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ABSTRACT. We develop a systematic algorithmic framework that unites global and local classification
problems for functional separable spaces and apply it to attack classification problems concerning the
Banach space C[0,1] of real-valued continuous functions on the unit interval. We prove that the classi-
fication problem for continuous (binary) regular functions among almost everywhere linear, pointwise
linear-time Lipshitz functions is ¥9-complete. We show that a function f:[0,1] — R is (binary) trans-
ducer if and only if it is continuous regular; interestingly, this peculiar and nontrivial fact was overlooked
by experts in automata theory. As one of many consequences, our Eg—completeness result covers the
class of transducer functions as well. Finally, we show that the Banach space C[0,1] of real-valued
continuous functions admits an arithmetical classification among separable Banach spaces. Our proofs
combine methods of abstract computability theory, automata theory, and functional analysis.
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1. INTRODUCTION

One of the primary desiderata for a classification of a collection of mathematical objects is that it
make the objects in question easier to understand or manipulate algorithmically. This classification may
be local in the sense that the objects in the collection are treated individually, or it may be global in
the sense that the collection itself is the object of study. Here, we use tools from computable analysis
to measure the complexity of three classification problems, all of which are formulated for the Banach
space of continuous functions on the unit interval, C[0,1]:

(Q.1) Is there a simple characterization of the class of continuous regular functions?
(Q.2) Which f € CJ0,1] are transducer?
(Q.3) Given a Banach space B, how hard is it to recognise that Bz C[0,1]?

We will clarify all the terms used in the questions in due course. Chaudhuri, Sankaranarayanan, and
Vardi [CSVI3] were the first to raise and attack the first question, and Gorman et al have
recently studied the question in great depth. According to [Mul94], the study of transducer functions
can be traced back to Ercegovac and Trivedi [TE77|, who initiated the systematic theoretical study of
on-line arithmetic. Partial solutions to the second question can be found in, e.g., [Mul94, [LS98|. As far
as we know, Brown [Brol9] was the first to attack the third question. At this point we only note that
the first two of these questions are local while the last is global. Somewhat unexpectedly, both local and
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global problems of this kind admit a unified algorithmic approach; before we state our results we discuss
this approach in each circumstance.

We begin with local effective classifications; let us consider the classification problem for real numbers
with property P. We may initially analyze the subproblem for computable real numbers: a real z
is computable if there exists an algorithm which, on input n, outputs a rational number r such that
|z — 7| < 27" [Tur36), Mur37]. We can therefore list all computable reals xq,z1,. .. effectively; however, we
must bear in mind that for each of these x;s, there may be some n such that the i-th program does not
halt on n. This allows us to define the complexity of P within the arithmetic hierarchy by restricting its
domain to computable reals and considering the indez set of P:

I(P) = {i| z; satisfies P}.

For instance, if P(x;) holds if and only if (3Iny)(Vns)R(4,n1,n2) for some computable relation R, then
we can say that P is X9, and if I(P) is X9-complete, then we can say that our description of P is
optimal. See [Soa87] for more on the classes $° and I12, which together form the arithmetical hierarchy.
Of course, if we want to consider an analytic P for noncomputable reals as well, we will relativize
our restatement of P to an arbitrary oracle X; consider the case in which P(zX) holds if and only if
(3n1)(VYn2) R(X;4,m1,n2), where R is a computable predicate with the set parameter X and 23, 2y, ... is
an effective enumeration of X-computable reals instead of simply the computable reals. In this example,
P is £9; see [Gao09] for the boldface hierarchy and its applications to algebraic structures. This sort
of work has been done by, for instance, Becher, Heiber, and Slaman, who showed that the index set of
all computable real numbers normal to base 2 is I13-complete [BHSI4]. Their proof is relativizable, and
thus implies the earlier result of Ki and Linton, who showed that the set of reals normal to base 2 is
I19-complete [KL94]. Becher and Slaman later extended their techniques to show that the index set of
numbers computable to some base is X}-complete, and again the result can be fully relativised to any
oracle [BS14]. For more examples see, e.g., [CR99].

