with appropriate coefficients, which depend on which case we are in). Thus,
we have established our first goal.

Our second goal is to show that in the sum z = ) a,z;, where each z; is the root
of a [Q(Zg_z)]uw’k component (as opposed to a [Q(Hg_z)]uwk component) and each
coefficient a; lies in [Z],, , 5,p. We have z,y € B := Span(X) where X contains the
roots of the [Q(Hg_z)]uﬁ_lrk components, the roots of the [Q(Zg_z)]uﬁ_lrk components,
and the roots of their Q(Hg_3) components. We split into cases depending on
whether k > 0 or k = 0 and proceed with an analysis of the infinite divisibilities as
in the g =5 case.

First, suppose that k > 0. A root r of a [Q(Hg_z)]uﬁ_lrk or [g(zg_z)]uﬁ-m component
is infinitely divisible by ps_, (being a root at level f —2), by ug_1 x (by prime closure),
and by the primes in P (by prime closures). Since  — 2 is odd, the element r is not
a root at a lower level; since k > 0, the element r is not a root at a higher level.

A root r of a Q(HE_B) subcomponent of a [Q(Zg_z)]uﬁflrk component is infinitely
divisible by pg_3 (being a root at level § — 3), by us_1 (by prime closure), and by
the primes in P (by divisible closures). In addition, if § — 3 is not a limit ordinal,
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then r is also the root of a [Q(Zg_ 5, component and hence is infinitely divisible
by pg-4 and ug 3. Notice that the recursion stops at this point because 8 — 4 is an
odd ordinal and hence r is not the root at any lower level. If g — 3 is a limit ordinal,
then ris also the root of a [Q(Z?ﬁ component and hence is infinitely divisible
by pf, .0 and ug_30. Again, the recursion stops at this point because f;-3(0) is an
odd ordinal. Recall that if § — 3 is not a limit, then f3 3(0) = g — 4. Thus, we can
also describe the infinite divisibility by ps_4 (in the case when 8 — 3 is not a limit)
as infinite divisibility by pg, ;). In future analyses, we will combine these cases in

this manner.

3 (0) ) ] 11573,0

From this analysis, when k > 0, the group 8 is isomorphic to the direct sum of
infinitely many copies of [Z],, , u, ,, p (from the roots of [Q(HE_Z)]uﬁ_Lk components)
and infinitely many copies of

<[21F1 o DIzt 7 ke mﬂ 53)

jEw P 1
where F1 := {pg-2}, F2 = {pp-3,up-30,Pf 50} and p = gz (from the roots of
[Q(Zg_z)luﬁ_u components and their Q(H2_3) subcomponents). A divisibility ar-
gument almost identical to the one used in the f = 5 case (using the fact that
q;"_z |(z + vy)) shows that none of the z; elements can come from the [Z]pﬂ_z,l,ﬁfl/k,p
summands. Therefore, each z; is the root of a [Q(Zg_z)]uﬁfl/k component.

Let 8’ be the subgroup of 8B consisting of the direct sum of infinitely many
copies of the group in Equation (5.3). Since 8’ is a pure subgroup of G containing vy
and z and G satisfies

Pealz A agly |z +y) A pglsly,

we have that this formula is also satisfied in 8’ (by Fact 5.3.2(1)). Applying
Lemma 5.3.3(5) to 8’ with the above values for F;, F,, and p yields that each
a; € [Z]pu,_,,, completing the case when k > 0.

Second, suppose k = 0. The analysis of the isomorphism type of B is almost

identical to the case when k > 0 except for three points. First, there are no compo-
nents of the form [g(l—‘[g—z)]“ﬁ—l,o and hence no argument is needed to conclude that

Up-1,0

each z; is the root of a [Q(Zg_z)]uﬁflro component. Second, the root of a [Q(Zg_z)]

component is also the root of a Q(Zg_l) or g(ng_l) component and hence is in-
finitely divisible by pg_; in addition to the infinite divisibilities given above. Third,
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to smooth out the fact that g infinitely divides r — " when r, 7" are roots of Q(Zg_l)
or Q(Hg_l) components from the same C;, we work with [8],,. With these obser-
vations, the group [8B],, is isomorphic to the direct sum of infinitely many copies
of

<[Z]p1 o PIzlr,; % ke a)>

jEw

Pug_1x9p

where Fy := {ps_2, pp-1}, F2 := {pp-3, Ug-30,Pf0) and p = ggo. Since B is a pure
subgroup of G and G satisfies

Pealz A qgalz+y) A psly

this formula is also satisfied in 8 (by Fact 5.3.2(1)). Since [8],, is an expansion of 5,
it remains true in 8’ (by Fact 5.3.2(2)). We apply Lemma 5.3.3(5) to conclude that
eacha; € [Z]p]uﬁil/k,qﬁ.

To prove (3)(b) when > 5, fix an element z = ) a;z; with each a; € [Z]uﬁilrk,p and
each z; the root of a [Q(Zg_z)]uﬁ_m component (which we denote by G;). We have
”20—1 |z; and p;"_zlzi as a consequence of the structure of [Q(Zg_z)]uﬁfl/k components
and z; being the root. As a; € [Z]l,ﬁil/k,p and G; is {ug_1, P}-closed, it follows that
u;‘;l |a;z; and p;‘izlaizi and hence that u;il |z and pg’_zlz.

Let y := }a;y;, where y; is the root of a Q(Hg_g) subcomponent of G;. Since
each G;is a [Q(Zg_z)]uﬁfu component, it follows from the structure of these compo-
nents that 1’ | |y and g3, | (z + y). It remains to show that G satisfies Agﬁ_ 5 (y) and
()

Let 8 := Span(X) where X contains the roots of the [Q(Zg_z)]uﬁfu components
and the roots of any component nested via the recursive construction inside such
a component. Note that y,z € B and that 8 is the subgroup of G consisting of the
elements which are infinitely divisible by ug_; x. Applying Part (2)(b) to B with f—2
and P = P U {ug_11}, we get that B satisfies Ag_3(y) A Wg_3(y). Since B consists of
the elements of G which are infinitely divisible by ug_;x, we have that G satisfies
AZF_ 2y A \I’Zf_ 5 (y) by Lemma 5.3.5 as required.

(2) We show (2) for  supposing (3) and (4) hold for values less than or equal to S.
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To show (2)(a), we suppose G E Ag_1(z) A Wp_1(2), recalling Ag_1(z) is
Peilz A (Gw) [Mﬁ—1,1|w A VgL ol(z + w)] )

Since pl‘;"_l |z, we can express z as z = ), a;z; where a; € Q and z; is the root of a
Q(Zg_l(m)) or Q(Hg_l) component (which we denote by G;). Since z; is also the root
of the [Q(Z?fﬁ_1 )]y, component inside this Q(Zg_l(m)) or Q(H2-1) component, we
have that z; is infinitely divisible by pg, o) and ug_10. As above, the recursion stops

here since fz_1(0) is an odd ordinal and hence z; is the element 1 in a copy of [Z],, 10"
Fix an element w witnessing G | As_1(z). The condition ”20—1,1 | w implies that w

is a sum of elements from [Q(Z?ﬁfl(l))]uﬁ,l/l and [g(l"[%H s

components. The
condition v’ [ (z + w) implies (by divisibility arguments similar to those already
given many times) that w = }’ b;w;, where each b; € Q and each w; is the root of a
[g(zgﬁfl(l))]uﬁ,l,l or [g(Hjiﬁfl(l))]uﬁ,u component. Since f;_1(1) is an odd ordinal, the
root of such a component is the element 1 in a copy of [Z], T Thus, the element w;
is infinitely divisible by py, ;1) and ug_1; but the recursion stops at this point. (Note
that for the same reason, the roots of [Q(Z?fﬁfl(k))]uﬁ_llk and [Q(H?ﬁfl(k))]uﬁ_l,k components
for k > 2 are infinitely divisible only by py, ) and ug_14.)

To find the coefficients 4; in z = ) a;z;, let B := Spang(X) where X contains the
roots of the [Q(Z%H (k))]uﬁ% and [Q(H%H (k))]”ﬁfl,k components for k € w. As in the

proof of Part (3), we work in [8],, since, for roots 7, 7" of [Q(Zl?[ﬁ_1 (0))] components

Ug-1,0
(which are also roots of Q(Zg_l(m)) or Q(Hg_l) components), it is the case that g
infinitely divides r — 7" if and only if these roots come from the same C; summand

of G.
The group [8B],, is isomorphic to the P’ := P U {g4} closure of

Xii Xkit+ Xi+1i
. 2k M:]}k,fea)andallokEFk>

< o
where ¥ is the free abelian group on xi; (for k,j € w), Fo := {pfﬁ_l(o),p,;_l,uﬁ_l,o},
Fr:=1{p Fia(0)7 ug_1x} (for k > 0) and py := vg_14. In this presentation, for each fixed j,
the element x;; is the root of a [Q(Z%sil(o))]uﬁ_l,k component or a [Q(H%g,l(O))]uﬁ—l,k
component within a fixed Q(Zg_l(m)) or Q(Hg_l) component of G. As j varies, we
range over all Q(Zg_l(m)) and Q(Hg_l) components of G. If f — 1 is a limit ordinal,
thenpy, @ # ps,_ k) fork # k'. If B—Tisnotalimit ordinal, thenpy, ) = pp-2 forallk.
In this case, we can remove the primes py, , ) from Fy and add ps» to P’ (since [8],,
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is pg_> closed). This change has the effect of including infinite divisibility by ps_»
for our coefficients a;.

Since B is a pure subgroup of G, the group B is a subgroup of [B],,, and z,w € B,
we have (applying both Fact 5.3.2(1) and Fact 5.3.2(2)) that [8],, satisfies Ag_1(2)
with our element w as witness. Therefore, by Lemma 5.3.4(3), we obtain that
z =) a;z; with a; € [Z] Ppsaqs (if p—1is not a limit ordinal) or 4; € [Z]p,, (if f—1isa
limit ordinal).

Next, we use the fact that G = Ws_1(z) to show each G;is a Q(Hg_l) component.
For if one were not, then some G, would be a Q(Zg_l(mo)) component for some
my € w. With m := my + 1, we fix a sequence g, &1, ..., §n Witnessing that G
satisfies the m-th conjunct of Wg_1(z). Since G satisfies u;il,m | gm and @;:_’j&’:n)(gm),
we have by Part (3) or Part (4) (depending on the form of fz_1(m)) that g,, = ). cjy;
where each y; is the root of a [Q(Z?ﬁ_l(m))]uﬁ_llm component. Since g = z = ), 4z
and v;"_l [ (gk + 8k+1) for 0 < k < m, one of the y; roots in the summand for g,, must
lie in the component G,. However, the group G, is a Q(Zg_l(mo)) component with
)., component, yielding the desired

—-1(m)
contradiction. This completes the proof of (2)(a).

my < m, so it does not contain a [Q(Z?ﬁ

To prove (2)(b), fix an element z = }_ a;z; with a; € [Z]p and z; a root of a Q(Hg_l)
component of G (which we denote G;). We need to show that G = Az_1(z) and
G E Ws_1(2). For the former, we need to show that G satisfies

Ppalz A Qg lw A v o1z +w)l.

From the structure of Q(H(ﬁ)—l) components, we have each z; is the root ry of the

O . o . 00 . . .
[Q(Z I (0))]%_10 component of G;. By Lemma 5.3.9, the condition pﬁ_llz is satisfied
since a; € [Z]p and p;’_llzi for each z;.

To generate the witness w, for each i, let w; be the root r; of the [Q(Z?ﬁ ) (1))]
- Ug-1,1
component of G;. The conditions ”Eil 1 lw; and 020—1 ol (zi + w;) are satisfied since

z; = rpand w; = r; in G;. As each a; € [Z]p, it follows from Lemma 5.3.9 that
G E Ag_1(z) with witness w := }’ a;w;.

To see that G F Wg_1(z), we reason as follows. Fix m € w. We show how to
pick the witnessing elements gy, ..., g for the m-th conjunct. For each z;, pick a
sequence of elements gio, gi1, - -, §im IN Gi by setting g := z; (Which is the r( root
in G;) and g := i (the root of the [Q(Z?ﬁ_l(k))]uﬁq/k component of G;) for 0 < k < m.
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Since a; € [Z]p and each G, is P-closed, we have (from the structure of Q(H2_1)) that
u;"_llk |a;gi for k < m and v;‘il/k | (aigix + aigij+1) for k < m.

For each 0 < k < m, let g, := };a;8ix. By the divisibility conditions above, we
have ”?—Lk | gx for k < m and vgil,k | (gk + Qk+1) for k < m. Furthermore, gy = z. There-

-1,m

. . Ug_1, 0 .
fore, it only remains to show that @ Jf (m)(&m). We already have Ug” 1 | gm. Since

-1
gm = Y.;4igim where a; € [Z]p and g;,, is the root of a [Q(Z?ﬁfl(m))]uﬁ,],,, component,
it follows from Part (3)(b) or Part (4)(b), depending on the form of fs_i(m), that G
satisfies (I)Zf _'11(31)( gm) and hence G E W;_1(2).

(4) As fg1(k) is an odd ordinal and fz_1(k) < f -1 for all k € w, the proof
of Part (4) is essentially the same as the proof of Part (3) with the appropriate
notational changes to reflect that § — 1 is a limit ordinal.

O

Lemma 5.3.10. Let = 6 + 2+ 1 > 3. Then for G = (P
[G(ED)s, or [GTT)]a,, the following holds:

G., where G, is either

new

GE [(E]x)CI)ﬁ(x)]d" if and only if G, = [Q(Zg)]dn~

Proof. Since G, is the subgroup of elements of G which are infinitely divisible by d,,,
we have by Lemma 5.3.5 that

G E[@A)D)]*  ifandonlyif G, E (D).

Therefore, it suffices to show that Q(Zg) = (Jx)Dy(x) and Q(Hg) K (Fx)Dp(x).
First, we show that Q(Zg) = @g(r) where 7 is the root of Q(Zg). That is, we show
that Q(Zg) satisfies

plr A @Algg’ | (r+y) A Apa(y) A Wpay)]

Since r is the root of Q(Zg), we immediately obtain pg’ | 7. We claim that the root 7
of a Q(Hg_l) component works for the choice of y in ®3. From the definition of
Q(Zg), we have g3’ | (r + 1) and by Lemma 5.3.7(2)(b), we have that Q(Zg) satisfies
both Ag_1(rx) and Wy_1(r;) as required.

Second, assume for a contradiction that Q(Hg) F (Ax)Dg(x) and fix the witness x.
The condition py’|x implies that x is a multiple of the root of Q(Hg). Fix the
witness y such that q;° |(x +y) A Ag1(y) A Wpa(y). By Lemma 5.3.7(2)(a), the
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condition Ag_1(y) A Ws_1(y) implies that y is a sum of multiples of the roots of
Q(Hg_l) components. However, the group Q(Hg) has no such components, giving
the desired contradiction. O

We continue by constructing sentences connected semantically to H (Zg) and
H (Hg). We first give lemmas similar to Lemma 5.3.7 for the groups 7{(22) and
H (Hg).

Lemma 5.3.11. Let p = 6 + 2/ +2 > 4 and let H = H(IT)). Lety € H be a sum

y = ).bjyjwhereeachb; € Z and each y;is the root of a (distinct) Q(22_1) component
of H. Then H | Opg_1(y).

Proof. We need to show that H satisfies
Py A G)lgs | (y + w) A Ag () A Wy_a(@)]

By the structure of g(22-1)' we have pg’, [y, for all j. Since b; € Z, we have
P |b;y; and hence Pgy | y. For each j, let w; be the root of a Q(HE_Z) component
within the Q(Zg_l) component with root y; and let w := }_ bjw;. It follows from the
structure of Q(Zg_l) that qg"_l | (y + w). Therefore, it remains to show that H satisfies
Ap_a(w) A Wg_o(w).

