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ABSTRACT. We use computability-theoretic tools to measure the complexity
of recognising a direct decomposition of an abelian group from its symbolic
presentation. More specifically, we compare degrees of decidable categoricity
of abelian groups and their natural direct summands.

We prove the following results. If G is a decidable homogeneous completely
decomposable group, then the degree of decidable categoricity of G is either
0 or 0’. As a non-trivial and unexpected application of our methods, we
show that every decidable copy of a non-divisible homogeneous completely
decomposable group has an algorithm for linear independence. We then look
at torsion abelian groups and compare them to abelian p-groups. We prove
that every decidable reduced abelian p-group of a finite Ulm type has degree of
decidable categoricity ¢ € {0("> :n € w}. In contrast, for every Turing degree
d d.c.e. in and above 0(2¥+1) there is a decidable reduced torsion abelian group
G of a finite Ulm type such that G has degree of decidable categoricity d.

1. INTRODUCTION

It is well-known that direct decompositions play a central role in the classification
of broad natural subclasses of abelian groups. For instance, each torsion abelian
group splits into the direct sum of its maximal p-subgroups. It may seem obvious
that the classification of countable torsion abelian groups is thus completely reduced
to the Ulm classification of their p-components. Also, consider a direct power of
some fixed H < (Q,+), say G = @,.,, H. Such groups are called homogeneous
completely decomposable. It is natural to assume that classifying homogeneous
completely decomposable groups is essentially the same as classifying subgroups
of the rationals by their Baer types [3]. Interestingly, the classifications of torsion
and homogeneous completely decomposable abelian groups are not necessarily as
well-behaved as the classifications of their natural summands; details below. We
have only started to understand these subtle properties of direct decompositions
which are related to definability and computability. In this article we use methods
of computable structure theory to systematically investigate into these effects.

Computable structure theory [Il, [16] is a modern subject in mathematical logic
invented by Mal’tsev [31}, B2] and Rabin [37] in the 1960s. The main objects of such
studies are computable algebraic structures. An algebraic structure is computable if
its domain can be coded in such a way that the algebraic operations become Turing
computable upon the codes of elements; such a coding is called a computable copy
or a constructivisation of the structure. For example, a group-presentation with
solvable word problem [30] can be viewed as a computable copy of the group,
see [33] for details. For almost 60 years computable structure theory was a self-
motivated subject that was focused on algorithmic aspects of algebra. Recently the
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theory has found applications beyond computable mathematics, most notably in
relation to Vaught Conjecture in model theory [35] and to classification problems
in commutative algebra [23] [14] [15] [38].

How is Turing computability related to classification? We give several examples
coming from abelian group theory. In the 1970s, Fuchs and others discovered patho-
logical decompositions and proved the existence of “large” indecomposable groups
[21]. These discoveries suggested that the approach to classification of abelian
groups up to isomorphism via direct decomposition has rather significant limita-
tions, see the chapter on indecomposable groups in [21] for a discussion. Recently,
this intuition has been formally clarified by Riggs [38] who used computability-
theoretic tools to show that there is no reasonable characterisation of countable
directly indecomposable abelian groups. The decomposability problem is naturally
Y1, meaning that it involves a second-order existential quantification over all sub-
groups of the given group. Riggs showed that the problem is ¥1-complete; this
means that any other ¥1-problem can be reduced to the decomposability problem
for countable abelian groups. Although the result of Riggs is formally stated in
terms of computable groups, it can be re-formulated in purely syntactical or topo-
logical terms to cover all countable groups. Thus, no “local” algebraic condition
can possibly capture direct decomposability of a countable abelian group.

In contrast to indecomposable groups, completely decomposable groups have a
rather developed algebraic structural theory, see [3, 21} 28]. A group is completely
decomposable if it splits into a direct sum of additive subgroups of the rationals.
Thier classification theory works well if we have access to at least one full decom-
position of a given group. However, suppose all we have is a group presentation
X in some general sense, e.g., by generators and relations. Is X completely de-
composable? It seems that asking whether X admits a complete decomposition
is a proper second-order question, just as in the case of indecomposable groups.
Using methods of computable structure theory, Downey and Melnikov [15] showed
that it takes six alternations of merely first-order quantifiers to say that a group is
completely decomposable [15]. This upper bound is a lot better than X} for inde-
composable groups; no finite number of first-order quantifiers can possibly capture
a Yi-complete property. Completely decomposable groups do admit a reasonable
classification, and the result of Downey and Melnikov formally measures the com-
plexity of this classification.

If we can measure the complexity of a classification problem, then we can compare
the complexities of two such problems. For instance, is classifying countable com-
pletely decomposable groups harder than describing their elementary summands?
Here the situation is somewhat unexpected. Consider the homogeneous case, that
is, assume that all the elementary summands of a completely decomposable group
are isomorphic to some fixed H < Q. Downey and Melnikov [I1] proved that
reconstructing a full decomposition of a homogeneous completely decomposable
G = @®;H based solely on its presentation requires an analysis of three first-order
quantifiers, and this upper bound is optimal. In stark contrast, enumerating the
Baer type of H £ Q is a quantifier-free process. Therefore, any complete decom-
position of ®;H encodes a lot more information about the group than the Baer
invariant of its elementary building block H.

In the results discussed above, the mentioned first-order quantification is often
external in the following sense. For example, saying that two elements a and b of an
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abelian group are linearly (Priifer) independent is the same as asking whether there
exist integers m, n # 0 such that ma+nb = 0. This statement involves an existential
quantification over m and n, but integers are not in the language of additive groups.
However, from the perspective of Turing computability, searching for a witness in
the group is the same as searching for a Godel index of a formula of the form
ma + nb = 0 that holds in the group. This external formula can be transformed
into a first-order statement within the hereditarily finite expansion of the group,
as clarified in [I§]. Another way of viewing such formulae involves computable
infinite conjunctions and disjunctions; the resulting language L¢, , enjoys several
nice syntactical properties such as a variant of compactness [1J.

It is natural to ask if the subtle effects of direct decompositions discussed above
can be described using only internal first-order properties, in the usual model-
theoretic sense. To make the question formal we use the notion of a decidable
group suggested by Ershov [I7]. In a decidable group there is an algorithm that
decides (internal) first-order statements about tuples of its elements. A computable
copy with such an algorithm is called a strong constructivisation of the group, or
its decidable copy. Decidable algebraic structures — and decidable abelian groups
in particular — are much better behaved than the more general computable struc-
tures [17, 36} 27, 5]. Hopefully, having access to the first-order diagram of a group
will allow for a much simpler description of decomposability.

Our first main result partially confirms our intuition. It is stated in terms of
(Turing) degrees of categoricity [20]. The degree of categoricity of a computable
algebraic structure A is the least Turing degree — if it exists — that can compute
an isomorphism between any two computable copies of A. Similarly, the degree
of decidable categoricity [24] of a decidable A is the least Turing degree that can
compute an isomorphism between any two decidable copies of A. There is a tight
connection between Scott families — these are Lf, ,, back-and-forth invariants of a
group — and the number of iterations of the Halting problem necessary to compute
its degree of (decidable) categoricity. For example, modulo a mild assumption on
uniformity, DegCat(G) = 0™ says that the automorphism orbits of tuples g € G
can be uniformly described by Lf,  -formulae of complexity X7 ,; where n + 1 is
optimal. (As usual, 0 stands for the nth iterate of the Halting problem.)

Obviously, the degree of categoricity of any H < Q is 0, which is the Turing
degree of computable sets. In contrast, Downey and Melnikov [II] constructed ex-
amples of homogeneous completely decomposable groups having 0" as their degree
of categoricity. It is not hard to see the their result is equivalent to saying that cal-
culating a complete full decomposition of such group may require 0”. Their result

can be fully relativised and re-stated in terms of L, ,; we omit it. We prove:

Theorem 1.1. The degree of categoricity of any decidable homogeneous completely
decomposable group is either 0 or 0', where both possibilities can be realised.

The result is relativisable, so it is not really restricted to (Turing) decidable
copies. It follows that allowing access to the first-order diagram of a group removes
some of the pathology related to decomposition, but not all of it. However, our
methods imply that decidable homogeneous completely decomposable groups are
rather well-behaved. Our second main result illustrates one such pleasant applica-
tion of our techniques to independent sets.
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Recall that linear (Priifer) independence is not an “internal” first-order property.
Also, a Priifer independent set does not have to agree with any complete decomposi-
tion of a completely decomposable group unless the group is divisible. In our search
for a uniform proof of Theorem we discovered the following highly unexpected
result which connects the seemingly unrelated properties of direct decomposability,
decidability, and Priifer independence.

Theorem 1.2. Suppose that G is a homogeneous completely decomposable group
which is not divisible. Then every decidable copy of G has an algorithm for linear
independence.

It is well-known that every computable torsion-free abelian group has a com-
putable copy with a computable basis [10 [25], but this is typically some other copy
of the group. We emphasise that the theorem above holds for every decidable copy
of the group. Both the result itself and its proof are somewhat counter-intuitive.
We conjecture that omitting at least one of the three premises in the statement
of the theorem will allow for a counter-example. Furthermore, it seems that we
cannot significantly relax the algebraic assumption on the group G in the theorem.

As a consequence of Theorem [£.4] the proof of Theorem [£.3]must be non-uniform
for the following reason. The only diagonalisation tool in the case of divisible abelian
groups is linear independence. However, it follows that in the non-divisible case we
provably cannot use independence to diagonalise. Non-uniformity of proofs seems
to be somewhat typical in the study of decidable abelian groups. The proof of our
third main result on torsion groups will be “even more” non-uniform.

We turn to a discussion of torsion abelian groups. Recall that a torsion abelian
group splits into the direct sum of its maximal p-subgroups. This elementary fact
typically justifies the almost total elimination of torsion abelian groups from alge-
braic texts. Clearly, the decomposition into p-components is uniformly computable,
so it may seem that the computable theory of torsion abelian groups can also be
completely reduced to that of p-groups. This is unfortunately not the case. Com-
putably categorical abelian p-groups — these are the groups whose degree of cat-
egoricity is 0 — admit an explicit algebraic description [40 22] 33]. In contrast,
Melnikov and Ng [34] have recently showed that no such explicit description is pos-
sible in the general torsion case. Intuitively, each separate p-component of a torsion
abelian group can be used as an individual coding location, while abelian p-groups
are “smooth”.

Computable categoricity is not relativisable for torsion abelian groups [34], but
the induced notion of decidable categoricity is relativisable for arbitrary struc-
tures [36]. With this in mind, we sought for a positive result saying that decidable
torsion and decidable p-groups are indistinguishable from the point of view of cate-
goricity. Our analysis of Ulm type 1 groups supported this intuition, see Section 3.1
Nonetheless, we discovered that degrees of decidable categoricity are not preserved
under taking direct sums of p-groups of Ulm type > 1, and therefore the discussed
above pathologies are intrinsically not first order in the model-theoretic sense.

Theorem 1.3. Let K be the class of all decidable torsion abelian groups of finite
Ulm typeﬂ

1This means that the types of p-components of each such group are bounded by some n € w
specific to the group.
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(1) If G in K is a p-group, then its degree of decidable categoricity is of the
form 0™ for some n € w.

(2) In contrast, each Turing degree d.c.e. in and above 0(2k+1) (for some k € w)
is the degree of decidable categoricity of some G in .

The notion of a d.c.e. in and above degree will be defined in due course; such
degrees are much more general than just the finite iterates of the Turing jump in (1)
of the theorem.