We can further extend this analysis to separable Banach spaces that admit computable presentations.
A presentation of a Banach space B consists of a linearly dense sequence {v,, } nen of vectors, and we define
V:{Un fnen = Spang{vy fnen to be some natural enumeration of all finite rational linear combinations of
the v,s. We say that a presentation is computable if, for every i, the real ||[v(7)|| is a computable real
uniformly in ¢, and we say that a space is computable if it admits a computable presentation. This
approach can be traced back at least to Pour-El and Richards [PER89]; [BHWOS] provides an excellent
introduction to the theory of computable Banach spaces, and the recent papers [MN16, [CMS19| [McN17]
contain detailed studies of computable presentations in standard spaces.

The index set approach can be naturally extended to an arbitrary computable Banach space B as
follows. A point £ € B is computable with respect to the given computable presentation v if there
exists an algorithm which, on input n, outputs an ¢ such that d(&,v(i)) < 27™. As before, we can list
all computable points in the space effectively, which enables us to apply the index set technique for
elements of the space. In this article, we will use the local algorithmic approach to study special classes
of functions in C[0,1]. As far as we know, Westrick [WesT4] was the first to apply this approach to study
classes of functions in C[0,1].

Now we discuss global classifications: whereas we consider the individual points in the space in a local
classification problem, here we consider the space as a whole and attempt to characterize the space (or
even a class of spaces) within some larger class. This approach has recently been suggested in [BMM]
for Banach spaces. The basic idea comes from computable structure theory, where the method of index
sets has become standard; see [GN02, [DMO0S, (GBM17, [AS16, [KM14] for many recent applications of this
technique to classification problems in algebra and infinite combinatorics.

We will consider this problem for Banach spaces first. To do so, we must fix a uniformly computable
list of all linear spaces over Q and all potential partial computable norms on these spaces. This gives us
a uniformly computable enumeration of computable normed linear spaces By, B1,.... Once more, there
are some n for which our computation does not halt in B,,. Now we let B; represent the completion
of B;. This allows us to state the characterization problem for a property P of a separable Banach space
in terms of the complexity of the index set

I(P) = {i| B; has property P}.

For example, suppose we define P to be “being a Hilbert space”. Determining whether B; admits an
inner product is naively ©1, however, it is well known that B, is a Hilbert space if and only if it obeys
the parallelogram law, which only has to be checked for points in the dense linear subspace. Therefore,
its index set is merely II{. The relativised version of this observation says that being a Hilbert space
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is a closed property. The situation is much more complicated if we consider Lebesgue spaces instead of
Hilbert spaces. It seems that checking whether B; = LP(£2) requires searching for a real p, a measure
space ), and an isomorphism to LP(§). Nonetheless, Brown, McNicholl and Melnikov [BMM]| have
recently discovered that Lebesgue spaces admit a local description in terms of a certain new notion of
independence. This analysis allows us to reduce the complexity of the index set from %} down to IIJ, a
considerable difference. As usual, this result can be relativized to any oracle, and therefore they are not
restricted to computable Lebesgue spaces.

Although this index set approach is new for Banach spaces, a similar approach had been successfully
tested for Polish spaces and Polish groups previously; both of these classes also admit a natural notion
of computability and thus can be approached via index sets. Melnikov and Nies [MN13] showed that the
isomorphism problem {(4,5): M; © M; and M;, M; are compact} and the index set of compact metric
spaces are both arithmetical. In contrast, Nies and Solecki [NS15] showed that the index set of locally
compact spaces is I1}-complete, and thus there is no reasonable characterisation of such spaces which
would be simpler than the brute force definition. Melnikov [Mel18] illustrated that the (topological) iso-
morphism problems for compact connected and profinite abelian groups are both ¥i-complete; compare
this with the above-mentioned results of Melnikov and Nies [MN13]. For more results and a discussion,
see survey [DM20]. All of these results relativize.

Now that we have discussed the different types of classification problems in computable analysis, we
turn our attention to the space that we study in this paper: C[0,1], the space of continuous real-valued
functions on the closed unit interval. Computability in the space C[0,1] plays an important role in com-
putable analysis since it serves as an excellent playground for testing various theories and methods. For
instance, Myhill [Myh71] showed that there exists a computable function which is differentiable but does
not have a computable derivative. In contrast, Pour-El and Richards [PER83| showed that if the second
derivative of a computable function f exists (but is not necessarily itself effective), then the derivative of
f is computable. More recent studies uncovered an unexpected interaction between differentiability and
algorithmic randomness [Niel(]. For further results on the differentiability of continuous functions and
algorithmic randomness, see [BHMN14, BMN16]. Since the computability-theoretic aspect of C[0,1] is
well-studied, it is natural to test the algorithmic approach to classification on this space.

