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ABSTRACT. We show, for each computable ordinal o and degree a > 0<°‘), the
existence of a torsion-free abelian group with proper a” jump degree a.

1. INTRODUCTION

An important aim of effective algebra is concerned with determining how close
to computable an algebraic structure is. For an algebraic structure A, this property
is reflected in the degree spectum of A:

DegSpec(A) := {d : A is d-computable}.

We recall an infinite algebraic structure A is d-computable if its universe can be
identified with the natural numbers w in such a way that the atomic diagram of A
becomes d-computable.

In many cases, the degree spectrum of A has no least element (for example,
see [18]). As a result, there has been a line of study into the jump degrees of
structures.

Definition 1.1. If A is a countable structure, « is a computable ordinal, and a >
0(®) is a degree, then A has o jump degree a if the set

{d® : d € DegSpec(A)}

has a as its least element. In this case, the structure A is said to have o' jump
degree.

A structure A has proper o' jump degree a if A has o'® jump degree a but
not Bt jump degree for any 3 < «. In this case, the structure A is said to have
proper o' jump degree.

For a computable ordinal «, it is well-known that an arbitrary structure may
not have o' jump degree (for example, see [6]). The existence or nonexistence of a
structure with proper o jump degree a for a > 0(®) depends heavily on the class
of algebraic structures considered. Within the context of linear orders, if an order
type has a degree, it must be 0; if an order type has first jump degree, it must be 0';
and yet for each computable ordinal o > 2 and degree a > 0(®), there is a linear
order having proper " jump degree a (see [6], culminating results in [1], [13], [15]
and [18]). Within the context of Boolean algebras, if a Boolean algebra has n'"
jump degree (for any n € w), it must be 0(); yet for each a > 0| there is a
Boolean algebra with proper w!” jump degree a (see [14]).
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The subject of this paper is the existence of jump degrees of torsion-free abelian
groups. For a € {0,1,2}, it is known that every possible proper o' jump degree
is realized.

Theorem 1.2 (Downey [5]; Downey and Jockusch [5]). For every degree a > 0,
there is a (rank one) torsion-free abelian group having degree a.

For every degree b > ', there is a (rank one) torsion-free abelian group having
proper first jump degree b.

Indeed, every finite rank torsion-free abelian group (see Definition 2.2) has first
jump degree as a consequence of a difficult computability-theoretic theorem of
Coles, Downey, and Slaman [3]. (See Melnikov [17] for a complete discussion.)

In contrast, not every infinite rank torsion-free abelian group has first jump
degree as a consequence of the following theorem of Melnikov. Recall that a nonzero
degree a is low if a’ = 0’ and nonlow otherwise.

Theorem 1.3 (Melnikov [17]). There is a torsion-free abelian group G such that
DegSpec(G) = {a: a is nonlow}. Consequently, there is a torsion-free abelian group
with proper second jump degree 0",

As a consequence of work by Ash, Jockusch, and Knight (see [1]), two obser-
vations of Melnikov (see Theorem 3 and Proposition 10 of [17]) have implications
about proper second jump degrees and proper third jump degrees.

Theorem 1.4. For every degree a > 0", there is a torsion-free abelian group having
proper second jump degree a. For every degree b > 0", there is a torsion-free
abelian group having proper third jump degree b.

The main purpose of this paper is to generalize Theorem 1.4 to an arbitrary
computable ordinal a.

Theorem 1.5. For every computable ordinal o and degree a > 0% there is a
torsion-free abelian group having proper o™ jump degree a.

Unfortunately, our techniques do not allow us to produce examples with a = 0(®).

Question 1.6. For each computable ordinal o > 3, is there a torsion-free abelian
group having proper a' jump degree 0(®)?

Fixing o, we prove Theorem 1.5 by coding sets S C w into groups G¢ in such
a way that G is X-computable if and only if S € ¥%(X). The coding method
is based on techniques in Fuchs (see Section XIII, Chapter 88 and Chapter 89,
of [11]) and Hjorth (see [12]). In particular, given torsion-free abelian groups A
and B of a certain type and elements a € A and b € B, Fuchs adds elements
of the form p~™(a + b) for n € w to A & B to build an indecomposable group
containing A @ B. Hjorth uses this idea to encode certain labeled graphs into
countable torsion-free abelian groups. Hjorth’s ideas were later used by Downey
and Montalban to show the isomorphism problem for torsion-free abelian groups is
analytic complete (see [7]) and further studied by Fokina, Knight, Maher, Melnikov,
and Quinn (see [8]). We refer the reader to these papers for additional background,
though we do not assume knowledge of them in our presentation. Our notation and
terminology will follow Fuchs (see [10] and [11]) rather than Hjorth.

Section 2 discusses background, notation, and conventions, though we also refer
the reader to [10] and [11] for classical background on torsion-free abelian groups
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and to [2] for background on effective algebra. Section 3 describes the encoding
of sets S C w into groups Gg (this encoding depends on «). Theorem 1.5 is
demonstrated in Section 4.

2. BACKGROUND, NOTATION, AND CONVENTIONS

In this section, we review basic terminology and results relevant to torsion-
free abelian groups. We also introduce some classical notation and adopt some
conventions that will simplify the exposition.

Definition 2.1. An abelian group G = (G : +,0) is torsion-free if
VreG)(Vne w)[r#0An#0 = nx # 0],

where nz denotes x + - - + .1
—_————

n times

Definition 2.2. If G is a torsion-free abelian group, a (finite or infinite) set of
nonzero elements {g; }icr C G is linearly independent if a1 g;, + -+ + arg;, = 0 has
no solution with «; € Z for each 4, {i1,...,ix} C I, and «; # 0 for some i.

A basis for G is a maximal linearly independent set. The rank of G is the
cardinality of a basis.

The groups G constructed for Theorem 1.5 will have countably infinite rank. The
key coding mechanism will be the existence or nonexistence of elements divisible
by arbitrarily high powers of a prime.

Definition 2.3. If G is a torsion-free abelian group and = € G, we write p> |z
and say p infinitely divides x if (Vk € w)(Jy € G) [x :pky], ie., if p divides x
arbitrarily many times. We write p>fz and say p finitely divides x otherwise.

Definition 2.4. A subgroup G of an abelian group H is pure if for every n € Z
and every b € G:

If H=n|b, then G =n|b.

In other words, if an integer n divides an element b € G within H, then n divides b
within G.

We note that if G is torsion-free, then 2 = p*y can have at most one solution y
for any nonnegative integer k.

Remark 2.5. Within any presentation of G, the set {x € G : p™ |z} of elements
infinitely divisible by p is II5(G). Indeed, this set is a subgroup of G under the
group operation (which we use without further mention).

Definition 2.6. A torsion-free abelian group is divisible if it is the additive group
of a Q-vector space (or equivalently, if z = ny has a solution y € G for every x € G
and n > 1).

If G is a torsion-free abelian group, its divisible closure (denoted D(G)) is the
smallest (under inclusion) divisible torsion-free abelian group containing G.

We use such abbreviations freely throughout the paper.
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Thus, the countable divisible torsion-free abelian groups are the groups Q"
(for n € w) and Q¥, and the divisible closure of Z is Q. Classically, the divisible
closure D(G) exists, is unique, and contains G as a subgroup. In terms of effective
algebra, Smith (see [20]) proved that every computable torsion-free abelian group
has a computable divisible closure and that there is a uniform procedure for pass-
ing from G to D(G).? However, in general the divisible closure is not effectively
unique (i.e., unique up to computable isomorphism) and the canonical image of G
in D(G) is computably enumerable but not necessarily computable (see [9] and [21]
for a complete discussion of these issues). Therefore, when we consider a particular
copy G of a torsion-free abelian group, we use D(G) to denote the canonical divisible
closure as in [20]. Thus, we have a uniform way to pass from any given copy of G
to a copy of D(G).

In our construction, we will use a more limited notion of closure under divisibility
by certain primes.

Definition 2.7. If p € w is prime and G is a torsion-free abelian group, define the
p-closure of G (denoted [G],) to be the smallest subgroup H of D(G) containing G
having the property (Vg € G) [p™ | g]-

More generally, if P is a set of prime numbers and G is a torsion-free abelian
group, define the P-closure of G (denoted [G]p) to be the smallest subgroup H
of D(G) containing G having the property (Vg € G)(Vp € P)[p™ |g]. We often
write [Glp,,p, for [G]p with P = {po,p1}, [G]p,q for [G]puiey, and so on.

If G is any torsion-free abelian group and P is any set of prime numbers, we say
that G is P-closed if G = [G]p.

The following lemma says that if G is P-closed, then the result of closing G
under additional primes will still be P-closed. In particular, we can view the prime
closure [G]p as the result of closing G under each of the individual primes in P in
any order.

Lemma 2.8. If G is a torsion-free abelian group, P is a set of primes, and q is a
prime not in P, then [[G]ply = [Glpq-

Proof. Since [[G]p], is clearly a subgroup of [G]p 4 and since every element of [[G] p],
is infinitely divisible by g, it suffices to show that each element of [[G]p], is infinitely
divisible by each prime p € P. Fix p € P and ¢g € [[G]p],. We need to find
h € [[G]p]q such that ph = g. By the definition of [[G]p],, there is a k > 0 such
that ¢¥g € [G]p; let h be this element. Let § € [G]p be such that pg = h and let
h € [[G]p], be such that ¢*h = §. Then

q"(ph) = p(¢"h) = pg = h = ¢"g.
Since G is torsion-free, the equality ¢*(ph) = ¢*g implies ph = g as required. O

By an obvious variation of the construction in [20], there is an effective way to
pass from G to a copy of [G]p which is uniform in both G and P. As above, the
closure operation sending G to [G]p is not necessarily effectively unique so we fix
this uniform procedure to define a particular copy of [G]p given a particular copy

of G.

20ne forms D(G) from pairs (g,n) with g € G and n > 1 modulo the computable equivalence
relation (g, n) ~ (h,m) if and only if mg = nh.
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Convention 2.9. We will write statements such as ([Z],, p\[Z|p) N[Z]p,,ps.p = 0.
Such statements are intended to apply within a fixed (one-dimensional) copy of Q,
where Z < Q is fixed as well. In particular, the indicated prime closures of Z should
all be seen as being taken within a fixed copy of Q.

Often, we will write elements of the form “t¥ as £ 4+ ¥ even though £ and %
may not exist within the group. We justify this by passing to the divisible closure
of the group and considering the canonical image of the group within its divisible
closure. Thus, % = %Jr% in D(G) even though % and % may not be in the image
of G.

Definition 2.10. A rooted torsion-free abelian group G is a torsion-free abelian
group with a distinguished element (termed the root of G).

We use rooted torsion-free abelian groups to help build our groups inductively.
When we consider isomorphisms, we always consider group isomorphisms with no
assumption that roots are preserved. That is, the root is only used as a tool in the
inductive definitions and is not a formal part of the algebraic structure.

Definition 2.11. Let G be a torsion-free abelian group and {d;};c; C D(G) be a
subset of its divisible closure. We define the extension of G by {d;}ics, denoted

(G; d; i e1),
to be the smallest subgroup of D(G) containing G and d; for i € I.

Note that if G is computable and {d; };cs is a computable set of elements of D(G)
(indeed, computably enumerable suffices), then the subgroup (G;d; : ¢ € I) is com-
putably enumerable in D(G). Since there is a uniform procedure to produce a
computable copy of any computably enumerable subgroup of D(G) (by letting n
denote the n-th element enumerated into the subgroup and defining the group op-
erations accordingly) we have a uniform procedure to pass from G to (G;d; : ¢ € I).

We continue by introducing some (important) conventions that will be used
throughout the paper without further mention.