Recall that we mentioned that our result on torsion groups will be highly non-
uniform. The proof of the first clause uses three substantially different strategies
in three different cases. The proof also exploits various techniques such as com-
putable p-basic trees [2, [12] and the Ash-Knigh-Oates jump inversion [2]. In order
to build decidable presentations of p-groups in (2), we introduce a new jump in-
version which allows us to pass from a AY computable group to a decidable one
(see Proposition . All these techniques are specific to groups of finite Ulm type,
and usually work only for reduced p-groups. We leave open whether (1) can be
extended to the non-reduced case, or beyond groups of finite Ulm type. However,
it is not hard to show that the natural upper bounds in (1) will still remain opti-
mal (compare this to Barker []), but the coding part in (1) becomes an issue at
transfinite levels.

The outline of the paper is as follows. Section [2] contains the preliminaries.
In Section [3] prove the results on decidable torsion groups. Section [] deals with
homogeneous completely decomposable groups.

2. PRELIMINARIES

All considered groups are abelian. By P we denote the set of all prime numbers.
For p € P and n € w, Z(p™) denotes the cyclic group of order p™, and Z(p>°) is the
quasicyclic p-group. For k € w, pg is the kth prime number (under the standard
ordering).

For a structure S, Th(S) denotes the first-order theory of S. For a string o €
w<¥ len(o) denotes the length of o.

2.1. Decidable categoricity. Let d be a Turing degree. A decidable structure S
is decidably d-categorical if for any decidable copy A of S, there is a d-computable
isomorphism from A4 onto S. If d = 0, then we say that S is decidably categorical.

Decidably categorical structures have a nice model-theoretic characterization
[36]. To state it we need a few more definitions. Suppose that L is a countable
language, and M is an L-structure. A first-order L-formula 9 (zg,...,2,) is a
complete formula of the theory Th(M) if M | 3z¢(Z) and for any L-formula
©(Z), we have either M | VZ[Y(Z) — ¢(T)], or M = VZ[Y(Z) — —p(T)]. A
structure M is an atomic model if any tuple a from M satisfies a complete formula
of Th(M). Recall that a structure M is a prime model (of the theory Th(M))
if M is elementary embeddable into any model of Th(M). It is well-known (see,
e.g., [8]) that M is a prime model if and only if M is a countable atomic model.
A structure M is called an almost prime model if there is a finite tuple ¢ from M
such that (M, ¢) is a prime model.
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Theorem 2.1 (Nurtazin’s criterion [36]). Suppose that M is a decidable structure
in a language L. Then M is decidably categorical if and only if there is a finite
tuple ¢ from M with the following properties:
a) (M,¢) is a prime model;
b) given an (L U {¢})-formula ¢(Z), one can effectively check whether 1 is a
complete formula of the theory Th(M,¢c).

In particular, any decidably categorical structure is an almost prime model.

The decidable categoricity spectrum of a decidable structure S is the set
DecCatSpec(S) = {d : S is decidably d-categorical}.

If ¢ is the least degree in the spectrum DecCatSpec(S), then c is called the degree
of decidable categoricity of S.

Goncharov [24] initiated the systematic investigation of decidable categoricity
spectra. In particular, Goncharov [24] showed that any computably enumerable
(c.e.) Turing degree is a degree of decidable categoricity for some prime model.
In [5] this result was extended to hyperarithmetical degrees: If « is a computable
successor ordinal and d is a degree such that d > 0(®) and d is c.e. in 0(*), then d
is a degree of decidable categoricity.

Note that decidable categoricity is closely connected to computable categoricity:
For a Turing degree d, a computable structure S is d-computably categorical if for
any computable presentation A of S, there is a d-computable isomorphism from A
onto S. The degree of categoricity of S is the least degree d such that S is d-com-
putably categorical. For various results on degrees of categoricity, see [6l, 9] 191 [20].

2.2. Decidable abelian groups. For a non-zero n € w, let (n| -) be the following
unary predicate:
(n| ) iff Jy(ny = x).

A subgroup A of G is pure if for all a € A and n € w\ {0}, (n | a) in G implies
that (n | @) in A. If S is a subset of a torsion-free G, then (S). denotes the least
pure subgroup of G that contains S. (If the group is not torsion-free then there
may be no such least pure subgroup.)

Proposition 2.1 (Ershov [I7], see also [27, Proposition 1.1]). A countable abelian
group G is decidable if and only if the theory Th(G) is decidable and the structure
(G,p"| *)pep, kew is computable.

Following [I7, Chap. 3, §4] and [27, § 7.1], we recall the definitions of Szmielew
invariants. Let G be an abelian group and G{p"} ={z € G : p"z =0}. Forpe P
and non-zero n, k € w, one can define the following first-order formulas:

(1) G = Apn i iff G contains @1<;<xZ(p") as a pure subgroup. (Ap ., is an
Iv-formula.)

(2) G & Bpn i it ®1<i<iZ(p") is a subgroup of G. (By, k is an 3-formula.)

(3) GEC ,1(91,- -, gx) iff the elements g1,. .., gr € G satisfy the following:
If we consider their images g¢},..., g, in the quotient group G = G/G{p"},
then ¢} + pG, ..., g} + pG are linearly independent in G/pG. (C) oy is an
V-formula.)

(4) Cpppp=321... kaCZ'),n)k(xl, ..., xk). (This is an JFV-formula.)

The Szmielew invariants of G are defined as follows.
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a) apn(G)=sup{lk€cw:GE A4, i}

b) Bp(G) =inf{sup{k cw: G =By} :n € w}.

c) w(G) =inf{sup{k e w: G ECpnr}:necw}
Szmielew [41] proved that abelian groups G and H are elementarily equivalent if
and only if G and H have the same Szmielew invariants.

2.3. Effective algebra for torsion groups. Here we give a brief overview of
effective algebraic techniques that will be used in the proofs of the results on torsion
groups.

Let A be an abelian group. The p-height of an element a € A is defined as
follows:

hA

(a) = { maximal k € w such that p* | a in A, if such a k exists,
; =

infinite, otherwise.

We say that the p-height h;‘ is computable if it is a computable function from the
domain of A into w U {oco}. If the group A is clear from the context, then we will
omit the superscript A in h;‘.

For a p-group A, the elements of infinite p-height generate a subgroup A’ of A.
Iterating this process define a subgroup A(® for every ordinal o. The non-zero
elements of A, = A(O‘)/A(a“) have finite height. If A is countable, then there is a
countable « such that

A(a) _ A(a+1).
The least such « is called the Ulm type of the p-group A.

One can show that the Ulm factors A, are direct sums of cyclic p-groups. This
leads to the following well-known classification of isomorphism types:

Theorem 2.2 (Ulm). The isomorphism type of a countable reduced p-group is
completely determined by the isomorphism types of its Ulm factors.

Call a countable p-group A multicyclic if it is isomorphic to a direct sum of cyclic

and quasicyclic p-groups, i.e.
A= P (D zo')e P zv™),
0<k<w 0<i<ng 0<i<m
where 0 < ny < w and 0 < m < w. The character of a multicyclic p-group A is the
set
x(A)={(k,1):0<k<w, 0<l<1+4ng}.

We say that the character x(A) is bounded if there is a natural number K such

that k¥ < K for any pair (k,l) from x(A). A set X C w? is called a character if
X = x(B) for some multicyclic p-group B.

Proposition 2.2 (obtained in the proof of [I3, Theorem 3.1]). Let A be a com-
putable multicyclic p-group. Then one can find, effectively in h;‘, a complete de-
composition €, Vi of A into cyclic and quasicyclic summands. Furthermore, the

procedure is uniform in p, A, and h;f‘.
We will use the technique of p-basic trees to work with p-groups.

Definition 2.1 ([39]). A p-basic tree is a set X together with a binary operation
p™ - x of the sort {p” : 0 < n < w} x X — X such that:

(1) there is a unique element 0 € X for which p-0 =0,
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(2) pF-(pm-g) =prt™.g, forall g € X and k,m € w, and
(3) for every element x € X, there is a natural number n with p™ -z = 0.

If a prime p is fixed, then one can think of a p-basic tree as a rooted tree with
0 being the root. Given a p-basic tree X, one obtains a p-group G(X) as follows:
The set X \ {0} is treated as the set of generators for G(X), and we add px =y
into the collection of relations if p -z = y in X. Every countable abelian p-group
is generated by some p-basic tree [39]. Each element of the group G(X) can be
uniquely expressed as )y mgx, where m, € {0,1,...,p—1}.

Lemma 2.1. Let T be a computable p-basic tree such that the relation
TR(x, k) := (the tree rank of © is at least k), where x € T, k € w,

is computable. Then the p-group G(T)) is decidable if and only if the theory Th(G(T))
1s decidable.

Proof. Suppose that Th(G(T)) is decidable. Given a non-zero element g € G(T),
one can effectively find the elements xq,...,z, € T such that g = >, msz;,
where m; € {1,2,...,p — 1}. Then the condition (p* | g) holds if and only if the
tree rank of every z; is at least k. Hence, by Proposition the group G(T) is
decidable. O

Non-isomorphic trees can produce isomorphic p-groups. Here we will not give a
complete description of the congruence relation ~ on rooted trees which is defined
by the rule: T ~ X iff the groups G(T') and G(X) are isomorphic. The reader
is referred to [39] for the detailed analysis of ~. Instead, we will describe an
elementary transformation of a tree T which does not change the isomorphism type
of the corresponding p-group G(T).

Suppose that T is a p-basic tree (treated as a rooted tree). Consider the following
procedure:

Take a simple chain extending v € T, detach it, and
attach this chain to the root of T.

The procedure is called stripping. If the tree rank of v does not change after
stripping, then the stripped tree 77 and the original tree T give rise to isomorphic
p-groups: G(Ty) = G(T). This process can be iterated: informally speaking, one
can replace infinitely many simple chains at once (while preserving tree ranks),
and obtain a fully stripped tree representing the same group. For example, a fully
stripped tree for a reduced p-group of Ulm type 1 is just a collection of finite simple
chains attached to 0.

In our proofs, we will also use a more subtle notion of the p-height, sometimes it
is called the ordinal p-height: Consider a p-basic tree 1" which represents a p-group
A If g = > cpmyv, where F is a finite subset of 7" and 0 < m, < p, then the
p-height of v is the minimum of the tree-ranks of v € F. The definition does not
depend on the choice of T', and it can be given by using a direct approach which
does not refer to trees at all. Furthermore, if hi'(g) = k < w, then the ordinal
p-height of g is equal to k. If h;‘(g) is infinite, then the ordinal p-height of g is
either an infinite ordinal, or co. Hence, when it is clear from the context, we will
not specify which particular notion of p-height we use.
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Theorem 2.3 (Ash, Knight, and Oates [2]; Khisamiev [26]). Suppose that A is a
countable reduced p-group of Ulm type N < w. Then the following conditions are
equivalent:

(1) A has a computable copy;

(2) A has a computable p-basic tree representing it;

(3) (a) for every i < N, the character x(4;) is a £9;,, set, and
(b) for everyi < N, the set

#A;:={n: (n,1) € x(A)}
is 029 _limitwise monotonic.

For a natural number n, a computable structure S is relatively A% categorical
if for any copy A = S with domain subset of w, there is a AY(A)-computable
isomorphism from A onto S.

Proposition 2.3 (Barker [4, Proposition 6.6]). Let k be a natural number, and A
be a computable reduced p-group.