The group H is built by taking a direct sum of the groups [Z],, (with root ) and
@k o Q(Zg_l) (with roots r¢) and then adding extra elements (from the divisible
closure of this sum) to witness q;’ | (r + r). Since w = ). b;w; with each b; € Z, we
can view w as an element of the group &5, _ 9(22_1) in this construction of H.
By Lemma 5.3.7(2)(b) applied to w as an element of @k o Q(Zg_l), we have that
Pe., Q(Zg_l) satisfies Ago(w) A Wg_(w). Since €D, Q(Zg_l) is a subgroup of H,
Fact 5.3.3 implies that H satisfies Ag_»(w) A Ws_»(w) as required. O

Lemma 5.3.12. Let f = 0 +2/+2 > 4 and let H = 7{(22). Let 7 be the root of a
Q(Hg_l) component of H. Then H £ Dp_1(r).

Proof. We show that there is no w € H such that H satisfies
‘120_1 | (r + w) A Ag_a(w) A Wp_o(w).

For a contradiction, fix such an element w € H. To simplify dealing with g4
divisibility in H, we work in the prime closure [#{],;, and note that if w satisfies this
formula in H, then by Fact 5.3.3, it also satisfies the formula in [7{]%.
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The group [H],, decomposes as a direct sum

[Z]p.0 © @[Ci]%

icw

where each C; is isomorphic to Q(Zg_l) or g(H2—1)' The divisibility condition pg’, | w
(from the fact that [H],, E Ap_»(w)) implies that w = }_ a;w; where each a; € Q and
each w; is the root of a Q(Zg_Z(m)) or Q(Hg_z) component. Therefore, as an element
of [H],, we have w € D... [Cilg;- In addition, by arguments similar to previous
ones, the condition ql‘;"_l | (r+w) implies that at least one w; is the root of a Q(Zg_z(m))
subcomponent of the Q(I‘Ig_l) component with root r (as this component has no
Q(Hg_z) subcomponents).

Assume for a moment that @i o[Cily, satisfies Ag_»(w) A Wp_o(w). Under this
assumption, Lemma 5.3.7(2)(a) implies that w is a sum of roots of Q(Hg_z) compo-
nents, contradicting the fact that at least one w; is the root of a Q(Zg_Z(m)) compo-
nent. Therefore, to complete our proof, it suffices to show that (P, [Ci],, satisfies
Ap2(w) A Wgo(w).

To show @ ,Cily, satisfies Ag_»(w) A Wp_»(w), we use the fact that 691% Cily,
is a pure subgroup of [H],, (since it is a direct summand) along with the following
observation. Because [H],, is a direct sum, any element z € [H],, can be written
(uniquely) in the form z = zy + z; where z; € [Z],,,, and z; € D, [C]];,- I pisa
prime and p* |z, then p™|zy and p™ |z;. Therefore, if p™ |z and p is not pg or qg, we
can conclude that z € (P, [Cily,-

Using this observation, we show that the following implications hold for all y
with 2 <y < f—2. Let ¢(x) be either A, (x) or W, (x) (if y is even) or ®,(x) (if y is
odd), and let p be any prime number. For any x € &,_ [Cil,,, we have

i€w

i€w

[Hl, Ep(x)  implies  EPIC, k @) and
[Hl, E¢'(x)  implies  (PIC, F¢"().

icw

Notice that establishing this property finishes our proof as w € P, [Ci];, and
[H],, E Ap-a(w) A Wp_a(w), so by the property PD,..ICi o5 E Ap—2(w) A Wp_o(w).
First, consider the case when ¢(x) is A, (x) and assume [H],, F A, (x). In this
case, the existential witness y in A, (x) is infinitely divisible by u,,1. Asu, 1 € {pg, 95},
we have y € P, [Cil,,- Since (D, [Ci,, is a pure subgroup containing x and y,
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the group P, [Cil,, satisfies A, (x). The same proof works for Af(x).

Second, consider the cases when ¢(x) is @, (x) (for odd y), ¥, (x) (for even y)
or a prime relativization of one of these formulas. We proceed by induction on y
and note that in each case the proof for the relativized formula is identical to the
proof for the unrelativized formula. In each case, we assume x € @ Ci]qﬂ and
[H],, E o).

The first base case is when g = 2. Since Wy(x) is p;°[x, x € @iew[ci]%, and
... [Cily, is a pure subgroup, we have (D, [Cil;, E W2 (x).

The second base case is f = 3. The existential witness y in the formula ®5(x) sat-
isfies py° | y (from Wy(y)). As p1 ¢ {pg, g}, we have y € P, [Cil,. Since P, [Cil,,
is a pure subgroup containing x and y, we have (P, [Cil;, E ©3(x).

For the inductive cases, suppose y is even and 4 < y <  — 2. Consider the m-th
conjunct of W, (x). The witnesses x, ..., x,, satisfy u;‘:k | x¢ and thus are in @i lC i]qﬁ

iew[

as uyx & {pp,qp}. Since ®i6w[cil% is a pure subgroup and it satisfies <I)?,'$1)(xm) by
the inductive hypothsis, we have that @i o [C i]qﬁ FW,(x).
Ifyisodd and 4 < y < -2, then the existential witness y in @, (x) satisfies p;"_l |y

from A,_1(y). Thus, as p,_1 & {pg, 4s}, we have y € P, [Cil,,- Since D, [Cil,, is
a pure subgroup and satisfies A,_;(y) and W,_,(y) by the inductive hypothesis, we

have @iem[Ci]% E @, (x). O

Definition 5.3.5. If § > 4 is not a limit ordinal, define Bg(x) to be the formula

Bp(x) = py lx A (Fw) [py lw A g | (x + )]

Definition 5.3.6. If f = 6 + 2 + 2 > 4, define ©p to be the formula

Op(x) := (1) [(Bs(x) A Bya(y) A g3 | (x + ) = Ppa(y)].

Lemma 5.3.13. The complexity of B(x) is Zf (independent of ).
If =06+20+224, then Og(x) EHE.

Proof. These statements follow immediately from p* | x being I'lf and Lemma 5.3.6.
O

Lemma5.3.14. Letf =0+2(+2>4. Letx e H (Hg) satisfy Bg(x) with fixed witness
w. Then x = ar where a € Z and r is the root of H (Hg) and w = ), b;w; where

b; € [Z] and each w; is the root of a g(22_1) component of H (1_[2).

Pp-14p
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Proof. Since pg | x, the element x must have the form x = ar wherea € Q and r is the
root of W(Hg). Since p;"_l |w, the element w must have the form w = ) b;w; where
b; € Q and w; is the root of a g(22_1) component of 7{(1_[2).

Let B := Spanw(ng)(X) where X contains the root of H (Hg) and the roots of the
Q(Zg_l) components of H (Hg). Then x,w € B, B is a pure subgroup of H (Hg),
and 8 is isomorphic to

<[Z]pﬁ © (PIZl,,.iq5'(r + 1)k t e a)>.

kew

Since B satisfies pi’ | x, pi’, [w, and g [ (x + w), we can apply Lemma 5.3.3(5) (with

P =0) to conclude thata € Z and each b; € [Z],, , 4. O

Lemma 5.3.15. Let = 6 +2¢ +2 > 4. If x, y € H(ITy) satisfy

Bg(x) A Bp-1(y) A g5’ | (x + ),

then x = ar and y = }. b;y; where a,b; € Z, r is the root of 7{(1_[2), and y; is the root
of a Q(Zg_l) component of H (Hg).

Proof. By Lemma 5.3.14, the fact that Bs(x) holds implies x = ar witha € Z and r
the root of ‘H(Hg). Since Bg_1(y) implies P | v and since qg | (x + y), the element y
works as a witness w in the formula Bg(x) for our fixed element x. Therefore, by
the previous lemma y = }_ bjy; where b; € [Z],,_, ;. and y; is the root of a Q(Zg_l)
component. It remains to show the stronger conclusion that b; € Z.

Fix a witness w for Bg_1(y). Since Ppa |w, the element w must have the form
w = ), ciw; where ¢; € Q and w; is the root of a Q(Zg_z(m)) component inside a
Q(Zg_l) component of H (Hg). Therefore y, w € B where B := Spanﬂ(ng)(X) where X
contains the roots of the Q(Zg_l) components and the roots of their Q(Zg_z(m))
subcomponents.

To determine the isomorphism type of 8, we consider which primes infinitely
divide the roots of such components. The root of a Q(Zg_l) component is infinitely
divisible by ps_1. The roots of Q(Zg_z(m)) components are infinitely divisible by pg_»
and uy_»p from the definition of Q(Zg_Z(m)). Each of these roots is also the root of
a Q(Z?[H(O)) component (inside Q(Zg_z(m))) and hence is also infinitely divisible
by ps, ,0)- However, the recursion stops at this point since the root of Q(Z?ﬁ_z(m) is
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the element 1 in a copy of [Z], 20" Therefore, the group 8 is isomorphic to

<@[Z]F1 ® @[Z]Fz; SITJ 1, j,l € w>}
7,

i€Ew i,j€Ew

where Fy = {pg_1}, F2 = {pp-2, ug20,p fi-2(0) }, the s; elements generate the copies of [Z]F,
(representing the roots of the Q(Zg_l) components) and the t;; elements generate
the copies of [Z]r, (representing the roots of the Q(Zg_z(m)) subcomponents of the
Q(Zg_l) component with root s;). Since y, w € 8 and B is a pure subgroup of T{(Hg)
satisfying Pei |y, Py |lw, and g, [ (y + w), we can conclude from Lemma 5.3.3(5)
(with P = 0) that the coefficients in the sum y = }_ b;y; come from Z. m|

Lemma 5.3.16. Let § = 6 + 2€ + 2 > 4. Then for H = P
[?{(Zg)]dn or [W(Hg)]dn, the following holds:

H,,, where H,, is either

new

HE[vew]"  ifandonlyif  H, = [HIT,.

Proof. Since H, is the subgroup of elements of H which are infinitely divisible
by d,,, we have

H E [(V080)]" & H, [ (Yx)8(x)

Therefore, it suffices to show that H (Hg) F (Yx)Op(x) and H (Zg) I (Vx)Op(x).

First, we show that H (Hg) F (Vx)Og(x). Fix elements x,y € H (1_[2) satisfying
Bg(x) A Bg_1(y) A qg" | (x + y). By Lemma 5.3.15, we can write y = } b;y; where each
bj € Z and y; is the root of a Q(ZE_J component. By Lemma 5.3.11, the element y
satisfies ®p_1(y) as required.

Second, we show that ?{(Zg) £ (Vx)©g(x) by proving that H (Zg) £ ©p(r) where r
is the root of 7{(22). Let y be the root of a Q(Hg_l) component of H (Zg). It is
immediate that H (Zg) E Bg(r) A Bg_1(y) A qg" (r + y). However, by Lemma 5.3.12,
the group H (Zg) does not satisfy ®g_1(y). m|

Finally, we are in a position to define the sentences { Y, },c, required for Lemma 5.3.1
and to demonstrate their correctness.

Definition 5.3.7. Define sentences Y, for n € w as follows.

o Ifa=0+20+1323,let Y, = [(An)D,(x)]".
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o fa=0+20+2>4,letY, :=-[(VX)O,x)]".

Proof of Lemma 5.3.1. By Lemma 5.3.10 and Lemma 5.3.16, the sentences Y, have the
desired semantic properties. As a consequence of Lemma 5.3.6 and Lemma 5.3.13,
the formulas Y, have the desired quantifier complexity. Moreover, all the (sub)formulas
are computable with all possible uniformity, so Y}, is uniformly computably Zf,. O

5.3.2 Proof of Lemma 5.3.2

The construction of an X-computable copy of G% if S € X}(X) is also done by
recursion. We treat only the case when X = (), the more general case following by
relativization.

Lemma 5.3.17. For every even ordinal f =0 >0orf=06+20+2>2and Zg set S,
there is a uniformly computable sequence {G,}.c. Of rooted torsion-free abelian
groups such that G, = g(zg(m)) forsomem e wifn € Sand G, = g(Hg) ifngs.

For every odd ordinal = 6 +2{+1 > 3 and X set S, there is a uniformly
computable sequence {G,},c. Of rooted torsion-free abelian groups such that G, =
Q(Zg) ifneSand G, = g(ng) ifngs.

Moreover the passage from an index for the set S to an index for the sequence
is effective.

Proof. The proofis done by induction on . We treat the casesf = 2,8 = 6+2(+2 > 4,
B = 0+2(+1 > 3,and = 6 > Oseparately. Inall cases, we fix a predicate (ds) [R(n, 5)]
describing membership of n in S, where R(1, s) is Hg’[ﬁ ® for some k. Without loss of
generality, we suppose R(n, sp) implies (Vs > s9) [R(n,5)]. Indeed, we suppose this
property of all existential subpredicates.

For g = 2, it suffices to start with the group Z with root r, = 1 for G,. When we
see —R(n, s) for a new existential witness s, we introduce the element 1/p° into the
group. It is easy to see the sequence {G,},c, has the desired properties.

For B = 6 +2(+1 > 3, it suffices to start with the group [Z],, with root 7, = 1
for G,. For each integer s, we construct (via induction as —R(#, s) is Zg Lo¢) @ TOOted
torsion-free abelian group G, s with root r,,s and introduce elements (r, + ,,5)/ q;
for all t € w. For each integer m, we construct infinitely many copies of Q(Zg_l(m))
with root 7,k (Where k is the copy number) and introduce elements (r, + #, )/ q;
forall t € w. Again, it is easy to see the sequence {G,}.c. has the desired properties.
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For p = 6 +2¢ + 2 > 4, we construct (via induction as —R(#, s) is Zg Y +18) rooted
torsion-free abelian groups G, s with root r, ;. Within G, 9, we introduce elements
Tno/ p; for all t € w. Within each group G,s, we introduce elements x/ ué/s for all
t € wand x € G, 5. For each integer s, we introduce elements (7,5 + 71,5+1)/ U;;,s for all
t € w. Again, it is easy to see the sequence {G,}.c, has the desired properties.

For g = 6, we construct (via induction) rooted torsion-free abelian groups G,
with root 7,5, where G, = Q(Z?ﬁ(o)) and where, for s > 0, G, s = Q(H?ﬁ(s)) if (/6
suffices to witness n € S and G, s = Q(Z?ﬁ (S)) otherwise. Within G, o, we introduce

elements 7, /pfﬁ for all t € w. Within each group G,;, we introduce elements
x/ “E,s forall t € w and x € G,s. For each integer s, we introduce elements (r,s +
Tns+1)/ U;%s forall t € w. Again, it is easy to see the sequence {G,}.c. has the desired

properties. |

Lemma 5.3.18. For every even ordinal f = 6 +2£+2 > 4 and Zg set S, there is a
uniformly computable sequence of rooted torsion-free abelian groups {H,},c. such

that H, = H(Z)) if n € S and H, = H(L) if n ¢ .

Proof. We fix a predicate (ds)[R(n,s)] describing membership of n in S, where
R(n,s) is Hg_l. Without loss of generality, we again suppose R(1, sp) implies (Vs >
s0) [R(n, s)]. Indeed, we suppose this property of all existential subpredicates.

It suffices to start with the group [Z],, with root , = 1 for H,. For each
integer s, we (via Lemma 5.3.17) construct a rooted torsion-free abelian group G,
with root 7, s and introduce elements (7, + r,,5)/ q; for all t € w. We also construct
infinitely many copies of Q(Zg_l) with root 7,,x (Where k is the copy number) and
introduce elements (r,, + 7,,x)/ q; for all t € w. Again, it is easy to see the sequence
{Gn}new has the desired properties. O

Proof of Lemma 5.3.2. Fixa L) setS. From Lemma 5.3.17 (if « is odd) or Lemma 5.3.18
(if a is even), there is a uniformly computable sequence {G,} e, Of groups given by
the X predicate. Since it is possible to pass from the group G, to [G,];, uniformly
in an index for the group G, and d,, the group G¢ is computable. m|

8More precisely, we use the Zg o4 Predicate —R(n,s) to control the construction of G, s+1 and
build G, = Q(ngl). This index shift is necessary as Q(Zg(m)) has m + 1 (rather than m) subcompo-

nents of type G(X; ,).
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Part 11

Computable metric spaces
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Chapter 6

Computably isometric Banach spaces

This chapter studies computable isometries between metric spaces associated to
Banach spaces. First, we give formal definitions and prove several not difficult
but rather useful facts on computable Banach spaces. Next, we show that Hilbert
space is computably categorical as a metric space. Then we prove that C[0, 1] is not
computably categorical as a metric space by constructing a computable structure
in which 0 is computable but the operation x — (1/2)x is not.

