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LIMITWISE MONOTONIC SEQUENCES AND DEGREE

SPECTRA OF STRUCTURES

ISKANDER KALIMULLIN, BAKHADYR KHOUSSAINOV,
AND ALEXANDER MELNIKOV

Abstract. We study effective monotonic approximations of sets and
sequences of sets. We show that there is a sequence of sets which
has no uniform computable monotonic approximation, but has an x-
computable monotonic approximation, for every hyperimmune degree
x. We also construct a Σ0

2 set which is not limitwise monotonic, but is
x-limitwise monotonic relative to every nonzero ∆0

2 degree x. We show
that if a sequence of sets is uniformly limitwise monotonic in x for all,
except countably many, degrees x, then it has to be uniformly limitwise
monotonic. Finally, we apply these results to investigate degree spectra
of abelian groups, equivalence relations, and ℵ1-categorical structures.

1. Introduction

This paper is motivated by research on degree spectra of structures from
various classes given by algebraic or model-theoretic properties. Examples
of such classes of structures include abelian groups, linearly ordered sets,
models of ℵ1-categorical theories, and equivalence structures. In this paper
all structures we consider are countable. Recall the following definition
central to this paper:

Definition 1.1. The degree spectrum of a countable structure A, denoted
by DegSp(A), is the collection of all Turing degrees d such that there exists
an isomorphic copy B of A with D0(B) ≡T d, where D0(B) is the open
diagram of B and ≡T is the Turing equivalence relation.

Research on degree spectra of structures has been quite active in recent
years. Here we mention some of the related results. Slaman [22] proved
that there exists a structure M such that M has an a-computable copy
if and only if a > 0 (see [26] for an alternate proof). More generally, for
every computable ordinal α there is a structure which has exactly nonlowα

degrees serving as its degree spectum (see [10]). Csima and Kalimullin [4]
built a structure H such that H has an a-computable copy if and only if a is
hyperimmune. Examples of this kind can be found in various natural classes
of algebraic structures. For instance, Miller [20] built a linear order L such
that DegSp(L) contains a ∆0

2 degree a if and only if a > 0. Similar examples
can be found in other classes of structures (see, e.g., [15], [9] and [21]).
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The main technical computability-theoretic concept introduced in this
paper is the generalization of limitwise monotonicity to sequences of sets.
This definition is motivated mainly by our desire to study degree spectra
of specific structures such as torsion abelian groups, equivalence structures
and models of ℵ1-categorical theories.

Recall that a set S is limitwise monotonic relative to a given degree a if
there is an a-computable function g : ω × ω → ω such that (1) maxs g(x, s)
exists, for every x, and (2) S = rng (λx[maxs g(x, s)]). The second condi-
tion can equivalently be replaced by (2′) g is total, g(x, s) ≤ g(x, s + 1)
for all x, s ∈ ω, and lims g(x, s) exists. We say that the function f(x) =
maxs g(x, s) is limitwise monotonic.

Definition 1.2. An ordered sequence of sets S = {Sn}n∈ω is uniformly lim-
itwise monotonic (relative to a, in a) if there is a computable (a-computable)
function g such that

• maxx g(n, y, x) exists for every n, y ∈ ω, and
• Sn = rng (λy[maxx g(n, y, x)]), for every n ∈ ω.

We say that g is a uniform limitwise monotonic (relative to a, in a) approx-
imation of S.

This is a clear generalization of the concept of limitwise monotonic sets.
It follows that a set A is limitwise monotonic if and only if the sequence
{Sn}n∈ω, where Sn = A for all n, is uniformly limitwise monotonic.

Limitwise monotonic sets have been used in computable model theory.
Khisamiev was the first who introduced the notions of computable mono-
tonic approximation and the notions of s-function and s1-function [18]. He
used computable monotonic approximations of Σ0

2 sets to study computable
abelian p-groups of small Ulm length [18]. He also showed that there is a
∆0

2 set which is not limitwise monotonic (Proposition 3.8 of [18]). Indepen-
dently, Khoussainov, Nies and Shore in [19] introduced limitwise monotonic
functions in the study of computable models of ℵ1-categorical theories. They
gave an alternate construction of a ∆0

2-set which is not limitwise monotonic.
They used such sets to construct an ℵ1-categorical but not ℵ0-categorical
theory all of whose countable models apart from the prime model are com-
putable. Csima, Hirschfeldt, Knight and Soare [3] applied limitwise mono-
tonicity to examine the complexity of prime models of theories. Harris [11]
used this concept to study computable linear orders. Kach [16] applied limit-
wise monotonic approximations to shuffle sums of ordinals. Calvert, Cenzer,
Harizanov and Morozov [2] studied equivalence structures using limitwise
monotonicity. Hirschfeldt, Miller and Podzorov [13] used limitwise mono-
tonic approximations to study order-computable sets. They also showed
that there is a low set which is not limitwise monotonic. Coles, Downey,
and Khoussainov [23] used limitwise monotonic sets in the construction of
computable linear orders with Π0

2-initial segments that are not computably
presentable. Hirschfeldt [12] used limitwise monotonic sets to exhibit a com-
plete theory of linearly ordered sets with both a computable model and a
prime model but with no computable prime model. Khoussainov, Hirschfeldt
and Semukhin in [14] used a variation of limitwise monotonicity to build an
ℵ1-categorical but not ℵ0-categorical theory whose only computable model
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is saturated. Kach and Turetsky [17] introduced generalizations of limitwise
monotonicity and studied them. Recently, Downey, Kach and Turetsky [6]
found a nice connection between limitwise monotonicity and non-highness
in c.e. Turing degrees.