(1) If AR+ s q finite group and the character x(Ay) is unbounded, then A is

relatively Agk+2 categorical.
(2) Suppose that Ay, is isomorphic to

FePze™),
1€w
where 0 < m < w and F is a finite group. Then A is relatively Ang
categorical.
(3) Suppose that x(Ay) is bounded and Ay, is isomorphic to

Bo@Pzw') e Pze™),
1EW JEW
where B is a group and 0 < I < m < w. Then A is relatively Agk+2
categorical.

In particular, any computable reduced p-group of Ulm type N < w is relatively
AY categorical.

3. p-GROUPS VS. TORSION GROUPS

In this section, we show that any decidable reduced p-group has degree of de-
cidable categoricity ¢ € {0 : n € w} (Theorem . On the other hand, every
Turing degree d which is d.c.e. in and above 0*t1) | k € w, is a degree of decid-
able categoricity for some reduced torsion group (Theorem . We start with the
case of Ulm type 1, where we show that there is no difference between degrees of
decidable categoricity of p-groups and torsion groups (Proposition .

3.1. Ulm type 1. We start from considering the simplest case — groups of Ulm
type 1. The theorem below shows that these groups do not witness the differences
that we aim to illuminate.

Proposition 3.1. Any decidable torsion group of Ulm type 1 has degree of decidable
categoricity d € {0,0'}.
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The proof consists of three parts: Lemma [3.1] establishes the statement of the
theorem in the reduced case. Lemma [3.2] considers p-groups of Ulm type 1. In
particular, it gives a criterion of decidable categoricity for multicyclic p-groups.
At last, Lemma [3.3] uses the preceding two lemmas to complete the proof of the
theorem.

Lemma 3.1. Any decidable reduced torsion group of Ulm type 1 is decidably cate-
gorical.

Proof. Suppose that A is a decidable reduced torsion group of Ulm type 1. For a
prime p, consider the p-component A, of A. Since A has Ulm type 1, A, is a mul-
ticyclic p-group. Note that the structures (A,, p* |)rew are computable, uniformly
in p.

Let B be a decidable copy of A. It is sufficient to build (uniformly in p) a
computable isomorphism f, from A, onto B,. Since A is reduced and decidable,
the p-heights hﬁ’) and hf ? are computable. Using Proposition we construct
effective complete decompositions A, = @,.;U; and B, = @,; Vi into cyclic
summands. Furthermore, given ¢, one can effectively calculate the orders of U;
and V;. Therefore, using a back-and-forth construction, it is not hard to build a
computable isomorphism f,: A, = By, a

Lemma 3.2. Suppose that A is a decidable p-group of Ulm type 1. Then the
following hold:

(a) If A is reduced or the character x(A) is bounded, then A is decidably cate-
gorical.

(b) If A is not reduced and x(A) is unbounded, then A has degree of decidable
categoricity 0'.

In particular, the degree of decidable categoricity for A is either 0 or 0'.

Proof. (a) The reduced case was already discussed in Lemma Suppose that
A is a decidable non-reduced multicyclic p-group with a bounded character. Fix
a natural number K such that the order of any cyclic summand in A is less than
pX. Then for an element a € A, the condition h,(a) = oo is equivalent to (pX | a).
Hence, the p-height h;,“ is computable, and one can show, similarly to the proof of
Lemma [3.1] that A is decidably categorical.

(b) Let A be a decidable non-reduced multicyclic p-group with an unbounded
character. It is easy to show that the character x(A) is computable (e.g., using the
formulas A, ,, ; from the definition of Szmielew invariants). Recall that h,(a) is
infinite if and only if Vk(p* | a). Therefore, the p-height h;;‘ is 0’-computable, and
again, using an argument similar to that of Lemma [3.1] it is not hard to prove that
A is decidably 0’-categorical.

Since x(A) is a computable set, it is easy to build a copy Ap of A such that the
structure (Ao, ¢~ [)geP kew is computable: Here we only sketch a construction. For
simplicity, assume that the reduced part of A is isomorphic to @, ., Z(p™* ), where
0 <mg <mq <.... Then we take a decidable copy Dg of the divisible part of A
(obtained, e.g, from Proposition , and set

Ay = Do & @ ax),

kew

where ay is an element of the order p™*.
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Since Th(Ag) = Th(A) is decidable, by Proposition Ap is also decidable.
Moreover, the p-height h;‘" is computable. Now, in order to prove that 0’ is the
degree of decidable categoricity for A, it is sufficient to build a decidable copy B of
A with hf ZT 0/.

For simplicity, we build B for the case when A = Z(p*>) ® @, ., Z(p™* ), where
0 <mp <my <.... The general case can be treated in a similar way.

We will construct a computable p-basic tree T for B. Lemma shows that
it is sufficient to guarantee that for any g € T and any k € w, one can effectively
check whether the tree rank of g is at least k. This condition will be ensured by
the following property: Let T[g, s| denote the tree with the root g which contains
all descendants of g in the tree T'[s] (constructed at a stage s). Then any s and any
g € T[s] will satisfy one of the two conditions:

(1) either T'[g,t] =T|g,s] for all t > s, or
(2) the rank of Tg, s + 1] is strictly greater than the rank of T'[g, s].

Fix a strongly computable sequence of finite sets {W*} ¢, such that [ J, W* =/,
W C Wt card( WSt —W*) < 1, and s ¢ W* for all s. W.l.o.g., we may assume
that W2t = W2+ for any ¢.

The construction of T' proceeds in stages. At a stage s, we build a finite tree
T[s] € w<¥ with root A, and we choose a terminal node tns in T[s] with the
following properties: The length of tng is equal to (s+ 1), and for any i < s, tns(7)
is even iff i  W°.

Stage 0. Set T[0] = {A, (0)} and tng = (0).

Stage s + 1. If W*t! = W*, then find the least m; which has not already been
used in the construction. Attach a fresh simple chain of length m; to the root of
T[s]. Let tngi1 :=tng 0, and put tnsy; into T[s + 1].

Suppose that Wt — W#* = {k}. Note that k < s. Let o := tn, | k. Find the
least unused m; > len(tns) — k with the following property: Consider a tree Tj
which is obtained from 7T'[s] by appending two simple chains — the first one has
length (m; + k — len(tns)) and is attached to tng, and the second one has length
L :=m;+k+1 and is attached to o. Then the fully stripped version of T3 gives a
rise to a p-group Z(p") ® Z(p™) @ @D ,cr Z(p™7) for some finite set I with i ¢ F'.

Attach a fresh simple chain of size (m; + k — len(tns)) to tns. Define tngyq as
follows:

tns(4), if j £k and j < s,
tnsy1(j) := < a fresh odd number, if j =k,
07 lf] =S+ 1,

and add every 7 C tng4q into T'[s + 1].

This completes the description of the construction. Let T':= J,,, T'[s], and con-
sider the p-group B := G(T). It is not difficult to establish the following properties
of the construction.

Claim 3.1. (1) If g is a terminal node in T[s] and g # tng, then g is a terminal
node in any T[r], where r > s.
(2) For any i € w, there is a limit tn*(i) = lim,tns(i). Moreover, if i € O,
then tn*(i) = 0. If i € O/, then tn*(i) is odd.
(3) The tree T has only one infinite path P = (tn*(0),tn*(1),tn*(2),...).
(4) Recall that TR(x, k) is true iff the tree rank of x is at least k. Suppose that
g is an element from T'[s|. Let s1 > s be the least stage such that either tng,
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is not a descendant of g, or T[s1] E TR(g,k). Then we have T = TR(g, k)
if and only if T[s1] = TR(g, k).

The last item of the claim and Lemma [2:1] together imply the following: In order
to prove the decidability of the group B, it is sufficient to show that B is isomorphic
to A.

Consider f, the fully stripped version of the tree T. Roughly speaking, one can
obtain the tree T using the following procedure: Whenever we see that tnsiq is
not a child of ¢tns, we find the least k such that tng(k) # tnsy1(k), take the node
gs = (tng(0),tng(1),...,tns(k)), and strip all the descendants of g, (which have
not already been stripped), while preserving the tree ranks. The procedure shows
that 7 consists of only one infinite chain and infinitely many finite chains that are
attached to the root. Hence, the divisible part of B is isomorphic to Z(p™), and B
has Ulm type 1. Moreover, attaching fresh chains at non-zero stages ensures that
the character x(G(T)) is equal to {(my,1) : k € w}. Thus, B is isomorphic to A.

Now note the following:

o If i ¢ (), then there is a node o € T such that (i) = 0 and the p-height of
o in B is infinite. Furthermore, for any 7 € T, if 7(i) # 0, then hZ (1) is
finite.

e Suppose that 7 € ('. Then there is a node o € T such that o(7) is odd and
hP (o) = co. Moreover, for any 7 € T with 7(i) even, we have h[ (1) < oo.

Hence, hf >7 (. Lemma is proved. O

Lemma 3.3. Suppose that A is a decidable torsion group of Ulm type 1.

(a) If there is a prime p such that the p-component A, is non-reduced and has
an unbounded character, then A has degree of decidable categoricity 0.

(b) If every A, is either reduced or has a bounded character, then A is decidably
categorical.

Proof. (a) First, note that for a prime ¢, the group A4, is computable, and the g-he-

ight hf;‘q is 0’-computable, uniformly in q. Therefore, for a decidable copy B = A,
one can build a 0’-computable isomorphism f, from A, onto B, uniformly in g.
The map |J qeP fq is easily extended to a 0’-computable isomorphism from A onto
B. Thus, A is decidably 0’-categorical.

Fix a prime p such that the p-component A, is non-reduced and has an un-
bounded character. Note that the theory Th(A,) is decidable: A, is a p-group, and
for any formula v € {Ap n. ks Bpnk, Cpnk : .k € w}, we have A, = iff A |= 1.
Thus, one can obtain a recursive axiomatization for Th(A,). By Proposition
Ap is a decidable structure.

The proof of Lemma [3.2] shows that there are two decidable copies By and By of
A, such that for any isomorphism f from By onto By, we have f >p 0'. Consider
the groups

Co=Bo® EB Ay, C1=DB1 @ @ A,
qa€P\{p} q€P\{p}

It is not hard to show that the structures Cy and C; are decidable copies of A,
and any isomorphism from Cy onto C; computes 0’. Therefore, 0’ is the degree of
decidable categoricity for A.
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(b) Suppose that every p-component of A is either reduced or has a bounded
character. We show that the p-height h;l” is computable, uniformly in p.
Given a non-zero element a € A, we search for the least k € w such that one of
the following two cases hold:
(i) A= (p*]a) and A = (p¥*1 fa). Then hj”(a) = k.
(ii) A= (p* | a) and A = Va[(p" | ) = (p**1 | 2)]. Then h)”(a) = cc.
If the p-height of a (inside A,) is finite, then a will eventually satisfy case (i) and
a cannot satisfy (ii). If the p-height of a is infinite, then the character of A, is
bounded and @ will eventually satisfy (ii).
Since the group A is decidable, the described procedure computes the height
hﬁp, uniformly in p. Therefore, using Proposition one can build a computable

isomorphism between any two decidable presentations of A. Lemma [3.3]and Propo-
sition [3.1] are proved. O

3.2. Jump inversions. Our results on degrees of categoricity will heavily use the
jump inversions that are based on the technique of computable p-basic trees. Here
we give a brief overview of these inversions.

Ash, Knight, and Oates [2] introduced a procedure which allows to pass from
a 119 p-basic tree C' to a “nice” computable p-basic tree U (see the proposition
below). The proof of the result can be found in [2], see also [12] for a discussion
and an extended sketch of the proof.