Convention 2.12. If § is any nonzero ordinal, when we write 8 = d +1¢ or 8 =
0 + 20 + i for some ¢ € w, we require J to be either zero or a limit ordinal (allowing
zero only if 8 < w) and £ to be a nonnegative integer.

If ¢ is even, we say the ordinal § is even; if ¢ is odd, we say the ordinal 3 is odd.

When at limit ordinals, it will be necessary to approximate the ordinal effec-
tively from below. We therefore fix a computable ordinal A and increasing cofinal
sequences for ordinals less than A.

Definition 2.13. Fix a computable ordinal A.

Fix a computable function f : A x w — X such that f(a + 1,n) = « for all
successor ordinals a+ 1 € A and n € w, and such that {f(a,n)}ne, Is a sequence
of increasing odd ordinals (greater than one) with a = Une, f(a,n) for all limit
ordinals o € .

We denote f(a,n) by fa(n).

3. THE GROUP GZ (FOR SUCCESSOR ORDINALS «)

Fixing a computable successor ordinal a below A, the group Gg will be a direct
sum of rooted torsion-free abelian groups Gg (n) coding whether n is or isnot in S. It
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will be useful to have a plethora of disjoint sets of primes. We therefore partition the
prime numbers into uniformly computable sets P = {pg}gcat+1, @ = {¢8}sca+1,
U= {Uﬂ,k}ﬁeaJrl,kaa V= {Uﬁ,k}ﬁeaJrl,ka» D = {dn}newa and E = {en}new;~

More specifically, the isomorphism type of G&(n) will be either [G(2Y)] 4, OF
[Q(Hg)]dn, or [H(Eg)]dn or ["H(Hg)]dn (all described later) depending on whether «
is even or odd (deciding G versus H) and whether n is in S (deciding ¥ versus II).
The group G2 (n) will be X-computable (uniformly in n) if S € £2(X). Conversely,
there will be an effective enumeration {Y,},e, of computable infinitary 3¢ sen-
tences such that G§ = Y, if and only if n € S.3 Thus, the group Gg will be
X-computable if and only if S € 39 (X).

The definition of the rooted torsion-free abelian groups G(X0), G(I12), H(X2),
and H(I1Y) is done by recursion. Unfortunately, the recursion is not straightforward
for technical reasons within the algebra (discussed in Remark 3.2). Indeed, we
introduce additional rooted torsion-free abelian groups G(3%(m)) for m € w if « is
an even ordinal.

We define some of these groups pictorially in Section 3.1. The hope is these
examples provide enough intuition to the reader so that the formal definition of G§
(and all the auxiliary groups) is not (too) painful.

3.1. Defining Q(Z%), Q(Z%(m)), Q(H%), H(Eoﬁ), and ’H(H%) Pictorially. For
each successor ordinal 8 > 3, we give a pictorial description of the groups G (E%)
(if B is odd), G(Xj(m)) (if B is even), and G(IT}). The recursion starts with
G(%9(m)) as Z with root r = p* and G(I19) as [Z],, with root r = 1. The recursion
continues as illustrated in Figure 1 and Figure 2.

For each even ordinal 8 = § + 2¢ + 2 > 2, we give a pictorial description of the
groups ’H(E%) and "H(H%). Though their definition relies on Q(E(ﬁ)fl) and G(I1%_,)
as illustrated in Figure 3, no further recursion is required.

Within these figures, the recursively defined rooted torsion-free abelian groups
are denoted with triangles (the text inside specifies which recursively defined group),
with the root denoted by a circle at the top. A line segment connecting two roots
and with a label p denotes the sum of the roots is made infinitely divisible by p.
Brackets around a recursively defined rooted group with a label p denotes the p-
closure of the recursively defined rooted group is taken. A prime p next to a root r
denotes r is made infinitely divisible by p.

3.2. Defining G§ Formally. Having pictorially described some of the associated
groups, we formalize the definition of G&. Of course, doing so requires formalizing
the definition of all the auxiliary groups.

Definition 3.1. For each ordinal g with 1 < 8 < «, define rooted torsion-free
abelian groups Q(E%) and Q(H%) (if B is odd) or Q(E%(m)) for m € w and Q(H%)
(if B is even) by recursion as follows.
e For 3 = 2, define G(X3(1m)) to be the group Z with root = p{" and define
G(11%) to be the group [Z],, with root r = 1.

3We refer the reader to [2], for example, for definitions and background on computable infinitary
formulas.
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UB,m+1

FIGURE 2. G(X%(m)) (Top) and G(IT}) (Bottom) if 8 = § 420 +2 > 2

e For odd f =0+ 20+ 1 > 3, define G(X3) to be the group

<[Z]p[a oP P o) (m) e @MY1) a5 (r+ 1) a5 (r+rem) homt € w> :

k€w mew kew

with root 7 = 1 in [Z],,, where 7}, is the root of the kth copy of G(II}_,)
and 7 m is the root of kth copy of G(X3_,(m)).



8 ANDERSEN, KACH, MELNIKOV, AND SOLOMON

FIGURE 3. H(X}) (Top) and 'H(H%) (Bottom) if 5=§+20+2>2

For odd f =+ 2+ 1 > 3, define Q(H%) to be the group

< pﬁ@@@g (331 )i 45 (r—i—rk,m):l@m,tém>7

kEw meEw

with root 7 = 1 in [Z],,, where 7, is the root of kth copy of G(X%_, (m)).
These are illustrated in Figure 1.
e For even =6+ 20+ 2 > 2, define Q(E%(m)) to be the group

<€B 95-0],,,, @ D [6015-) uﬁ,k;pﬁfvﬂwﬂ;<m+w:fmew>7

0<k<m k>m

with root » = 7y, where r; is the root of the kth copy of 9(2%71) or of
Q(Hgfl) depending on whether £ < m or k > m.
For even = ¢ + 20+ 2 > 2, define Q(H%) to be the group

<EB [6(S5-1],,,, 55" 0. 03 k(rk + 7ag) kst € w> :

kew

with root r = 7o, where r is the root of the kth copy of Q(Z%_l).
These are illustrated in Figure 2.
e For limit 5 = ¢ > 0, define the group G(Z%(m)) to be

< Q%) {g(zf@(k)} @@{ (05, 1) ] 7Pﬁt’“0»%,i(7“k+7”k+1)ik»tew>»

0<k<m Pk k>m

with root 7 = 7o, where 7y, is the root of the kth copy of G(X9 ta (k)) or of
Q(H?ﬁ(k)) depending on whether £ < m or k > m.
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Define G(IT3) to be the group

<@ [g(z?‘[;(k))} ) PEtTovvgﬁc(m +7rt1) skt € w> ,
ug,k

kew
with root r = rg, where ry, is the root of the kth copy of Q(Z(}ﬁ(k)).‘1
This completes the formal descriptions of these groups.
For odd 3 > 3, recall that the group G (E%) has the form

<[Z]pﬁ @@ P (=G (m) o @B GG 1); a5 (r +7x), a5 (r + 1hm)  kymt € w> :
k€w meEw kEw

We refer to the subgroups (indexed by k and m) of the form G(X3_,(m)) with

roots 7y, as the Q(Z%_l(m)) components of G(X%). Similarly, we refer to the

Q(H%_l) subgroups (indexed by k) with root ry as the Q(H%_l) components of

G (E%). We use similar language in the case of even 8 and limit 3, as well as for

other groups defined inductively within the paper.

We emphasize the components of a group do not detach as direct summands
(because of the divisibility introduced by the primes gz and vg ). For clarity, we
always refer to direct components (when the directness is an issue) without omitting
the word “direct”.

When we speak of components, we mean the components which are used in the
inductive definition of these groups (or their prime closures), and we do not care
if there are alternate ways to present the group. More formally, every such group
will be considered as an image of one canonical copy given by the definition, and
a subgroup is a component if and only if it is an image of a component which was
used in the definition of this canonical copy. The isomorphism is chosen once and
forever.

The important relationship between G(X%) and G(IT3) for odd 8 and G(X§(m))
and G (H%) for even ( is whether each embeds within the other. For small 3, one
can see that the groups defined above satisfy the following embeddability relations:
if 3> 1is odd, then G(X%) £ G(IT3) and G(I1}) < G(23); if 8 > 0 is even, then
G(113) £ G(Xj(m)) and G(X%(m)) < G(I1}) for all m € w. For larger ordinals 3,
the formal proof of these properties is less straightforward. Moreover, stronger
properties of such groups are needed to run a successful induction. We avoid these
formal difficulties by not using these embedability relations in later proofs, stating
them only in order to aid intuition. Though they will not be formally used, the
reader may find it useful to keep in mind which groups are “bigger”.

The embeddability relations discussed reflect the utility of the coding. Infor-
mally, we will ask

Is there a large subgroup attached to x?
about an element z that is infinitely divisible by an appropriate prime. The answer
will allow us to extract whether the E% outcome or the H% outcome was the case.

We (informally) justify not using a simpler recursive scheme to define the groups
Q(Z%) and Q(HOB) in the following remark.

4We emphasize that the definition of Q(Z%(m)) and g(H%) for B = § + 2¢ + 2 is identical to
the case of 8 = § as by definition f5i2¢42(k) =6 + 2¢ + 1 for all k. We separate them, here and
in some later proofs, in hopes of not obfuscating the intuition.
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Remark 3.2. It would of course be simpler if Definition 3.1 used only the odd
recursion schema (for all successor ordinals). Unfortunately, the embeddability
relations would not be satisfied in this case, e.g., when 8 = 4 it would be the case
that G(X%) = G(IT}) and G(IT}) < G(X%). The reason is G(X3) would contain
infinitely many copies of G(I13) and infinitely many copies of G(X9) whereas G(I19)
only would contain infinitely many copies of G(£9). As G(II3) < G(X9), it would
follow that G(39) < G(I19). Hence asking if there is a large subgroup would not
distinguish between the Z% and the H% outcomes.

For even successor ordinals § > 4, we will need additional auxiliary groups
H(E3) and H(ITY).
Definition 3.3. For each even computable ordinal 5 = §+2£+2 > 4, define rooted
torsion-free abelian groups ’H(E%) and H(H%) as follows.

Define H(X%) to be the group

<[Z]pﬁ o@P o) e P MG ) a3 (r+ k), a5 (r ) kKt € w> ,

kew k'cw
with root 7 = 1 in [Z],,, where 7}, is the root of the kth copy of G(Xj_,) and 4 is
the root of k’th copy of Q(H%_l).
Define H(I1}) to be the group

<[Z]pﬁ O G(Eh-1); a5 (r+ i) kit € uJ>

kew
with root r = 1 in [Z],,, where 7} is the root of the kth copy of G(X%_).
These are illustrated in Figure 3.
It is now possible to define G§ for S C w.
Definition 3.4. For each successor ordinal o > 3 and set S C w, define a torsion-
free abelian group G§ as follows.
o Ifa=¢6+20+12>3, define G§ to be the group
g5 := D [9%0)],, @ P 6],
nes ngS
o If a =6+ 20+ 2, define G to be the group
g5 := P (M=), @ P )],
nes nés
The following definition and associated observation will be exploited in later

sections when we wish to express elements as sums of roots of subcomponents.

Definition 3.5. If G is any group within this section, or any direct product of
prime closures of such groups, we let Rg denote the set of roots of the recursively
nested components of G.

Of course, some elements serve as the root of more than one component at
different ordinal levels. For example, if 3 is odd, then the root of a G(X%_,(m))
component of G(TI}) is also the root of a [G(X§_,)]
root appears only once in Rg.

Fact 3.6. The set Rg is a basis for both G and D(G).

us_1,0 component. However, this
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4. PROOF OF THEOREM 1.5

Having defined G§ for each successor ordinal a > 3, it of course remains to verify
the desired properties. We state these explicitly.