In the first part of our paper we study sequences of sets with an eye
towards uniform limitwise monotonicity. Our first theorem builds a sequence
of sets that is uniformly limitwise monotonic in every hyperimmune degree
but which fails to be uniformly limitwise monotonic.

Theorem 1.3. There is a sequence of infinite sets which is uniformly limit-
wise monotonic relative to every hyperimmune degree (in particular, relative
to every nonzero ∆0

2-degree), but is not uniformly limitwise monotonic.

The proof of the next theorem uses the ideas of the proof of the theorem
above. However, we note that in the theorem above we are able to handle
uncountably many (hyperimmune) degrees while in the theorem below, in
the case of a single set, we are able to deal with only countably many degrees.

Theorem 1.4. There is a Σ0
2 set S such that S is limitwise monotonic in

every nonzero ∆0
2-degree, but is not limitwise monotonic.

This theorem also gives us the following corollary:

Corollary 1.5. (Downey, Kach, Turetsky [6], Wallbaum [25]) For every
nonzero degree a, there is a set S which is limitwise monotonic in a but is
not limitwise monotonic.

Proof of Corollary 1.5. If a is ∆0
2, we can take the set S from Theorem 1.4.

If a is not ∆0
2 then we can just choose a set S ∈ a which is not Σ0

2. �

A natural question arises if Theorem 1.3 can be extended to all non-zero
degrees. This question is answered in the next theorem:

Theorem 1.6. If a sequence of sets {Sn}n∈ω is uniformly limitwise mono-
tonic in all degrees except perhaps countably many, then {Sn}n∈ω is uni-
formly limitwise monotonic.

In contrast, Wallbaum [25] has recently shown that there is a ∆0
2 set

which is not limitwise monotonic but is limitwise monotonic relative to each
member of a class of measure one in the Cantor space 2ω.

In the second part of our paper we apply the above theorems to specific
classes of computable structures. For instance, we apply Theorem 1.3 and
Theorem 1.4 to abelian groups and obtain the following result:

Theorem 1.7.

(1) There is a torsion abelian group G such that (a) G has no computable
copy, and (b) G has an a-computable copy, for every hyperimmune
degree a.

(2) There is an abelian p-group A such that DegSp(A) contains a ∆0
2

degree a if and only if a > 0.

In the first part of this theorem, the group G is of the form G =⊕
p∈X

(⊕
n∈Sp

Zpn
)
, where X is a set of prime numbers and Sp ⊆ ω for
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each p ∈ X. In the second part, the group A is a p-group and is of the form⊕
n∈S Zpn , where S ⊆ ω \ {0}.
It is natural to ask whether Theorem 1.7 can be strengthened for groups

of the form G =
⊕

p∈X(
⊕

n∈Sp
Zpn). For instance, one would like to know if

there exists a group G of such form such that the group has an x-computable
copy if and only if x > 0 (or if and only if x is not lown for some n). We
apply Theorem 1.6 to show that such groups do not exist:

Theorem 1.8. For any group G of the form G =
⊕

p∈X

(⊕
n∈Sp

Zpn
)
,

where X is a set of prime numbers and Sp ⊆ ω\{0} for each p ∈ X, we have
the following: If the group G has an x-computable copy for every degree x,
except perhaps countably many, then G has a computable copy.

Then we illustrate similar applications of the computably-theoretic results
to equivalence structures and ℵ1-categorical theories.

2. Preliminaries

Here we prove two properties of sequences of sets. The first property
states that uniformly limitwise monotonic sequences of infinite sets possess
injective enumerations. This is a uniform statement of the result of Har-
ris [11] for limitwise monotonic sets. The second property gives a necessary
and sufficient condition for a uniformly Σ0

2–sequence of sets to be uniformly
limitwise monotonic.

Proposition 2.1. (Harris [11]) Suppose S = {Sn}n∈ω is a uniformly lim-
itwise monotonic sequence of infinite sets. Then there is a limitwise mono-
tonic approximation g(n, y, x) of S such that λy[maxx g(n, y, x)] is injective
for every n ∈ ω.

The following proof is a uniform version of the proof for the case of a
single set (see [11] or [6]).

Proof. Let f(n, y, x) be a uniform limitwise monotonic approximation for
S. Without loss of generality we can assume that λx[f(n, y, x)] is non-
decreasing for every n, y ∈ ω.

First we set g(n, y, x) = 0 if x ≤ y. To define g(n, y, x) for x > y,
suppose that for every y′ < y and x′ < x the values of g(n, y′, x) and
g(n, y, x′) have already been defined. Choose 〈y0, x0〉 least such that x0 > x,
f(n, y0, x0) ≥ maxx′<x g(n, y, x′) and f(n, y0, x0) /∈ {g(n, y′, x) | y′ < y}. Set
g(n, y, x) = f(n, y0, x0).

It is not hard to check that λy[maxx g(n, y, x)] is total and injective. It
is also evident that rng (λy[maxx g(n, y, x)]) ⊆ Sn, for every n ∈ ω. To
see that Sn ⊆ rng (λy[maxx g(n, y, x)]), we use an inductive argument. The
definition of g may be viewed as a construction, where at each stage we
compute the value of g for exactly one new pair of arguments, and the value
of f for a new pair of arguments as well. We denote our current guess about
maxx g(n, y, x) at stage s by [maxx g(n, y, x)]s, and similarly for f . Suppose
there are y and n such that maxx f(n, y, x) /∈ rng (λy[maxx g(n, y, x)]), and
y is least with this property.