Proposition 3.2 (Ash, Knight, and Oates [2]). Let T' be a computable p-basic tree
of Ulm type 1, where the root 0 has tree-rank w. Suppose that C is a 113 subtree of
w<¥ (C is treated as a p-basic tree). Then there exists a computable p-basic tree
U expanding C such that the p-group G(U)g is isomorphic to G(T), and G(U) is
isomorphic to G(C).

Suppose that A is a countable p-group. Roughly speaking, Proposition [3.2]allows
us to pass from a A§ presentation of A’ and a computable presentation of Ag = A/A’
to a computable copy of A: Consider Ag = G(T') and A’ = G(C), and recall that
any AY(X) subtree of w<¥ is isomorphic to a I1{(X) subtree.

We also introduce a new jump inversion which will be useful in working with
decidable groups:

Proposition 3.3. Let X C w X w be a computable unbounded character. Suppose
that C is a 119 subtree of w<*. Then there exists a computable p-basic tree U
expanding C' with the following properties:

(1) the p-group G(U)o has character X,

(2) GU) =2G(C), and

(3) given a nodev € U and a natural number k, we can effectively check whether
the tree-rank of v is at least k.

Proof sketch. This is essentially a modified version of Proposition Fix a com-
putable sequence of trees {C[s]}se, such that C' =, C[s] and C[s] D C[s + 1]
for all s. W.lLo.g., we assume that for any o € C[0] and any i < len(o), o(7)
is an even number. For simplicity, we consider X = {(ng,1): k € w}, where
O<ng<ng<ng <....

An informal idea of the construction is as follows. We want to copy the tree
C, and for every node v € C, we attach infinitely many fresh finite chains to v.
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The size of each of the chains is equal to some n;, and every n; is used only once:
in particular, any two different chains have different sizes. If this naive attempt
is successful, then the resulting tree U will give a rise to a p-group which has the
first two of the required properties: The nodes which have infinite tree-ranks are
precisely the nodes from C' (this is the second required property). Moreover, if we
do the stripping procedure, we will see that any chain (from above) of size n; can
be represented as a simple chain which emanates from the root of U. Therefore,
every Z(p™) detaches as a direct summand in G(U). Furthermore, we ensured that
X(G(U)o) = X (i.e. the first required property).

The main problem here is that the tree C is given by a I1{ approximation, hence,
sometimes we need to give up on some nodes v from C[s]. In order to guarantee
that the third required property holds, we proceed as follows. Suppose that at some
stage we want to give up on two nodes o and 7, where o is a child of 7. Then we first
deal with o by choosing a large fresh n; and attaching a fresh chain of size (n; — 1)
to 0. Only after that, we are allowed to abandon this ¢ and to start dealing
with 7 (in a similar way). The described procedure is justified by the following
reasoning. Since o “dies” forever (i.e. after that particular stage we will never add
descendants of o into U), all the descendants of o, and o itself, can be fully stripped
by relocating a finite number of chains. The last chain that will be stripped is the
longest chain which goes through o, i.e. the chain (¢, 01,09,...,0,,-1). The chain
will be detached from 7 and attached to the root of U. Since the size of this chain
is equal to n;, we will preserve the desired character X: the group Z(p™) still
detaches as a direct summand in G(U).

Now we present a more formal description of the construction. At a stage s, we
build a finite tree U[s]. At stage 0, set U[0] = {A}.

At an odd stage s = 2t + 1, for every node v from U[s] N C[t], choose a fresh
n; and attach a fresh simple chain of size n; to this v. After that, find the least
unused ny and attach a fresh chain of size nj to the root of the tree. The chains
are chosen in such a way that for any 7 from a chain, the last symbol of 7 is an
odd number.

Suppose that s = 2t + 2. If U[s] N C[t] = U[s] N C[t + 1] (i.e. we do not see
any changes in the considered nodes from C[t]), then choose (the least) o from
C[t+ 1] — UJs] and add all 7 C o into U.

If U[s] N C[t] # Uls] N C[t + 1], then there is a node o € U[s] such that o €
Clt+1]—C[t]. Suppose that U[s]N(C[t+1] —Ct]) = {o0,01,...,0r}. We assume
that a condition o; C o; implies that i < j. For every ¢ < k, we choose a large
fresh n, and attach a fresh chain of size (n,, — 1) to o;.

This concludes the description of the construction. It is not hard to show that
the tree U has the desired properties. In particular, for any v € U|[s], there is the
following dichotomy: either the tree-rank of v in U[s+ 1] is strictly greater then the
tree-rank in Ul[s]; or the tree-rank of v does not grow after stage s. This ensures
the third condition of the theorem. O

Proposition will be used in the following way: Suppose that A is a countable
p-group which has a decidable presentation. The proposition allows us to pass from
a AY presentation of A’ and a computable presentation of Ay to a decidable copy
of A (note that the decidability follows from Lemma [2.T)).
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3.3. Degrees of decidable categoricity for reduced p-groups. The main re-
sult of the subsection is the following

Theorem 3.1. Let G be a decidable reduced p-group of a finite Ulm type. Then G
has degree of decidable categoricity d € {0 : m < w}.

In order to prove the theorem, we obtain a similar result for computable cate-
goricity which we believe is new, at least in this form:

Theorem 3.2. Let G be a computable reduced p-group of a finite Ulm type. Then
G has degree of categoricity d € {00™) : m < w}.

The simulteneous proof of these two theorems will be split into two parts: The
first part calculates degrees of categoricity for computable reduced p-groups of
small Ulm type (to be explained below). The second part uses these calculations
and jump inversions to finish the proof.

3.3.1. Groups of small Ulm type. The proofs of Theorems and will use
induction on Ulm type N. Therefore, we need to establish the base of induction by
considering some specific cases for p-groups of Ulm type N < 2:

Lemma 3.4. Let A be a computable reduced p-group of Ulm type N < 2.
(a) Suppose that A has Ulm type 1, the character x(A) is bounded, and

A=Bo@z0") e Pz,
i<w J<w
where B is a group and 0 < k <1 < w. Then A has degree of categoricity
0.
(b) If A’ is finite and the character x(Aoy) is unbounded, then A has degree of
categoricity 0'.
(c) Suppose that A’ is isomorphic to

FePzph),
i<w
where F' is a finite group and 0 < k < w. Then A has degree of categoricity
0”.

Proof. (a) It is not hard to verify that A is relatively AJ categorical (it follows, e.g.,
from part (3) of Proposition or [7, Theorem 3.5]). Now it is sufficient to show
that there are two computable copies C' and D of A such that for any isomorphism
f:C=D, wehave f > 0.

First, we build a “nice” p-basic tree T for C. If the character X := x(A) contains
(n,1) for a number n, then we find

Ty = card({m: (n,m) € X}),

and we attach exactly r,, simple chains of size n to the root of T. The procedure
is effective, since X is a bounded character. This gives rise to a computable group
C := G(T') isomorphic to A. Moreover, the p-height hg is a computable function.

A “bad” p-basic tree U is constructed as follows. Take T" and attach to its root
infinitely many new chains of size k. Let {0;}ic., be an effective list of terminal
nodes of these chains. If 7 belongs to (), then we attach a fresh chain of size (I—k) to
the node o;. Define D := G(U), and note that h’(c;) =1 —1iff i € (/. Moreover,
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it is easy to show that D is a copy of A. Hence, hz? >r 0/, and C, D are desired
computable presentations of A.

(b) Part (1) of Proposition implies that A is relatively A9 categorical. As in
the proof of (a), we will “encode” 0’ into isomorphisms between two computable
presentations of A.

We build two computable p-basic trees T and U (treated as subtrees of w<¢).
As usual, we may assume that the domains of T" and U are disjoint. Moreover,
when needed, we may think of an element g € G(T) U G(U) as a natural number
(using some effective encoding from G(w<*) into w). For V € {T,U}, Oy denotes
the root of V.

Trees T'[0] and U[0] are defined as follows. Fix finite p-basic trees 7" and U’ such
that G(T") =2 G(U') = A’. Since the group A’ is finite, we may assume that any
non-root node from 7”7 has at most one child (consider the fully stripped version
of T"). A similar convention holds for U’. For every node v € T" U U’, attach a
computable set of new children H(v) := {w;(v) : i € w} to v. We say that H(v) is
the set of (v)-witnesses.

Suppose that V' € {T,U}. Our construction will guarantee that if a node u has
more than one child in V, then v € V'. Therefore, if u ¢ V' and u € Vs], then
there is a well-defined notion of the last descendant of w in V[s]: There is only one
(maximal) simple chain going through v inside V[s], and the last descendant of u
is the terminal node of this chain.

Our construction will satisfy the following series of requirements:

Re: If f is an isomorphism from G(T) onto G(U), then for the (0r)-witness
w? := w,(07), its image f(w?) must be greater (under the standard ordering
of natural numbers) than

bl =1+ 3 wile).
i<e, i)l
We argue that satisfying all R.-s is enough: Indeed, consider a total function
€ e f(w?). If every R, is satisfied, then & dominates every partial computable
function. Therefore, we have f >p & > 0.
We choose limitwise monotonic functions g(z) and h(z) such that:
e For any non-zero n and k, we have (n, k) € x(Ao) iff card({z : g(z) =n}) >
k.
e For any z, (h(z),1) € x(Ap) and h(z) < h(x +1).
The existence of these functions follows, e.g., from [7, Lemma 2.13] (recall that the
character x(Ap) is unbounded). We fix limitwise monotonic approximations of the
functions: g(z)[s] and h(z)[s]. W.l.o.g., one can assume that h(x)[s] < h(z + 1)[s]
for any z,s. We also choose a limitwise monotonic approximation (e)[s] of the
function ¥ from the R.-requirements.

Strategy for meeting R.. Choose a fresh number x.. We attach a simple chain
of size (h(x.) — 1) to the node w? in T. (Surely, at the current stage sg, we do not
know the real value of h(z.). Thus, we use the size (h(z.)[so] — 1) and after sg, we
will do chain updates, to be explained below.)

When the value 1(e)[s] grows, we say that R. requires attention and proceed as
follows. Find all elements v from the tree U[s] with the following properties: p*v is
a (u)-witness for some u € U’ and k € w, and there is an element g € G(U[s]) such
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that g <, ¥(e)[s + 1] and g is a linear combination (in G(U[s])) which includes
v with a non-zero coefficient. For each such v, find its last descendant d, (inside
Uls]), choose a fresh number m, > z. + 1+ len(d,), and attach a fresh chain of
size (h(m,) — len(d,) + len(p**'v)) to d,. Thus, the length of the last descendant
of v goes up from len(d,) to (len(p**1v) + h(m,)). Declare that the requirement
R. does not require attention.

Note that p**'v € U’ and (after all required chain updates) the stripping will
ensure that the p-group Z(p"™)) will detach as a direct summand in G(U) — this
is an explanation for the choice of the length of the chain attached to d,.

Now we clarify the intuition behind the strategy. Given an element g € G(U),
one can think of it as a (potential) image of w? € G(T) under an isomorphism. If
g <. ¥(e), then at some stage s, we will see that g € G(U[s]) and g <, ¥(e)[s + 1].
Suppose that g = > . l,v, where F' is a finite subset of U[s] and 0 < I, < p.
For every v € F — U’, our strategy attaches a fresh chain to the last descendant
dy. The length of this chain is at least (h(m,) — len(d,)) > h(m, — len(d,)) >
h(ze +1) > h(x.). This ensures that (p"®)*1 | g) in G(U). On the other hand,
(pM@) L f0) in G(T). Therefore, for any isomorphism f: G(T) — G(U), we must
have f(w?) > 1(e), and the R.-requirement is satisfied.