6.1 Background

6.1.1 Definitions and conventions

Recall that special points of a computable metric space are points from the dense
computable sequence in M which we call a computable structure on M. We usually
identify a special point a; with its number i and say “find a special point such
that ...” in place of “find a number i such that «; ...”. Recall also that only points
having Cauchy names are regarded as computable. A Cauchy name of x is a
computable sequence of special points converging to x “quickly” (with the rate of
27°). Also, recall:

Definition 6.1.1. Let M and N be computable metric spaces. A map F: M — N is
computable if there is a Turing functional ® such that, for each x in the domain of F and
for every Cauchy name x for x, the functional ® enumerates a Cauchy name for F(x) using
X as an oracle.

'That is, (®*(n)),., is a Cauchy name for F(x).
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To emphasize which computable structures we consider, we say that a map F
is computable with respect to («;),, and (B;),, (written w.r.t. (a;),, and (5;),.,). In
the special case of isometric (more generally, bi-Lipschitz) maps, Definition 6.1.1 is
equivalent to saying that for every special point a; in M the point F(«;) is computable
uniformly in i.

Definition 6.1.2. Computable structures (;)ic,, and (Bi)ic, 01 a complete separable metric
space (M, d) are equivalent up to computable isometry, or computably isometric, if
there exists a surjective self-isometry ¢ of M and an effectively uniform algorithm which
on input i outputs a Cauchy name for ¢(«;) in (B;)

Definition 6.1.2 can be equivalently restated as follows:

Definition 6.1.3. Computable structures (;)ic, and (Bi)ic 0 a Polish space (M, d) are
said to be equivalent up to a computable isometry or (computably) isometric, if there
exists a surjective self-isometry U computable w.r.t. (a;)ice and (Bi)ico-

Note that if U is a computable surjective isometry, then U™! is computable
as well. Therefore, equivalence up to a computable isometry is an equivalence
relation on computable metric spaces. Pour-El and Richards [85] used a similar
notion restricted to Banach spaces in a different terminology. Their approach is
equivalent to the one discussed in the next section.

Definition 6.1.4. A metric space (M, d) is computably categorical if every two com-
putable structures on M are computably isometric.

Computable structures (@;)ic, and (B;)ic 0N a Polish space (M, d) are equivalent
exactly if the identity map

Id : M, d, (@)icw) = M, d, (Bi)ica)

is computable.

6.1.2 Computable spaces with operations

We view a computable Banach space as a computable metric space with distin-
guished computable operations.

An operation is a function which maps tuples of points to points (such as the
addition in a Banach space), or tuples of points to reals (such as the inner product
in a Hilbert space). Also, we view a distinguished point x as function T, : M — {x}
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such that T,(y) = x, for every y. Thus, distinguished points are operations of a
special kind.

Before we define a computable operation, we need one more definition. In the
following, we view a direct power M* of (M, d) as a metric space with the metric
di = sup,, d(m;x, 7;y), where 1; is the projection on the i-th component. Let (a;)ice
be a computable structure on (M, d). The computable structure [(@;)ic,]* on (MF, dy)
is the effective listing of k-tuples of special points from («a;),.,.

For convenience, if an operation X : M¥ — M is computable w.r.t. [(®;)ic,]* and
(@)icw, we simply say that X is computable w.r.t. (@;)ic,. Similarly, instead of saying
that an operation X : MF - Ris computable w.r.t. [(@)ico ] and (9i)icw, Where (gi)icq
is the usual effective listing of rationals, we say that X is computable w.r.t. (a;)icq.

Recall that every Turing functional @, can be effectively identified with its
computable index e. For instance, we may speak of the index for the distance
function d (which depends on the given computable structure). We may also
speak of uniformly computable families of maps between computable metric spaces
meaning that we can get an index for the functional effectively from the place of
the operation on the list.

Definition 6.1.5. Let (M, d, (X)) ;) be a metric space with distinguished operations (X;)jej,
where | is a computable set. We say that (;),., is a computable structure on (M, d, (X;) ¢j)
if (M,d,(a;),,) is a computable metric space and the operations (X;)c; are computable
w.r.t. (a;),., uniformly in their indices.

We say that an isometry U respects an operation if it commutes with it: X o U =
UoX.

Definition 6.1.6. A space (M, d,(X;)¢j) is computably categorical if every two com-
putable structures (;)., and (B;)., on (M,d,(X;);e) are computably isometric via an
isometry which respects X; for every j € .

Definition 6.1.7. We say that operations (Y;);c; effectively determine operations (X)¢;
on a metric space (M, d) if, for any given computable structure («;),., on (M, d), the uniform

computability of (Y;)ie w.r.t. (a;),., implies the uniform computability of (X)e; w.r.t. (a;)

Notice that in the definition above we implicitly have that every isometry of
M which respects  (Y;);c; respects (X;);e; as well. The following consequence of

Definition 6.1.6 and Definition 6.1.7 is a useful tool.

Fact 6.1.1. Suppose (M, d, (Yi)ie1, (X)jej) is computably categorical, where the op-
erations (Y);e; effectively determine the operations (X))j;. Then (M, d, (Yi)ie) is
computably categorical.
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6.2 Banach spaces

6.2.1 Computable Banach spaces

We view a Banach space as a metric space with distinguished points, maps and
operators. Formally, a Banach space B is a tuple (B, 4,0, +, (r),e0), where d is the
metric induced by the norm, 0 is the distinguished point for zero, + is the vector
summation, and - is the operator of scalar multiplication by 7, for r € Q (rational
numbers). We shall avoid this complex formal notation if possible. As a special
case of Definition 6.1.5, we have:

Definition 6.2.1. A collection of points (a;),., is a computable structure on a Banach
space B if (B,d, (a;),.,) is a computable metric space and 0, +, and (r-),eq are uniformly
computable operations w.r.t. to (a;)

It is not hard to see that our approach is equivalent to the approach of Brattka,
Hertling, and Weihrauch [12, page 466]. It is also equivalent to the existence of an
effectively separable structure in the sense of Pour-El and Richards [85].

As a special case of Definition 6.1.6, we have:

Definition 6.2.2. A Banach space B is computably categorical if every two computable
structures on (B, d), w.r.t. which the operations 0, +, and (r-),eq are uniformly computable,
are computably isometric via an isometry which respects 0, +, and (r+),eo. We also say that
B is computably categorical as a Banach space.

It is not difficult to see that B is computably categorical as a Banach space if, and
only if, every two effectively separable structures on B are isometric, as defined in
Pour-El and Richards [85, Question on page 146].

Remark 6.2.1. Note that, for a computable structure on a Banach space, the uniform
computability of (r-).eq implies the computability of 0. By Fact 6.1.1 we may eliminate 0
from the list of computable operations and obtain equivalent notions of computable Banach
space and computably categorical Banach space. However, we may keep O for convenience.

If, for a Banach space B, the associated metric space (B, d) is computably cate-
gorical, then we say that B is computably categorical as a metric space.

6.2.2 Applications of the Mazur-Ulam theorem

The classical theorem of Mazur and Ulam states that every surjective isometry of
Banach spaces is affine. In other words, if U : B; — B, is a surjective isometry
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of Banach spaces B; and IB,, then there exists a linear map L : B; — B, such that
U(x) = L(x) + U(0), for every x € B;. We show:

Fact 6.2.1. If a Banach space B is computably categorical as a metric space, then it
is computably categorical as a Banach space.

Proof. Let(a;),., and (B;),., be computable structures on Bw.r.t. which 0, +, and (7)o
are computable. By the assumption, there is a surjective isometry U computable
w.rt. (a;),, and (B),.,. We need to find a computable surjective isometry which
respects 0, +, and (7-),eq.

By our assumption, the point U(0) is computable w.r.t. (3;),.,. We have x — y =
x+(=1) -y, showing that the subtraction operation is computable w.r.t. (8;),.,. Thus,
the isometry W(x) = U(x) — U(0) is computable w.r.t. (a;),., and ()., By the
Mazur-Ulam theorem, W respects 0, +, and (7-),q. ]

Pour-El and Richards [85, page 146] showed that the space /; with the usual
norm is not computably categorical as a Banach space. As a consequence of their
result and Fact 6.2.1, we have:

Corollary 6.2.1. The space l; is not computably categorical as a metric space.

In Theorem 6.4.1 we will construct a computable structure on the metric space
(C[0, 1], sup) such that 0 is computable w.r.t. this structure, but the operation (1/2)-
is not. By Fact 6.2.2 below, this will imply that (C[0, 1], sup) is not computably
categorical.

Fact 6.2.2. Let B be a Banach space. Suppose ()., is a computable structure
on (B,d) w.r.t. which + and (r-),co are uniformly computable, and suppose (;)
is another computable structure on (B,d) w.r.t. which 0 is computable. If (5;),.,
is computably isometric to (a;),,, then + and (r-),eo are uniformly computable

w.r.t. ()., -

Proof. Let U be a surjective isometry computable w.r.t. (;)., and (a;), . Recall that
U~!is computable w.r.t. (o)., and (8:),.,. By the theorem of Mazur and Ulam, there
exists a linear map L : X — Y such that U(x) = L(x) + U(0), for every x € B.

Given r € Q, we show that the operator r- is computable w.r.t. (5;),., uniformly
in r, as follows. The operations +, r and v — w = v + (=1 - w) are uniformly
computable w.r.t. (a;),,. Therefore, the map x — U~ '(r(U(x) — U(0)) + U(0)) is
computable w.r.t. (;),.,. On the other hand,

i€w

icw’

icw®

U~ (r(U(x) - U(0)) + U(0)) = U (rL(x) + U(0)) = U (L(rx) + U(0)) = rx,
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showing that 7 - x is a computable w.r.t. (8;),, uniformly in r.
The computability of + can be established similarly:

U (U(B) + U(y) = U(0) = U (LB +y) + UO) = p +y.

6.3 Hilbert spaces

6.3.1 Operations on a Hilbert space

We view a Hilbert space as a Banach space of a special kind. For instance, for H
a Hilbert space, the associated metric space (H, d) is defined by d(x,y) = |lx — yll.
Recall Definition 6.1.7. We show:

Lemma 6.3.1. In the metric space (H,d) associated with a Hilbert space H, the
point 0 effectively determines the operations + and (7).

Proof. Suppose (a;),, is a computable structure on (H,d) w.r.t. which 0 is com-
putable. Recall that d(x,y) = ||x — y||. For instance, ||x|| = d(0, x) is computable for
every computable point x. It is well-known that the parallelogram identity

I + I + [lx = yI* = 2llxI + 2yl
characterizes Hilbert spaces within the class of Banach spaces. We show:
Claim 6.3.1. The opearation + is computable w.r.t. (a;),, .

Proof. Given a positive rational € < 1 and Cauchy names for points x and v, find a
special point z such that:

L HIzP + e = yll? = 212l = 2llylP | < o,
2. My =zl = Il < 6,
3. [l =zl =llylll <6,

where 6 = €/(2||x]|+2||y||+3). We may assume that 6 < 1. Applying the parallelogram
identity, we obtain
2l = llx + yl*| < 6.
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Using the well-known formula for inner product, we get
lx + v = zIP = llx + yIP + ||z = 2¢x, z) — 2(y, 2).
Applying this formula again, we obtain

ly =zl = Iyll* + llzII> — 2¢y, z)
and
llx = zI* = lIxP* + l|zI* — 2¢x, 2).

We combine the three equations above:

v +y =zl = (e + yI* = 1117 + (e = 212 = IyI?) + (ly = 21 = [IxP).

Taking into account 6 < 1, observe that

HIx =zl = Iyl = [lx = zll = Iyl ] - (ke =zl + [yl
< O(llyll + 6 + llyll)
< o2llyll + 1),

and similarly | |ly — z|* — [Ix|* | < 6(2||x]| + 1).
Thus,

llx +y =zl < [l + ylP* = 1IzIP |+ [Hx =zl = [yIP [+ ly = zIP = [1x]?]
<6+ 0Qlyll+ 1) + 6l + 1)
= 5(Q2Ixll + 2llyll + 3)

=€
Thus, we can produce a Cauchy name for x + y uniformly in Cauchy names for

x and y, proving the claim.
O

Claim 6.3.2. The operations (r-),cq are uniformly computable w.r.t. (a;),.,.

Proof. By Claim 6.3.1, for every n € w the operation n- is computable uniformly
in n. The point 0 is a computable by our assumption, therefore the operation 0- = 0
is computable. We show that (-1)- is computable. Given a rational n > 0 and
a Cauchy name for x, find a special point « such that d(0,x + a) < 1. Note that
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I(=x) — all = |lx + al| = d(0,x + a) < 1. Therefore, we can produce a Cauchy name
for —x, showing (—1)- is a computable operation.

For every g = % € Q, we have
q-x=n-(1/mx.

Note also that the operation m- is bi-Lipschitz with constant m. Therefore, its
inverse (1/m)- is computable, uniformly in m. We conclude that g- is computable,
uniformly in .

O

The theorem follows immediately from Claim 6.3.1 and Claim 6.3.2.
|

Remark 6.3.1. The proof of Lemma 6.3.1 actually shows that the indices for +
and (r-),eq can be obtained effectively from the computable structure and the com-
putable indices for d and 0.

Remark 6.3.2. The inner product (-, ) is effectively determined by 0 in a Hilbert

space. We have ||lx|| =d(0,x),v —w =0+ (-1 -w), and

1
(u,0) = Z(lhu + o> = llu — o).

6.3.2 Hilbert spaces are computably categorical

Using a different terminology, Pour-El and Richards [85] showed:
Theorem 6.3.1. Every separable Hilbert space is computably categorical as a Banach space.

Proof. The main idea is to use the Gram—Schmidt process. See the discussion on
page 146 of Pour-El and Richards [85]. O

The following consequence of Lemma 6.3.1 strengthens their result:
Theorem 6.3.2. Every separable Hilbert space is computably categorical as a metric space.

Proof idea. Note that, if 0 was computable w.r.t. every computable structure of a
metric space (H, d) associated to a Hilbert space H, then Fact 6.1.1 (with 0 in place
of (Y;).,), Lemma 6.3.1 and Theorem 6.3.1 would imply (H, d) is computably cate-
gorical. Unfortunately, 0 does not have to be computable w.r.t. every computable
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structure on (H,d). On the other hand, we are given a computable structure on
(H, d), not H itself, and zero and the operations are not specified in (H, d). We may
pick any special point and declare it to be “zero”. We have to define new vector
space operations (to make this element a true zero), and then apply Fact 6.1.1,
Lemma 6.3.1 and Theorem 6.3.1.

Proof. Suppose H is a Hilbert space, and suppose («)
structures on the associated metric space (H, d).
Declare z; = ap. Consider the isometry V(x) = x + z;. Clearly, V(0) = z;. Let

and (B),, are computable

i€w

lIx|ly = d(z1, x).

The operation ||x||; satisfies the norm axioms with respect to the new vector space
operations
x+iy=x+y—ziandrqx=r(x—2z1)+2z,

where z; plays the role of zero. Furthermore, the norm || - ||; satisfies the parallelo-
gram equality, H is complete with respect to || - ||, and

lIx +1 (=1) 1 yllh = d(x, y),
for every x, y € H. Thus,
Hl = (H/ d/ Z1, +1, (r'l)TEQ)

is a Hilbert space.
Similarly, we define a Hilbert space

H, = (H,d, z2, +2, (r2)re0),

where z; = ffp. Note that H, = IH; = H.

By Lemma 6.3.1, +1 and (7+1),e are uniformly computable w.r.t. (@), . Similarly,
+, and (r+2),eo are uniformly computable w.r.t. (§),_,. Recall that H is computably
categorical as a Banach space (Theorem 6.3.1). It remains to apply Fact 6.1.1.