Lemma 4.1. For each successor ordinal o > 3, there is an effective enumeration
{Yh}new of computable 3¢, sentences such that G& =Y, if and only if n € S.

Lemma 4.2. For each successor ordinal o > 3, if S € ¥9%(X), then G& has an
X -computable copy.

Assuming Lemma 4.1 and Lemma 4.2, we prove Theorem 1.5. Lemma 4.1 is
demonstrated in Section 4.1 and Lemma 4.2 is demonstrated in Section 4.2. We
note the proof of Theorem 1.5 from Lemmas 4.1 and 4.2 is identical to the context
of linear orders (see [1]).

Proof of Theorem 1.5. Fix a computable ordinal «, a degree a > 0(*) and a set
A € a. By Theorem 1.4, we may assume that a > 3.
If o is a successor ordinal 8 + 1, we argue the torsion-free abelian group G :=

Qz@z has proper ot” jump degree a. By Lemma 4.1 and Lemma 4.2, we have

DegSpec(G) = {X:A@Ac ¥ (X))
= {X:AcA'X)}

(for o finite, these are 29, ; (X) and A%, (X)). It follows {X® : X € DegSpec(G)}
contains precisely those sets that compute A. Thus G has a'? jump degree a. On
the other hand, if 8 < «, the set {X® : X € DegSpec(G)} has no element of
least degree (see Lemma 1.3 of [1]). Thus G does not have 3" jump degree for any
B < a.

If v is a limit ordinal, fix an a-generic set B such that B = Ba @ =4 A.
Viewing B as a subset of w X w, we write B,, := {k : (n,k) € B}. We argue the
torsion-free abelian group

G:=Gs.l.,

ncw

has proper ot jump degree a, where G, is the group gj;‘jf") associated with the

set B,, and the ordinal f,(n). Making use of the uniformity in both Lemma 4.1 and
Lemma 4.2 and that the prime e, distinguishes the subgroup g};;;(") from g,’;" (,n )
for n’ # n, we have

DegSpec(G) = {X:B,¢€ E?a(n)(X) uniformly in n}.

It follows { X (®) : X € DegSpec(G)} contains precisely those sets that compute B(®).
Thus G has o jump degree a. On the other hand, the set {X(®) : X € DegSpec(G)}
has no element of least degree for any 5 < « (see discussion after Lemma 3.1 of [1]).
Thus G does not have 8" jump degree for any 5 < a. (]

4.1. Proof of Lemma 4.1. The definition of the X¢ sentences { Y, } e, is done re-
cursively, mirroring the recursive nature of the definition of G&. Before we start con-
structing formulas ®g(z) and ¥g(z) connected semantically to Q(Z%), Q(Z%(m)),
and G (H%), we demonstrate two divisibility lemmas that isolate aspects of the odd
and even inductive steps. The proofs of these are similar to proofs of lemmas by
Downey and Montalbdn (see Lemma 2.3 and Lemma 2.4 of [7]). For the proof of
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Lemma 4.4(1), we make explicit whether we are viewing elements of B as belonging
to B or the divisible closure of B. For later parts of Lemma 4.4 and Lemma 4.5, we
do not make it explicit as which it should be is clear from context. Before stating
these two divisibility lemmas, we note a number of simple number theoretic facts
(without proof) that we will use repeatedly (without mention).

Fact 4.3. The following facts hold of prime closures of Z.
e For any primes po and p1, [Z]p, +[Z]p, = [Z]py,p, » Where the sum [Z],, +[Z],,
denotes the set of all ¢ € Q such that ¢ = a + b for some a € [Z],, and
b € [Z]p,
e For all sets of primes Py and Py, [Z]p, N [Z]p, = [Z]p,np, -
e If Py and P, are disjoint sets of primes, then ([Z]p, \ Z) N [Z]p, = 0 and
0¢ ([Z]p, \ Z) + [Z]p, .
Lemma 4.4. Fiz pairwise disjoint sets of prime numbers Fy, Fy, and P and a
prime number p ¢ F1 UF,UP. For each i € w, fix a copy of [Z)r, and let x; denote
the element 1 in this copy. For each i,j € w, fix a copy of [Z]p, and let y; ; denote
the element 1 in this copy. Let B be the group

Bi= <€B Je® @ e, T m’,kew>

i€Ew 1,jEW P

Then B has the following properties:

(1) For any z € B and 01 € Fi, we have o7° | z if and only if z = Y, m;x;
with m; € [Z]Fl,P~

(2) For anyy € B and 03 € F», we have 05° | y if and only if y =3, ;mi ;i
with mij € [Z}p,p%p.

(3) Fizing an integer €, if p> [ 32, me ;Yo 5, then - me; = 0.

(4) If z can be expressed as z =Y m;x; with m; € [Z]p, then for each o1 € Fy
and oo € Fy, the element z satisfies the formula

(1) or’lz A (FyeB)[p™[(z+y) Aoy [y].

(5) If z € B satisfies () with witness y € B, then z =, m;x; with m; € [Z|p
and y = th my Y Wwith m; ; € [Z], g, p for all i,j and m; = Zj mij
for all i (noting that m; = 0 is possible).

Indeed, in any torsion-free abelian group of which B is a pure subgroup, these facts
remain true.

Proof. For (1), the backward direction is immediate. For the forward direction, we
express z (in the divisible closure) as z = ZZ m;T; —l—zm m; ;Yi,; with mg,m; ; € Q
(allowing the possibility of a coefficient being zero). If 6° | z, as the summation is
finite, there is a [Z],,-multiple 2 of z in B with

ézzmlxz"‘z n1]y74j

(with the right hand side expressed in the divisible closure) where m;, m; ; € Z,
m; # 0 implies o1/, ;. ; # 0 implies o1/, 5, and n;, n; j > 0. Since the coefficient
of y; j in any element of B (viewed in the divisible closure) is an element of [Z], r, p°

5Though we justify this here, we omit such arguments in the rest of the paper as all are similar
to the argument here.
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and ([Z]5,\Z) N ([Z]p,F,,p) = 0, it must be that 7, ; = 0 for all 7, j, and so m; ; =0
for all 7, j. The reason that the coefficient of y; ; in any element of B (viewed in the
divisible closure) is an element of [Z], r, p is an immediate consequence of the fact
that every element of B is a formal sum ). a;z; + Z” bij(zi + i)+ Z” CijYij
with a; € [Z]Fl,P, bi,j S [Z}p,p, and Cij € [Z]F%p. Thus, in the divisible closure,
the coefficient of any fixed y; ; is an element of [Z], p + [Z]r, p = [Z],,F,,pP-

Thus if 07° | z, then z = ), m;x; (in the divisible closure) with m; € Q. From
the structure of elements of B, we have m; € [Z], r, p. Fix i. If m; & [Z]p, p,
then there would be a non-[Z] p-multiple of z; +y; ; in z for some j, in particular a
[Z],,p\|Z] p-multiple. Then the coefficient of this y; ; in z (in the divisible closure)
would be in [Z], p\[Z|p + |Z]F,,p. However 0 & [Z], p\|Z]p + [Z]F,, p, yielding a
contradiction to the form z =), m;x;. Thus m; € [Z]F, p for all i, completing the
proof of (1).

For (2), the argument is similar and we leave the minor change in details to the
reader.

For (3), as p> | 2, me,jye,;, there is a [Z],-multiple £ of 3. my jye ; in B with

. My,
z = § Yej

e, 5
il

where 7 ; € Z7°, pfingj, and ng; > 0. Indeed, we may assume that > ;%JJ €

[Z),\7Z (in particular, that it is not an element of [Z]p ,) if Zj my,; # 0. From the
structure of elements of B, we have

E=amwe+ Y bej(we+yes) + Y coge;
i i

with ay € [Z]th, bgd' € [Z]pJD, and Cyj c [Z]F27p. As Zg% ¢ [Z]p7F2, it
must be the case that > be; & [Z]p. However this would imply the coefficient
of ¢ is nonzero as 0 € [Z]p, p + [Z],,p\|Z]p. This would contradict the form of 2,
showing (3).

For (4), we note if z = ), m;x; with m; € [Z]p, then y = Y. m;y; o is in B.
Moreover, by Parts (1) and (2), this y witnesses z satisfying (t), showing (4).

For (5), fix z and y with o° | z, p>*° | 2+ y, and 05° | y. By Part (1), we
have z =}, m;z; with m; € [Z]p, p. By Part (2), we have y = -, ;m; ;jy; ; with
mi ; € [Z)y F,,p. As p> | z+y, there is a [Z],-multiple Z + 7 of z + y in B with

E+g=>)

i

m; T?’Ll Vi
g T; + Z p"i’f Yij
4,

where ﬁzi,mm € Z, m; 75 0 implies ﬁ}rﬁl“ mi,j 75 0 implies ,@rﬁli’j, and Ny M5 > 0.

As
. m; m;
i i
is in B (by virtue of it being a sum of [Z],-multiples of z; + y; ) and infinitely
divisible by p, the element

o . mi s
Zty—w= Z pnii Yig — Zflyzo

n
¥ . P
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M, j

is in B and is infinitely divisible by p. By Part (3), this implies % = > oo for

pri

all 4. This is equivalent to m; = Zj my; ; for all 4.
As m;j € [Z]pp, p for all i,j, fixing i, the sum >, my; is in [Z], p, p. As
[Z)p,,p N [Z],,F,,p = [Z]p, it follows m; € [Z]p for all i. This shows (5). O

Lemma 4.5. Fiz pairwise disjoint sets of primes F;, for i € w, and P, and fix a
sequence of distinct primes py,, for n € w, such that p, & (Uiew,Fy) U P for each n.
Let B be the group

B = K}' Tij Tij ¥ Tit1j 24,4,k €w and all 0; € Fl>]

T ,
where F is the free abelian group on the elements x; ; for i,j € w. Then B has the
following properties:
(1) Fizing an integer £, a prime oy € Fy, and an element z € B, if 0¢° | z, then
z =3 My e with me; € [Z]F, p.
(2) Fizing an integer £, if z =3, my jx¢,; is nonzero, then pg|z for any i.
(3) Fizing primes o; € F; for 0 <i <k+1, if zo,..., 241 € B satisfy
0%z for alli < k+1 and p$°| (2 + ziy1) for all i <k
then there are constants m; € [Z]p such that z; = 3 ;mjw;; for all 0 <
1 <k+1.
Indeed, in any torsion-free abelian group of which B is a pure subgroup, these facts
remain true.
Proof. For (1), we express z as z = ), . m; jx;; with m; ; € Q70 As 0f° | z and
the summation is finite, there is a [Z],,-multiple 2 of z in B with

2 My, 5
z= E :a_ni,j Li,j

ij ¢

where 1, ; € Z7°, oy, ;, and n;; > 0. Thus the coefficient of z;; in 2 is an
element of [Z],,\Z. On the other hand, the coefficient of z; ; in any element of B
is an element of [Z]Fmp + [Z]Pmp + [Z]Pq‘,—l,PG' As ([Z]W\Z) n [Z]Fiapiyf’i—lyp =0 if
i # {, it follows that z can be expressed as z = 3, my jxe,; With my; € Q7.

We show my ; € [Z]F, p for all j. Fixing j, if m,; were not in [Z]F, p, there
would necessarily be a non-[Z] p-multiple of either g+ Tpp1,5 OF Tp—1 5+ Tejin 2.
This implies the coefficient of x4 ; or x¢_; ; is nonzero in Z as 0 & [Z],, p\[Z]p +
[Z]thP + [Z]FZJrlvP and 0 € [Z]PLP\[Z}P + [Z]pphP + [Z]Fl—hP' However this
contradicts the form of 2, so it must be that my ; € [Z], p, showing (1).