Our main concern in the construction is that we need to ensure that both trees T’
and U give rise to p-groups isomorphic to A. This will be done via Ulm’s theorem:

e the tree T” will contain precisely the nodes from T with an infinite tree-rank,
and
o the character x(G(T")") will be equal to x(A).

Since T” is finite, these conditions imply that G(T") is isomorphic to A.

Construction. During the construction, we will put labels on (v)-witnesses:

(1) Every (0Or)-witness w? will eventually obtain a permanent label [h; z] for
some 2 € w.

(2) For v € (T"UU') — {07}, a (v)-witness can obtain one of labels [g; z] or
[h; 2], where 2z € w.

The intuition behind the labels is the following: A label on a (v)-witness w encodes
the length of the last descendant of w. For example, if some w € T' obtains a label
[g; 2] and this label is never deleted, then the length of (the unique) chain attached
to w in T will be equal to (g(z) — 1).

For atree V € {T,U} and k, s € w, we introduce the update number UN (V; k, s):
this is the cardinality of the set

{z : there is v € V[s] such that v is labelled by [h;z] and h(z)[s] = k}.

Update numbers will help us to track down the character x(A’) and to encode
it into the tree V: Essentially, UN(V;k,s) keeps counting the number of direct
summands Z(p*), built inside V[s] by following the approximation h(x)[s].

At an odd stage s + 1 = 2t 4+ 1, we find the least z < s such that:

(i) no element from T[s] is labelled by [g; 2], and
(ii) UN(T;9(2)[s],s) < card({z1 < s: g(21)[s] = g(2)[s]})-
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If this z is found, then we choose the least (v)-witness y from T'[s] such that v # Op
and y does not have children. Put the label [g; z] onto y and attach a fresh simple
chain of size (g(z)[s] — 1) to y.

After that, for every v € T’, we choose a fresh number z, and put the label
[h; ] onto the least (v)-witness w, such that w, never had any labels before. We
call this w, a special (v; s)-witness (at stage s + 1).

At the end, we do the chain updating for T

(1) If a (v)-witness w has a label [h;z] and the length of the chain hanging
from w (inside T'[s]) is less than L := (h(x)[s] — 1), then extend the chain
to length L.

(2) Suppose that some (v)-witness w has a label [g; 2], and the (current value
of the) update number UN (T’ g(2)[s], s) is greater than

card({z1 <'s: g(z1)[s] = g(2)[s]}).
Then delete the label [g; z], find a fresh number 2’ such that h(z") > g(2)[s],
and put the label [h; '] onto w. Repeat this procedure until there are no
such “bad” witnesses w.
(3) If a (v)-witness w has a label [g;z] and the length of the chain hanging
from w is less than M := (g(z)[s] — 1), then extend the chain to length M.

We also do similar actions for the tree U, i.e. searching for the least z with (i-ii)
and chain updating.

Consider an even stage s + 1 = 2t + 2. First, for every e < t with ¢(e)[s — 1] <
p(e)[s+1], we declare that R, requires attention. We also assume that R; requires
attention. After that for every e < ¢, if R, requires attention, we follow the strategy
for R, described above.

This concludes the description of the construction. The verification is based on
the following claim:

Claim 3.2. Suppose that V € {T,U}.

(1) The set of nodes from V with infinite tree-ranks is equal to V.
(2) Let n be a non-zero natural number, and let

rn = card({k : (n,k) € x(A")}).

Then V' contains precisely v, chains P of size n such that the beginning of
P is a (v)-witness for some v € V', and the end of P is a terminal node in
V.

(3) Ewvery requirement R is satisfied.

Proof. (1) Let v € V'. Note that any (v)-witness w eventually obtains a label. If
at some stage s, w was labelled by, say, [g; 2], then the chain hanging from w inside
T has length at least g(z)[s]. Hence, the choice of special (v;s)-witnesses ensures
that the tree-rank of v is infinite (recall that the function h is strictly increasing).

If v € V — V', then p*v is a (u)-witness for some k € w and u € V'. Note that
the labels of form [h;z] are never removed, and if a label [g; 2] is removed, then it
is immediately replaced by some [h; z]. Therefore, the chain emanating from u has
a finite size, and the tree-rank of v is finite.

(2) First, assume that r, is infinite. Then there is a stage s* such that for any
x and any s > s*, we have either h(x)[s] = h(z)[s*] < n or h(z)[s] > n (recall that
h(zx)[s] < h(x+1)[s]). Moreover, there are infinitely many numbers y > n + 1 such
that there is a stage s, > s* with g(y)[s,] = g(y) = n. After the stage s,, the label
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[g; y] will be eventually put on some w,, and it will never be removed. Thus, it will
produce a required chain P, of size n.
Suppose that r,, is finite. Consider a stage s* with the following properties:
e If y is a number with g(y) = n, then we have g(y)[s] = n for any s > s*.
We call the corresponding label [g; y] a nice n-label.
e For any = and any s > s*, either h(z)[s] = h(z)[s*] < n or h(x)[s] > n.
Working with update numbers guarantees one of the two final outcomes:

(1) If there is no = with h(x) = n, then there will be exactly r,, “permanent”
nice n-labels (i.e. eventually these labels will stay forever).
(2) If there is (a unique) z* with h(z*) = n, then there will be exactly (r,, —1)
“permanent” nice n-labels.
In any case, the construction produces exactly r, required chains of size n.

(3) Note that the requirements do not injure each other. Since 1 is a limitwise
monotonic function, R, can require attention only finitely many times. Since the
number z. (which is chosen by R.) does not change, we will eventually satisfy R,
as it was argued in the paragraph after the strategy description. O

Recall that V' € {T,U}. The first item of the claim shows that G(V)’ is iso-
morphic to A’. The second item implies the following: the stripping procedure
reveals that the character x(G(V)’) is equal to x(A). Hence, by Ulm’s Theorem,
G(V) = A. The third item shows that for any isomorphism f: G(T) = G(U), we
have f >7 0’.

(¢) Relative A§ categoricity of A follows from part (2) of Proposition Now
we will build two computable rooted trees T' and U such that G(T) = G(U) = A
and the isomorphisms between G(T) and G(U) “encode” 0”.

Fix a limitwise monotonic function g(z) such that for any non-zero n and k,
we have (n,k) € x(Ap) iff there are at least k different numbers = with g(z) =
n. Such a function g exists, since the character x(Ap) is £9 and the set #Aq is
limitwise monotonic (recall Theorem [2.3). Let g(z)[s] be a limitwise monotonic
approximation of g(z).

Choose a computable relation R(x,y) such that e € (7 if and only if I°yR(e, ).

Fix a computable tree T” such that G(T”) is isomorphic to

A=Fo@zp"),
1EW
where 0 < M < w and F' is a finite group. Since F' is finite, w.l.o.g., we may
assume that in 7", every non-root node has at most one child. Let {u; : i € w} be
an effective list of all terminal nodes from T".

First, we give the construction of a “nice” tree T. For every i, we add a com-
putable set of children {u(i,j) : j € w} to u;. In the construction, we will put labels
of form [g; x| on nodes (i, j).

At a stage s, we do the following actions:

(1) Find the least g such that no node is labelled by [g; zg]. Choose the least
pair (4, j) such that u(4, ) is not labelled and put [g; 2] onto u(i, 7). Attach
a chain of length (g(xg) — 1) to (i, j).

(2) For every i < s, choose the least j; such that u(i,j;) is not labelled. Find
a number z° such that no node is labelled by [g; z¢] and g(x?) > s. Put the
label [g; 2%] onto u(i,j;) and attach a chain of length (g(2%) — 1) to u(i, j).
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It is not hard to verify the following

Claim 3.3. (1) T is precisely the set of nodes with infinite tree-rank in T. In
particular, this implies that G(T) = A’.
(2) The characters x(G(T)o) and x(Ao) are equal. Thus, by Ulm’s Theorem,
G(T) is isomorphic to A.
(3) Given an element g € G, one can effectively check whether g has an infinite
p-height.

Second, we construct a “bad” tree U. We choose a limitwise monotonic function
h(z) such that h(z) < h(x + 1) and (h(x),1) € x(Ao) for all x. Let h(z)[s] be its
limitwise monotonic approximation such that h(z)[s] < h(z 4 1)[s] for all z, s.

Fix a computable tree U’ such that G(U’) = A’ and every non-root node of U’
has at most one child. Consider two effective lists of vertices: {u;};ecs is the list of
all terminal nodes from U’ with length not equal to M, and {v;};c. is the list of
all terminal nodes of U’ such that len(v;) = M.

We want to guarantee the following condition: a node v; has tree-rank w if and
only if i € (. This fact and an isomorphism G(U) 2 A together will ensure that
any isomorphism from G(U) onto G(T") must compute 0”.

As in before, we consider computable sets of children: {u(%,j)};je. are children
of u;, and {v(4,j)}jec. are children of v;. The key difference here is that we add
all u(4,7) into our U, but we will add the nodes v(4, j) one at a time. We will put
labels of form [g; «], [h; ], and {h; 2z} on nodes from U.

At a stage s, we proceed as follows:

(1) Find the least g such that no node is labelled by [g; 2:9]. Choose the least
pair (4, j) such that u(4, j) is not labelled and put [g; 2] onto u(i, 7). Attach
a chain of length (g(xo)[s] — 1) to u(3,J).

(2) For every i € I with ¢ < s, choose the least j; such that u(z,7;) is not
labelled. Find a number z’ such that no node is labelled by [g;x!] and
g(z') > s. Put the label [g;2¢] onto u(i, ;) and attach a chain of length
(g(x)[s] = 1) to ufi, j).

(3) For every k < s, if the predicate R(k,s) is true, then do the following
actions:

(3.1) If a child of vj has a label {h;z}, then replace it with the label [h;z].

(3.2) Choose a fresh number z such that h(z)[s] is greater than (1+len(vg)).
Add a new child v(k, j) into U, put the label {h;z} onto v(k,j), and
attach a chain of size (h(z)[s] — len(vy) — 1) to v(k, j).

(4) For every I < s, we search for the least labels [g; 2] and [h;z] (or [g;x]
and {h;z}) such that some elements are labelled by them and g(x)[s] =
h(z)[s] = . If there are such labels, then we choose a fresh number 2z’ and
replace [g; 2] with [h; 2].

(5) We do the chain updating in a natural way: E.g., if some node 7 € U has a
label [g;z] and g(z)[s — 1] < g(z)[s], then extend (if needed) the (unique)
chain hanging from 7 to length (g(z)[s] —1). A similar procedure is applied
to the labels [h;x]. We emphasize the following important feature which
was not used in the proof of the (b)-part of the lemma: If 7 has a label
{h;z}, then we update the chain to the length (h(z)[s] — len(r) — 1).

We claim that the group G(U) is isomorphic to A:
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o If k € (", then every child v(k,j), j € w, is added into U. Moreover, this
child obtains a permanent label of form [h;z] and grows a chain of length
h(z). Hence the tree-rank of vy is exactly w.

o If k & (", then the node v, has only finitely many children in U. Each of
these children 7 (except the last one) has a label [h; 2], and the last child
o has a label {h;y,}, where y, > x,. If we apply stripping to vy, then we
will see that the groups Z(p"*~)) and Z(p"¥~)) detach as direct summands
in G(U)".

e The two previous items show that after stripping, we will have G(U)’
GU )= A

e The chain updating and our dealing with labels (described above) ensure
that x(G(U)o) = x(Ap). Hence, by Ulm’s Theorem, we have G(U) = A.