Then there should be a stage s such that for every stage t ≥ s and every
y′ < y, [maxx f(n, y′, x)]s = [maxx f(n, y′, x)]t ∈ rng (λy[maxx g(n, y, x)]).
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We may further assume that s satisfies [maxx f(n, y, x)]s = maxx f(n, y, x).
By the definition of g, there should be a stage t0 ≥ s and an argument
y0 such that [maxx′<x g(n, y0, x

′)]t0 = maxx f(n, y, x), since we always start
with g(n, y, x) = 0 for x ≤ y. If there is no stage t1 ≥ t0 and y1 < y0
such that [maxx g(n, y1, x)]t1 = [maxx g(n, y0, x)]t0 then maxx g(n, y0, x) =
maxx f(n, y, x). Therefore there should exist y1 and a stage t1 such that
[maxx g(n, y1, x)]t1 = [maxx g(n, y0, x)]t0 . We can use the same argument
to find y2 and t2 which play the same role for y1 and t1 as the latter argu-
ments do for y and t. Since y = y0 > y1 > . . . we will find the least yi in
this sequence. But then maxx g(n, yi, x) = maxx f(n, y, x), contrary to the
hypothesis.

�

We will need the following lemma that gives a necessary and sufficient
condition for a Σ0

2–set to be limitwise monotonic.

Lemma 2.2. (Folklore; see, e.g., [6]). An infinite Σ0
2–set is limitwise mono-

tonic if and only if it contains an infinite limitwise monotonic subset.

Proof. Let S be a Σ0
2–set and U ⊂ S be limitwise monotonic and infinite.

Since S is a Σ0
2–set, there exists a computable function h such that for every

z ∈ ω we have
z ∈ S ⇐⇒ Wh(z) is finite.

Let f(y, s) be a limitwise monotonic approximation of U . We shall define g
so that g is a limitwise monotonic approximation of S.

Fix a computable list {(zk, yk, sk)}k∈ω of all triples with the property that
f(yk, sk) ≥ zk for all k ∈ ω. Define

g(k, s) =

{
zk if Wh(zk),s ⊆Wh(zk),sk ,

f(yk, s) otherwise.

We claim that g is a limitwise monotonic approximation of S. Indeed, first
note that for all k, s ∈ ω, we have g(k, s) ≤ g(k, s+ 1). It is also easy to see
that maxs g(k, s) exists for all k ∈ ω, as maxs g(k, s) ≤ maxs f(k, s).

Assume that z ∈ S. Since U is an infinite set, there exists a k such
that f(yk, sk) ≥ zk where z = zk and Wh(zk) = Wh(zk),sk . Thus, for all s we
have Wh(zk),s ⊆Wh(zk),sk . Therefore lims g(k, s) = zk = z. Now assume that
z 6∈ S. Then the set Wh(z) must be infinite. Let k, s be such that g(k, s) = z.
There is an s′ > s such that Wh(zk),s′ 6⊆ Wh(zk),sk . Then g(k, s′) = f(yk, s

′)
for all s′ > s. We conclude that z 6= lims g(k, s) for all k ∈ ω. �

We will need a uniform version of the lemma above. For a set A ⊆ ω, we
define supA = maxA if A is finite, and supA =∞ otherwise.

Proposition 2.3. Suppose S = {Sn}n∈ω is uniformly Σ0
2. Assume that

there is a uniformly limitwise monotonic sequence U = {Un}n∈ω such that
Un ⊆ Sn and supUn = supSn ∈ ω ∪ {∞}, for every n ∈ ω. Then S is
uniformly limitwise monotonic.

Proof. We carry out the proof of the lemma above uniformly in n. There is
a computable function h such that for all z, n ∈ ω we have

z ∈ Sn ⇐⇒ Wh(n,z) is finite.
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Let f(n, y, s) be a uniform limitwise monotonic approximation for the se-
quence U = {Un}n∈ω.

For each n ∈ ω, let {(znk , ynk , snk)}k∈ω be a uniformly computable listing of
all triples such that f(n, ynk , s

n
k) ≥ znk . Define

g(n, k, s) =

{
znk if Wh(n,znk ),s

⊆Wh(n,znk ),s
n
k
,

f(n, ynk , s) otherwise.

Taking into account that supUn = supSn, one proves, as in the lemma
above, that λn, k[maxs g(n, k, s)] is total and Sn = rng (λk[maxs g(n, k, s)])
for n ∈ ω. �

3. Proof of Theorem 1.3

In order to prove Theorem 1.3 we need to build a sequence S = {Sn}n∈ω
of infinite sets such that S satisfies the following conditions:

(a) S is not uniformly limitwise monotonic, and
(b) S is uniformly limitwise monotonic relative to every hyperimmune

degree.

The definition of the family S is simply a diagonalization construction.
We define the n-th set Sn as follows:

Sn =

{
ω − {maxx ϕn(x)} if maxx ϕn(x) exists,

ω otherwise.

We assume for a contradiction that the sequence S is uniformly limitwise
monotonic.

Then there exists a computable function g such that (1) for all n, y ∈ ω
the value maxx g(n, y, x) exists, and (2) Sn = rng (λy[maxx g(n, y, x)]) for all
n ∈ ω. Let f be a computable function such that ϕf(n) = λx[g(n, 0, x)] for
every n. Then an = maxx ϕf(n)(x) exists and so an /∈ Sf(n). On the other
hand, we have an = maxx g(n, 0, x) ∈ Sn for every n. Hence, ϕf(n) 6= ϕn for
every n ∈ ω. We have a contradiction with the Recursion Theorem. Thus,
S is not uniformly limitwise monotonic.