O

We emphasize that the proof of Theorem 6.3.2 works in the case of any finite
dimension:
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Corollary 6.3.1 ([51]). For every n € IN*, the metric space R" with the usual Euclidean
metric is computably categorical.

6.4 The space C[0,1]

Let (1)), be the effective list of all continuous piecewise linear functions (written
p-l) on C[0, 1] which have (finitely many) breakpoints, each breakpoint having
rational coordinates in [0, 1] X IR. In the following, we call these functions rational
p-l. functions.

Notation 6.4.1. In this section d stands for the pointwise supremum metric on C[0, 1]:

d(f,8) = sup {|f(x) — g)l}

x€[0,1]

The sequence (I;),., of rational p.1. functions is a computable structure on (C[0, 1], 4).
Furthermore, the operators + and (7-),cq are uniformly computable w.r.t. (;) . . Thus,
(1}),., makes C[0,1] a computable Banach space, not merely a computable metric
space. Unlike Hilbert spaces, zero does not effectively determine vector space
operations on C[0, 1]:

Theorem 6.4.1. There is a computable structure on (C[0, 1], d) in which 0 is a computable
point but the operation (1/2)- is not computable.

Proof idea. We build a computable structure (f;).., on (C[0, 1],d) which consists of
points A with respect to (1;),.,,. That is, the points are of the form f; = lim f;;, where
fis is a computable double sequence of rational p.l. functions, but the computable
sequence (f;;s).., may not have an effective rate of convergence.

We diagonalize against the e’th Turing functional W, potentially witnessing the
computability of (1/2)-, as follows. We choose an interval I, (which is disjoint from
I; for each j # ¢) and a witness the special point f, not equal to 0 on I,. As soon
as W, on f, becomes close to our current guess on f,/2 (if ever), we change the
approximation of f, by setting f, .1 to be far enough from f, s on I,. This will make
W, too far from (1/2) - f,s11.

Although not every special point from (f;),,, will be computable w.r.t. (1)),
we guarantee lim; fo, = 0. This makes 0 a special point in the new computable
structure we are building. We also make sure d(f;, f;) is computable uniformly in i, j
by maintaining the equality d(f, s, fu,s) = d(fos+1, fus+1) at each stage s and for every
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u and v. This seems to conflict with our attempt to change f, as described above.
However, we are able to make the construction injury-free. Also, some extra work
is needed to make (f;),, a dense sequence in C[0, 1].

Proof. We build a computable double sequence of rational p.l. functions (f;s),...,
such that f;; = 0 for all s (thus, 0 is a special point in the new strucutre). At each
stage s of the construction and for every u, v € w, we maintain the equality

d(fU,Sr fu,s) = d(fv,s+1; fu,s+1)- (6.1)

To make sure the equality (6.1) holds for every u,v and s, we will introduce the
notion of (J,0) -variation (Definition 6.4.1).

At stage s of the construction we will have a finite collection fys, ..., fus)s of
rational p.l. functions, where n(s) is nondecreasing in s. At the end of stage s we
will have another collection of rational p.l. functions fys:1, ..., fas+1)s+1 SO that the
equality (6.1) above holds for every u,v < n(s). Note that we will not necessarily
have fis.1 = fis for every i < n(s). For every i we need to meet the requirement:

R; : lim; fi; exists.

To meet the requirements (R;),, we will make sure that:

(Vn) (3s) (Vt,z > s) (Vi) [d(fis, fiz) <27"]. (6.2)

This will imply R; is met, for every i. The condition (6.2) will be satisfied in the
construction (to be shown in Claim 6.4.1). Since the R-requirements will have
no conflicts with other requirements (will be clear form the proofs of Claim 6.4.1
and Claim 6.4.3), we may assume for notational convenience that lim; f; exists for
every i. We denote lim; f;; by f;.

For every j € w, we need to meet the following requirements:

P; :1; belongs to the closure of (f;)

icw®

Strategy for P;. If s is a stage such that s = 2(k, j) for some integer k, and the function
l; is not among fo, - - -, fus)s, then set fu).1¢ = I; for every t < (s + 1).

End of strategy.

Taking into account (6.2) one can see that the strategy guarantees there is a sequence
of elements in (f;),_, converging to /; (to be shown in Claim 6.4.2). The most
important requirements are:
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N, : Y, does not represent (1/2)- in (f;)

The strategy for N, is less straightforward and requires some extra work.

Preliminary work towards N,. First, we simplify the N, requirements. Note that
(p,p,...) is a Cauchy name for the special point f,. There is a primitive recursive
function s such that W) (n) = @, (p, n), where (@), is the effective listing of all
partially computable functions of two arguments (without an oracle). Thus, it is
sufficient to meet the requirements:

N, : @p)[ (P.(p, n)),., is a Cauchy name = lim, O.(p, n) # f,/2].

(Note that if ®,(p, n) T for some n, then N, is met trivially.)

The special element f, will be the witness for N, chosen by the strategy. We
need a technical definition which will allow us to make changes to approximations
of special points without conflicting the R- and P-requirements:

Definition 6.4.1. Suppose | is a subinterval of [0, 1], and suppose hy, . .., hy are rational
p.l. functions on [0,1]. We say that a finite collection (go, . . ., ) of rational p.l. functions
is a (J, 0)-variation of the collection (hy, ..., h) if:

(a) ho = goand d(hi, hj) = d(g;, &), foralli,j <k,
(b) h;i = gion[0,1]\ J and d(h;, g;) < 0, for every i < k.

The strategy for N, will work within its own interval I, and have a rational
p-l. function w, with support I,. The function w, may eventually become the
witness for N,. More specifically, fix a computable listing of computable disjoint
subintervals (I, ). 0f [0, 1], where I, = [a,, b.] and 4, b, € Q for every e. We define a
rational p.1. function w, as follows:

0, if x ¢ (a., b,),
w,(x) =4 27, if x € [a, + (1/4)(b. — a.), a. + (3/4)(b. — a.)]

linear, otherwise.

Strategy for NJ,.
(i) Atstaget = 2-e+1, if w, isnotalready among foy, ..., fue), thenset fup1, = w,
for every r < t. In the following, we assume that p < n(t) + 1is such that f,, = w..
(i) At stage s > t wait for a computation @, (p, —log &.)l= h, where &, is much
smaller than 277! (choose &, = 27271%). We have the following possibilities:
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Case 1. The function f;, s has not been defined so far. Then, for eachv < s, set f,, = gto
be a rational p.L. function which is not among f, ..., f,s and which satisfies
sup; |g — (1/2)f,s| > 10. Stop the strategy.

Case 2. The function f;,; has already been defined, and sup; | fus — (1/2)fpsl > &, In
this case do nothing and stop the strategy.

Case 3. The function f;,; has already been introduced, and sup;. Ifns = (1/2) fpsl < e
Find a sub-interval | of I, with rational end-points and a (J,27¢)-variation
(L0, - -, §n(s)) of the collection (fos, - . ., fus)s) such that, for some y € ], we have
fos(y) = 27 and g,(v) = gu(y) = fus(y). We will show in Claim 6.4.3 that at
least one such a (], 27¢)-variation exists and, therefore, can be found effectively.
See Figure 1 below for better idea. Set fis,1 = gi, for all i < n(s). Stop the
strategy.

End of strategy.

Figure 1. The figure illustrates a (J,27¢)-variation. Within the interval | all the
functions we change are linear. The colored lines show the variation.

Comments on the strategy for N,. Note that if ®, represents (1/2)- in (f;),, then
d(fn, fp/2) < & In the construction only the N’-strategies will possibly change the
approximations of the special points (f;).,, and each N/-strategy makes changes
within its own sub-internal I, of [0, 1] disjoint from I}, for j # e (see the definitions of
I, and (J,27*")-variation). Thus, in Case 1 and Case 2 we guarantee d(fj, f,/2) > &,
and @, can not approximate (1/2) - f, in (f;)

icw *
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Observe that if the strategy stops at Case 3, then

fh,s+1(y) = fh,s(]/) = fp,s+1(y) = fp(y) 2 27 - Ee.

By the choice of y, we have f, (1) = 27. By our assumption, |fi,s(y) — (1/2) fys| < &e.
Therefore, by the choice of &,, we obtain

d(fh/fp/z) > | |fh,s+1(y) + éel - (1/2)fp,s+1(y)|
> 277+ &)~ (1/2)27 T = &)

> Ces
and N, is met. We put all the strategies together:

Construction.

At stage 0 of the construction set f;o = 0.
At stage s > 0 of the construction let the strategies act according to their instruc-
tions. For every i < n(s), if f;s11 have not been defined by the strategies, then set

ﬁ,s+1 = fi,s-
End of construction.
The verification is split into several claims.

Claim 6.4.1. The requirement R; is met, for every i.

Proof. Only the N/ -requirements may change the approximation (f;;).., of a special
point f;, and each N, works within its own subinterval I,. Furthermore, this change
(if it is ever done by N)) is bounded by 27°. Therefore, if N, never reaches its Case
3, then the condition (6.2) is satisfied for n = e and s = 0. If N, reaches its Case 3 at
stage s’, then (6.2) holds for n = e and s = s’. Therefore, the condition (6.2) holds
tor every n. This implies R; is met, for every i. O

Claim 6.4.2. The requirement P; is met, for every j.

Proof. Lets(k) = 2¢k, j). The strategy for P; guarantees that the collection

fo,st0+1s - - - s fa(so+1),509+1

contains a function f, )k equal to [;. Suppose also that that s(k) is so large that
for every j < e the strategy for N; never reaches its Case 3 after stage s(k). Then
A(fneky,s9,17) < 27¢. Therefore, (fuwsw),., converges to [;. O
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Claim 6.4.3. The requirement N, is met, for every e.

Proof. For functions f and h and a set X C [0,1] , write f <x g if f(x) < g(x) for
every x € X. Define <x and =x similarly.

From now on we use notations from the strategy for N,. Assume we are at
Case 3 of the strategy. We need to find an interval | C I, and a (J,27¢)-variation
(S0/- -+ 8n(s)) Of (foss- -/ fugs)s) such that, for some y € |, we have f,(y) = 27 and
S = gn(y) = fus(y). Find a rational point y and subinterval | = [c,d] C I,
containing y, where ¢, d € Q, such that:

1. fps(y) = 27¢ (notice that this implies f,(y) # fis(y), by the choice of f,,
and &, << 27°);

2. f,sislinear on J, for each v < n(s)
3. for every v,m < n(s) either f,, s <j fos, O fos <j fms O fos =] fims-

Recall that f, ; is equal to w, on I, and there is a subinterval of I, such that f,  is
equal to 27° when restricted to this subinterval. Note that the functions fy, ..., fus)s
have finitely many breakpoints, and so do the functions {fis = fuslmsn)- It is
sufficient to choose | = [c,d] so that f,; =; 27° and ] does not contain any of these
points. Let y be any rational point from J.

Denote f;; restricted to | = [c,d] by F;. For every i, the function F; is linear.
Without loss of generality, we may assume

Fo <]...<]Fh<...<]Fp <]...<]Fn(5).

Note that, by the choice of |, we must have p < h in this list. (Note that we possibly
have to change indexing and identify functions equal under =;. We, however,
slightly abuse our notation and assume that p and / remain untouched.) Let
k=p-h

Fy <y ...Fp <j...<y For... <y Fn(s)-
Given i € {1,...,k}, define 6; = |Fy+i(y) — Fu(y)l. For each j < n(s), define a new
p.L function G; to be equal to F; on the end-points of j = [c, d], set

Fi(y) — &, if j = h +k,
Gi(y) =4 Fi(y) = 0jon, if h < j<h+Fk,
Fi(y), otherwise,
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and make it linear on x € | \ {y} (see Figure 1).
Recall that F, is &.-close to F,/2, where &, is much smaller that 27°. Recall also
that, by the choice of y, we have F,(y) = 27°. Therefore,

IFp(y) — Fi(y)l < 2% and 6; < 27,
foreveryi € {1,...,k}. This implies that, for every j < n(s),

sup|G; —Fj| <27
J

Note that G;(c) = F;(c) and G;(d) = F;(d). Also,
Gi(x) — Gj(x)| < [Fi(x) — F;(x)|

for every x € (c,d), by the definition of G; and G;. Also, the functions (F;);<) are
linear, and sup I |F; — Fj| = SUP|, 41 |F; — F| realizes on ¢ or d. We conclude that

sup|G; — G| = sup|F; — Fjl,
J J

for every i, j < n(s).

For every j < n(s), define

o Gj(x), if x € [c,d],
8j(x) = fis(x), otherwise.

We have f,; >;, 0 and f; >;, 0. Thus, the definition ensures gy = fy. It follows
that (go,...,gx) is a (J,27°)-variation of (fys, ..., fus)s)- By its definition, we have
fos(y) = 27¢ and g,(v) = gu(y) = fus(y). We proved the claim in the case when all
the inequalities are strict.

The general case is done by a simple inductive argument. Suppose, say, F1 = F»,
and suppose there is a (J,27¢)-variation (g0, g2 --.,8&n) of (fos, fos - -+, fu(s)s) With the
needed properties. Define

~ filx), ifx ¢ ],
§1(%) = o(x), ifx €]

The collection (g, g1 - - -, §») is the needed (J, 27¢)-variation of (fos, fis.-., faes)s)- 1tis
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important that f,; >;, 0 and f;, >;, 0. This concludes the proof of Claim 6.4.3. O

It remains to observe that all the stages are effective, because at each stage we
have a collection of rational p.1. functions, and all the questions we ask about these
collections are effectively decidable. O

Theorem 6.4.2. The space C[0, 1] is not computably categorical.

Proof. This follows from Theorem 6.4.1 and Fact 6.2.2. O
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Chapter 7

Computably categorical metric spaces

This chapter continues the study of isometris on computable metric spaces. In this
chapter most of the metric spaces are not associated to Banach spaces. We show
that the Urysohn space and the Cantor space are computably categorical, and
give a necessary and sufficient condition for a subspace of R" to be computably
categorical.

7.1 Cantor space

Recall that Cantor space is the set of infinite strings of 0’s and 1’s. We show:

Theorem 7.1.1. Cantor space {0, 1}* with the metric d(E, @) = max{2™: &(n) # ¢p(n)}is
computably categorical.

Proofidea: Let (at;)ie,, and (B;)ic be computable structures on Cantor space. The com-
putable structures are rational-valued metric spaces. Furthermore, every surjective
isometry of these rational-valued subspaces is uniquely expandable to a surjective
isometry of their closures. Therefore, it is sufficient to build a computable bijection
f :w — wsuch that d(a;, ;) = d(Bs), Br(j)), for every i, j € w.

Without loss of generality, we may assume (;)ic,, is the usual computable struc-
ture on Cantor space given by the collection of infinite strings that are eventually 0.
To define f(i), we find the least j such that {ai}i<; and {B ) }k<j U B; are isometric via
ax — Prand a; — B, and set f(i) = j. Since the distances are rational-valued, the
definition of f is effective.

Cantor space is ultra-homogeneous. That is, any partial isometry between finite
subsets of it can be extended to a surjective self-isometry of the whole space. Note
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that we are essentially using the (ultra)homogeneity of Cantor pace and that the
collection of distances is a desecrate subset of computable reals. The same proof
would work if we replace the standard distance on 2“ by max{27™y: &(n) # ¢(n)},
where y is a computable real.

All details are given in the formal proof below.

Proof. Let (a;)icoy be the usual computable structure on Cantor space given by the
infinite strings that are eventually 0, and let (f;);c,, be another computable structure
on Cantor space. If we think of the Cantor space as of a binary tree, the special
points in (a;)ic,, are enumerated level-by-level, excluding repetitions:

0,1,01,11,001...

We define f in the following procedure:
Construction.

At stage 0, set f(0) = 0.

Atstagei > 0, we assume that f(k) has already been defined for every i < k. Say
that j is good for extension if the isometry ax — By of {ak<i onto {Bsxli<; can be
extended to an isometry of {ax}i<; onto {B s h<;U{B;}. Find least j good for extension
and set f(i) = j.