For (2), fix an ¢, a nonzero element z = Zj My ;% j, and an integer i towards
a contradiction. As we are assuming p$° | z for a contradiction, there is a [Z],,-
multiple 2 of z in B with

Z= Z %(E&j

j 2
where 1y ; € Z70, pjfing j, and ng; > 0. Fix j and note that the coefficient of xy
in Z is an element of [Z],,\Z. On the other hand, the coefficient of z,; in any
element of B is an element of [Z]g, p + [Z],,.p +[Z],,_, p- As ([Z],,\Z)N([Z]F, p +

bwe ignore the degenerate case of i = 0 as it is actually simpler.
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(Z)pyp + 2]y, . p)=0if € & {i,i+ 1}, we must have ¢ € {i,i + 1}. We show that
either yields a contradiction.

If ¢ =i, as ([Z),,\Z)N(|Z) , . p+[Z],,_, p) = 0, the term x ;+ x4 ; must have a
nonzero coefficient in the expression of Z as an element of B. Indeed, this coefficient
must be an element of [Z],,\Z as the coefficient of x, ; in 2 is in [Z],,\Z. This implies
the coefficient of x¢41; in £ is nonzero as 0 & ([Z],,\Z) + [Z],,,,.p + [Z]F,.,.P,
contradicting the form of z. If £ = ¢ + 1, identical reasoning suffices to contradict
the form of z. We have thus shown (2).

For (3), we induct on k. For k = 0, by Part (1), we have z; = > m; jz;
with m; ; € [Z]p, p for i € {0,1}. As p&° | (20 + 21), there is a [Z],,-multiple 2 of
z:=z9+ 2 in B with

=% Mo, 3 mij
Z = To,; £0,j + n1,; L1,j
Po 5 Po

J
with pofi,j, pofa j, no,; > 0, and nq ; > 0. We rewrite 2 as

~ A~ n i A
. mo,j mij — Po " mo,j
2= —my (Toj+x15) + oW 1.
2J »J
j pO j pO

As the first summation and Z are both in B and infinitely divisible by pg, so is
the second summation. By Part (2), the second summation must be zero. Thus
mi,/pe"’ = o ;/py”’ for all j, and so mg; = my ; for all j, with this value an
element of [Z], p N [Z]F,.p = [Z]p, completing the base case.

Assuming Part (3) for k, we show it true for £ + 1. As in the base case, write
zi = DMy x;; with my; € [Z]g, p for i < k+2 by Part (1). By the induction
hypothesis, for each fixed j, the values of m; ; for 0 < ¢ < k + 1 are equal. Let m;
denote this common value. Since m; is in [Z]g, pN---N[Z] g, p, it must be in [Z]p.
As zpyo = Zj Mpy2,jThyo,j With myyo; € [Z]Fp, ., p, the same analysis as in the
base case implies mp42; = Mr41,; = m;. O

We continue by introducing various formulas that capture structural aspects of
the groups. These formulas describe how group elements interact in terms of infinite
divisibility by certain primes. When defining these formulas and verifying their
properties, we often restrict quantification from ranging over all group elements to
ranging only over those elements which are infinitely divisible by certain primes.

To make this notion precise, we define the (computable infinitary) language of
infinite divisibility. The signature of this language is the same as the signature of
the language of groups except that for each prime p, we add a relation symbol for the
relation p™ |z. That is, we treat p® |¢ for each prime p and term ¢ as an atomic
statement. We build up formulas in this language in the standard computable
infinitary manner.

Definition 4.6. For any formula ¢ in the infinite divisibility language and any
prime g, we define the relativized formula p? by recursion as follows:

o If ¢ is atomic, then p? =g4ef .

o If p:= (A, Bi), then ©? =qet A\, B7; similarly for \/, =, and —.
o If v := (Jz) B(x), then p? =4¢t (3z) [¢° | A f(x)].

o If v := (Vz) B(x), then ¢ =4¢¢ (V) [¢>° |2 — B%(z)].



16 ANDERSEN, KACH, MELNIKOV, AND SOLOMON

Thus, a formula ¢? restricts all quantification to be over elements which are
infinitely divisible by the prime ¢q. The following lemma is a formal statement of
this property.

Lemma 4.7. Let G be a torsion-free abelian group, let g be a prime, and let G,
be the subgroup consisting of the elements infinitely divisible by q. If G, is a pure
subgroup, then for any formula ¢(T) in the language of infinite divisibility and any
parameters @ from G4, we have

(1) G E i@ if and only if G = p(a).
In particular, if G is {q}-closed, then G, = G and hence

G = ¢9(a) if and only if G F ¢(@).

Proof. Suppose G, is a pure subgroup. We proceed by induction on ¢(%). If ¢(7) is
atomic, then p?(a) is the same as ¢(a). If ¢(@) has the form tq(a) = t1(@), then (1)
follows because G, is a subgroup. If (@) has the form p™ |¢(@), then (1) follows
because G, is pure. The inductive cases for A, \/, — and - follow immediately by
definition, leaving only the quantifier cases. It suffices to consider the case for 3.
Suppose ¢?(a) has the form ((3z)3(z,a))? and G | (3x)[¢*° | ALY (z,a)] with a
fixed witness x. Since z is infinitely divisible by ¢, we have z € G,. By the inductive
hypothesis G, = B(z,a) and hence G, = (3z)B(z,a) as required. Conversely,
suppose G, |= (3z)B(x, @) with fixed witness x € G,. By the inductive hypothesis,
G = BY(z,a), and since every element of G, is infinitely divisible by ¢, we have
¢ | z. Therefore, we have G = (3x)[¢*° |z A B%(x,@)] as required. O

Because the language of infinite divisibility is infinitary, we can express the re-
lation p* | z using the standard formula ¢, (z) given by

op(x) ==\ By) [Py =2].
kew
In any group, the atomic relation p> |z and the formula ¢, (x) are equivalent in the
sense that they are satisfied by the same elements. Thus, we can always translate
formulas in the language of infinite divisibility into formulas in the (computable
infinitary) language of group theory.” Notice, however, that some caution is required
because the relativized formulas (p* [z)? and ¢f(x) are not (always) equivalent:
the former is satisfied by those elements infinitely divisible by p, whereas the latter
is satisfied by those elements infinitely divisible by p and g¢.

When we measure the quantifier complexity of a formula in the language of
infinite divisibility, we will always mean its complexity as a formula in the language
of group theory. Given the remarks in the previous paragraph, we need to be careful
how we translate relativized formulas in the language of infinite divisibility into
formulas in the language of group theory for the purposes of measuring complexity.
Thus, when we say a formula ¢4 (in the language of infinite divisibility) is in X5 or
11, we mean that the following formula ¢ (in the language of group theory) is in
the complexity class.

e First, use the recursive definition of relativized quantifiers to write ¢? in
an unrelativized form in the language of infinite divisibility.

7As all of our languages are computable infinitary languages, we drop explicit reference to this
fact from now on.
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e Second, replace each occurrence of an atomic formula p*° | ¢ in this unrela-
tivized formula by the corresponding formula ¢, (t) to obtain a formula v
in the language of group theory.

By performing the translation in this order, we ensure that we do not add additional
divisibility conditions on the witnesses for p> |t and thus each atomic fact p |¢
remains II§ even if it is under the scope of a relativizing prime.

We need one further convention before giving our formulas. Note that this
convention does not change the quantifier complexity of any formula.
Convention 4.8. When we quantify over group elements using (3z) or (Vz), the
quantification is restricted to nonzero group elements. Hence (3z) [1)(Z)] is an abbre-
viation for (32) [z # 0 A ¥(Z)] and (Vz) [(Z)] is an abbreviation for (Vz) [z = 0 V ¢(Z)].

In a similar manner, we regard each of the formulas Ag(x), ®5(x), Yg(z), Bs(z),
and Og(z) (all defined later) as having an additional conjunct z # 0. In most
cases, we could show that such a conjunct is unnecessary, but it easier to add it
and ignore the issue of the zero element. The point of this convention is merely to

keep our formulas a reasonable size and to avoid repeatedly stating assumptions
that elements are not the zero element.

The formulas Ag(z) below capture when an element x is a sum of roots of
G(x%(m)) components (for even ). The formulas ®4(x) and ¥g(x) capture when
an element z is a sum of roots of Q(Z%) components and a sum of roots of Q(H%)
components, respectively.

Definition 4.9. For each even ordinal 3, we let Ag(x) be the computable infinitary
formula Ag(z) := pF [z A (Fw) [ug‘fl |w A v [ (@ + w)]
Definition 4.10. For each ordinal 8 with 8 > 2, we define computable infinitary
formulas ®g(z) (for odd 5) and Ug(x) (for even §) by recursion as follows.
o If 5 =2, define ¥g(x) to be the formula Uy (z) := p§° | z.
o If 5 =3, define ®g(x) to be the formula
O3(x) =5 [z A (Fy)[e5° | (= +y) A Ta(y)].
o If 3 =042 > 2, define ¥g(z) to be the formula
Us(z):= N\ Gzo,. . zm) [l“o =an N\ ulae AN o5 | (@ + ze) A O (@m) |-
meEw k<m k<m
Note that when 3 is a successor ordinal, the last conjunct is @g’i;" (Tm)-
o If 3=0+420+1> 3, define Pg(x) to be the formula
() = pF |2 A @) (65| (@ +y) A A1 (y) A Tp_1(y)] -

Lemma 4.11. The complezity of Ag(z) is X5 (independent of 5). If f = 6+2¢ > 2,
then Vg € 115. If B =0+20+1 > 3, then ®g € ¥F. Furthermore, the relativization
of these formulas to any prime does not change their complexity.

Proof. These statements follow immediately from p> |z being ITI§ and induction.
O

Fact 4.12. Let pg, p1 and ps be distinct prime numbers and let 1 (x) be the formula
p° |z A By)[p° |y A ps° | (z +y)]. The following properties hold for any prime g.
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(1) If G = ¥(z) for a fixed x € G with witness y and H is a pure subgroup
of G with x,y € H, then H |= ¢%(x) with witness y.

(2) If H |= ¢9(x) for a fixed x € H with witness y and H is a subgroup of G,
then G | ¢%(x) with the same witness.

In particular, these properties hold for Ag(x).

More generally, we have the following fact about our formulas as a consequence
of them imposing only positive infinite divisibility conditions.

Fact 4.13. Let () be a formula of the form Ag(x), ®z(x) or Vg(x). If H |= ¢(x)
for some fixed € H and if H is a subgroup of G, then G = ¢(z).

The next lemma gives the key properties needed to verify that our construction
succeeds.

Lemma 4.14. Fiz an odd ordinal B > 3 and a set of primes P disjoint from

{potp<s U{qP}PSB U{“p,m}pS&me U{”p,m}péﬁ,méw' Let G be the group [@iEwCi]Pa
where each C; is either isomorphic to G(X3) or G(TI}). 8

(1) If B =3, then G = Ya(y) if and only if y can be expressed as y = > a;y;
with each y; a root of a G(I13) component and a; € [Z)p, 4s.P-
(2) For=0+2(+1>3:
(a) IfG b= Ap1(2)AVp_1(2), then z = Y aiz; with z; a root of a G(IT_ )
component, a; € [Z]pyp, ,.q, (if B—1 is not a limit) and a; € [Z]p,q,
(if B — 1 is a limit).
(b) If z = > a;z; with z; a oot of a Q(H%,l) component and a; € [Z]p,
then G = Ag_1(2) AN Ug_1(2).
(3) Forf=64+2(+3>3 and k > 0:
() If Gl uz |2 AT (2), then 2z = 3 aiz; with a; € [Zlu,_, , q5.P
and z; a root of a [G(Xf_5)lus_, , component.
(b) If z = Y aizi with a; € [Z]u,_, . p and z a root of a [G(XG_o)lus_, ,
component, then G = u% | ;|2 A @7 " (2).
(4) For =041 and k> 0:

(a) IfG Eug” |z/\<I>;§:11(’;€)(z), then z =3 ajz; with a; € [Zlus_, ,.q5.P

and z; a root of a [g(z?",g,l(k))]uafl,k component.
(b) Ifz =3 aiz; witha; € [Z]u,_,,,p and z; aroot of a[G(XG, |1 ))lus_1.
component, then G = ug® | [z A @;g:;(i)(z)

Moreover, the same is true if G is a finite sum of such groups C;.