Now we show that S is uniformly limitwise monotonic relative to every
hyperimmune degree x. Fix a function r ≤T x such that no computable
function dominates r. We define an x-computable function g as follows.
First, set g(n, 〈m,u〉, 0) = m for all n, m and u. Supposing g(n, 〈m,u〉, s)
has been defined with value k, we set

g(n, 〈m,u〉, s+ 1) =

{
k + 1 if u < s and maxx<t ϕn,t(x) = k,

k otherwise,

where t = max{r(k), s}. Fixing n and m, one can see that m 6= maxx ϕn(x)
if and only if maxs g(n, 〈m,u〉, s) = m for some u. Furthermore, if k =
maxs g(n, 〈m,u〉, s) exists, then k 6= maxx ϕn(x).

Now assume that sups g(n, 〈m,u〉, s) = ∞ for some n, m and u. It must
be the case that supx ϕn(x) = ∞. For each k ∈ ω, define h(k) to be the
least integer such that

k < maxx<h(k) ϕn,h(k)(x).
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By our hypothesis, the computable function h fails to dominate r. There-
fore there must be an integer k > m such that h(k) < r(k). But the
definition of g ensures that maxs g(n, 〈m,u〉, s) ≤ k, contrary to our as-
sumption. Indeed, suppose g(n, 〈m,u〉, s) = k, for some s. We show
that g(n, 〈m,u〉, s + 1) = k. Let t = max{r(k), s}. We have t > h(k)
and maxx<t ϕn,t(x) ≥ maxx<h(k) ϕn,h(k)(x) > k. By the definition of g,
g(n, 〈m,u〉, s + 1) = k. This is a contradiction. Thus, maxs g(n, y, s) exists
for every n, y ∈ ω, and Sn = rng (λy[maxs g(n, y, s)]) for all n ∈ ω. This
proves the theorem.

4. Proof of Theorem 1.4

Recall that we have to build an infinite Σ0
2 set S which is not limitwise

monotonic, but is limitwise monotonic in every nonzero ∆0
2 degree. It is

well-known that every nonzero ∆0
2 degree is hyperimmune.

Let {ψn}n∈ω be a computable listing of all partial ∅′-computable func-
tions. We need to build a set S ∈ Σ0

2 that satisfies the following require-
ments:

Ni : λy[maxx ϕi(y, x)] is total and injective =⇒ S 6= rng (λy[maxx ϕi(y, x)]);

Rn : ψn is total and ψn is not computably dominated =⇒ S is limitwise
monotonic relative to ψn.

Note that by Proposition 2.1, the requirements Ni guarantee that S
is not limitwise monotonic. To satisfy Rn we define a (trace) function
λm, s[gn(m, s)] with the following properties:

1. The function λm, s[gn(m, s)] is total and computable in ψn if ψn is
total.

2. For each n and m, the value of gn(m, s) is equal to 〈n,m, k〉, for some k.
3. The function λm[maxs gn(m, s)] is injective on its domain, and satisfies

the following sub-requirements for all m ∈ ω:

Rn,m : ψn is total and ψn is not computably dominated =⇒ maxs gn(m, s)
exists, and maxs gn(m, s) ∈ S.

Note that, by Proposition 2.3, if the requirements Rn,m are met for every
m, then the requirement Rn is met. We order the requirements effectively
in such a way that Ni is of a higher priority than Rn,m if i ≤ 〈n,m〉.

The strategy for Ni is to keep maxx ϕi(j, x) for at least one j outside S,
where j ≤ i. All these values are restrained for the Rn,m-requirements
of lower priority. The strategy can be injured by at most i many traces
maxs gn(m, s) ∈ S that are of higher priority than Ni (that is, 〈m,n〉 < i).
Thus, Ni wins by keeping maxx ϕi(j, x) outside of S for some j ≤ i.

The strategy for each Rn,m is to define traces gn(m, s), for s ∈ ω, avoiding
the numbers restrained by Ni-requirements of higher priorities. The defini-
tion will be similar to the one we had in the proof of Theorem 1.3. We need
to keep in S the value of maxs gn(m, s). Here we have to be more careful
because it may happen that ψn is not total. In this case the naive definition
of S (e.g., as the collection of final traces for all n and m) can cause S /∈ Σ0

2.
To circumvent this problem we give a more accurate definition of S (see
below).
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For each n ∈ ω, define a partial function gn by induction as follows. Set
gn(m, 0) = 〈n,m, 0〉 and

gn(m, s+1) =



〈n,m, k+1〉 if gn(m, s) ↓= 〈n,m, k〉, ψn(k) ↓, and

〈n,m, k〉 ∈ {maxx<t ϕi,t(j, x) | j ≤ i ≤ 〈n,m〉},
where t = max{ψn(k), s},

〈n,m, k〉 if gn(m, s) ↓= 〈n,m, k〉, ψn(k) ↓, and

〈n,m, k〉 /∈ {maxx<t ϕi,t(j, x) | j ≤ i ≤ 〈n,m〉},
where t = max{ψn(k), s},

↑ otherwise.

By its definition, {gn}n∈ω is a uniformly computable sequence of partial
∅′-computable functions. Now set
S = {〈n,m, k〉 | (∃s)[gn(m, s) = 〈n,m, k〉 &

(∀u ≥ s)(∀i ≤ 〈n,m〉)(∀j ≤ i)[〈n,m, k〉 6= maxx<u ϕi,u(j, x)]]}.
By its definition, S is Σ0

2. Furthermore, if 〈n,m, k〉 ∈ S then 〈n,m, k〉 =
maxs gn(m, s). Indeed, let 〈n,m, k〉 ∈ S. Then gn(m, s) = 〈n,m, k〉 and

(∀u ≥ s)(∀i ≤ 〈n,m〉)(∀j ≤ i)[〈n,m, k〉 6= maxx<u ϕi,u(j, x)],

for some s. It follows gn(m,u) = 〈n,m, k〉 or gn(m,u) ↑, for all u ≥ s. Thus,
for every n,m there exists at most one k such that 〈n,m, k〉 ∈ S.