Every isomorphism f from G(U) onto G(T') must compute 0”: In G(T'), we can
decide whether the p-height of an element is equal to w by a computable procedure.
On the other hand, 0” is Turing reducible to the set of elements from G(U) with
p-height w. Lemma [3:4] is proved. U

(a3

We emphasize the following important feature of the proof of Lemma Con-
sider an arbitrary oracle X and go through the X-relativized version of the proof,
i.e., we analyze the X-relativized constructions of the trees T and U. It is not hard
to show that the witnessing sets (to be defined below) in all three items of the
lemma can be kept computable, although the resulting trees T" and U will be just
X-computable.

Definition 3.1. Consider the three items of the proof of Lemma

(a) In the first item, the T-witnessing set is the set of all terminal nodes from
T with length k. The U-witnessing set is the set {o; : i € w} from U.

(b) The T-witnessing set is the set {w? : e € w}. The U-witnessing set is the
set {w;(v) v eU’, i€ w}.

(c) The T-witnessing set is the set {u}:j € w}, the set of all u; from T"
such that the length of w; is equal to M. The U-witnessing set is the set
{viriew}CU.

3.3.2. Proofs of Theorems and[3.9 First, we obtain the result on computable

categoricity:

Proof of Theorem[3.3 Suppose that A is a computable reduced p-group of a finite
Ulm type M. Then there is a natural number N such that A satisfies exactly one
of the following three cases:

(i) AN*D s a finite group, and the character y(Ay) is unbounded. Further-
more, if AN+t =0, then M = N 4 1. If AN+1) £ 0, then M = N + 2.

(ii) Ap is isomorphic to
FePzph),
PEW

where 0 < k < w and F is finite. Moreover, M = N + 1 and AW = Ay.
(iii) x(An) is bounded and Ay is isomorphic to

Be@Pz(") e Pze),

1€w JjEw
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where 0 < k < | < w and B is a group. Furthermore, M = N + 1 and
AN = Ay,

Formally, the proof should involve induction on N (or Ulm type M). Note that
the base of induction is already given by Lemma Now we outline a more
informal proof for the first of the three cases above.

By the first part of Proposition the group A is relatively A9, o categorical.
Hence, we want to encode the Turing degree 02V +1) into the isomorphisms between
two copies G(T') and G(U) of A. These copies will be represented by computable
p-basic trees T' and U, respectively.

Recall that by Theorem the character x(Ay) is a 28N+2 set and # Ay is
02N)_limitwise monotonic. Thus, the relativized version of Lemma (b) allows
us to build two 0©N)-computable trees TN) and UN) with G(T™M)) = G(UWN)) =
AWM such that

(1) (Vf: QT 2= GUNN[f =7 0N+,

Without loss of generality, we may assume that the trees T(N) and U®) are
119, subtrees of w<*: Our only concern here is that the property is preserved.
This is ensured by the following: Since the witnessing sets (see the discussion after
Lemma can be chosen computable, we can preserve their computability while
transferring from a A(02VN=1) subtree of w<“ to a I9(0¥ 1) subtree of w<¥.

Now we use the jump inversion from (relativized) Proposition for C =
TM) and a 02N=2)_computable tree T representing the group Ay_i (recall that
X(An_1) is 9(0N=2)) and #Ayx_; is 02N ~2)limitwise monotonic). We ob-
tain two 0©N—2)_computable trees TN=1) and UMY such that G(TWVN-1) =
GUN-1) 22 A1),

Suppose that h is an isomorphism from G(T™W =) onto G(UN~1). Then T
is a subtree of T™N=1 and hy := h | G(TN)) is an isomorphism from G(T™))
onto G(UM)), since UM is precisely the set of all nodes with infinite rank inside
UWN=1 Hence, by (1)) we have

h >7 hy >7 0GNFD,

Moreover, again, our witnessing sets are kept computable inside 7V =1 and UV -1,

Thus, we can iterate the jump inversion from Proposition [3.2] until we obtain
computable trees T(®) and U such that G(T®) = GU®) = A and for any
isomorphism % from G(T(®)) onto G(U®), we have h >7 0N+1),

The proof of the cases (ii) and (iii) can be arranged in a similar way: For (ii), we
encode the degree 02V) into the isomorphisms between G(T') and G(U). For (iii),
we use 02N+ Theorem is proved. [l

Proof of Theorem[3.1 This is obtained similarly to the previous proof. If we deal
with the case (i), then we proceed as before, modulo the following two key modifi-
cations:

(1) Note that the structure (A, p* |)rew is computable, thus, in A, the condition
“the p-height of an element g is at least w” is equivalent to a I1§ condition Vk(p* | g).
Therefore, an analysis of the proof of Proposition reveals that A is AJy 11
categorical relative to decidable presentations. Thus, we will encode 0N) into the
isomorphisms between G(T') and G(U).
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(2) Using the jump inversion of Ash, Knight, and Oates, we obtain a sequence
of trees {TN) yW) T(WN=1) =1 70 7MY} such that for V € {T,U} and
a non-zero i < N, we have:

o V@ is 02=D_computable and G(V ) =2 A®)

e for any isomorphism f: G(T®) — G(U®), we have f >7 0N,
This can be done, since the decidability of A implies that x(4;) is a X9, ; set and
#A; is 02~ D limitwise monotonic. We may assume that 7 and UM are 119
subtrees of w<v.

After that, we use the jump inversion from Proposition (we apply it to a tree
V e {TMW UM} and the computable character x(4g)) and obtain two computable
trees T' and U representing p-groups isomorphic to A. Lemma shows that the
groups G(T) and G(U) are decidable. Moreover, any isomorphism from G(7') onto
G(U) computes 0N, O

3.4. Examples of degrees of decidable categoricity for torsion groups.

Theorem 3.3. Let k be a natural number. Suppose that d is a Turing degree such
that d is d.c.e. in and above 0¥tV Then there is a decidable, reduced torsion
group with degree of decidable categoricity d.

Proof. Essentially, we follow the lines of the proof of Theorem First, we show
that any d.c.e. degree d is a degree of categoricity for a computable torsion group
(Lemma [3.5)). Then, we use this fact and jump inversions to establish the theorem.

Lemma 3.5. Let X be an oracle. Suppose that d is a Turing degree d.c.e. in
and above X. Then there is an X-computable torsion group A with the following
properties:
(i) any two X-computable presentations of A are d-computably isomorphic,
and
(ii) there is an X-computable A = A such that any isomorphism f: A = A
computes d.

Proof. A relativized version of the argument from [20, Theorem 3.1] shows that one
can choose a set D € d such that D is d.c.e. in X and for any oracle Y, we have:

(2) (Disce.inY) =D<7Y®X.

Suppose that D =W — V', where V C W are X-c.e. sets.
The desired group A is built as a sum @pep Ap. Recall that for k € w, pi denotes
the k-th prime number. We define A,, = By ® Cy, where:

(a) If k = 2m, then
~ 9 ~ ) Z(px), ifm¢gX,
Be=Z{p). Ce= { Z(p}), ifmeX.
(b) If k =2m + 1, then

B, & Z(pi)v lfmgv, C, = Z<pk)7 1fm¢m
S Zm}), itmeV;  YRT O\ Z(pE), itmeWw.

It is easy to show that the structure A is X-computable. Suppose that A s
an X-computable copy of A. Recall that D >7 X, thus, one can D-computably
recover an isomorphism from the ps,,-component of A onto the ps,,-component



24 N. BAZHENOV, S. GONCHAROV, AND A. MELNIKOV

of ﬁ, uniformly in m. Now we want to build an isomorphism f between the pj-
components A,, and //l\pk, where k = 2m + 1. If m € D, then we know the
isomorphism type of A, , and hence, we can build f in a natural way. If m ¢ D,
then first, we find subgroups of A and A isomorphic to Z(py,) ®Z(p?), and establish
an isomorphism fy between them. If after that we find out that m € V, then we
extend fy to an isomorphism f: A, = A\pm where A,, = Z(p}) & Z(p}). Indeed,
such an extension is possible: Suppose that a = ag, a1, ..., a; is a tuple consisting of
all elements from dom(fy), and b = fo(ao), fo(ai),..., fo(a;). Then @ and b satisfy
the same addition tables, and furthermore, for each i, the p-height of a; is equal to
the p-height of b;. This implies that (4, a) = (A\, b).

Therefore, A satisfies the property (i). An X-computable copy A~ Ais con-
structed similarly to A, but we use the following finite groups:

(a’) If k = 2m, then

B | Zg), imE X, s f Z(pr), ifm ¢ X,
T Z(ph), ifme X; T z@p3), ifme X.

(b)) Tf k = 2m + 1, then

i Z(py), ifmgW,
~ 2 _ , 7
= { %Epég’ iz i % Ce 24 Z(py), iftmeW -V,
o ’ Z(p}), ifmeV.

Recall that for a group G, G{p} = {x € G : px = 0}. Let f be an isomorphism
from A onto A. For m € w, choose a non-zero element b, € Bgm{p}. Then m € X
if and only if f(by,) € Com{p}. Thus, f >r X.

Let d,, be a non-zero element from BQm+1{p}. Then m ¢ D iff either f(d,,) €
Bom+1{p}, or m € V. Hence, D is c.e. in (f® X). By , we obtain that
D <7 (f®X) =r f. Lemma[3.5]is proved. O

Now suppose that d is a degree d.c.e. in and above 025t By Lemma
we obtain two 0*tD_computable groups A**+1) and B+ which satisfy the
following:

e any 02**1_computable copies of A¥*+1) are d-computably isomorphic,
o A®HD and B*+D are isomorphic, and every f: A*+D =~ B+ com-
putes d.

For simplicity, we give a proof for the case k¥ = 2. Notice that the proof of
Lemma implies that there are uniformly 0(®)-computable sequences of trees
{TS)}mew and {Uﬁf)}mew such that T2 is a Pm-basic tree giving rise to the p,,-
component (A®), " and U gives rise to (B®)), .

Fix a computable rooted tree V' such that for each non-zero n € w, V' contains
a unique chain of size n attached to the root. It is easy to show that V represents
a reduced multicyclic p-group with the character Xg = {(n,1) : 0 <n < w}.

For each m € w, we apply the jump inversion of Ash, Knight, and Oates (Propo-
sition D to the trees T7(n3 ) and V, and we obtain a 0®)-computable sequence of
trees {TmQ)}mew. Applying the jump inversion to Uf,?) and V, we obtain a tree
Uy(r% ). Consider 0®)-computable groups

AR — @ Gm(Tfnz)), B® = @ Gm(Uv(nz))a

mew mew
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where G,,,(S) is the p,,-group corresponding to a rooted tree S. It is not hard to
show that for C' € {A®) B®?)}, the group

(3) ct = @{g: g is from the p-component of C, and g has an infinite
p€eP
p-height}

is isomorphic to A®). This implies that any 0(®)-computable copies of A®) are d-
computably isomorphic. Moreover, A = B®) and every f: A® =~ B2 computes
d.

Applying the inversion from Proposition to Tfn2 ) and V (also, to Uy(,?) and

V), we obtain 0’-computable sequences of trees {Ty(nl)}me and {U,(r})}mad. The
0’-computable groups

AD = P Gn(T), BY =P GuUL)

mew mew

have the following properties:

e any 0’-computable copies of A1) are d-computably isomorphic,
o AN =B and any f: AV = BM computes d.

At last, we apply the jump inversion from Proposition (using a tree V €

{Tr(n1 ), Ul )}, m € w, and the character Xy) and obtain two computable sequences
of trees {T, }mew and {Uy, }imew. Define

A= P Gn(Tn), B=EP Gu(Un).

mew mew

The groups A and B are isomorphic, and every isomorphism from A onto B com-
putes d.