Before proving Lemma 4.14, we establish some notation and some basic facts
which will be useful in the proof. By Fact 3.6, we can write any element of G, as
an element of D(G), in the form Y ¢;z; where each ¢; € Q7% and z; € Rg. We will
often use various divisibility conditions to narrow which roots x; can occur in such
a sum for particular elements and then use Lemma 4.4 and Lemma 4.5 to restrict
the possible values for the coefficients g;.

8The astute reader will note the upcoming statements are almost, but definitely not, bicondi-
tionals as a consequence of differences of elements within distinct C;. Though it is not too difficult
to formulate (stating precisely is a bit more difficult) exact conditions for an element to satisfy
the appropriate conjunction, we do not need them for our purposes.
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Definition 4.15. If X C Rg, denote by Spang(X) the set of all elements g € G
such that, in D(G), g = >_ ¢;x; where ¢; € Q and z; € X for all s.

Lemma 4.16. For any set X C G (in particular any set X C Rg), the set
Spang(X) is a pure subgroup of G.

Proof. The set Spang(X) is clearly a subgroup of G. To see that it is pure, fix
g € Spang(X), n > 0, and h € G such that nh = g in G. We need to show that
h € Spang(X). Write g = > ¢;x; (in D(G)) with ¢; € Q and z; € X. Because G
is torsion-free, the element h is the unique element satisfying nh = g. Therefore,
in D(G), we have h = ) (g;/n)x; and hence h € Spang(X). O

Note that in the context of torsion-free abelian groups, the subgroup Spang(X)
need not separate as a direct summand of G. Nevertheless, in the proof of Lemma 4.14,
we will often be able to describe the isomorphism types of such subgroups. The
next lemma pertains to any torsion-free abelian group.

Lemma 4.17. Let H be a torsion-free abelian group which is P-closed for a set P
of primes. Let p be a prime and let h € H be infinitely divisible by p. Then for any
q € [Z)p, the element qh is infinitely divisible by p.

Proof. Let g € H satisfy p¥g = h. Since H is [Z]p-closed and ¢ € [Z]p, we can
multiply this equation by ¢ in H to obtain (go*)g = ¢gh. Thus, the element qg
witnesses that ¢h is divisibly by p*. O

We return to the proof of Lemma 4.14. We work both within G and D(G) during
this proof and often rely on context to indicate which group we are working in.

Proof of Lemma 4.14. Before establishing Lemma 4.14, we say a word about its
proof. For § = 3, we demonstrate (1) directly. For 8 > 3, we demonstrate (2), (3),
and (4) by simultaneous induction on 8. The base case of the induction is the case
B =5 for (3). The induction cases proceed as follows. To prove (2) for S, we use
that (3) and (4) hold for values less than or equal to 3; to prove (3) for 5, we use
that (2) holds for values less than 3; and to prove (4) for 3, we use that (3) holds
for values less than 8. Because (3) includes our base case, we begin with the proof
of (3) after showing (1).

(1) For 8 = 3, we show y can be so expressed if G = Us(y), ie., if G = pi°|y.
Working in D(G), we express y as y = Y a;y; where a; € Q and y; is the root of
a G(X3(m)) component, a G(II3) component, or a [Z],, component. We note that
it is impossible that any y; is the root of a G(X9(m)) component. For if one were,
with y; the root of a G(X9(m;)) component, there would be a [Z],, -multiple § of y
in G with

?
where a; € Z7°, pyfa;, and n; > m;. However, this is impossible as the coefficient
of the root of any G(X9(m;)) component in G has the form a/p} where a € [Z],, p
and k < mj;.

Thus, we have that y = > a;y; where each y; is the root of a [Z],, component or
a G(II3) component. In other words, we have y € B where B := Spang(X) and X
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is the set of roots of G(II3) components and [Z],, components of G. Hence B can
be written as a direct sum of subgroups

Z)p, & P2, igs ' (r+11) t kit €w
kew P

~

since G(T19) = [Z],,.° Since G | p°|y and B is a pure subgroup of G (by
Lemma 4.16), we have that B = p3°|y. Applying Lemma 4.4(2) to B (with
Fy = {p3}, F» = {p1}, p = g3, and P = P) yields that each y; is the root of
a G(I13) component and each a; € [Z],, 45.P-

Conversely, suppose y = Y a;y; with a; € [Z], 4,,p and y; the root of a G(II9)
component. Since y is the sum of roots of G(II3) components, we have y € B
(where B is as in the other direction). Since each a; € [Z],, 4,,p, Lemma 4.4(2)
implies that p$° | y.

(3) For the base case when 5 = 5, we first show (3)(a). Fix k € w and suppose that
G ui |2 Ay (2), recalling ugs, [ 2 A P50 (2) is

(1) ug |2 A pst 12 A Gyllugl [y A gs® [ (z+y) NPTyl

We need to show that z = )" a;2; with each a; € [Z]

a [G(29)]u, , component.
Since u3, |z, the element z must be a sum z = ) w;, where each w; comes

warqs,p and each z; a root of

from a [G(39)]u, , or [G(I19)]., , component (which we denote by G;). Indeed, since
p$° | z by hypothesis, each w; is a multiple of the root of G;. Hence, the element z
must be a sum z = Y a;2; where a; € Q and each z; is the root of G;. We endeavor
to show that, in fact, each a; € [Z]y, , q;,p and each G; is a [G(29)]., , component.

Fix a witness y for (}). Since ugS |y, the element y must also be contained
within the [G(29)], , and [G(I19)]., , components. Furthermore, since p3° |y, the
element y must have the form y = > b;y,; where each b; € Q and y; is the root of
a G(I19) component. Since the [G(I13)],, , components do not contain G(I19) com-
ponents, each y; is the root of a G(II3) subcomponent of a [G(29)],,, component.
Thus z,y € B where B := Spang(X) and X contains the roots of the [G(II3)],,
components, the roots of the [G(X9)],, , components, and the roots of the G(II9)
components of the [G(39)]., , components. By Lemma 4.16, the group B is a pure
subgroup of G.

To describe the isomorphism type of B, we need to analyze which primes infinitely
divide the roots occurring in X. The point is that a particular element of X may
be the root of components at more than one level and each level will introduce
different infinite divisibilities. Because of these considerations, we split into cases
depending on whether k£ > 0 or £ = 0.

First, consider the case when k& > 0 and let r be the root of a [G(II$)].,
component or a [Q(Eg)]uw component. The root r is infinitely divisible by ps
(since it is a root at level 3), by w4 (by the prime closure of the component added
at level 4) and by all the primes in P (by the prime closure of G). Because k > 0,
the element r is not the root of a component at level 4 and because the level 3 (at
which r is a root) is odd, the element r is not the root at level 2. Similarly, if r is
the root of a G(I19) subcomponent of a [G(%9)] component, then r is infinitely

U4,k

U4q,k

90f course, here we mean r to be the root of the [Z]p,; component and 7 to be the root of the
kth copy of [Z]p,. When obvious, we omit such explanation.
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divisible by p; (since it is the root of G(I13)), by u4  (by the prime closure) and by
all the primes in P. Again, the element r is not the root at any other level. Thus,
when k& > 0, the group B is isomorphic to a direct sum of infinitely many copies
of [Z] pg uyr,p (coming from the roots of the [G(I19)],, , components) and infinitely
many copies of

@) (12 © Pl ) skt )

kew ug,k, P
(coming from the roots of the [G(%9)]
subcomponents).

We show that each z; in the sum 2 = > a;2; is the root of a [G(X9)]., , compo-
nent. If not, then we can suppose without loss of generality that z is the root of a
[G(119)], , component, that is, the element zj is the element 1 in a direct summand
of B of the form [Z]p, v, ,,p. Since ¢3° | (3 aizi+_ bjy;), there is a [Z]4,-multiple @
of z 4+ y in B such that

us, components and the roots of their G(II3)

) ¥ b;
w = lel + Z TJy]
i 43 j 43

where di,l;j € Z, qsfa;, k; > 0, qgﬁ)j and ¢; > 0 (assuming di,I;j # 0). However,
the coefficient of zg in any element of B must be from [Z] p. Hence, we have
ap = 0 and therefore ag = 0.

Having established that each z; is the root of a [G(29)],, , component, it follows
that z,y € B’ where B’ := Spang (X’) with X’ C X containing only the roots of the
[G(38)]u,,, components and the roots of their G(I19) subcomponents. That is, the
group B’ is the subgroup of B consisting of the direct sum of the infinitely many
copies of the group in (2). Since B’ is a pure subgroup of G, we have by Fact 4.12(1)

B Ep 2 A (G)es”] (2 +y) A pi° |yl
(with our fixed element y € B’ as witness). Therefore, we can apply Lemma 4.4(5)
(with Fy = {ps}, F2 = {p1}, p := g3 and P := P U {us}) to conclude that
z =) ajz; with a; € [Z]y, . p-

Second, consider the case when k = 0. In this case, we have z = >_ a;2z; where
each z; is the root of a [G(29)]., , component since there are no [G(I13)],, , com-
ponents. A root r of a [G(29)].,, component is infinitely divisible by ps (since it
is a root at level 3), by w4 (by the prime closure), by ps (since k = 0 and hence r
is also the root of a G(I19) or G(X$(m)) component) and by all the primes in P.
Furthermore, if r, 7’ are roots of (distinct) G(I13) or G(X9(m)) components within
the same C;, then r — 7/ is infinitely divisible by ¢5. (This divisibility does not add
to the infinite divisibility of either 7 or 7/, but it does effect the isomorphism type
of B.) However, if r,r" are roots of such components in different C;, then r — 7’/ is
not divisible by ¢5. To smooth out this difference in divisibility and to simplify the
calculations, we work in [B],,.

The group [B],, is isomorphic to the direct sum of infinite many copies of

(s & Blhsas ' +10) s kot € )

kEw :|U4,0,q5,P

P3,U4 ks

(coming from the roots of the [G(3$)]., , components and their G(II§) subcompo-
nents). Since B is a pure subgroup of G and B is a subgroup of [B],,, we have by
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Fact 4.12(1) and Fact 4.12(2)

[Bles E 3712 A (Fy)as® | (z+y) A pi° |yl

with our fixed element y € B as the witness. Applying Lemma 4.4(5) (with Fy :=
{ps,pa}, Fo == {p1}, p := g3 and P := P U {uq0,¢5}), we conclude that a; €
[Z] Py ,q5- This completes the proof of (3)(a) when 8 = 5.

To prove (3)(b) when g = 5, assume z = 3 a;2;, where a; € [Z}u, ,,p and each z;
is the root of a [G(¥9)],, component. Let G; denote the [G(39)],,, component
containing z;. We need to show that G satisfies

ugy |2 Apstlz A (F)lugy ly A gs® | (z+y) Ayl

Since z; is the root of G;, we have p3° | z;. By Lemma 4.17 and the fact that G; is
PU{ug i }-closed, it follows that ps° | a;z; and ug%, | a;z;. Hence, we have p$° | z and
ugy | z. l

Let y; be the root of a G(II9) component inside G; and let y := > a;y;. Since
G(19) = [Z],,, we have p3° | y;. As G; is P U {uqy}-closed, it follows that p$° | a;y;
(by Lemma 4.17) and that u3% |a;y;. Hence, both p; and u4  infinitely divide y.
By the definition of G(X9), we have ¢5° | (z;+y;) and applying Lemma 4.17 one more
time, we obtain ¢5° | (a;2; + a;y;). Therefore G satisfies ®3* (2) with witness y.