End of construction.

Verification. By the density of (8;),.., at every stage of the construction there exists at
least one j good for extension. In fact, every special point 8; in a certain open ball
in 2 is good for extension. The formal argument is not difficult and can be left to
the reader. Thus, f is total. We show:

Claim 7.1.1. f is computable.

Proof. Recall that, for each v and w in Cantor space, the distance d(v, w) is of the
form 27", for some n. Suppose we have a computable structure on Cantor space.
Given unequal computable points v and w, we can effectively find n such that
d(v,w) = 27". We conclude that the construction is effective and, consequently, the
function f is computable. m|

Claim 7.1.2. f is a bijection.

Proof. The usual visualization of Cantor set by the complete binary tree may help
in understanding of the proof below. Recall that special points from («;),, are

icw
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enumerated “level-by-level”. The structure (§))., can be visualized as a set of
infinite paths through the complete binary tree. If at stage s we have to choose
an extension of f to another point of («;),,, we can pick any point in (8;) ., within
an open ball uniquely determined by the collection of distances between points in
dom(f;) and range(f;). To see that the ball is uniquely determined by the distances,
observe that the finite collection of distances are completely determined by finite
initial segments of the special points doms(f) and ranges(f). An easy inductive
argument shows that the way we list elements of («;),_, ensures that every open
ball of the form 02 will be among these “determinerd” balls. Furthermore, the
balls 02¢ and 12“ will correspond (in some order) to stages 0 and 1, the balls 62¢,
where Igth(o) = n, will appear (in some order) at stages Y., 2" < s < Y, 2.

We pick v € w and show that f3, is in the range of f. Suppose f has already been
defined for all u < v, and s is the least stage when that happened. Let n be largest
having the property Y., 2" < s. There must be a stage t > Y., 2" such that the
open ball 72¥, where T C f8,, is the ball determined by the distances in dom(f;) and
range(f;). The construction ensures that the least special point from the ball must
be put into the range of f. If it has not already happened to §,, then , must be
good for extension at stage t. O

Define a surjective self-isometry U of Cantor space:
if (ag())ico is @ Cauchy name then U(lim ary;)) = lim f(a ).

By Claims 7.1.2 and 7.1.1, the isometry U witnesses computable categoricity of
Cantor space. |

Remark 7.1.1. Note that (the index for) U witnessing computable categoricity of {0, 1}
may be obtained uniformly from (the indices for) the given computable structures on {0, 1}*.

7.2 The Urysohn space

The rational Urysohn space QU is the Fraisse limit of finite rational-valued metric
spaces. The Urysohn space U is the closure of QU. We can effectively list all finite
rational-valued metric spaces. Therefore, the points in QU form a computable
structure of U. We will need the following definitions which can be found in [57]
and [69].
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Definition 7.2.1. Let X be a metric space. A map f : X — R* is a Katetov map if for
z & X setting d(x,z) = f(x) defines a metric space on X U {z} which extends X.

A map f is Katetov if, and only if, (Vx, y € X)|f(x) — f(y)| < d(x, y) < f(x) + f(y).
The collection E(X) of all Katetov maps together with the metric sup__, |f(x) — g(x)|
is a (complete) metric space. Informally, Katetov maps reflect all one-point metric
extensions of a given metric space.

Definition 7.2.2. A space X has the approximate extension property if for every finite
subset A of X, for every f € E(X), and every € > 0 there exists a point z € X such that

(Va € A)ld(z,a) — f(a)l <e.

It is known that a Polish metric space has the approximate extension property if,
and only if, it is isometric to the Urysohn space ([69]). The approximate extension
property is equivalent to the extension property which is the approximate extension
property with € = 0. The approximate extension property is central to the proof of
the theorem below.

Theorem 7.2.1. The Urysohn space is computably categorical.

Proof idea. The proof is essentially an effective version of the usual back-and-forth
argument. The problem is that we can not define the image of a point in one
step. The approximate extension property allows us to run the argument on the
special points with an “arbitrarily good precision”. This property allows us to
search for a point in a given computable structure (a;),,, which is “approximately”
an image of a special point r form QU. As was mentioned above, a Polish metric
space has the approximate extension property if, and only if, it is isometric to the
Urysohn space. The proof of this fact (see, e.g., [69]) guarantees that it is possible to
define a sequence of “approximate” images of r so that it is a Cauchy sequence of
points from (a;),.,. As is described in detail in the formal proof below, one can use
the approximate extension property to define an injection of QU into the closure
of (ai)iem'

However, it does not guarantee the map is surjective. We should force every
special point from («;),., to be in the closure of the image of the embedding of QU.
Clearly, it can not be implemented as it was done for Cantor space, because we don’t
know the precise distances between special points in («;),., at a stage. We need to
make sure that, for every € and n, the special element «a,, is in the e-neighbourhood
of the image of QU.
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At a stage s, the element a, may be within the 27"-neighbourhood of the
image of (a finite part of) QU. At a later stage we discover it is outside the 27—
neighbourhood of the current image. In this case we need to put a new special point
r from QU into the domain of our map so that &, belongs to the 2-*"—neighbourhood
of the image of r.

For technical reasons, we use movable markers on the (numbers of) special
elements from QU to implement this idea. The markers allow us to label elements
for which the map has already been defined. The formal details can be found in
the proof below.

Proof. Let (r;),., be the computable structure on U given by an effective listing of
the points in QU, and let (a;),, be another computable structure on U.

First, we define a computable double sequence (f;s), ., of special points in (&)
such that lim, f;, exists with the rate of convergence computable uniformly in j,
and d(r;, rj) = d(lim f;, lim; fs) for each i, j € . In the construction for every k we
will have a strategy L, which defines the computable sequence (f)

points in (a;)

icw

of special

sEw
icw®

Strategy L. Set fos = a for every s.

Givenk > 0, suppose that for every i < k the (strategies L; enumerating) computable
sequences (fis).., have already been defined, and for every i < k the point g; =
lim; f;; is computable uniformly in i. We have:

Strategy Li. Suppose we need to define fi;, and either s = 0 or fi,_1 has already
been defined. Find a special point a in QU such that for every i < k

|d(ri, re) — d(gi, @)l <275,
and d(fis-1, @) < 2> if s > 0. Set fis = a.

Clearly, if we can show that for every k, s at least one point a with the needed
properties exists (to be shown), then L; eventually finds a (or any other point
satisfying these properties would work). If so, then g = lim; fis exists and is a
computable point. Furthermore, the computable index for the Cauchy name of
gk can be obtained uniformly form the computable indices for the Cauchy names
(fis)o Of (§i)i<k- Thus, the map F : r; — g; is an isometry which is uniquely
expandable to a computable isometric embedding of U into itself. To define a
surjective embedding we need extra requirements (to be introduced later) and
movable markers.
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Movable markers. Recall that we identify special elements and their numbers. At
each stage of the construction we will have markers (my),_, on the special elements
form QU. If a special point r at stage s carries the marker my, then we write
or mys = r. As usual for movable markers arguments, we will describe how
to effectively move all the markers at once instead of dealing with finitely many
markers at every stage of the construction. At the end of every stage s, for every k
there will be exactly one r such that m; = r, and every r will carry a marker. We
will show that for every k there exists a stage t such that my, = my, for every s > t,
and for every r there exists k such that r = lim, my.
We need the following important modifications of Lj:

e Replace every instance of r, and ; in the strategy by m;; and m;,; respectively,
where t is the stage of the construction at which L, defines fi.

o If L, defines fio at stage t, declare my; = lim; m;; = my and say that m; has
settled.

The isometric map will be defined by the rule lim; my; — g for every k.

The requirements for surjectivity. It is sufficient to meet, for every v,n € w, the
requirements:

P, : (di)d(ay, gi) <27".

The strategy for Py ,. Suppose we are at stage ¢ of the construction, and Moy, ..., Mt
are all the markers which have already settled. Equivalently, (j+1) is least such that
fi+1,0 has not been defined yet. Wait until one of the two possibilities is effectively
recognized:

1. d(as, gx) < 27" holds, for some k < j. In this case P, , is met. Stop the strategy.

2. d(a, &) > 27" holds for every k < j. Find my,; with i > j such that for every
k<j
|d(my. ., my, ) — d(gk, a)| < 2772

Definemj,q 1 = my,. Declarem;,; settled. (Note that temporarily one special
point carries no marker.)

For every i > (j + 1), in increasing order, find the least x such that r, does not
carry a marker m; with / < i and set m; ;.1 = ;. (In other words, move all the
non-settled markers one step left, avoiding the settled markers.)
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Then set fi.1, = a,, for every s < n + 2. Stop the strategy. Note that the

modified strategy L;,, guarantees d(gj.1, &) = d(gj+1, fjsina2) < 2270+ =271,
and P, , is met.

Construction.

At stage t, let k be least such that my, has not settled yet. For every j < k let the
modified L; define f;, for at least every s < t. Then let P,, with (v,n) = t act
according to its instructions, where (-, -) is the usual computable bijection of w?
onto w.

Verification. We split the verification into claims.

Claim 7.2.1. For every k, the strategy Ly defines a computable infinite sequence (fis).., of
special points.

Proof. The statement is clear for k = 0. Suppose for every i < k the strategy Ly
defines a computable infinite sequence (f;s).., of special points, and either s = 0
or fis—1 has already been defined. Note that, by inductive assumption, we may
assume that we have indices for the Cauchy names of (g;)i<x (observe that the
values of (fis),., depend on the values of (fj;)..,,i<i only, and we can speed-up the
enumerations (f;s).., and postpone the definition of f;; if needed). Therefore, if a
special point «a satisfies the conditions |d(r;, r¢) — d(gi, @)l < 27° and d(fis-1, @) < 2775,
then we will eventually see that it indeed satisfies these conditions. We need only
to show that at least one such « exists.

Recall that we need to find a special point a in QU such that for every i < k
d(ri, 1) — d(gi, @)l < 27°, and d(fis-1, @) < 2% if s > 0.

Recall that a Polish metric space has the approximate extension property if,
and only if, it has the extension property. The proof of this fact goes as follows.
We suppose that a space has the approximate extension property. We take finitely
many points and a Katetov map & on these points (equivalently, a potential 1-point
extension of the finite metric space on these points) and wish to find a sequence
which converges to some point in the space which realizes this map. We take
€ = 1/2 and take x; which realizes the Katetov map with precision €. We can set
€ = 1/4 and define x;, similarly, but there is no guarantee that d(x;, x,) is small. A
more careful analysis of the situation which makes use of the distance between
Katetov maps shows that it can be done (see, e.g., [69], Exercise 3 and the proof of
Theorem 3.4). It is not important for us how exactly it is done.
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Now we take the Katetov map which is given by d(g;, U(rx)), where U is some
self-isometry of the Urysohn space, and let fi play the role of x, in the explanation
above. The ultra homogeneity of the Urysohn space implies that the choice of U
does not matter, and the density of of («;),, in U implies that we can setf;; = a for
some special point a in (a;),_, - m|

Claim 7.2.2. The requirement P, is met for every v,n € w.

Proof. Note that at least one of the two possibilities in the strategy for P,, will
be eventually effectively recognized. The effectiveness follows from the fact that
the indices for (fi;)., are given ahead of time, as it is explained in the proof of
Claim 7.2.1. The rest follows form the density of (r;)_, and («;),, and the strategy
for L. O

Claim 7.2.3. For every k, the movable marker my settles, and every special point eventually
carries a settled marker.

Proof. At some stage t, the marker m;; will be either used by an L- or P-strategy to
define fio. In both cases it will be declared settled. The construction is organized
so that at the beginning of stage t the least j such that r; does not carry a settled
marker will be occupied by my;, where k is least such that my, has not settled yet.
The marker will be declared settled by Ly at stage t. m|

Denote the element which eventually carries the marker m; by ¢;. Define F by
setting F(cx) = lim, f s, for every s, and then extending F to the whole U. The map
F is a surjective self-isometry computable w.r.t. (r;),_, and (), .

O

7.3 Subspaces of R", and a generalization.

In this section we characterize computably categorical subspaces of IR", and also
suggest a sufficient condition for an arbitrary metric space to be computably cate-
gorical. In Theorem 7.3.4 we will show that this general condition is also necessary
for closed subspaces of IR".
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7.3.1 Subspaces of R".

In this subsection d stands for the Euclidean metric. We denote the linear span of
M C R" over R by (M)g.

If M = R”?, then one may use the Gram-Schmidt process to show R" is com-
putably categorical (Corollary 6.3.1). In the general case M C IR", there are two
difficulties. First, M may not be a Banach space. Second, even if we isometrically
and computably embed M into R"”, we may not be able to run Gram - Schmidt
within M. The definition below is central to this section:

Definition 7.3.1. Let M C (IR",d) be closed such that {M)g has dimension m < n, and
assume (M, d) possesses a computable structure. We say that points x, ..., X, € M form
an intrinsically computable base of (M, d) if:

1. the vectors xo — X1, ..., X0 — Xy, are linearly independent in R",

2. for every computable structure (a;),., on (M, d) there is a surjective self-isometry W
of (M, d) such that W(xo), ..., W(x,,) are computable in («;)._.

We call m from the definition above the dimension of M. We show:

Theorem 7.3.1. Let M be a closed subspace of (R",d) having dimension m < n which
possesses a computable structure. The following are equivalent:

1. (M, d) is computably categorical;
2. M has an intrinsically computable base xy, . . ., X.

Proof idea. The proof of (1) = (2) is rather straightforward, we briefly outline
(2) = (1). Suppose we are given two computable structures on M. Using an
intrinsically computable base, we embed M into R” and define new computable
structures on R". Then we observe that these new structures are computably
isometric via a surjective isometry which maps M onto itself. Then we show that
the restriction of this self-isometry to M is computable w.r.t. the given computable
structures on M, and conclude that M is computably categorical.

Proof. In the proof below, we consider the linear span of M within R" and, without loss of
generality, set m = n.

We prove (1) = (2). Suppose («a;),, is a computable structure on (M, d). By the
density of (a;),, and the choice of M and n, we can choose special points xy, ..., x,

i€a
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such that xo — xy, ..., xo — x,, are linearly independent. By our assumption, for every
computable structure (8;),, on (M, d) there exists a computable isometry

u: (M/ d/ (ai)iem) - (M/ d/ (ﬁi)igm)'

The points U(xy), ..., U(x,) are computable in (;)

icw*

We show (2) = (1). We need the following fact. Although the fact is intuitively
clear, we give a proof of it which uses elementary affine geometry.

Fact 7.3.1. Every surjective self-isometry W of M can be uniquely extended to a surjective
self-isometry W of R". Furthermore, both W and its extension are completely determined
by the images of x, ..., X,.

Proof. Note that the points xy, ..., x, are affine independent which means that the
smallest convex set containing the points has non-zero volume in R" (recall that
here m = n). The volume is determined by the value of the Cayley-Maneger matrix
which involves only d(x;, x;), for i, j < n. The isometry W preserves the values of
d(x;, x;) and, consequently, theimages of xo, .. ., x, are also affineindependent. Thus,
W(xp) = W(xy),..., W(xo) — W(x,) are also linearly independent. The vectors x, — x;
are linearly independent. Thus, every point z € M C IR" is uniquely determined by
d(z,x;), 1 < n. On the other hand, every point y from IR", and from M in particular, is
uniquely determined by the distances d(y, W(x;)), i < n. Notice that these distances
are preserved under W. On the other hand, since xy — x1,...,xy — x,, are linearly
independent, every element z of R" can be uniquely written as z = )., fi(xo — xi),
where f; are reals. Now it is clear that the map

Wi Y flo—x) > Y. F W) - W)
O<i<n 0<i<n
is the needed extension. |
By Fact 7.3.1, we may assume that W;(M) is a subset of an isometric copy of R".

Note that the proof of Fact 7.3.1 implies that Wi (xg) — Wi(x1), ..., Wi(xo) — Wi(x,)
are linearly independent within this copy.