We show that A is a decidable group with degree of decidable categoricity d. Note
that the structure (A, p* |)pep kew is computable: by Lemma [2.1} for @ € Gy, (T)),
we can effectively check whether (pf, | x), and this is uniform in m € w. Now we
consider the formulas from the definition of Szmielew invariants: for every p € P,

o A=Ay, if and only if k = 1;
e A= By, for all non-zero n and k;
o Ak Cpp i for all non-zero n and k.

Thus, the theory Th(A) is recursively axiomatizable and hence, decidable. By
Proposition 2.1} A is decidable. A similar argument shows that B is also decidable.
If C is a decidable copy of A, then the group CM! from is a 0’-computable
copy of A, Thus, any two decidable copies of A are d-computably isomorphic.
Therefore, d is the degree of decidable categoricity for A. Theorem [3:3]is proved.
O

Similarly to Theorem one can prove the following

Corollary 3.1. Let k be a natural number. Suppose that d is a Turing degree such
that d is d.c.e. in and above 02%) . Then there is a computable, reduced torsion
group with degree of categoricity d.
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4. HOMOGENEOUS COMPLETELY DECOMPOSABLE GROUPS

4.1. Effective algebra for completely decomposable groups. Following [11],
we give preliminaries on effective algebraic techniques that will be used for work-
ing with completely decomposable groups. Here Q denotes the additive group of
rationals.

Let G be a torsion-free group. Elements g, g1, ..., g, from G are linearly inde-
pendent if for any cg, c1,. .., c, € Z, the equality cogo+c191+- - - +¢ngn = 0 implies
that ¢cg = ¢; = -+ = ¢, = 0. An infinite set of elements is linearly independent

if every its finite subset is linearly independent. A maximal linearly independent
subset is a basis. All bases of G have the same cardinality, and this cardinality is
called the rank of G.

For k € w, consider the pg-height hgi : G — wU{oo}. For a non-zero g € G, the
sequence

x(9) = (15 (9), 1S\ (9), b5, (9), - .)

is called the characteristic of the element g in G.

Suppose that « = (ko, k1, k2,...) and 8 = (I, 11,12, ...) are two characteristics.
We say that o < g if k; < I; for all i € w (here m < oo for all m € w).

Characteristics « and § are equivalent (denoted by a ~ ) if there are only
finitely many n with k, # [, and k,,[,, are finite for these n. The ~-equivalence
classes are called types.

We write t(g) for the type of an element g. If G < Q is non-zero (equivalently,
rk G = 1) then all non-zero elements of G have equivalent types. Therefore, for a
group G of rank 1, there is a well-defined notion of the type of G, written t(G),
which is equal to the type of any non-zero element in G.

Theorem 4.1 ([3]). Suppose that G and H are countable torsion-free groups of
rank 1. Then G and H are isomorphic if and only if t(G) = t(H).

A torsion-free group G is completely decomposable if G is a direct sum of groups
each having rank 1. A completely decomposable group is homogeneous if all its
elementary summands are isomorphic.

Definition 4.1 ([I1]). Let S be a set of primes, and let G be a torsion-free group.
If S # 0, then elements by, ..., b from G are called S-independent in G if for all
integers mq,...,my and all p € S, we have:

k

K
<p|zmibi> = /\(p\mi)-

i=1
If S = (), then elements are S-independent if they are linearly independent. Note
that S-independence always implies linear independence.

Every maximal S-independent set of G is called an S-basis of G. An S-basis is
excellent if it is a maximal linearly independent subset of G.

In this section, we always assume that P is a set of primes, and we use the
notation P :=P\ P. By Q") we denote the localization of integers by the set P,
i.e., the additive subgroup of rationals generated by the set

{1/p™ :pe P, m € w}.
We define Gp := D, Q).
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For a given characteristic a = (kg, k1, k2,...) and a torsion-free group G, we
consider a subgroup
Glo]={9€ G: x(g) = a}.
We also define the group Q(«) as the subgroup of Q generated by the set

{1/pt, :mew, t <1+kp}.

Theorem 4.2 ([I1, Theorem 4.10]). Suppose that G = @,,, H, where H < Q and
t(H) =f. Let o = (@, 1,9,...) be a characteristic of type £. Then the group
Gla] is isomorphic to Gp, where

P={p;,:i€w, a; =00}
Moreover, if B is an excellent P-basis of Gla], then G is generated by B over Q(«).

Proposition 4.1 ([II, Lemma 5.2]). Suppose that G = @, H, where H < Q
and t(H) = f. Consider a characteristic « = (ap, a1, aa,...) of type £ and the set
P ={p;: a; =c0}. Let G; and Ga be computable copies of G. If both G1[a] and
Gala] have X9 excellent Ig—bases, then there is a A2 computable isomorphism from

G1 onto G.

Definition 4.2 ([II], Definition 3.4]). A structure C is a computable presentation
of a (left) module M over a ring R if:

(1) the ring R is isomorphic to a c.e. subring Ry of a computable ring Ro;

(2) C is a computable presentation of M as an abelian group; and

(3) there is a computable function f: R; x C — C which maps (r,m) to r-m €
C, for every r € Ry and m € C.

In [11], it was shown that for a set of primes P, the group Gp is computably
presentable as an abelian group if and only if it is computably presentable as a
module over Q).

Suppose that M is a module over a ring R. If S is a subset of M, then spang(.S)
denotes the R-span of S.

Lemma 4.1 ([II, Lemma 4.6]). Let P be a set of primes. Suppose that B =
{bo,...,bp} C @ign QPe;, and B is a linearly independent set. Then there exists

a set C ={co,...,cn}t C @ign QPe;, and coefficients o, . .., 1, € Q) such that:

(1) @ign Q(P)Ci = @ign Q(P)ei; and
(2) spangce) ({roco, - - -, Tiek}) = spange) (B).

4.2. Decidable presentations. In this subsection, we obtain a criterion of decid-
able presentability for homogeneous completely decomposable groups.

Let « = (ko, k1, ko, ...) be a characteristic. We say that « is computable if the
function f: i — k; is a total computable function from w to w U {oo}. Note that
the computability of a characteristic is a type-invariant property. Hence, a type f
is called computable if every a € fis computable.

Proposition 4.2. Suppose that G = @, H, where H < Q and the type of H is
equal to £. Then G has a decidable copy if and only if £ is computable (as a total
computable function from w to w U {oo} ).

Proof. (=). Suppose that G is decidable. Fix p € P. Choose a non-zero element
g € H, and note the following;:
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a) If hf(g) < oo, then w.lo.g., we may assume that (p f g). This implies that
for any non-zero n and k, we have G |= C), ,, i, where C, ,, 1 is the formula
from the definition of Szmielew invariants. In particular, v,(G) = w.

b) If hlf(g) = oo, then for all n and k, we have G [~ Cj k. Hence, 7,(G) = 0.

Therefore, since the theory Th(G) is decidable, the set {p: h[/(g) = oo} is com-
putable. Furthermore, if hf (g) < oo, then the p-height of g inside H can be
computed effectively. Thus, the type f is computable.

(«<). Suppose that f is computable. First, it is not difficult to show that the
theory Th(G) is decidable: G is a torsion-free abelian group, and checking the truth
of the formulas C, ,, 1 is effective in f (as explained above). Using the Szmielew
invariants, it is easy to write down a recursive axiomatization for Th(G).

Now it is sufficient to build a copy of G such that its relations (p* | -), where
p € P and k € w, are uniformly computable. A “nice” copy of H is constructed as
follows: Let H be the group Q(x(g)), where g is a fixed non-zero element from H.
It is clear that t(H) = f, hence, by Theorem H is isomorphic to H.

Consider an irreducible fraction m/n from H, where m € Z\ {0} and n € w\{0}.
Suppose that m = p' - my, where (p  m1). Then the fraction m/n is divisible by
p* in H if and only if one of the following conditions holds:

(1) hf(g) = 00, or
(2) hl(g) =t <ocand k <I+t.

Therefore, w.l.o.g., one may assume that the structure (H,p* |)pep ke is com-
putable.

Let G = Dico H. Suppose that a non-zero z € G is equal to go+9g1+-+ gn,
where ¢g; # 0 and for ¢ # j, ¢; and g; belong to different copies of H. Then
x is divisible by p* if and only if (p* | g;) inside H, for every i < n. Thus,
(G, pF |)pep kew i @ computable structure, and by Proposition the group G is
a decidable copy of G. Proposition [£.2]is proved. O

4.3. Decidable categoricity. We describe degrees of decidable categoricity of
homogeneous completely decomposable groups:

Theorem 4.3. If G is a decidable, homogeneous completely decomposable group,
then G has degree of decidable categoricity d € {0,0"}.

Proof. Suppose that G = @, ., H, where H < Qand t(H) = f. By Proposition
the type f is computable. Fix a characteristic & = (ag, a1, aa,...) of type f. Let
P={p:ar =00}

First, we prove that G is always decidably 0’-categorical. By Proposition it
is sufficient to show that for any decidable copy A of G, the subgroup A[a] has a X9
excellent P-basis. The proof of this fact essentially follows that of [IT], Theorem 5.1],
hence, some of the details are omitted.

If P = (), then Ala] = A. In order to build an excellent (-basis C' of A, we only
need to know the linear dependency relation in A, and this relation is X{. Hence,
it is easy to construct the required X9 basis C.

For P # (), a procedure of finding an excellent P-basis C is arranged as follows.
We build C as | Cp, where C,, C C,11. At a non-zero stage n, we do the
following actions:

new

(1) Take the n-th element g, from the subgroup Al«].
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(2) Find an extension C,, of Cy,_1 in A[a] such that C,, is a finite ﬁ—independent
set, and C,, U {gy} is linearly dependent. In [I1], it was shown that such
an extension C), can always be found.

It is clear that the constructed C' is an excellent P-basis of Ala]. Now it is sufficient
to establish the following:

Lemma 4.2. The procedure described above is effective in 0.

2

Proof. Choose an element hy € A with x(ho) = a. Then the property “x(g) > «
is equivalent to an infinitary formula

A A" 1 ho) = " | 9)].

peP kew
Thus, since A is decidable, A[a] is a 1 subgroup in A.
We need to show that for a finite set B C Ala], one can, effectively in 0’ and
uniformly in B, check whether B is P-independent.

The condition “a set {bg, by, ... by} is P-independent in A[a]” can be written
via a formula

(4) /\ /\ (pEP &3x<x€A &pm—2m11>>—>/\pmi1.
meZnt+1 peP i=0

Since Afa] is a IIY subgroup, the formula is II§. Nevertheless, in [I1], it was
shown that it can be rewritten as an equivalent II§-formula:
a. Note that the condition (a; < k), where o is the j-th coordinate of the
characteristic «, is equivalent to a computable condition ﬁ(p;? | ho).

b. For every p; € 13, the 3§ formula

3%(%614 &pjl'—zmz 7,)

is equivalent to a X¢ formula

(5) Jk(Ty € A)

n
(o <k) & P?y = Zmzbzl
i=0
Since is equivalent to a II{ condition, the procedure for finding an excellent
P-basis C is effective in 0’. Lemma is proved. O

Lemma [4.2] and Proposition [4.1] together imply that the group G is decidably
o’ —categorlcal We consider three cases depending on the set P

Case 1. Suppose that P = (. This implies that H is isomorphic to the group of
rationals and G = ,, Q. Following a classical paper of Mal'tsev [31], we sketch
a proof for the fact that 0" is the degree of decidable categoricity for G = @, Q.