This completes the base case of § = 5.

Next, we show (3) for 5 > 5 supposing (2) holds for § — 2. To prove (3)(a), we

Up—1,k

suppose G = uF | |z A @750 (2), recalling uf | |2 A @575 (2) is

(B wgip [2ADEo [ 2 A By)[ugy i [y Ao | (24y) A AT (y) A2 ().
We need to show that z = Y a;2z; with each a; € [Z]
of a [G(35_5)]us_, . component.

As in the 8 = 5 case, together u3® ;|2 and PFo | z imply that z = > a2,
where a; € Q and each z; is the root of a [G(2§_y)us_, , or [G(ITZ_5)]u,_, , com-
ponent. We endeavor to show that, in fact, each a; € [Z]u,_, , q5,p and each z; is
the root of a [G(X%_,)]u,_, , component.

Fix a witness y for (). Our first goal is to show that y is a sum of roots of
G(II}_5) components. Since ug” ; ; |y, the element y lies within the [G(35_5)]u,_, ,
and [g(H%_Q)]’U.B,Lk components. Thus, we have y € H := Spang(X) where X

us_1.1,as,P and each z; a root

contains the roots of the [G(X§_5)|u,_, , and [G(IT3_5)]u,_, , components as well
as the roots of all the components nested via the recursive construction inside these
components. Note that # is the subgroup of G consisting of the elements infinitely
divisible by ug_1 5. Because G satisfies A" (y) A 7" (y), we have that H
satisfies Ag_3(y) A ¥3_3(y) by Lemma 4.7.

We describe the isomorphism type of H in two cases: when k > 0 and when k£ = 0.
If & > 0, then the roots of the [G(2§_5)lu,_, , and [G(TI}_,)]u,_, , components are
not roots of components at any level other than 8 — 2. Thus, the group H is an
infinite direct sum of [G(X%_,)]u,_, ,.p and [G(IT_5)lu,_, ,.p groups.

If £ = 0, then note that there are no [Q(H%_Q}u&w components. Each root
of a [G(X5_5)lus_,,, component is also the root of a G(X%_,(m)) or a G(IT;_,)
component. Thus, each such root is infinitely divisible by ps_1 (in addition to the
divisibility imposed at level 8 — 2). Furthermore, if r,7’ are roots of Q(E%_l(m))
or G(IT3_;) components from the same C;, then ¢3° | (r —7'). If they are roots from
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different C;, then we have no such g divisibility. To incorporate the extra divisibility
by ps_1 and to smooth out this divisibility difference by qg, we study [H]g; ps_, -
The group [H]g, ps_, is isomorphic to an infinite direct sum of [G (E%_Q)] pr groups
where P’ := P U {ug_1,0,43,P3-1}

In each of the k > 0 and k = 0 cases, we can apply Part (2)(a) for H or [H]g, ps_,
and  — 2 to conclude that y = )" b;y; is a sum of roots y; of Q(H%_?)) components
in G (with appropriate coefficients, which depend on which case we are in). Thus,
we have established our first goal.

Our second goal is to show that in the sum z = 3 a;2;, where each z; is the root
of a [Q(Z%_g)]uﬁ,lyk component (as opposed to a [Q(H%_g)]uﬁ,lyk component) and
each coefficient a; lies in [Z],,_, 4,,p. We have z,y € B := Spang(X) where X con-
tains the roots of the [G(TI}_)]u,_, , components, the roots of the [G(X§_5)]us_, ,
components, and the roots of their G (H%_3) components. We split into cases de-
pending on whether £ > 0 or £k = 0 and proceed with an analysis of the infinite
divisibilities as in the 5 =5 case.

First, suppose that k& > 0. A root r of a [G(TI}_,)]us_,, or [G(EG_5)]us_, .
component is infinitely divisible by pg_s (being a root at level § — 2), by ug_1
(by prime closure), and by the primes in P (by prime closures). Since 8 — 2 is odd,
the element r is not a root at a lower level; since & > 0, the element r is not a root
at a higher level.

A root 7 of a G(IT_5) subcomponent of a [G(2§_5)]u,_, ,
divisible by ps_s (being a root at level 8 — 3), by ug_1, (by prime closure), and
by the primes in P (by divisible closures). In addition, if 8 — 3 is not a limit
ordinal, then r is also the root of a [G (E%_ 4)]us_s., component and hence is infinitely
divisible by ps_4 and ug_30. Notice that the recursion stops at this point because
B — 4 is an odd ordinal and hence r is not the root at any lower level. If 3 — 3
is a limit ordinal, then r is also the root of a [g(zgﬁ,g(o))}wfa,o component and
hence is infinitely divisible by pf, ,) and ug_30. Again, the recursion stops at
this point because fg_3(0) is an odd ordinal. Recall that if 5 — 3 is not a limit,
then fg_3(0) = 8 — 4. Thus, we can also describe the infinite divisibility by pg_4
(in the case when 8 — 3 is not a limit) as infinite divisibility by Dfs_s(0)- In future
analyses, we will combine these cases in this manner.

From this analysis, when k£ > 0, the group B is isomorphic to the direct sum of
infinitely many copies of [Z],,_, us_, ,.p (from the roots of [Q(H%_2)] compo-
nents) and infinitely many copies of

component is infinitely

UB—1,k

T+Y;
(3) Zr, & PlZlr; =2 i kew
JEW P

Pug_1 1
where I := {ps_2}, Fa := {ps—3,Up-3,0,Pfs_5(0)} and p := gg_2 (from the roots
of [G(2%_5)]us_, , components and their G(IT) ;) subcomponents). A divisibility
argument almost identical to the one used in the 8 = 5 case (using the fact that
43° o | (z+y)) shows that none of the 2; elements can come from the [Z]p, , us ;P
summands. Therefore, each z; is the root of a [G(2§_)]u,_, , component.

Let B’ be the subgroup of B consisting of the direct sum of infinitely many copies
of the group in Equation (3). Since B’ is a pure subgroup of G containing y and 2z
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and G satisfies

Pplalz AN agial(z+y) APy,

we have that this formula is also satisfied in B’ (by Fact 4.12(1)). Applying
Lemma 4.4(5) to B’ with the above values for Fj, Fb, and p yields that each
a; € [Z]pug,_, . completing the case when k > 0.

Second, suppose k = 0. The analysis of the isomorphism type of B is almost
identical to the case when k£ > 0 except for three points. First, there are no com-
ponents of the form [G (H%_Q)]u,;,w and hence no argument is needed to conclude
that each z; is the root of a [G(X%_,)]lu,_,, component. Second, the root of a
[G(25_2)lus_,,, component is also the root of a G(X%_;) or G(IIj_,) component
and hence is infinitely divisible by pg_; in addition to the infinite divisibilities given
above. Third, to smooth out the fact that ¢s infinitely divides r —r’ when r, 7’ are
roots of G(Xj_,) or G(IT}_,) components from the same C;, we work with [B]g,.
With these observations, the group [B],, is isomorphic to the direct sum of infinitely
many copies of

<[Z]F1 o PlZlr; % cg k€ w>

jew Pug_1,k,98
where Fy := {ps_2,pp-1}, F2 := {Pp—3,Up-3,0,Pfs_s(0)} and p := gg_2. Since B is
a pure subgroup of G and G satisfies

Pialz N agla|(z+y) ApGisly
this formula is also satisfied in B (by Fact 4.12(1)). Since [B],, is an expansion
of B, it remains true in B’ (by Fact 4.12(2)). We apply Lemma 4.4(5) to conclude
that each a; € [Z]pus_, 5.q5-

To prove (3)(b) when 8 > 5, fix an element z = ) a;2; with each a; € [Z]y,_, , p
and each z; the root of a [Q(E%_g)]uﬁ,l,k component (which we denote by G;). We
have u% ||z and p3 ,|z as a consequence of the structure of [G(X§ 5)]us_,
components and z; being the root. As a; € [Z]y,_, ,,p and G; is {ug_1,x, P}-closed,
it follows that ug® | a;z; and pg°_2\aizi and hence that ug’ | z and p%°_2|z.

Let y := > a;y;, where y; is the root of a Q(H%%) subcomponent of G;. Since
each G; is a [G(X%_,)]u,_, , component, it follows from the structure of these compo-
nents that u3” ; ; |y and ¢35 | (2+y). It remains to show that G satisfies Ag’i’gl’k (y)
and \I/gﬁ_’;"“ (y).

Let B := Spang(X) where X contains the roots of the [G(X%_,)]u,_, , compo-
nents and the roots of any component nested via the recursive construction inside
such a component. Note that y,z € B and that B is the subgroup of G consisting
of the elements which are infinitely divisible by ug_1 5. Applying Part (2)(b) to B
with § — 2 and P = P U {ug_1,}, we get that B satisfies Ag_3(y) N Ug_3(y).
Since B consists of the elements of G which are infinitely divisible by ug_1 %, we
have that G satisfies Agﬁ_’?)l"" (y) A \Il;;i’;’k (y) by Lemma 4.7 as required.

(2) We show (2) for 8 supposing (3) and (4) hold for values less than or equal to 5.
To show (2)(a), we suppose G = Apg_1(z) A Wg_1(z), recalling Ag_1(z) is

pEalz A (Fw) [up_1alw AvgZy ol(z +w)] .
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Since pg° | z, we can express z as z = »_ a;2; where a; € Q and 2; is the root of
a G(X9_,(m)) or G(II%_,) component (which we denote by G;). Since z; is also
the root of the [Q(E?CBA(0))]“57110 component inside this Q(E%_l(m)) or Q(H%_l)
component, we have that z; is infinitely divisible by ps, (o) and ug_1 0. As above,
the recursion stops here since fg_1(0) is an odd ordinal and hence z; is the element 1
in a copy of [Z]Pfﬁ,lwy

Fix an element w witnessing G = Ag_1(2). The condition u3> ;| ; [w implies
that w is a sum of elements from [Q(E?ﬁ_l(l))]uﬁfl’l and [Q(H?pﬁ_l(l))]uﬁfl,l com-
ponents. The condition v3°, ;[ (2 + w) implies (by divisibility arguments similar
to those already given many times) that w = > b;w;, where each b, € Q and
each w; is the root of a [g(z%,lu))]uﬁa,l or [g(H?f,;,l(l))]uﬁ—l,l component. Since
fs—1(1) is an odd ordinal, the root of such a component is the element 1 in a copy
of [Z]Pfﬂ,luy Thus, the element w; is infinitely divisible by ps, 1) and ug_11
but the recursion stops at this point. (Note that for the same reason, the roots
of [Q(E(}ﬂil(k))}uﬁfl’k and [g(H?fﬁ,l(k))]uﬁfl,k components for k > 2 are infinitely
divisible only by pr, k) and ug_1x.)

To find the coefficients a; in z = ) a;2;, let B := Spang(X) where X contains the
roots of the [g(z(}ﬁ,l(k))]uafl,k and [Q(H?ﬂ,l(k))]uaﬂ,k components for k € w. As
in the proof of Part (3), we work in [B],, since, for roots r, " of [g(z%g,l(o))]uﬁﬂ,o
components (which are also roots of Q(E%_l(m)) or G(II%_,) components), it is
the case that gs infinitely divides r» — +/ if and only if these roots come from the
same C; summand of G.