First, we show that S is limitwise monotonic relative to every A ∈ ∆0
2−∆0

1.
Fixing A ∈ ∆0

2 −∆0
1, since A is hyperimmune, there is an n ∈ ω such that

ψn is total, ψn ≤T A, and ψn is not dominated by any computable function.
Thus, gn is a total function, and gn ≤T A.

We claim that if maxs gn(m, s) = 〈n,m, k〉 then 〈n,m, k〉 ∈ S. Fix an
s > ψn(k) such that gn(m,u) = 〈n,m, k〉 for all u ≥ s. Then we have

(∀u ≥ s)(∀i ≤ 〈n,m〉)(∀j ≤ i)[〈n,m, k〉 6= maxx<u ϕi,u(j, x)].

Therefore, 〈n,m, k〉 ∈ S.
For the sake of contradiction, suppose sups gn(m, s) =∞ for some m ∈ ω.

Then the finite set I = {〈i, j〉 | j ≤ i ≤ 〈n,m〉 & supx ϕi(j, x) = ∞} is not
empty. Choose an integer s0 ∈ ω such that

if j ≤ i ≤ 〈n,m〉 and 〈i, j〉 /∈ I then maxx ϕi(j, x) < s0.

For every k ∈ ω, define h(k) to be the least integer such that

〈n,m, k〉 < min
〈i,j〉∈I

max
x<h(k)

ϕi,h(k)(j, x).

By the choice of n, there must be an integer k > s0 such that h(k) < ψn(k).
The definition of gn ensures that maxs gn(m, s) ≤ 〈n,m, k〉, contrary to

our assumption. Indeed, assume gn(m, s) = 〈n,m, k〉 for some s. We show
that gn(m, s+ 1) = 〈n,m, k〉.

Let t = max{ψn(k), s}. Note that t ≥ ψn(k) > h(k). If j ≤ i ≤ 〈n,m〉
and 〈i, j〉 ∈ I then

maxx<t ϕi,t(j, x) ≥ maxx<h(k) ϕi,h(k)(j, x) > 〈n,m, k〉.

If j ≤ i ≤ 〈n,m〉 and 〈i, j〉 /∈ I, then

〈n,m, k〉 ≥ k > s0 > maxx ϕi(j, x) ≥ maxx<t ϕi,t(j, x).
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Thus, whether 〈i, j〉 ∈ I or 〈i, j〉 /∈ I,

〈n,m, k〉 /∈ {maxx<t ϕi,t(j, x) | j ≤ i ≤ 〈n,m〉}.
By the definition of gn, we have gn(m, s+ 1) = 〈n,m, k〉.

Thus, maxs gn(m, s) exists for every m ∈ ω, λm[maxs gn(m, s)] is injec-
tive, and rng (λm[maxs gn(m, s)]) ⊆ S. By Lemma 2.2, the infinite set S is
limitwise monotonic in A.

We prove that S is not limitwise monotonic. Suppose S is limitwise
monotonic. Then, by Proposition 2.1, there is an i ∈ ω such that

S = rng (λj[maxx ϕi(j, x)]),

where λj[maxx ϕi(j, x)] is total and injective. Hence, the finite set

{maxx ϕi(j, x) | j ≤ i} ⊆ S
has cardinality i + 1. Therefore, there are integers n, m, k and j ≤ i such
that i ≤ 〈n,m〉 and maxx ϕi(j, x) = 〈n,m, k〉 ∈ S (since for every n and m
there exists at most one k such that 〈n,m, k〉 ∈ S). But by the definition
of S we have 〈n,m, k〉 6= maxx ϕi(j, x), for j ≤ i ≤ 〈n,m〉. Thus, S is not
limitwise monotonic.

5. Proof of Theorem 1.6

Recall that a tree T ⊆ 2<ω is splitting if for every σ ∈ T there exist
incomparable strings ρ0, ρ1 ∈ T , such that σ ⊆ ρ0 and σ ⊆ ρ1. Theorem 1.6
follows from the technical lemma below:

Lemma 5.1. Suppose a sequence {Sn}n∈ω is not uniformly limitwise mono-
tonic. Let Φ be a Turing operator and T ⊆ 2<ω be a non-empty computable
splitting tree. Then there is a non-empty computable splitting subtree T1 ⊆ T
such that the condition

(∀n)(∀k)[maxs ΦX(n, k, s) exists ] & (∀n)[Sn = rng (λk[maxs ΦX(n, k, s)])]

(that is, ΦX is a uniform limitwise monotonic approximation of {Sn}n∈ω)
fails for every infinite path X through T1.

First we prove the theorem using Lemma 5.1, and then we prove the
lemma.

Proof of Theorem 1.6. Let {Sn}n∈ω be uniformly limitwise monotonic in all
degrees except perhaps countably many. We prove that {Sn}n∈ω has to be
uniformly limitwise monotonic.

Towards a contradiction, assume that {Sn}n∈ω is not uniformly limitwise
monotonic. We will build uncountably many sets X satisfying the require-
ments

PXm : ΦX
m is not a uniform limitwise monotonic approximation of {Sn}n∈ω,

for a fixed effective list of all Turing operators {Φm}m∈ω.
To make sure that each requirement PXm is met forX, we apply Lemma 5.1.