It is well-known that the standard copy Gg: of G is decidable (e.g., use Propo-
sition . Moreover, in G, we can effectively check whether a finite set B is
linearly dependent. It is sufficient to build a decidable copy A of G and two com-
putable sequences of elements {ac}ecw and {be}ecw such that the set {a.,b.} is
linearly dependent in A if and only if e € (/. We construct A as a sum @, Ae

Fix an effective enumeration of the group H. := Qa. + Qb.. At a stage s, 1f
e & ('[s], then set A.[s] := H,[s]. If sq is the first stage such that e € ('[s¢], then
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find a fresh natural number N such that N is greater than absolute value of any
product (m-n-k-1), where m,n,k,l € Z and
m

k
—ae + —be € He[so].
n l

Declare b, := a./N and after stage sg, construct A, as the group Qa.. This
concludes Case 1.

Case 2. Suppose that P is a finite non-empty set. An analysis of the proof of
Lemma[f.2)reveals that for any decidable copy G of G, one can find a c.e. excellent
P-basis of G[a]:

e Since P is finite, G1]c] is a computable subgroup of G;.
e For p; € ﬁ, the formula 1) is equivalent to a computable condition

n
41
Py |y mib;.
i=0

Hence, by Proposition the group G is decidably categorical.

Case 3. Suppose that P is an infinite set. W.lo.g., we may identify G with
its standard decidable copy which was built in Proposition [{.2] Recall that the
copy was arranged as a sum ), Q(a). One may assume that the group Q(«) is
decidable.

We define a subgroup G[> a] as follows:

G[>a]:={g€G: x(G) 2 a & x(G) # a}.
It is easy to show that the groups Gla] and G[> o] are computable: e.g., if

lo l1 Lm
Y T
n

h , where 0 < [} < w,

is an irreducible fraction from Q(«), then h € G[> a] if and only if there is a
number 4, t < n, with a;, < 0.

A “bad” copy G1 of G is constructed as a sum @, ., He. Fix a computable
sequence of generators {ac}ecw. Choose an effective enumeration of the group
Q(a)a.. At a stage s, if e € 0'[s], then define H[s] := (Q()ac)[s]. If so is

the first stage such that e € ('[so], then choose a fresh prime p € P such that
p > card(H.[so — 1]) and

<%ae € H.[so — 1]) = p > max{|m|, |n|}.

We pick a new generator b, and declare p-b. = a.. After the stage sg, we construct
H, as the group Q(«)be.

It is easy to show that x(a.) ~ «, hence, H. = Q(a) and G is a computable copy
of G. Since G is a decidable structure, the theory Th(G;) is decidable. Suppose
that k € w, p is a prime, and h € H.. Then (p* | h) inside H, if and only if one of
the following conditions holds:

o p¢P;

e p € P, and there is a stage s such that card(H.[s]) > p, be & H.|s], and
(o" | 1) inside Q(a)a,;

e p € P, and there is a stage s such that b, € H,.[s], and (p* | h) inside
Q(a)be.
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Therefore, by Proposition [2.] the group G is decidable. The construction ensures
that (the domain of) the subgroup Gi[> a] computes 0": Indeed, if e € (/, then
x(ae) > a. If e € ', then x(a.) = . Theorem [4.3|is proved. O

4.4. Linear independence. For homogeneous completely decomposable groups
G, we establish an unexpected connection between the decidability of G (which is
essentially a first-order property) and the decidability of the linear independence
in G (which is described by a computable infinitary formula).

Theorem 4.4. Suppose that G is a homogeneous completely decomposable group
which is not divisible. Then every decidable copy of G has an algorithm for linear
independence.

The proof of the theorem consists of two parts: In the first part (Subsec-
tion , we give a proof for the case when G is a free group, i.e. G = @, Z.
This proof is simpler, but it already contains all the key ideas. The second part
(Subsection proves the general case.

Note that the theorem substantially uses the non-divisibility of G: If G is divis-
ible, then it is easy to construct a decidable copy of G such that its linear indepen-
dence relation is Turing equivalent to 0’ (e.g., see the proof of Theorem [4.3]).

4.4.1. The free group.

Lemma 4.3. For every decidable copy G of the free abelian group ®;c.,Z, there is
an algorithm for linear independence.

Proof. Fix a prime number p. We give a description of an algorithm for linear
independence.
Given a tuple a = ay, . .., ar from G, we simultaneously run two procedures:

(i) Search for linear dependencies for {ao,...,ax} in a usual way.

(ii) The second procedure (we call it the generalized Fuclidean Algorithm)
works as follows. We check whether there exist mg,...,my € Z, such
that not all of m;-s are zeros, and the formal sum )., m;a; is divisible
by p in the group G. Consider two cases: B

Case 1. If such my, ..., m; do not exist, then declare the tuple @ independent
and stop.

Case 2. Once such my, ..., my are found, consider a formal abelian group

F = <a0,...,ak7x ‘ pr = Zmiai> ,
i<k ab

where ag, ..., a, x are viewed as symbols. The group F' is freely gen-
erated abelian. We effectively calculate its generators by, . .., bi. Then
the generalized Euclidean Algorithm repeats with the tuple b, ..., bx
from G in place of ag, ..., ak.

The correctness of the algorithm described above is verified in the next two
claims.

Claim 4.1. Suppose that a = ay, ..., a; are linearly independent. Then the gener-
alized Fuclidean Algorithm eventually halts on a.

Proof. Consider a free abelian group

A:={ag,...,ax) = Zao® - - @ ZLa.
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The pure subgroup B := {ag,...,ax)« is also free, and the rank of B is equal to
k+1.

Every iteration of the generalized Euclidean Algorithm replaces the current group
by a strictly larger subgroup inside B:

(6) A= (a0 sk} © (o) © By B C o C B.
Indeed, since the set {ao, . .., ax} is P-independent, the combination v := ", <k TG
is not divisible by p inside A, but (p | v) inside (by, ..., by).

One can show (e.g., by applying Lemma [4.1| with P = )) that there exist (free)
bases of A and B — &,...,& and nq, ..., "Nk, respectively, such that

§o=lomo, -5 &k = Uik,
where [y, ..., [, are integers. In particular, this implies that the cardinality of the
quotient group B/A is finite. Therefore, only finitely many inclusions in @ can
be strict. On the other hand, if the generalized Euclidean Algorithm takes another
step, then it must produce a strictly larger subgroup of B. Therefore, the algorithm
eventually halts. O

Claim 4.2. If the generalized Fuclidean Algorithm halts on a = ay, ..., ay, then a
are linearly independent.

Proof. Note that at every stage of the algorithm, we have

spang(bo, - . ., br) = spang(ao, - . -, ax)
in the formal Q-module Zigk Qb;. This implies that the Z-ranks of {ay, ..., ax} and
{bo, ..., br} must also be equal. Hence, w.l.0.g., we may assume that the algorithm

halts on the tuple ay, ..., ay itself.
Assume that a are linearly dependent, i.e. we have

noaog + -+ +nga, =0

for some integers ng, ..., ng, where not all n; are zeros. If every n; is divisible by
p, then
pnoao + - - + pnjar = 0, where n; = pn}, i < k.
Therefore, njag + - - - + njar = 0, since the group G is torsion-free.
Hence, one may assume that n; = pl; + r;, where 0 < r; < p, and there is at
least one non-zero r;. Then we conclude that

S li+ri)ai=0 = Y ra;=-py La,
i<k i<k i<k

and )., r;a, is a nonzero p-divisible element in G. This contradicts our assump-

tion that the algorithm halts on the tuple a. [
Lemma [£:3] is proved. O
4.4.2. General case. Suppose that G is a decidable group such that G = @, ., H,

where H < Q and t(H) = f. As usual, we choose a computable characteristic
a = (ap, a1, 9, ...) of type f. Fix a prime p = p;, such that «;, < co. W.l.o.g., we
assume that a;, = 0 (if needed, one can replace « with o/ ~ ). Let P = {p; : o; =
00}.

For a tuple a = ag, .. ., a, from G, we simultaneously run the same pair of algo-
rithms as in the proof of Lemma [£.3] We verify the work of generalized Euclidean
Algorithm.
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Lemma 4.4. Suppose that a is a linearly independent tuple. Then the generalized
Euclidean Algorithm halts on a after finitely many steps.

Proof. Note that there exists a non-zero integer ¢ such that tao,...,tar € Gla].
Since a;, = 0, we may assume that p / ¢t. We fix such an integer ¢, and we will
work with the elements tao, ..., tax.

Observe that every integer linear combination of tay,...,ta; belongs to Gla].
Moreover, every p-root (if it exists) of an element b € Gla] is itself in G[a] (recall
again that a;, = 0).

Whenever we adjoin an element = to the group (ag,...,ax) such that px =
> miaq, m; € Zy, we also adjoin tx to (tao,...,tax), and p(tx) = >, m;(ta;). If
the former action properly extends (ao, . .., a) under inclusion, then the latter also
properly extends (taq, ..., tax) (since p ft).

Note that B := (tag,...,tar)s« N Ga] is a free module of a finite rank over
the localization Q(*): Indeed, by Theorem the group Gla] is isomorphic to
Dico Q). and hence it can be treated as a free QF)-module of infinite rank.
Since Q) is a principal ideal domain and B is a submodule of G [a], B is also a
free QP)-module (see, e.g., [29, Theorem 7.1 in Chap. 3]).

Consider a Q")-module

A= spange) (tao, - . ., tar) N Gla] € Gla].

The Q")-rank of the module is equal to the Q¥)-rank of {tao,...,tax} which is
itself equal to the rank of {ag,...,ax}.

Now we have Q(")-modules A C B. Extending A by a new p-root gives a sub-
module of B properly extending A: Indeed, if the generalized Euclidean Algorithm
adjoins a new root x, then the set {tao, ..., ta;} is {p}-independent in A, but it is
{p}-dependent in (tag,...,tax,tz) N Glal.

Consider a chain of Q()-modules:

(7) ACCCC1CCC---CB.

We show that any such proper chain between A and B must be finite.
By Lemma [4.1, we can choose QF)-free bases &, ..., &, and 1o, ..., n, of A and

B, respectively, such that for some non-zero integers lg, ..., I, we have & = [;n;.
Every submodule C' with A C C' C B is also k-generated, with generators being
linear combinations of 7y, ..., n, with integer coefficients.

Suppose that elements
Cj = uj,0770+ +u],k77k, j: 0)"'7k7 Ujq € Za

generate C' over Q). Any such C' is completely described by the classes cj + A,
j=0,...,k. In other words, C' can be described by a tuple (&,...,&k, co,-..,Ck)
which consists of generators over Q(F), but these generators are dependent over
QD).

If we proceed with coefficient reductions v’ ; := (u;; mod l;), 4, j < k, and define

/4 L.
R
¢ = gno + -+ -+ e
then the tuples (&, ..., &k, ¢, ..., ¢}) and (o, ..., &k, Co, ..., cx) Will describe the
same module C. Since there exist only finitely many such tuples (§o, ..., &k, €, - - - Ch)s
any strictly increasing chain must be finite. Therefore, for a linearly indepen-
dent tuple @, the generalized Euclidean Algorithm must eventually halt. Lemma[{-4]
is proved. [
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Using the same proof as in Claim (since it only requires that G is torsion-
free), one can show the following: If the generalized Euclidean Algorithm halts
on a tuple a, then the tuple is linearly independent. This concludes the proof of
Theorem 4
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