The group [B],, is isomorphic to the P’ := P U {gg} closure of

L 14

<.7";zk’j,xk’j+zk+l’j :j,k, £ € w and all oy, EFk>
Tk Pk

where F is the free abelian group on xy, ; (for k, j € w), Fo := {ps,_,(0),Ps—1,Up-1,0},
Fy = {pss_, k), up—1x} (for k > 0) and py := vg_14. In this presentation, for
each fixed j, the element x ; is the root of a [Q(E?pﬁil(o))]uﬁflk component or a
[g(H?fB,l(o))}wfl,k component within a fixed Q(E%_l(m)) or Q(H%_l) component
of G. As j varies, we range over all G(X3_,(m)) and G(IT3_,) components of G.
If 3 —1is a limit ordinal, then py, (&) # py,_, ) for k # kK'. If 5 —1 is not
a limit ordinal, then py, () = pg—2 for all k. In this case, we can remove the
primes pg, ) from F}, and add pg_o to P’ (since [B]y, is pg_2 closed). This
change has the effect of including infinite divisibility by ps_o for our coefficients a;.

Since B is a pure subgroup of G, the group B is a subgroup of [B],,, and z,w € B,
we have (applying both Fact 4.12(1) and Fact 4.12(2)) that [B],, satisfies Ag_1(2)
with our element w as witness. Therefore, by Lemma 4.5(3), we obtain that z =
> aiz; with a; € [Z]pp,_,.q; (if 8—1is not a limit ordinal) or a; € [Z]pq, (if 3—1
is a limit ordinal).

Next, we use the fact that G = Wg_1(z) to show each G; is a G(ITj_,) compo-
nent. For if one were not, then some G, would be a Q(E%il(mo)) component for
some mg € w. With m := mg + 1, we fix a sequence gg, g1, --., gm Witnessing
that G satisfies the m-th conjunct of ¥g_1(z). Since G satisfies uZF g, | g and

UB—1,m

Fo_1(m) (gm), we have by Part (3) or Part (4) (depending on the form of fg_1(m))
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that g,, = ) cjy; where each y; is the root of a [Q(Zgﬂil(m))] component.

Ug—1,m
Since go = z = Y a;%; and Vg | (gk + grx+1) for 0 < k < m, one of the y; roots
in the summand for g,, must lie in the component G,. However, the group G, is a
G(X5_1(mo)) component with mo < m, so it does not contain a [G(X% ) )us_1.m
component, yielding the desired contradiction. This completes the proof of (2)(a).

To prove (2)(b), fix an element z = > a;2z; with a; € [Z]p and z; a root of a
G(113_,) component of G (which we denote G;). We need to show that G = Ag_1(2)
and G = ¥3_4(z). For the former, we need to show that G satisfies

plalz A (Fw)[uglyy fw A v o] (2 +w)].

From the structure of G (H%—1) components, we have each z; is the root ry of the

[Q(E(}ﬂil(o))} _— component of G;. By Lemma 4.17, the condition pg® |z is
satisfied since a; € [Z]p and p%o_1|zi for each z;.

To generate the witness w, for each 7, let w; be the root r1 of the [Q(E(}ﬁ 1(1))]

B ug-1,
component of G;. The conditions u3” ; ; |w; and vg® | ;| (2; +w;) are satisfied since
zi = ro and w; = 71 in G;. As each a; € [Z]p, it follows from Lemma 4.17 that
G = Ap_1(z) with witness w := Y a;w;.

To see that G = ¥g_1(2), we reason as follows. Fix m € w. We show how to
pick the witnessing elements gg, ..., g, for the m-th conjunct. For each z;, pick a
sequence of elements g; 0, i1, ---, Gim i G; by setting g; o := 2 (which is the 7
root in G;) and g; , := ry (the root of the [Q(E(}ﬁ_l(k))]uﬁ_l‘k component of G;) for
0 < k < m. Since a; € [Z]p and each G; is P-closed, we have (from the structure of
Q(H%_l)) that ug® ; , |a;gir for k < m and V3K | (aigik + @igiky1) for k < m.

For each 0 < k < m, let g, := >, a;9;x. By the divisibility conditions above,
we have ug” ; | gr for k& < m and Rt | (9 + gk+1) for k& < m. Furthermore,

UB—1,m
fa-1(m
Uy m | gm. Since gm = >, a;Gim Where a; € [Z]p and g;,, is the root of a

[Q(E(}Bil(m))]uﬁ_lm component, it follows from Part (3)(b) or Part (4)(b), depend-

ing on the form of fg_1(m), that G satisfies @1;5:11%)(gm) and hence G = ¥g_1(2).

go = z. Therefore, it only remains to show that & )(gm). We already have

(4) As fg_1(k) is an odd ordinal and fz_1(k) < 8 —1 for all k € w, the proof
of Part (4) is essentially the same as the proof of Part (3) with the appropriate
notational changes to reflect that § — 1 is a limit ordinal.

O

Lemma 4.18. Let 3 =0+42(+41>3. Then for G = @, ., Gn, where G, is either
G(22)]a, or [G(TI})]a,, the following holds:

G E(0)®s(x))™  if and only if G 2 [G(Sh)]a,-

Proof. Since G, is the subgroup of elements of G which are infinitely divisible by d,,,
we have by Lemma 4.7 that

G E [(3z)®s(x))™  ifand only if G, = (32)®p(x).
Therefore, it suffices to show that G(33) | (3z)®s(x) and G(T1}) B~ (3x)s(x).
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First, we show that G(X3) f= ®@4(r) where 7 is the root of G(33). That is, we
show that G(33) satisfies

pg I A Gz | (r+y) A Ag—1(y) A Ys_1(y)].

Since r is the root of G(X%), we immediately obtain p3° | 7. We claim that the root 7y,
ofag (1_[05_1) component works for the choice of y in ®3. From the definition of
G(x%), we have ¢3° | (r+71) and by Lemma 4.14(2)(b), we have that G(X3) satisfies
both Ag_1(ry) and Wg_1(r%) as required.

Second, assume for a contradiction that G(II}) = (32)®s(x) and fix the wit-
ness z. The condition pZ® | implies that z is a multiple of the root of Q(H%). Fix
the witness y such that ¢° | (z +y) A Ag—1(y) A Yg_1(y). By Lemma 4.14(2)(a),
the condition Ag_1(y) A¥s_1(y) implies that y is a sum of multiples of the roots of
G(I13_,) components. However, the group G(IT3) has no such components, giving
the desired contradiction. (]

We continue by constructing sentences connected semantically to H(Z%) and
H(TI}). We first give lemmas similar to Lemma 4.14 for the groups H(X%) and
’H(H%).

Lemma 4.19. Let § =6 +20+2 > 4 and let H = H(H%), Let y € H be a sum
y = Y. bjy; where each bj € Z and each y; is the root of a (distinct) G(X3_,)
component of H. Then H = Ps_1(y).

Proof. We need to show that H satisfies
pia ly A Fw)lagsy [ (y + w) A Ag—z(w) A Wg_z(w)].

By the structure of Q(E%_l), we have p3° |y, for all j. Since b; € Z, we have
p3> 1 | bjy; and hence p3” , |y. For each j, let w; be the root of a Q(H%Q) component
within the G(X_,) component with root y; and let w := Y bjw;. It follows from
the structure of G (E%_l) that ¢3°, [ (y +w). Therefore, it remains to show that H
satisfies Ag_o(w) A ¥g_a(w).

The group H is built by taking a direct sum of the groups [Z],, (with root ) and
Dico Q(Z%_l) (with roots ri) and then adding extra elements (from the divisible
closure of this sum) to witness ¢3° | (7 + 7). Since w = > bjw; with each b; € Z,
we can view w as an element of the group @, ., Q(E%_l) in this construction of H.
By Lemma 4.14(2)(b) applied to w as an element of @, ., G(X5_,), we have that
Brc., (25 ,) satisfies Ag_a(w) A Ug_o(w). Since Py, G(E5_,) is a subgroup
of H, Fact 4.13 implies that H satisfies Ag_o(w) A ¥g_s(w) as required. O

Lemma 4.20. Let B =6+2l+2> 4 and let H = H(Z%). Let v be the root of a
G(I_,) component of H. Then H = Bp_1(r).
Proof. We show that there is no w € H such that #H satisfies

451 | (r+w) A Ago(w) ATg_s(w).

For a contradiction, fix such an element w € H. To simplify dealing with gz
divisibility in H, we work in the prime closure [H],, and note that if w satisfies this
formula in H, then by Fact 4.13, it also satisfies the formula in [H]g,.
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The group [H],, decomposes as a direct sum

Zlps.05 & €EDIC
S
where each C; is isomorphic to G(X%_,) or G(I§ ;). The divisibility condition
P o |w (from the fact that [H], = Ag—2(w)) implies that w = a;w; where each
a; € Q and each w; is the root of a G(Xf_,(m)) or G(IT}_,) component. Therefore,
as an element of [H],,, we have w € €, [Ci]q,- In addition, by arguments similar
to previous ones, the condition ¢g° , | (r + w) implies that at least one w; is the
root, of a G(X%_,(m)) subcomponent of the G(ITj_;) component with root r (as
this component has no G (H% ) subcomponents).

Assume for a moment that @, [Ci]q, satisfies Ag_o(w) A Wg_o(w). Under
this assumption, Lemma 4.14(2)(a) implies that w is a sum of roots of G(IT}_,)
components, contradicting the fact that at least one w is the root of a G(X5_,(m))
component. Therefore, to complete our proof, it suffices to show that
satisfies Ag_o(w )/\\IJ[;_Q( w).

To show @, [Ciy, satisfies Ag_o(w)AVgz_o(w), we use the fact that P, [Cilq,
is a pure subgroup of [H],, (since it is a direct summand) along with the following
observation. Because [H]y, is a direct sum, any element z € [H],, can be written
(uniquely) in the form z = 29 + 21 where 2y € [Z]p, .4, and 21 € B, [Cilqs- If p
is a prime and p™ | z, then p* | zp and p> | z1. Therefore, if p°>° |z and p is not pg
or qg, we can conclude that z € @, [Cilqs

Using this observation, we show that the following implications hold for all ~
with 2 <y < 5 —2. Let p(x) be either A, (x) or ¥, (z) (if v is even) or ®,(x) (if v

zEw[ }qﬂ

is odd), and let p be any prime number. For any x € @,,,[Cilq,, we have
Mg, = @(z)  implies  EDI[Cy, | ¢(x) and
€W
[H]Q[i ): Spp(x) implies @[Ci]% ': (Pp(x)
i€w

Notice that establishing this property finishes our proof as w € @, [Ci]q, and
Mg, |= Ag»(w) AWs_a(w), 50 by the property Bc,[Cila, k= Ag—2(w) A Ts. ().
First, consider the case when ¢(z) is A,(x) and assume [H],, = A,(z). In
this case, the existential witness y in A, () is infinitely divisible by w1. As uy1 &
{ps,qs}, we have y € @, [Cilq,- Since @, [Ci]q, is a pure subgroup containing
and y, the group P, [Ci]q, satisfies A,(z). The same proof works for A7 ().
Second, consider the cases when ¢(z) is ®,(z) (for odd ), ¥, (x) (for even )
or a prime relativization of one of these formulas. We proceed by induction on -~y
and note that in each case the proof for the relativized formula is identical to the
proof for the unrelativized formula. In each case, we assume = € and

[Hlgs = ().

The first base case is when § = 2. Since Wy(z) is pi° |z, z € @, [Ci]
P,c.[Cilgs is a pure subgroup, we have @, [Cilq, = P2(z).