More specifically, we for each computable splitting tree T and each Turing
operator Φ, we fix a subtree P (Φ, T ) ⊆ T such that ΦX is not a uniform
limitwise monotonic approximation of {Sn}n∈ω, for every infinite path X
through P (Φ, T ).
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For a non-empty computable splitting tree T ⊆ 2<ω, define

R0(T ) = {σ ∈ T | σ ⊆ ρ0 or ρ0 ⊆ σ}
and

R1(T ) = {σ ∈ T | σ ⊆ ρ1 or ρ1 ⊆ σ},
where ρ0, ρ1 ∈ T are incomparable. We have R0(T ) ⊆ T, R1(T ) ⊆ T ,
[R0(T )] ∩ [R1(T )] = ∅, and R0(T ) and R1(T ) are non-empty (computable)
splitting trees.

Let h : ω −→ {0, 1} be any (not necessarily computable) function. Let
Xh be an infinite path through

⋂
k∈ω Tk, where {Tk}k∈ω is the family of

computable splitting trees defined recursively as follows:

(1) T0 = 2<ω;
(2) T2m+1 = Rh(m)(T2m), m ∈ ω;
(3) T2m+2 = P (Φm, T2m+1), m ∈ ω.

Then the set Xh satisfies Pm, for all m ∈ ω, and the map h 7→ Xh is injective.
Thus, {Sn}n∈ω is not uniformly limitwise monotonic relative to 2ℵ0 many
different oracles. This is a contradiction. �

Proof of Lemma 5.1. For each n consider the set

Mn = {y | (∃k)(∃s)(∃σ ∈ T )[Φσ(n, k, s) ↓= y &
(∀τ ∈ T )(∀s′)(∀y′)[σ ⊆ τ & Φτ (n, k, s′) ↓= y′ → y′ ≤ y]]}.

We have following cases:

Case 1. There exists y ∈Mn − Sn, for some y, n.
Then we can choose σ ∈ T such that y = Φσ(n, k, s) ↓ and

(∀τ ∈ T )(∀s′)(∀y′)[σ ⊆ τ & Φτ (n, k, s′) ↓= y′ → y′ ≤ y]},
for some k, s. We can set T1 = {τ ∈ T | τ ⊆ σ or σ ⊆ τ}, since y =
maxs ΦX(n, k, s) /∈ Sn, for every infinite path X through T1.

Case 2. There exists y ∈ Sn −Mn, for some y, n.
Define a computable function

f : 2<ω −→ T

by recursion as follows:

(1) Define f(λ) = λ, where λ is the empty string.
(2) Suppose we have f(α) = σ, and the length of α has the form ` =
〈k, t〉 (it is important for us to make sure that for each k we will
have infinitely many corresponding lengths of the form ` = 〈k, i〉).
Suppose Φσ(n, k, s)[t] ↓= y, for some s < t. Since y /∈ Mn we can
find a string τ ∈ T , σ ⊆ τ , such that Φτ (n, k, s′) ↓> y, for some
s′. If Φσ(n, k, s)[t] ↑ or Φσ(n, k, s)[t] ↓6= y for every s < t, then set
τ = σ. Then we choose incomparable strings ρ0, ρ1 ∈ T , such that
τ ⊆ ρ0 and τ ⊆ ρ1, and define f(α ∗ i) = ρi, for i ∈ {0, 1}.

Let T1 = {σ | (∃β ∈ 2<ω)[σ ⊆ f(β)]}. Suppose X is an infinite path
through T1. For every k ∈ ω we have only two possibilities. First, there is
a string τ ⊆ X such that Φτ (n, k, s) ↓> y, for some s. Second, there are no
σ ∈ T1 and s such that Φσ(n, k, s) ↓= y. Hence,

y ∈ Sn − rng (λk[maxs ΦX(n, k, s)]),
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for every infinite path X through T1.

Case 3. Sn = Mn, for every n.
In this case, the sequence {Sn}n∈ω is uniformly Σ0

2 (see the definition of
Mn).

For every m ∈ ω, let ψ(n,m) = 〈σn,m, kn,m, yn,m〉 be the first found
triple 〈σ, k, y〉 such that σ ∈ T and Φσ(n, k, s) ↓= y ≥ m, for some s. Set
ψ(n,m) to be undefined if such a triple does not exist. Clearly, ψ is a partial
computable function.

Note that if ψ(n,m) is defined, then ψ(n,m′) is defined for every m′ < m.
Suppose firstly that ψ(n,m) is undefined, for some m ∈ Sn. We have

m ∈ Sn − rng (λk, s[ΦX(n, k, s)]) ⊆ Sn − rng (λk[maxs ΦX(n, k, s)]),

for every infinite path X through T . Then we can set T1 = T . Hence we
assume that ψ(n,m) is defined for every n,m ∈ ω such that m ≤ supSn.

The intuition behind the formal argument below is as follows. We attempt
to define a uniform limitwise monotonic approximation of some subset of
{Sn}n∈ω using the fact that {Sn}n∈ω = {Mn}n∈ω. Since by Proposition 2.3
we cannot succeed, we will have to have an infinite splitting subtree of T
witnessing this failure.

Define partial computable functions

f : ω × ω × 2<ω −→ T and g : ω × ω × 2<ω −→ ω

by recursion, as follows:

(1) With λ the empty string, define

f(n,m, λ) = σn,m and g(n,m, λ) = yn,m,

if ψ(n,m) ↓= 〈σn,m, kn,m, yn,m〉, and set f(n,m, λ) ↑ and g(n,m, λ) ↑
if ψ(n,m) is undefined. Note that f(n,m, λ) and g(n,m, λ) are de-
fined if m ≤ supSn.