Claim 7.3.1. Let vy,..., 0, be linear independent vectors in R" with ||vj|| and ||v; — v/l

.....

the Euclidean metric.
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Proof. The collection of points (3., ¥iVi)r,,...r)eo" 1S clearly dense in R". We have

dé(rlvl + o O, 10+ Ga0) = (1= qr)or e+ (= qn)vnll2

= Y i— gl + Y 20r—q)(r; - 4))i,0)).

O<i<m O<i<j<m

BY the assumption, for every i,j € {1,...,n} the reals [[v; — v;|| and [|v;||. Thus,

2 2
I I

1 .
the real (v;, v;) = E(Ilvi + oI = [lo; — Uj||2) is computable, for every i, j € {1,...,n}.

.....

uniformly computable. m|

Let (o), and (B;)., be computable structures on M. Let W; and W, be self-
isometries of M such that Wi (xo), ..., Wi(x,) are computablein (a;),, and Wa(xo), ..., Wa(x,)
are computable in (;),, respectively. Let v; = Wi(xo) — Wi(x;) and w; = Wa(xg) —
Wy(x;), for i € {1,...,n}. By the choice of xy,...,x,, these points as well as their
W-images are computable. Thus, the norms |[v; — v|, |[w; — will, |lw;l| and ||v;|| are
computable reals, for every i,j € {1,...,n}. Fixing some effective enumeration of

.....

by (Qi)iew ‘

Claim 7.3.2. The point ay is computable w.r.t. (y;),., uniformly in k, for every k € w.

icw

Proof. We have ay = )., fivi for reals fi,..., f,. Given 6 > 0 and a tuple of
rationals (g1, ..., ¢,) such that |f; — g;| < 6 for every i € {1,...,n}, we obtain

1Y (Fi=gdoillt = ) (fi—allolP+ ) 2(f - g)(f; - 9, o)

O<i<n O<i<n O<i<j<n
<6(Y Mo+ ) 20, 0pl).
O<i<n O<i<j<n

The reals ||[v;|| and [{v;, v;)| are computable, for every i, j € {1,...,n}. Therefore, the

positive real
) P+ Y 200, 0)))

O<i<n O<i<j<n

is computable. Thus, it is sufficient to show that f; is computable, for every i €
{1,...,n}.
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By the choice of Wj, the real d(ax, Wi(x;)) is computable, for every i < n. There-
fore, the real

Bo = d3 (s, Walxo)) = 1 ) folP

O<i<n

is computable, and so is

By = d%(ou, Wi(x:)) = II( Z fror) — ol
0<i<n
foreveryie{l,..., n}.
We express B; using the inner products (v;, v;) and the norms loill?, for i, j < n.
After a simplification, we get the system of equations

BO — Bk . <vk1 Z)]

=fi— ) ——f
2[|ol? P okl 7"

The set {v4,...,v,} is a basis of R", which implies that the matrix corresponding to
this system is invertible. Furthermore, it has computable coefficients. Thus, for
everyi € {1,...,n} the real f; is computable. m]

Claim 7.3.3. The point py is computable w.r.t. (0;)., uniformly ink, for every k € w.
Proof. Similar to the proof of Claim 7.3.2. m]

By Claim 7.3.1, (y;)., and (0;),, are computable structures on (R",d). Taking
into account Fact 7.3.1, observe that these structures are computably isometric via
W(rio + ...+ 1,0,) = 1wy + ... + r,w,. By Claim 7.3.2, the embedding W; of M
into R" is computable w.r.t. ()., and (y;).,. By Claim 7.3.3, the embedding W,

of M into R" is computable w.r.t. (8;),., and (6;),.,. Note that M is closed, and the
and (B)),.,. Similarly, W;! is

Hiew

inverse W, ! is computable on its domain w.r.t. (y;)

icw

computable w.r.t. (0;),, and («;),,. The following diagram commutes, where U is
W restricted to M:
(M/ d! (ai)jg(u) —U> (Mr d! (ﬁi)iew)
W] WZ

(R*,d, (yi)e,) — (R",d,(63),,)

This shows that U is computable w.r.t. (a;),, and (B;),..,, proving the theorem. O
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The usual computable structure on R" is given by the tuples of rationals which
are coordinates in an orthonormal base. The proof of Theorem 7.3.1 leads to a fact
which resembles similar results on computable closures in computable algebra:

Fact 7.3.2. Let M C (IR"?,d) be closed such that (M)r = R". For every computable
structure (a;),, on M = (M, d) there exists an isometric embedding U : M — (R",d)
which is computable with respect to («;),., and the usual computable structure on
R". Furthermore, its inverse is computable on its domain.

Proof. By the choice of n and the density of (;),_, in M, there exist special points
Yo, .-, Vn in (@), such that {yo — y1,...,%0 — ya} is linearly independent in IR".
Denote v — yix by vy, for every k € {1, ..., n}. By Claim 7.3.1, the collection of points
(X 1<i<n 710 r1,..ryeon 18 @ computable structure on R”. By Claim 7.3.2, the embed-
ding I of M into IR" is computable with respect to (a;),., and (X 1<i<, 7i0)r,...r)eqn-
By Theorem 6.3.2, the computable structure ()<<, 7i0i),..r)eq" is computably iso-
metric to the usual structure on IR"” via a computable isometry U. The composition
[oU: M — R is the needed isometry. O

Asa consequence of Theorem 7.3.1, many common computable compact subsets
of (R",d) with the inherited metric are computably categorical. In the following,
B, (r) denotes the n-dimensional ball of radius r, and Cube,(r) stands for the n-
dimensional cube (with its inside) with edge of length r. In particular, Cube(r)
is isometric to the interval [0, r]. The metrics on B, (r) and Cube,(r) are Euclidean.
The following fact is rather straightforward:

Fact 7.3.3. Let M,(r) be either the ball B,(r) or the cube Cuben(r). The space M, (r)
possesses a computable structure if, and only if, v is left-c.e.

Proof. Suppose r is left-c.e. and r = sup, g, for a computable sequence of positive
rationals (gs)..,. If M,,(r) = B,(r) is aball, then define a computable structure starting
from the geometrical center of M,(r) and expanding the structure on the stages s
such that g; > g,_1. More formally, define a computable sequence of finite rational-
valued metric subspaces X, such that for every m we have X,y € B,(9,) and,
furthermore, (J; Xy is a computable structure on B,(g,). The sequence can be
organized so that d(x, y) is computable for every x,y € Uy e, X(km- The desired
structure is Uy e, X(k,my- The case when M,,(r) = Cube,(r) can be done similarly.
Suppose (a;),, is a computable structure on M, (r). The real u = supl{d(a;, a;) :
i,j € w} is clearly left-ce. Note that u = 2r if M,(r) = Bu(r), and p = r/n if
M, (r) = Cube,(r). O
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We have:

Corollary 7.3.1 ([51]). For every n € w and every computable real r, the cube Cuben(r)
(the ball B,(r)) is computably categorical.

Proof. We prove the corollary for Cube,(r) with n = r = 1, the general case is not
significantly different from the case n = r = 1. We show that {0, 1} is an intrinsically
computable base of [0, 1].

Let (a;)iew be a computable structure on Cube; (1) = [0, 1]. Define two uniformly
computable sequences, (O)reo and (ix)ke 0f special points of ()i, by recursion.
The sequence (Ok)ke Will be a Cauchy name for 0, and the sequence (ix)re, Will
be a Cauchy name for 1. Let v and w be special points such that d(v,w) > 3/4
and d(v,0) < d(w,0). Set Oy = v and iy = w. We use these points as non-uniform
parameters. For k > 1, search in (@;)e, for special points x and y such that d(x, y) >
1-27"%2and d(x, 0i_1) < d(x, ir_1).Set Oy = xand i} = y. This completes the definition
of (Ox)kew and (ix)kew- Clearly, d(6,0) < 27% and d(i, 1) < 27*, for every k > 0. O

Remark 7.3.1. If in Definition 7.3.1 we replace “there exists a surjective self-isometry
W” by “for every surjective self-isometry W” then the corresponding analog of the
preceding theorem will state that every isometry from a space having such a base is
computable w.r.t. to any given computable structures. The proof needs only minor
adjustments.

As a consequence, we obtain:

Fact 7.3.4. Every self-isometry of [0, 1] with the usual metric is computable w.r.t. (a;)
and (B;)..,,, for each computable structures (a;),.,, and (B;),,, on [0,1].

i€w

Proof. A straightforward modification of the proof of the preceding corollary shows
that {0, 1} is an intrinsically computable base of [0, 1] having the stronger property
from Remark 7.3.1. |

As a consequence, every two computable structures on [0, 1] are equivalent
(that is, the identity map is computable w.r.t. to these structures). It is natural to
ask what is the number of non-isometric computable structures on an interval of
length 7, where r is left-c.e. We show:

Theorem 7.3.2. Let n be a positive natural and r a left-c.e. real. The following are
equivalent:

1. ris computable,
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2. the space Cube,(r) is computably categorical,

3. there exists only finitely many computable structures on Cube,(r) which are pairwise
not computably isometric.

Proof. The implication (1) — (2) is given by Corollary 7.3.1, and the implication
(2) — (3) is trivial. We show —(1) — —(3).
Supposerisanon-computableleft-c.e. real. Consider the simplest case Cube;(r) =

[0, r]. We define infinitely many structures on [0, 7], as follows. For a natural m > 0,
let a(m); and B(m); be the m’th rational in any fixed enumeration of positive rationals
from the left cuts of 27"r and (1 — 27")r, respectively. Clearly, (a(m);)ic, is a com-
putable structure on [0, 27"r], and B(m); is a computable structure on [0, (1 —27")r].
Note that 0 does not belong to either (a(m):)ic, Or (B(1)))icw-

Define a computable structure (h(m);)ic, on [0, 7], as follows. Let h(m)y = 27"r.
Giveni > 0, let
27" + B(m)y, if i = 2k,
h(m); = .
27"y —a(m)y,if i = 2k — 1.

Observe that the distance between any two points from (h(m);)ic, is uniformly
computable, and the sequence (h(m);)c, in dense in [0, r].

We show that (h(m);)ic,, is not computably isometric to (h(n);)ie, if m > n. Pick
a surjective isometry U of [0,7] and assume (towards a contradiction) that U is
computable with respect to (h(m);)ico) and (h(1n);)ico). The point U(h(m)y) has to be
computable in (h(n);)ic,. Note that U(h(m)o) is either 27"r or (1-27")r. In either case,
d(U(h(m)o), h(n)o) is not computable as it is a rational multiple of r, contradicting
the choice of U. This finishes the proof for the case Cube;(r) = [0, 1].

Suppose n > 1 and r is a non-computable left-c.e. real. For each m € w define
(h(m),)ic as folows. The sequence (i(1m););c, consists of n-tuples in which the first
component is taken from (/(m);)ico, and the other components are rationals < 7.
It is not difficult to see that (Mi)z@, is a computable structure on Cube,(r). An
argument similar to the case 1 = 1 shows that (1(11),);c,, is not computably isometric
to (@i)iea,, if m # k. In the case n > 1 we have more than two isometries, but still
only finitely many. The distance between (h(n)o,0, ..., 0) and (h(n),,0,...,0) can be
expressed as r - v, where v is a computable real which depends on the isometry.
This finishes the proof. O
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7.3.2 A sufficient condition

We say that a collection B of points of a metric space M = (M, d) is an automorphism
base of M if and only if any nontrivial surjective self-isometry of M necessarily
moves at least one of its elements — or, equivalently, the global action of any such
surjective self-isometry is completely determined by that on B. We need an effective
version of this notion:

Definition 7.3.2. We say that a finite automorphism base B = {bs, . .., bx} of a Polish space
M = (M, d) is an effective automorphism base of M if:

1. For every computable structure («;),., on M there is a surjective self-isometry U of
M such that U(by), ..., U(bx) are computable in (o).,

2. For every rational € > 0 we can compute a rational 6 € (0,1) such that for every
x,y € M the inequality sup,|d(bj,x) — d(bj, y)| < 6/Cx,, implies d(x,y) < €, where
Cyy =1+ sup,d(b;, x) + sup, d(b;, y).

Thus, points in M are effectively determined by their distances to points in
an effective automorphism base. Clearly, if the diameter of M is finite we can
eliminate (1 +sup. d(b;, x) +sup, d(b;, y)) from (2.) in Definition 7.3.2. If the diameter
of M is infinite, then C,, is needed to make Theorem 7.3.3 work for subspaces of
R". We show:

Theorem 7.3.3. Suppose a Polish space M possesses a computable structure. If M has an
effective automorphism base then M is computably categorical.

Proof. Suppose {by,...bx} is an effective automorphism base for M. Let (a)sew
and (Bs)sew be two computable structures on M. Let W; and W, be surjective self-
isometries such that Wy (by), . .. Wy (bx) are computable w.r.t. (as)se and Wa(b1), . .. Wa(by)
are computable w.r.t. (8)sco. Let U = W1 1o W,. We show that U is computable
with respect to (as)seo and (Bs)sew-

Note that Wi (by), ..., W1(bk) is an effective automorphism base. Therefore, with-
out loss of generality, we may assume W; = Id. Thus, we assume the points
U(by), . .., U(bx) are computable w.r.t. (8s)se, and the points by, . . ., by are computable
wW.r.t. (®)sew-

Given € > 0 and a special point a,, compute the rational 6 < 1 corresponding to
€. Find a special point 8, such that

0
2+ 2sup,d(b), a)

sup |d(bj, as) — d(U(b;), Bo)| <
]
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By the density of (;)sco, such a special point can be effectively found. We have
d(bj, as) = d(U(b)), U(as)) and d(b;, U™ (B)) = d(U(b)), B.). Note that 6 < 1 implies
sup; [d(U (b)), U(as)) — d(U(b;), B,)| < 1. Consequently,

2+ 2supd(b;, as) > 1+ supd(U(b)), Bo) + sup d(U(b;), U(as))
j j j

and

5
1+ sup, d(U(by), ) + sup; d(U (b)), U(as))’

d(U(b;), U(as)) = d(U(b;), o)l <

By the choice of 6, we obtain d(U(as), f,) < €, showing that U(a;) is computable
w.r.t. (Bs)sew. Thus, U is a computable map. O

Corollary 7.3.2. The unit circle Sy with the distance given by the shortest arc between
points is computably categorical.

Proof. Let (a;) be a computable structure on S;. This structure contains special
points ap, a; such that d(a, a1) < 1/2. It is straightforward to check that ay, a; form
an effective automorphism base of 5. m|

Effective automorphism bases yield an alternative characterization of com-
putable categoricity of subspaces of IR":

Theorem 7.3.4. A closed subspace M of R" which possesses a computable structure is
computably categorical if, and only if, M has an effective automorphism base.

Proof. By Theorem 7.3.3, it is sufficient to show that M contains an effective au-
tomorphism base provided that M is computably categorical. Let (a;),_, be a
computable structure on M. Let n be least such that M isometrically embeds
into R". By Theorem 7.3.3, the space M contains an intrinsically computable base
by, ..., b,. Without loss of generality, we may assume that by, . .., b, are computable
w.r.t. (a;),,. By Fact7.3.2, we may assume that M is a subspace of R"” such that each
a; is computable in the usual structure on R" uniformly in i. As a consequence,
the points by, ..., b, are computable in the usual computable structure on R". By
the definition of intrinsically computable base, the elements by, . .., b, satisfy (1.) of
Definition 7.3.2. It remains to check (2.) of Definition 7.3.2 for by, ..., b,.
Let € <1, and suppose x, y € M are such that

d(bj, x) = d(bj, y)| < 6/(1 + supd(b;, x))
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forevery je{l,...,k}.
Let v; = bj — bg for j € {1,...,n}. There are uniquely defined tuples of reals
f=(,...,fr)and h = (h,...,h,) such that

y= Z fivjand x = Z hjv;.

1<j<n 1<j<n

Define

u = (d*bo,y) — d*(b1,y),...,d* b, y) — & (ba, v));
w = (d*(bo, x) — d*(by, %), ..., d*(bo, x) — d*(by, x)).