The second base case is § = 3. The existential witness y in the formula ®3(x)
satisfies pi° |y (from Wo(y)). As p1 & {pg,qs}, we have y € @, [Ci]q,. Since
@;c.[Cilg, is a pure subgroup containing x and y, we have @, [Cilq, F ®3(x)

For the inductive cases, suppose 7 is even and 4 < v < 8 — 2. Consider the
m-th conjunct of ¥, (x). The witnesses o, ..., %, satisfy u3% |z and thus are in

zEw[ ]fIB

qs, and
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Di;colCilgs as uyk & {ps, qp}- Since P, [Cilq, is a pure subgroup and it satisfies

@7;:(;’;) (z1,) by the inductive hypothsis, we have that @,,,[Ci]q, F V4 (2).
If v is odd and 4 < v < 8 — 2, then the existential witness y in ®.(z) satisfies

P31 |y from A, _i(y). Thus, as p,—1 & {ps,qs}, we have y € P, [Cilg,- Since
@D, c.[Cilgs is a pure subgroup and satisfies A,_1(y) and ¥, _;(y) by the inductive
hypothesis, we have @, [Cilq, F P+ (). O

Definition 4.21. If 8 > 4 is not a limit ordinal, define Bg(z) to be the formula
Bg(z) :==pF |z A (Fw) [p§21 [w A g | (z+w)] .
Definition 4.22. If 8 = § + 2/ + 2 > 4, define ©4 to be the formula
Os(x) == (V) [(Ba(x) A Bo—1(y) A a3 | (z +y)) = Pa-1(y)] -

Lemma 4.23. The complezity of Ba(z) is X5 (independent of 3.
If B=0+20+2 >4, then Og(x) € I13.

Proof. These statements follow immediately from p* | 2 being 11§ and Lemma 4.11.
O

Lemma 4.24. Let § = 6 +20+2 > 4. Let v € H(IIY) satisfy Bs(x) with fired
witness w. Then x = ar where a € Z and  is the oot of H(IT) and w = Y bjw,
where by € [Z],_, 45 and each wj is the root of a G(X%_) component of H(IIY).

Proof. Since pg” | z, the element x must have the form x = ar where a € Q and r is
the root of #(IT}). Since p3° , |w, the element w must have the form w = Y= bjw;
where b; € Q and w; is the root of a G(X%_,) component of H(H%).

Let B := SpanH(H%)(X) where X contains the root of H(II}) and the roots of
the G(X%_,) components of ’H(H%). Then z,w € B, B is a pure subgroup of #(IT3),
and B is isomorphic to

<[Z]pa 8% @[Z]pBﬂQfJﬁ_t(rJrrk) kite W> :

kew
Since B satisfies p3° | x, p3> | |w, and ¢3° | (z+w), we can apply Lemma 4.4(5) (with
P = () to conclude that a € Z and each b; € [Z], O

B—1,98"
Lemma 4.25. Let B=0+20+2>4. Ifz,y € ’H(H%) satisfy
Bg(x) A Bs—1(y) ANag” [ (x +y),

then © = ar and y =Y bjy; where a,b; € Z, r is the root of H(H%), and y; is the
root of a G(¥_,) component of H(ITy).

Proof. By Lemma 4.24, the fact that Bg(x) holds implies z = ar with a € Z
and 7 the root of H(TI}). Since Bg_1(y) implies p3° , |y and since ¢ | (= + y),
the element y works as a witness w in the formula Bg(x) for our fixed element =.
Therefore, by the previous lemma y = " b;y; where b; € [Z],,_, 4, and y; is the
root of a Q(Z%_l) component. It remains to show the stronger conclusion that
bj €.

Fix a witness w for Bg_1(y). Since p3°, | w, the element w must have the form
w = Y c;w; where ¢; € Q and w; is the root of a Q(E%fQ(m)) component inside
a G(3%_,) component of H(IT3). Therefore y,w € B where B := SpanH(H%)(X)
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where X contains the roots of the G(X%_;) components and the roots of their
G(X%_5(m)) subcomponents.

To determine the isomorphism type of B, we consider which primes infinitely
divide the roots of such components. The root of a G (E%_l) component is infinitely
divisible by ps_1. The roots of G(Xj ,(m)) components are infinitely divisible
by ps—2 and ug_sp from the definition of G(X9 ,(m)). Each of these roots is
also the root of a Q(E?B,Q(o)) component (inside Q(E%_Q(m))) and hence is also
infinitely divisible by py,_, ). However, the recursion stops at this point since the

root of Q(Z(}ﬁ_Q(O)) is the element 1 in a copy of [Z] (0, Therefore, the group B

Pro_s
is isomorphic to

<69[Z]F1 & @ [Zr; 2l 10 ew>

1
icw ijew dp—2

where Fy = {pg_1}, Fo = {pp—2,us-2,0,Pf,_5(0)}, the s; elements generate the
copies of [Z]r, (representing the roots of the G(Xj ;) components) and the t; ;
elements generate the copies of [Z]g, (representing the roots of the Q(E%_z(m))
subcomponents of the G(X%_,) component with root s;). Since y,w € B and B
is a pure subgroup of H(H%) satisfying p3° |y, p32 o |w, and ¢3° | (y + w), we
can conclude from Lemma 4.4(5) (with P = @) that the coefficients in the sum
y = bjy; come from Z. |

Lemma 4.26. Let 8 =6+ 20+ 2 > 4. Then for H = P
either [H(3%)]a, or [H(TI)]a,, the following holds:

H., where H,, is

necw

H = [(Vx)Gg(z)]d”' if and only if H, = [H(H%)]dn.

Proof. Since H,, is the subgroup of elements of H which are infinitely divisible
by d,,, we have

H E [(V2)05(2)]™ & Hn = (Y2)05()

Therefore, it suffices to show that "H(H%) = (V2)Op(z) and H(XY)  (V2)Os(x).

First, we show that H(H%) E (Vx)Os(x). Fix elements z,y € H(H%) satisfying
Bg(z) A Bg-1(y) A g3 | ( +y). By Lemma 4.25, we can write y = ) b;y; where
each b; € Z and y; is the root of a Q(E%_l) component. By Lemma 4.19, the
element y satisfies ®5_1(y) as required.

Second, we show that H(X}) & (Vx)Ops(z) by proving that H(X3) ¥ Os(r)
where 7 is the root of H(X%). Let y be the root of a G(IT} ;) component of
’H(E%). It is immediate that "H(E%) F Bg(r) A Bg-1(y) A gz | (r +y). However, by
Lemma 4.20, the group H(X%) does not satisfy ®5_1(y). O

Finally, we are in a position to define the sentences {1, },cw required for Lemma 4.1
and to demonstrate their correctness.
Definition 4.27. Define sentences Y,, for n € w as follows.

e Ifa=08+20+1>3 let T, = [(Tz)Dy(z)]".
o Ifa=06+20+2>4 let T, := = [(Va)Ou(a)]™.
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Proof of Lemma 4.1. By Lemma 4.18 and Lemma 4.26, the sentences Y,, have the
desired semantic properties. As a consequence of Lemma 4.11 and Lemma 4.23, the
formulas T, have the desired quantifier complexity. Moreover, all the (sub)formulas
are computable with all possible uniformity, so T, is uniformly computably 3¢. O

4.2. Proof of Lemma 4.2. The construction of an X-computable copy of G§ if
S € ¥2(X) is also done by recursion. We treat only the case when X = (), the
more general case following by relativization.

Lemma 4.28. For every even ordinal § = 6 > 0 or 8 =0 +20+2 > 2 and
Z% set S, there is a uniformly computable sequence {Gp}necw of Tooted torsion-free
abelian groups such that G,, = Q(E%(m)) for somem e w ifne€ S and G,, = Q(H%)
ifngsS.

For every odd ordinal f =6+ 2¢+1 > 3 and E% set S, there is a uniformly

~

computable sequence {Gy, }new of rooted torsion-free abelian groups such that G, =
G(x%) ifneS and G, = G(IY) if n & S.

Moreover the passage from an index for the set S to an index for the sequence is
effective.

Proof. The proof is done by induction on 3. We treat the cases 8 = 2, f =
0+204+2>4, 6=0+20+12>3,and =4 > 0 separately. In all cases, we fix a
predicate (3s) [R(n, s)] describing membership of n in S, where R(n, s) is H?‘B(k) for
some k. Without loss of generality, we suppose R(n, so) implies (Vs > sg) [R(n, s)].
Indeed, we suppose this property of all existential subpredicates.

For B = 2, it suffices to start with the group Z with root r, = 1 for G,,. When
we see 1 R(n, s) for a new existential witness s, we introduce the element 1/p® into
the group. It is easy to see the sequence {G, }nec., has the desired properties.

For 8 =0+ 2(+1 > 3, it suffices to start with the group [Z],, with root r,, = 1
for G,. For each integer s, we construct (via induction as —R(n,s) is Zg+2£) a
rooted torsion-free abelian group G, s with root r, s and introduce elements (r,, +
Tn,s)/ qfi for all ¢ € w. For each integer m, we construct infinitely many copies of
G(X%_,(m)) with root 7, g m (Where k is the copy number) and introduce elements
(rn + Tn,k,m)/qu for all t € w. Again, it is easy to see the sequence {G, }new has
the desired properties.

For B = 6+ 20+ 2 > 4, we construct (via induction as =R(n,s) is X9, ,,.,
rooted torsion-free abelian groups G,, s with root r,, ;. Within G, ¢, we introduce
elements 7, o /p% for all t € w. Within each group G, s, we introduce elements
x/ufg)s for all t € w and z € G, 5. For each integer s, we introduce elements
(rn,s + Tn,s+1)/vtﬁ7s for all ¢ € w. Again, it is easy to see the sequence {G, }ncw has
the desired properties.

For 8 = §, we construct (via induction) rooted torsion-free abelian groups G, s
with root 7, s, where G, o = Q(Z(}H(O)) and where, for s > 0, G, s = Q(H(}ﬁ(s))

if §75(5) suffices to witness n € S and Gns = Q(E(}ﬁ(s)) otherwise. Within G, o,
we introduce elements 7, o /ptﬁ for all ¢ € w. Within each group G, s, we introduce
elements x/ u% ;forallt € wand x € G, .. For each integer s, we introduce elements

10)

10More precisely, we use the Eg+24+1 predicate = R(n, s) to control the construction of Gp 541
and build G, o & Q(Z%,l)- This index shift is necessary as Q(E%(m)) has m + 1 (rather than m)
subcomponents of type Q(E%_l).
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(Tns +7nsy1) /v, for all t € w. Again, it is easy to see the sequence {Gp }new has
the desired properties. O

Lemma 4.29. For every even ordinal =86+ 20+ 2 > 4 and Zg set S, there is a

uniformly computable sequence of rooted torsion-free abelian groups {H,}new such
that H,, = (E%) ifneS and H, = (Hg) ifnégsS.

Proof. We fix a predicate (3s) [R(n, s)] describing membership of n in S, where
R(n,s) is H%_l. Without loss of generality, we again suppose R(n,sg) implies
(Vs > so) [R(n, s)]. Indeed, we suppose this property of all existential subpredicates.

It suffices to start with the group [Z],, with root r, = 1 for H,. For each
integer s, we (via Lemma 4.28) construct a rooted torsion-free abelian group G, s
with root r,, s and introduce elements (1, +7,.5)/ qfi for all t € w. We also construct
infinitely many copies of 9(2%71) with root 7, , (where k is the copy number) and
introduce elements (r,, + %)/ qg for all ¢ € w. Again, it is easy to see the sequence
{Gn}new has the desired properties. |

Proof of Lemma 4.2. Fix a X% set S. From Lemma 4.28 (if a is odd) or Lemma 4.29
(if av is even), there is a uniformly computable sequence {G,, } e, of groups given by
the X0 predicate. Since it is possible to pass from the group G, to [G,] 4, uniformly
in an index for the group G, and d,, the group G§ is computable. O
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