(2) Suppose f(n,m,α) and g(n,m,α) have already been defined. Let
〈τ, y〉 be the first found pair such that τ ∈ T , f(n,m,α) ⊆ τ ,
g(n,m,α) < y, and Φτ (n, kn,m, s) ↓= y, for some s. Then we choose
incomparable strings ρ0, ρ1 ∈ T such that τ ⊆ ρ0, τ ⊆ ρ1. We set

f(n,m,α ∗ i) = ρi and g(n,m,α ∗ i) = y,

for i ∈ {0, 1}. If f(n,m,α), g(n,m,α) are undefined or 〈τ, y〉 does
not exist, then f(n,m,α ∗ i) and g(n,m,α ∗ i) remain undefined.

It is crucial that if g(n,m,α) is defined and g(n,m,α ∗ i) is undefined
then g(n,m,α) ∈Mn = Sn.

Suppose that for every n,m ∈ ω there is a string β ∈ 2<ω such that
g(n,m, β) is undefined. By our assumption, β is not the empty string if
m ≤ supSn. Hence, if m ≤ supSn then there is a string α ∈ 2<ω, such that
g(n,m,α) is defined, but g(n,m,α∗0) is undefined (recall that g(n,m,α∗0) ↓
iff g(n,m,α ∗ 1) ↓).

Consider the sequence {Un}n∈ω, where Un = {h(n,m) | g(n,m, λ) ↓}, and
h(n,m) = min{y | (∃α ∈ 2<ω)[g(n,m,α) ↓= y and g(n,m,α ∗ 0) ↑]}.

We show that {Un}n∈ω is uniformly limitwise monotonic. By the defini-
tion of h, dom(h) = dom(ψ) is c.e., and g(n,m,α ∗ i) ↓ implies g(n,m,α) <
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g(n,m,α ∗ i), for each i ∈ {0, 1}. Thus, given m and n, we can monotoni-
cally and uniformly in n and m approximate h(n,m), as follows. Let gs be
the (finite) part of g computed at stage s. As usual, we may assume that
gs(n,m,α) ↓ implies that the length of α is less than s. Therefore, given
n,m, u, s ∈ ω such that gu(n,m, λ) ↓ and s ≥ u, we can effectively choose
k(n,m, u, s) least such that

gs(n,m,α) ↓= k(n,m, u, s) and gs(n,m,α ∗ i) ↑,

for some i ∈ {0, 1} and α ∈ 2<ω. Suppose gs(n,m,α) ↑, gu(n,m, λ) ↓ and
s ≥ u. Let γ ⊂ α be the ⊆-maximal substring of α such that gs(n,m, γ) ↓.
Such γ exists because gs(n,m, λ) ↓= gu(n,m, λ). Fix i ∈ {0, 1} so that
γ ∗ i ⊆ α. By the choice of γ, we have gs(n,m, γ) ↓, gs(n,m, γ ∗ i) ↑, and,
therefore,

g(n,m,α) ↓ =⇒ g(n,m,α) ≥ g(n,m, γ) ≥ k(n,m, u, s).

Thus, k(n,m, u, s + 1) ≥ k(n,m, u, s) for every n,m, u, s ∈ ω such that
gu(n,m, λ) ↓ and s ≥ u. Furthermore, for every α we have g(n,m,α ∗ 0) ↓
if and only if g(n,m,α ∗ 1) ↓. This implies maxs≥u k(n,m, u, s) = h(n,m).
It remains to define a total limitwise monotonic approximation of h(n,m)
using the partial approximation k(n,m, u, s), as follows. Let M(n, z) be a
total computable function such that

h(n,m) ↓ ⇐⇒ g(n,m, λ) ↓ ⇐⇒ ψ(n,m) ↓ ⇐⇒ (∃z)[M(n, z) = m].

Define u(n, z) to be equal to the least stage u such that gu(n,M(n, z), λ) ↓.
Set

H(n, z, s) = k(n,M(n, z), u(n, z), s+ u(n, z)).

The function H(n, z, s) is total and non-decreasing in s. Furthermore,

maxsH(n, z, s) = maxs k(n,M(n, z), u(n, z), s+ u(n, z)) = h(n,M(n, z)),

for every n and z. Hence, H is a uniform limitwise monotonic approximation
of {Un}n∈ω. We have supSn = supUn, since h(n,m) ↓≥ m for every m ≤
supSn and Un ⊆ Mn = Sn. By Proposition 2.3, {Sn}n∈ω is uniformly
limitwise monotonic, contrary to the hypothesis.

Thus, there exist n,m ∈ ω such that f(n,m, β) and g(n,m, β) are defined
for every β ∈ 2<ω. Set

T1 = {σ | (∃β ∈ 2<ω)[σ ⊆ f(n,m, β)]} ⊆ T.

We have limα:f(n,m,α)⊂X g(n,m,α) = ∞ for every infinite path X through

T1, and Φf(n,m,α)(n, kn,m, sα) = g(n,m,α) for some sα. Therefore maxs
ΦX(n, kn,m, s) does not exist for every infinite path X through T1.