As we have seen in the proof of Claim 7.3.2 in Theorem 7.3.1, the computability
of by, ..., b, implies that there is a computable matrix B with a computable inverse
such that f = B-# and 11 = B - . Let D be the matrix which corresponds to the
Gram-Schmidt orthogonalization of vy, ..., v,. By the choice of vy, ..., v,, the matrix
D and its inverse are computable. Let || - || stand for the usual norm in the space IR"
of n-tuples of reals. We have

d*(y,x) = IDB(u) - DB@)|* < |IDB|I*lliz — wlP?,

where ||[DBJ| > 0 is a computable real. Let 6 = minfe———, €} and
4||DB||vn

0
01 = 1+ sup;d(bj, x) + sup, d(bj, y)

We obtain
= = ) (d(bo, y) — d2(bj, y) — d(bo, x) + d(b;, X))?
1<j<n
< ), (261 sup(d(b;, y) +d(b;, )y
1<j<n !
< 4;(51(1 +sup d(b;, x) + sup d(b;, )))*
= 16n6°. | |
Therefore, d(y, x) < ||DB| - 4 \/n6 < €. This finishes the proof. O

Thus, Theorem 7.3.3 is a generalization of (2) — (1) part of Theorem 7.3.2 to
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metric spaces which are not subspaces of IR". We obtain:

Corollary 7.3.3. For a closed subspace M of R", the following are equivalent:
1. Mis computably categorical;
2. M has an intrinsically computable base;
3. M has an effective automorphism base.

Proof. By Theorem 7.3.3 and Theorem 7.3.4.
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Chapter 8
K-triviality in metric spaces

In this chapter we generalize the notion of K-triviality to the more general setting
of a computable metric space.

8.1 Preliminaries

We use the notation in [80]. In particular, we write s <* t to denote that s <
t + O(1). Throughout the chapter we will use the usual Cantor pairing function
(a,b) =a+ %(a +b)(a+b + 1) to encode pairs of natural numbers by a single number.
We provide some formal definitions of concepts particular to this chapter, most of
which have already been discussed above.

8.1.1 K-triviality for functions

Fix some effective encoding of tuples x over w by binary strings, so that K(x) is
defined for any such tuple. The following extends the definition of K-triviality for
subsets of w, which can be identified with {0, 1}-valued functions.

Definition 8.1.1. We say that a function f: w — w is K-trivial if
AbVnK(f ) < K(n) +b.

By the following, K-triviality for functions may be reduced to K-triviality for
sets.

Proposition 8.1.1. A function f: w — w is K-trivial if and only if its graph
I' ={(n, f(n)): n € w}is K-trivial in the usual sense of sets.
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Proof. First suppose that f is K-trivial. We have
K(T Tagr-12) <7 K(f 1n) <¥ K(n),

since to describe I' [,(,—1)2 it is enough to know the values of f up to n. For a set A,
if there is a computable increasing sequence {g,},c, such that K(A ) <* K(n) then
A is K-trivial [80, Ex. 5.2.9]. Therefore the set I" is K-trivial.

Now suppose that I' is K-trivial. Recall that a set X is called low for K if
K(y) <* KX(y) for each string y. By [79], K-triviality implies lowness for K (also
see [80, Section 5.4]). Thus, K(f I,) <* K'(f |,). Clearly K'(f I,) <* K(n). Thus
K(f 1) <* K(n), as required. O

Note that the result does not depend on the particular choice of a pairing
function: if we use an alternative pairing function, then the graph of f in terms of
that pairing function is m-equivalent to I'. Hence it is K-trivial iff I is. We could also
formulate a similar theorem for other encodings of function by sets; for instance, a
function f is K-trivial iff S is K-trivial, where S is given by the rule that 1 + f(n) is
the n + 1-th element of S minus the n-th element of f.

Note that the implication from right to left in Proposition 8.1.1 relies on the
hard result of [79], which has a non-uniform proof. It is not known whether
Proposition 8.1.1 is uniform, that is, whether a constant for the K-triviality of f can
be computed from an index for I (say, as an w-c.e. set) and its K-triviality constant.
We conjecture that this is not the case.

Let f ® g be the function u such that u(2n) = f(n) and u(2n + 1) = g(n). The
following is a consequence of the corresponding fact for sets; see [80, 5.2.17].

Corollary 8.1.1. If f, g are K-trivial as functions, then so is f @ g.

Proof. Use that fact that K-trivials are downward closed under Turing reducibility
(see [80]). O

8.1.2 Solovay functions

Recall that a computable function h: @ — w is called a Solovay function [9] if
the lim inf,[h(r) — K(r)] exists (and is a finite integer). Solovay [94] constructed an
example of such a function. The following simpler, recent example is due to Merkle
(unpublished). We include the short verification for completeness’ sake.

Fact 8.1.1. There is a Solovay function h.
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Proof. Let U denote the optimal prefix-free machine. Given r = (o, 1, t), if t is least
such that U;(0) = n, define h(r) = |o|. Otherwise let h(r) = r.

We have K(r) <* h(r) because there is a prefix-free machine M which on input o
outputs v = (0, U(0), t) if t is least such that U,(c) halts. If 0 is also a shortest string
such that U(c) = n, then we have h(r) = |o| = K(n) <* K(7). |

The following generalizes a known fact for sets, also due to Merkle, to the
setting of functions.

Fact 8.1.2. Let h be as in the proof of Fact 8.1.1. Let f: w — w be a function such that
VrK(f ;) < h(r) +b. Then f is K-trivial via a constant b + O(1).

Proof. Given n, let o be a shortest U-description of n, and let t be least such that
U(o) = n. Letr =(o,n,t). Then
K(f 1) < K(fIy) <h(r)+b=lo| +b=K(n)+b. O

8.2 Computable points and K-trivial points

In the following we fix a computable metric space M = (M, d, (ai)icr). We will use
letters p, g etc. for special points in M. They will be identified with natural numbers
via the listing above. Recall that a point x is computable if one can effectively
determine arbitrarily good approximations of x that are special points.

8.2.1 K-trivial points: definition and examples

A positive rational ¢ is viewed as a fraction % where gcd(n,v) = 1, which we

effectively encode by a single natural number is. For i = i and p € w we let
K(6) := K(i) and K(p,6) := K(p,i). The following is the main definition of the
chapter.

Definition 8.2.1. Letb € w. We say that a point x € M is K-trivial via b, or K-trivial(b)
for short, if for each positive rational 6 there is a special point p such that

d(x,p) <6 A K(p,8) < K(5) +b. (8.1)

A point x € M is called K-trivial if it is K-trivial via some b.

Choosing a different effective encoding of the rationals will merely lead to a
different constant b in (8.1), without affecting the set of K-trivial points. Thus we
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might as well use the canonical encoding of a positive rational 6: If 56 = = where
ged(n,v) = 1let is = (n,v). (This yields the listing 1,1/2,2,1/3,3,1/4,2/3, ... of the
positive rationals.)

Clearly each computable point is K-trivial. There may be no others:

Example 8.2.1. There is an infinite compact computable metric space M with an incom-
putable point such that each K-trivial point is computable.

Proof. Let @ denote Chaitin’s halting probability. We have w = lim; w; where
ws = Y{277: Us(o) |}. Let M be the computable metric space with domain {w;: s €
w} U {w}, the metric inherited from the unit interval and with the computable
structure given by a; = w;.

Assume for a contradiction that w is a K-trivial point. Given n pick p = w; as in
(8.1) for 6 = 27". We can compute w; [, (the first n bits of the binary expansion of
w;) from p and n. Since d(w, ws) < 27", this shows that K(w I,) < K(p,n) + O(1) <
K(n) + O(1), which contradicts K(w [,) > n — O(1) for sufficiently large n. O

In Theorem 8.4.1 we will show that each computable complete metric space M
without isolated points contains an incomputable K-trivial point. Instead of giving
a direct construction, we will derive this from the corresponding fact in Cantor
space, using two facts: Proposition 8.4.2 below that K-triviality is preserved by
a computable map from one metric space to another, and a result of Brattka and
Gherardi that there is a 1-1 computable map from Cantor space into M, which
hence also preserves incomputability of points.

8.2.2 Number and distribution of K-trivial points for a constant b

Firstly, we note that few numbers p can satisfy the second inequality in (8.1):
Fact 8.2.1. For 6 € Q*, we have |{p € w: K(p,5) < K(6) + b}| = O(2Y).

Proof. Chaitin [18] proved that there are only O(2%) strings v of length 1 such that
K(v) < K(n) +b. To prove the fact at hand, one adapts, for instance, the proof in [80,
2.2.26] of his result, with the change that one lets M(o) = n if U(0) = (i, n), where
n € w encodes 6. O

We now show that a similar bound holds for the number of points that are
K-trivial(b). Furthermore, such a point x is determined by a highly compressible
special point p close by.
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Proposition 8.2.1. Let b € w. (i). At most O(2Y) many x € M are K-trivial(b). (ii).
There is a rational 6 > 0 as follows. If a point x is K-trivial via b, then there is a
special point p with K(p, 6) < K(6) + b such that x is the only K-trivial(b) point with
d(x,p) < 0.

Proof. Suppose that distinct points x,...,xr € M are K-trivial(b). Pick a rational
6 > 0 such that 26 is less than d(x;, x;) for any i # j, and choose p; for x;, 6 according
to (8.1). Then all the p; are distinct. By Fact 8.2.1, this implies that k = O(2°), hence
(i) holds. If k is chosen maximal then x; is the only K-trivial(b) point x such that
d(x, p;) < 6, which establishes (ii). O

8.2.3 Dyadic K-triviality

We mostly work with the apparently weaker form of Definition 8.2.1 of K-triviality
in metric spaces where 6 only ranges over rationals of the form 27".

Definition 8.2.2. A point x € M is dyadically K-trivial via b if for each n € w there is
a special point p such that

d(x,p) <27" A K(p,n) < K(n) +b. (8.2)

Clearly, a point that is K-trivial via v is dyadically K-trivial via v + O(1). We will
show in our main result Theorem 8.3.1 that being dyadically K-trivial via b already
implies having a Cauchy name that is K-trivial as a function via 2b + O(1), which in
turn easily implies being K-trivial via 2b + O(1). Thus, up to a computable change
in constants, dyadic K-triviality is the same as K-triviality.

From this point on, we use the usual “level-by-level” enumeration of special
points ¢(0”) in Cantor space: 0(0*), 1(0¢), 00(0¢), 01(0%), - - - , and we use the similar
coding for Baire space. Suppose a point f in Cantor or Baire space is K-trivial
in the usual sense. Then it is clearly dyadically K-trivial: given 7, let p be the
special point determined by f [,, namely p(i) = f(i) for i < n and p(i) = 0 for
i > n. The p is a witness in (8.2). Conversely, each dyadically K-trivial point f
is K-trivial in the usual sense, because given n, if p is a witness in (8.2), we have
K(f 1) < K(p, n) + O(1).

Recall that the unit interval [0, 1] is a computable metric space with the usual
distance function and the computable structure given by an effective listing without
repetition of the rationals in [0,1]. Suppose a point x has binary expansion 0.A
where A is an infinite bit sequence (set). If A is K-trivial then as a witness p in (8.2)
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we may use the dyadic rational 0.(A [,,). Conversely, suppose x € [0,1]is dyadically
K-trival. Given n let p be a witness in (8.2), and let o be the first n bits in the binary
expansion of p. Then K(o) < K(p, n) + O(1); furthermore, 0.0 — 0.(A [,,) = c27" for
some ¢ € {—1,0, 1}. Therefore K(A T,) < K(n) + O(1).

8.2.4 We cannot replace the term K(p, 6) in Definition 8.2.1 by K(p)

We provide the example showing that, even in Cantor space,the suggested replace-
ment is not an adequate generalization of K-triviality. The “dyadic” version of this
generalization is that

Vndp[d(x,p) < 27" A K(p) < K(n) + O(1)]. (8.3)
This is in fact equivalent to
d(x,a,) < 6 and K(p) < K(6) + O(1), (8.4)

because from 6 > 0 one can compute the least 1 such that 27" < 6. Then a witness
p for n in (8.3) is also a witness for 6 in the new definition. Recall from [27] that a
K-trivial is not Turing complete.

Proposition 8.2.1. There is a Turing complete I set A € {0,1} satisfying condi-
tion (8.3).

Proof. For a string a over {0, 1}, let g(«) be the longest prefix of «a that ends in 1, and
g(a) = 0 if there is no such prefix. We say that a set A is weakly K-trivial if

Vi [K(g(A T4) < K(m)].

This implies (8.3): given n let p = g(A ,,)0%, then d(p, A) < 27". (As an aside, we
note that every K-trivial set is weakly K-trivial. Every weakly K-trivial set with an
infinite computable subset is already K-trivial by [80, Ex. 5.2.9].)
We now build a Turing complete I'T set A that is weakly K-trivial. We maintain
the condition that
YiVw [y <w — K(w) > 1], (8.5)

where y; is the i-th element of A. This implies that A is Turing complete, as follows.
We build a prefix-free machine N. When i enters (' at stage s, we declare that
N(0'1) = s. This implies K(s) < i + d for some fixed coding constant d. Now
i€l i€ (D’%_+d, which implies " <t A.
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We let A = [ A;, where A, is a cofinite set effectively computed from s, Ay = w,
[s,00) C A, and Agy1 C A, for each s. We view y; as a movable marker; y7 denotes
its position at stage s, which is the i-th element of A;.

Construction of A and a prefix-free machine M.
Stage 0. Let Ay = w.

Stage s > 0. Suppose that there is w such that i := Ks(w) < K,;_;(w). By convention,
we may assume that w is unique and w < s. Thus, there is a new computation
U;(o) = w with |o| = i at stage s.

Ifw< y?‘l thenlet A, = A,_1. If w > )/?‘1 then, to maintain (8.5) at stage s, we
move the marker y;: welet A; = A1 — [7/1?‘1, s), whichresultsin %, =s+kfork >0,
while 5§ = )/;‘.‘1 for j <i.

In any case, declare M(o) = g(As ).

Verification. Clearly, each marker y; moves at most 2'*! times, so A = (), A; is an
infinite co-c.e. set. Furthermore, condition (8.5) holds because it is maintained at
each stage of the construction.

We show by induction on s that

Y [K(g(As Tn) <7 Ki(n)]. (8.6)

For s = 0 the condition is vacuous. Now suppose s > 0 and (8.6) holds for s — 1. We
may suppose that w as in stage s of the construction exists, otherwise (8.6) holds at
stage s by inductive hypothesis.

As in the construction let i = K (w), and let o be the string of length i such that
Us(o) = w. If w < y; then A; = As4, so setting M(0) = g(As [») maintains (8.6).

Now suppose that w > 3. Let n <'s. We verify (8.6) at stage s for n.

Ifn < 7/1?‘1 then A, 1,= As_1 [+ and Ks(n) = K,_1(n), so the condition holds at
stage s for n by inductive hypothesis. Now suppose that n > 5. By (8.5) at stage
s — 1 we have K;_1(n) > i, and hence K,(n) > i (equality holds if n = w). Because
n,w > yf‘l and we move the marker y; at stage s, we have g(A; [,) = §(As T'w). Thus,
setting M(0) = g(As [w) ensures that the condition (8.6) holds at stage s for n. O

8.3 ApointisK-trivial iffithas a K-trivial Cauchy name

As before we fix a computable metric space M = (M, d, ()ico). Recall that a
sequence (ps)seo Of special points is called a Cauchy name if d(ps, p;) < 27° for each
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s,t € w, s <t. If x =lim,p,, we say that (p;)scr is @ Cauchy name for x. Note that
d(x,ps) < 27° for each s. Via the underlying listing of special points («;);c, we may
view a Cauchy name as a function @ — @. Our main result is the corresponding
fact for K-triviality.

Theorem 8.3.1. Let x be a point in a computable metric space M.

(i) If x has a Cauchy name that is K-trivial as a function via u € w, then x is a K-trivial
point via u + O(1).

(ii) If x is a K-trivial point via v € w, then x has a Cauchy name that is K-trivial as a
function via 2v + O(1).