�

6. Applications

Our goal is to to apply the results obtained in the previous sections to
study degree spectra of structures in the classes of abelian groups, equiva-
lence structures, and models of ℵ1-categorical theories. For a background
on the general theory of computable structures, see [8].
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6.1. Abelian groups. Let p0, p1, . . . be the sequence of prime numbers
listed in increasing order. For a prime p and integer n, the cyclic group
of order pn is denoted by Zpn . For an infinite set S (0 /∈ S) and prime p
we denote by Ap(S) the group Ap(S) =

⊕
n∈S Zpn . We need the following

uniform version of a well-known result of Khisamiev ([18], Theorem 3.4):

Lemma 6.1. A sequence S = {Sn}n∈ω of infinite sets of positive inte-
gers is uniformly limitwise monotonic if and only if the abelian group G =⊕

n∈ω Apn(Sn) has a computable copy.

Proof. Assume G =
⋃
s∈ω Gs is computable, where Gs is the part of G

enumerated at stage s. By the definition of G, for every element a of G we
can effectively choose a positive integer ma least such that maa = 0. We
have a ∈ Apn(Sn) if and only if ma is a power of pn. Therefore, given n ∈ ω
and a computable index for G, we can uniformly compute an index for the
computable subgroup Apn(Sn) of G. Also, given an index for Apn(Sn), we
can uniformly pass to a computable index for Cn = {c ∈ Apn(Sn) | pnc =

0} = {ci}i∈ω. Let f(n, i, s) = max{h | h = 1 ∨ (∃b ∈ Gs)[(∀k < h)pknb 6= 0 ∧
ph−1n b = ci]}. By the definition of Cn, we have Sn = rng (λi[maxs f(n, i, s)]).
The function f(n, i, s) is a uniform limitwise monotonic approximation of S.

Now suppose S = {Sn}n∈ω is uniformly limitwise monotonic. By Propo-
sition 2.1, we can choose a uniform limitwise monotonic approximation
f(n, i, s) of S such that λi[maxs f(n, i, s)] is injective for every n. We

have G =
⋃
t∈ω
⊕

n≤t

(⊕
i≤t Zph(n,i,t)

n

)
, where h(n, i, t) = maxs≤t f(n, i, s)

and
⊕

n≤t

(⊕
i≤t Zph(n,i,t)

n

)
is a naturally-defined subgroup of the group⊕

n≤t+1

(⊕
i≤t+1 Zph(n,i,t+1)

n

)
. �

Proof of Theorem 1.7. The first part of the theorem follows from Lemma
6.1 (relativized) and Theorem 1.3, and the second part of the theorem follows
from Theorem 3.4 (relativized) of [18] and Theorem 1.4. �

Proof of Theorem 1.8. The theorem follows from Lemma 6.1 (relativized)
and Theorem 1.6.

�

6.2. Equivalence relations. To apply our computably-theoretic results we
need the following observation (see, e.g., [5] or [2] for a proof):

Lemma 6.2 ([2]). Suppose Θ is an equivalence structure in which all equiv-
alence classes are finite and have distinct cardinalities c0, c1, . . .. Then Θ has
a computable copy if and only if C = {c0, c1, . . .} is limitwise monotonic.

Now the proof of the following theorem follows from Lemma 6.2 and
Theorem 1.4:

Theorem 6.3. There exists an equivalence structure Θ such that DegSp(Θ)
contains a ∆0

2 degree a if and only if a > 0. �

6.3. ℵ1–Categorical theories. Recall that a first order complete theory T
is ℵ1-categorical if all models of T of cardinality ℵ1 are isomorphic. There
are many natural examples of ℵ1-categorical theories: the theory of alge-
braically closed fields of a given characteristic, the theory of vector spaces
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over a given countable field, and the theory of one successor function on the
natural numbers. Baldwin and Lachlan [1] showed that all models of a given
ℵ1-categorical theory T with more than one countable model (up to isomor-
phism) form an elementary chain A0 � A1 � . . . � Aω of length ω + 1,
where � stands for an elementary embedding. In this chain A0 is the prime
model of T , and Aω is the saturated model of T . A natural question arises
for a given ℵ1-categorical theory T : Which models in the corresponding el-
ementary chain are computable? This is known as the spectra problem for
ℵ1-categorical theories [19]. Goncharov [7] asked whether the prime model
A0 of T is computable, given that one of the models Ai in the elementary
chain is computable.

The problem of Goncharov was resolved in [19]. Recall that a model
M of a theory T is minimal if there is no formula φ(x) such that the sets
{m | M |= φ(m)} and {m | M |= ¬φ(m)} are infinite. A theory T is
strongly minimal if all models of T are minimal. A theory is algebraically
trivial if the algebraic closure of every set X in every model of the theory
equals to the union of the algebraic closures of elements of X.

Theorem 6.4 ([19]). For every given set S there exists an ℵ1-categorical
but not ℵ0-categorical theory TS with the following properties:

(1) The theory TS is strongly minimal and algebraically trivial,
(2) Every (countable) non-prime model of TS has a computable copy if

and only if S ∈ Σ0
2,

(3) The prime model of TS has a computable copy if and only if S is
limitwise monotonic.

Theorem 6.4 and the existence of a Σ0
2 set which is not limitwise mono-

tonic (see, e.g., [19] or Proposition 3.8 of [18]) implies that there is a
strongly minimal and algebraically trivial ℵ1-categorical theory such that
every (countable) non-prime model of T is computable, but the prime model
of T is not computable. This is a negative solution to Goncharov’s problem
in a strong form. However, Theorem 1.4 combined with Theorem 6.4 has
an even stronger consequence:

Theorem 6.5. There exists an ℵ1-categorical but not ℵ0-categorical theory
T with the following properties:

(1) The theory T is strongly minimal and algebraically trivial.
(2) Each (countable) non-prime model of T has a computable copy.
(3) The degree spectrum DegSp(A0) of the prime model of T contains a

∆0
2 degree a if and only if a > 0.

�
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