We begin with proving the easier part (i). Recall that before Definition 8.2.1 we
fixed an effective encoding of positive rationals 6 by natural numbers is. It is easy
to verify that 6 > 27 for each 6.

Suppose now the function f is K-trivial via u, and a Cauchy name for x. Given
6 > 0leti = is. If nis least such that 6 > 27", then we can take p = f(n) as a
witness for K-triviality in the sense of (8.1). We have i > n (f(n) appears among
£(0),..., f(i)), and hence

K(f(n),1) < K(f li+1) + O(1) < K(@@) + u + O(1).

Since K(i) is the same as K(6) and K(p, i) is the same as K(p, 0), this shows (i).

In 8.2.2 we defined the auxiliary concept of dyadic K-triviality, and noted that
being K-trivial via v implies being dyadically K-trivial via v + O(1). The following
lemma will close the circle by establishing (ii).

Lemma 8.3.1. Suppose that the point x € M is dyadically K-trivial via b. Then x has
a Cauchy name f that is K-trivial as a function via 2b + O(1).

Proof. After adding a natural number to the Solovay function / from Fact 8.1.1, we
may suppose that Vr K(r) < h(r).

The c.e. tree T. By a tree we mean a set T C w=“ that is closed under taking prefixes.
As usual, [T] denotes the set of (infinite) paths of a tree T. We define a c.e. tree
T such that each f € [T] is a Cauchy name after leaving out f(0) and f(1). Let
T = U, Ts, where we define the trees

Te={(p1,...,po) : Vi<o[K(p;i)<h()+b] A (8.7)
Vi < o[d(p;,pin) <271}
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A thin c.e. subtree G of T. In the setting of Example ??, T is a full 2-branching tree,
consisting of all the tuples of the form ({r,0),(r1,1), ...,{rs,v)) where r; € {0, 1}.
This shows that T may contain lots of Cauchy names consisting of witnesses for
dyadic K-triviality; we cannot expect that each such Cauchy name is K-trivial as a
function. Therefore we will prune T to a c.e. subtree G that is so thin that all strings
T in it are compressible in the sense that K(t) < h(|t]) + b + O(1); hence each infinite
path is dyadically K-trivial by Fact 8.1.2.

We say that a special point p € w is present at level n of a tree B C w=* if there is
n € B such that ) has length n and ends in p. While G is only a thin subtree of T, we
will ensure that each special point present at a level n of T is also present at level
n of G. This will show that [G] still contains a function that (after leaving out the
tirst two values) is a Cauchy name for x. (In Example ?? there are only two labels
at each level of T, so for G € T we can simply take the tuples where each r; is 0,
except possibly the last. Then the only path of G is a computable Cauchy name of
the limit point x.)

We will build a computable enumeration (G;)se,, Of the tree G where G; is a tree
contained in T; for each s.

Why can each string in G be compressed? Suppose at a certain stage, a new leaf
labelled p appears at level n of T, but is not yet present at level n of G. Suppose also
that p is a successor on T of a node labelled 4. Inductively, g is already present at
level n — 1 of G; that is, there already is a node 77 of length n — 1 on G that ends in 4.
Since pis presentatlevel n of T, there is a U-description showing that K(p, n) < h(n)+b
(that is, there is a string w with [w| < h(n) + b such that U(w) = (p, n)). Since p is not
present at level n of G, this U-description is “unused”. Hence we can use it as a
description of a new node 7 =7 p in G. This ensures that K(1) < h(n) + b + O(1).

Note that we make use of the fact that once a string 1 in G is compressible at
a stage, it remains so at all later stages. This is the reason we need the Solovay
function h. If we tried to satisfy the condition K(1) < K(n) + b + O(1), we might fail,
because K(n) on the right side could decrease later on. We also needed the Solovay
function to ensure that T is c.e.

In the formal construction, we build a prefix-free machine L (see [80, Chapter 2])
to give short descriptions of these nodes. The argument above is implemented via
maintaining the conditions (8.9) and (8.10) below.

A slower computable enumeration (To)sew of T. We define a computable enumeration
(T )sew Of T that grows “one leaf at a time”. The T, are subtrees of the T.. Let T,
consist only of the empty string. If s > 0 and T, 1 has been defined, see whether
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thereist € T, — TS 1. If so, choose 7 least in some effectlve numbering of w<“. Pick
v max1ma1 such that 7 [,€ TS 1, and put 7 41 into T Clearly we have T C T, and
T =, T

Three conditions that need to be maintained at each stage. For strings 7,1 € w= we
write 7 ~ 7 if they have the same length and end in the same element. Recall that
each label present at a level n of T needs to be also present at level n of G. Actually,
in the construction we ensure that for each stage s, each label p that is present at a
level 1 of T, is also present at level n of G;:

Yt e T,dn € Gs[t ~ 1. (8.8)

To make sure that each n € G satisfies K(n) < h(In|) + b + O(1), we construct,
along with (G;)se, @ computable enumeration (L;)se, Of (the graph of) a prefix-free
machine L. Let m, n range over natural numbers, and v, w over strings. We maintain
at each stage s the conditions

Vi€ G¥m |0 <m <l > Fo[fo] < h(m) +b A Ly(®) = n1l]; (8.9)

if Us(w) = (p, n), then [w € dom(L;) — pis at level n of Gs]. (8.10)

Construction of (Gs)sew and (Ls)seqw-

Stage 0. Let Gy contain only the empty string. Let Ly = 0. Clearly the conditions
(8.8,8.9,8.10) hold for s = 0

Stage s > 0. Inductively we assume that (8.8,8.9,8.10) hold for s —

If T,—T, 1 is empty go to the next stage. Otherwise thereisa unique 7 € T,—T,y.
Let n = |t7|. By the definition of the computable enumeration (7)., we have
T =T p for some T € Ts_l. Since 7 € T,, by the definition in (8.7) we have
U;(w) = (p, n) for some U-description w such that |[w| < h(n) + b.

If p is already present at level n of G,_;, then go to the next stage. Otherwise,
by (8.10) for s — 1, we have w ¢ dom(L;_;), i.e., we have not yet used w as an
L-description.

By (8.8) for s — 1, there is ) € G,_; such that T ~ 7. Now let n = 1" p. (Note that
n € T; because 1 € G,_; € T and Ki(p,n) < h(n) + b. ) Put n into G;. Set Ly(w) = n
Then conditions (8.8,8.9,8.10) hold at stage s. Go to the next stage.

Verification. Given a function f: v — w, let ]?denote the function given by Rn) =
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f(n+2). If f € [T] then ]?is a Cauchy name.

Note that the prefix-free machine L = L, is obtained uniformly in b, so we can
build a prefix-free machine M such that M(0°10) = L;(0) for each binary string o.
Hence, if f € [G] then by condition (8.9) and Fact 8.1.2, j?is K-trivial as a function
via 2b + O(1). The following now concludes the proof of the lemma.

Claim 8.3.1. There is f € [G] such that fis a Cauchy name of x.

Since x is dyadically K-trivial, for each n we can choose p, as in (8.2). Then
(p1,...,pn) € T. Soby (8.8) we can choose a string 1,, € G of length n that ends in p,,.

For each n there are only finitely many p such that K(p,n) < h(n) + b. So each
level of T is finite. Thus, by Konig’s Lemma, there is an infinite path f on the
subtree of G consisting of the strings that are a prefix of some 7,. For each r > 0
there is n such that f [,< 71,. Son > r. Hence

d(f(r—1),x) < d(f(r —1),pu) + d(pn,x) <2772 + 27" <2743,

This shows that j?\is a Cauchy name for x.
This concludes Lemma 8.3.1, and thereby establishes Theorem 8.3.1. m|

8.3.1 An analog of Theorem 8.3.1 for plain Kolmogorov complex-
ity C.

We adapt the foregoing proof. We say that a function f: w — w is C-trivial via u if
C(f 1n) < C(n) + u for each n.

A point x € M is called C-trivial via v if for each positive rational 6 there is a
special point p such that

d(x,p) <5 A Cp,8) < C(5) + 0. (8.11)

Clearly (i) of Theorem 8.3.1 holds in the setting of plain complexity C, via the same
proof. To prove an analog of (ii) for C, we replace the Solovay function / by a
logarithm function. Let log, # denote the largest integer k such that 2" < n. Clearly,
with a shift in constants, condition (8.11) implies its dyadic variant: for each n
there is a special point p such that d(x,p) < 2™ A C(p,n) < C(n) + v + O(1). Since
C(n) <" log, n, this in turn implies the condition

Vndpld(x,p) <27" A C(p,n) < log, n + b]. (8.12)
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(where b = v + O(1)).
We now obtain an analog of Lemma 8.3.1.

Proposition 8.3.1. Suppose that (8.12) holds for a point x. Then x has a Cauchy name f
such that C(f I',) <log, n +2b + O(1).

Proof. Let h(n) = log, n + d where the constant d is chosen so that h(n) > C(n) for
each n. Now we follow the proof of Theorem 8.3.1(ii) with this definition of 4. The
machines L, and M are defined as before but based on a plain universal machine.
So they now become plain machines. O

This leads to a characterization of computable points via algorithmic informa-
tion theory.

Corollary 8.3.1. A point x is C-trivial iff it is computable.

Proof. The implication from right to left is clear. For the converse, adapting the
proof of Chaitin’s resultin [80, Thm. 5.2.20(ii)] to functions shows that each function
f as in the foregoing proposition is computable. So x has a computable Cauchy
name. O

8.4 Preservationresults and existence of K-trivial points

We apply our main result Theorem 8.3.1 in order to obtain information on K-trivial
points that is not at all obvious from the Definition 8.2.1. First we provide some
more background on computable metric spaces.

8.4.1 Computable maps, and equivalent computable structures

Definition 8.4.1. Let M, N be computable metric spaces. A map F: € M — N is
called computable if there is a Turing functional ® such that for each x in the domain
of F and for every Cauchy name «a for x, ®* is a Cauchy name for F(x).

Recall that a computable map F is called effectively uniformly continuous if there
is a computable function h: @ — w such that for x,y € M, d(x, y) < 27" implies
d(F(x),F(y)) < 27". (For instance, if F is Lipschitz with constant 2¢, then F is
effectively uniformly continuous via h(n) = n + c.) We now show that for such F,
the Turing functional ® above can be chosen to be a weak truth-table reduction;
that is, the use is computably bounded.
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Proposition 8.4.1. Suppose a computable map F is effectively uniformly continuous via
h. Then there is a Turing functional @ as in Definition 8.4.1 such that for each a, n the use
of ®*(n) is bounded by h(n + 2) + 1.

Proof. Suppose F is computable via the Turing functional @. To define the functional
®, given a Cauchy name «a for a point x, let a[n] denote the Cauchy name y that
follows a up to h(n + 2) and then repeats, that is, y(i) = a(i) for i < h(n +2) and
y(i) = a(h(n + 2)) fori > h(n + 2). Let

O*(n) = O + 2).

Then h(n + 2) + 1 is a use bound as required. To show that § = ®“ is a Cauchy
name for y = F(x), note that d(x, ag12) < 272, and hence d(y, F(ang12))) < 2702
Furthermore, since a[n] is a Cauchy name for a(h(n +2)), we have d(F(aun+2), fn) <
2-(+2) Therefore

d(y, Bn) < d(y, F(an(u2)) + A(F(@nni2), Br) < 27040,
Therefore d(f;, p;) < 27° for t > s, and § converges to y. ]

Recall the following;:

Definition 8.4.2. We say that computable structures (g;)ic, and (7;)ic, ON a metric
space (M, d) are equivalent if the identity and its inverse are computable when the
identity is viewed asamap M — N, where M = (M, d, (¢i)icw) and N = (M, d, (*})icw)-

For instance, if we apply a computable permutation to the special points, we
obtain an equivalent structure.

8.4.2 Preservation of K-triviality

The following generalizes the fact [79] that the class of K-trivial sets is closed
downward under Turing reducibility.

Proposition 8.4.2. Let M, N be computable metric spaces, and let the map F: M — N
be computable. If x is K-trivial in M, then F(x) is K-trivial in N.

Proof. Let a be a K-trivial Cauchy name for x. Since F is computable, there is a
Cauchy name <7 a for F(x). Then f§ is K-trivial by Proposition 8.1.1 and the result
of [79] that K-triviality for sets is closed downward under <r. O
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If F is effectively uniformly continuous, then one can also give a direct proof
which avoids the hard result from [79]. Moreover, from a K-triviality constant for
x one can effectively obtain a K-triviality constant for F(x), which is not true in the
general case.

To see this, note that, by Proposition 8.4.1, we have § = ®“ for a Turing functional
® with use bounded by some computable function g. Then

K(BTn) <™ KlaTgm) <™ K(g(n)) <* K(n).

The increase in constants is fixed, because it only depends on @ and g.

Since the identity map is Lipschitz, we obtain that K-triviality in a computable
metric space is invariant under changing of the computable structure to an equiv-
alent one:

Corollary 8.4.1. Suppose a point x is K-trivial via b with respect to a computable structure
on a metric space. Then for any equivalent structure on the same space, x is K-trivial via
b+ O(1).

In the previous chapter we showed that all computable structures on the unit
interval are equivalent (Fact 7.3.4). This means that K-triviality is intrinsic to the
unit interval as a metric space.

8.4.3 Existence of non-computable K-trivial points

A Polish (i.e., complete separable metric) space is said to be perfect if it has no
isolated points. In the following we take Cantor space {0,1}* as the computable
metric space with the usual computable structure.

Proposition 8.4.1. [11, Proposition 6.2] Suppose the computable Polish space M
is perfect. Then there is a computable injective map F: {0,1} — M which is
Lipschitz with constant 1.

Theorem 8.4.1. Let M be a perfect computable Polish space. Then for every special point
p € Mand every 6 > 0 there exists a non-computable K-trivial point x such that d(x, p) < 6.

Proof. We may assume 6 € Q. Note that {x: d(x,p) < 6} with the inherited com-
putable structure is again a perfect computable metric space N. By the result of
Brattka and Gherardi there is a computable injective Lipschitz map F: {0,1}* — N.

Let A be a non-computable K-trivial point in Cantor space. Then x = F(A) is
K-trivial in N, and hence in M, by Proposition 8.4.2; actually only the easier case
of Lipschitz functions discussed after 8.4.2 is needed.
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As Brattka and Gherardi point out before Proposition 6.2, the inverse of F is
computable (on its domain). Thus, if x is computable then so is A, which is not the
case. O

8.4.4 K-trivial compact sets

Given a Polish space M, let K(M) denote the Polish space of compact subsets of
M with the Hausdorff distance (the maximum distance that a point in one set can
have from the other set). If M is a computable metric space then IKK(M) carries a
natural computable structure where the special points are the finite sets of special
points in M. Thus we have a notion of K-trivial compact sets.

If M is Cantor space {0, 1}, then the computable structure on K(M) is easily
seen to be equivalent in the sense of Definition 8.4.2 to the one where the special
points are the clopen sets. Barmpalias et al. [8] studied a notion of K-triviality for
compact subsets V in Cantor space. For instance, they built a non-empty K-trivial
ITY class V without computable paths. We will show that their notion coincides
with ours.

They noted that the definition they gave originally is equivalent to requiring
that the subtree Ty = {o: [c]NV # 0} of {0,1}<¢ is K-trivial. For the latter condition
it suffices to ask that K(Ty[n]) <* K(n) for each n, where Ty[n] is (a suitable string
encoding of) the finite set {o € Ty: |o| = n}.

Fact 8.4.1. Let V C {0, 1} be closed. Then
V is a K-trivial point in IK({0,1}*) © Ty is K-trivial as a set.

Proof. «: Let P, = U{[o]: 0 € Ty[n]}. Then the P, are witnesses for dyadic K-
triviality of V according to Definition 8.2.2.

=: For each n let P, be a clopen set such that d(P,, V) < 27" and K(P,,n) <* K(n).
Then for each string o of length n we have [c] NV # 0 < [o] C P,. This shows that
Ty is K-trivial. O
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