We now discuss our results related to local computable classification problems for C[0,1]. We are
not the first to successfully implement the index set method for this space. As we mentioned above,
Westrick [Wes14] has given a detailed index set analysis of Kechris and Woodin’s differentiability hi-
erarchy for continuous functions in C[0,1]. Here, though, we test the method for feasibly computable
functions on [0, 1] rather than Turing computable functions. We will take the dense subspace of polyno-
mials over Q to be a computable structure on C[0,1]. According to the classical definition, a function
f:[0,1] = R is computable if there is an effective procedure which, on input s, outputs a tuple of ratio-
nals (o, . .-, qn) such that sup .o 17{f - Xilo ¢;7%|} < 27°. Note that computability implies continuity.

An adaptation of polynomial-time computability to continuous functions has previously been studied;
the foundations can be found in [Ko91]. However, it is not necessarily clear that polynomial-time
computability is the right notion of efficiency when it comes to infinite objects; see [BDKMI9| [Roul9)
for a discussion. It is thus not surprising that other models of efficient computability for members
of C[0,1] have been tested as well; we will be focused on two such notions.

Transducer computability. Informally, a function f is transducer if there exists a finite state memo-
ryless machine (an automaton) which reads finite chunks of the binary representation of x and gradually
outputs more and more of the binary representation of f(x). Of course, this definition can be extended
and modified to any base and to nondeterministic automata (etc.) [Lis98] [[is89] and to higher dimen-
sions of the domain [Kon04]. It is not hard to see that transducer functions are continuous; we present a
proof in Prop. The problem of characterizing transducer functions, stated in (Q.2) above, has been
central to this topic since the beginning. Muller [Mul94] showed that if f is transducer and f’ is piecewise
continuous, then f must be piecewise linear with rational parameters. Lisovik and Shkaravskaya [LS98]
extended this result to the case when f’ exists but is not necessarily piecewise continuous and, more
recently, Konecny [Kon04] extended these results to functions in higher dimensions. Nonetheless, it is
not hard to produce complex examples of transducer functions, including nowhere differentiable ones;
see, e.g., Theorem 4 of [LS98] and the example in [CSV13]. As it stands, the classification problem (Q.2)
for transducer functions remains unresolved.

Regular functions. Much more recently, Chaudhuri, Sankaranarayanan, and Vardi [CSV13] used Biichi
automata to define the related notion of a regular function. Informally, a function f:[0,1] — R is regular
if there exists a Biichi automaton on two tapes which accepts the graph of f; that is, there is a finite
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state memoryless machine (an automaton) which simultaneously reads two (say, binary) representations
of two reals x and y; we have f(z) =y if and only if the automaton visits the accepting state infinitely
often. Although regularity does not even imply continuity in general (see [CSV13]), one can show, using
results from [CSV13|, that every regular continuous function is in fact computable. In recent work,
Gorman et al. [BGHK*20| proved that a regular function must be linear—i.e., it has the form rz + ¢ for
some 7 and ¢ specific to the interval—outside a measure zero nowhere dense set. But even for continuous
regular functions, the classification problem for regular functions raised in [CSV13] and stated in (Q.1)
above, remains unresolved.

Although our results are not really sensitive to the choice of base, for simplicity we will fix the standard
binary representation of reals. Our first result shows that the classification problems for continuous
regular and transducer functions (questions (Q.1) and (Q.2)) are equivalent.

Theorem 1.1. Suppose f:[0,1] - [0,1]. The following are equivalent:

(1) f is continuous reqular.
(2) [ can be computed by a nondeterministic transducer.

This result contrasts with the results in [BKNOS8| which show that there exist automatic infinite
algebraic structures which do not have transducer presentations; see [KNO8|, [KN94] for more background
on automatic structures. Furthermore, in Theorem [3.1| we will show that (Q.1) and (Q.2) are equivalent
to saying that f can be computed by a deterministic transducer for the signed binary representation
(to be defined in Def. . In other words, the only difficulty in determinization is that we cannot
predict whether a long sequence of 1s will ever terminate in 0 or not. Signed binary representations can
be computed from binary representations by a transducer, but not vice versa. We also show that this
difficulty is essential by producing an example of a nondeterministic transducer function which cannot
be computed by a deterministic transducer; see Prop.

Theorem explains why some proofs for regular functions that can be found in [CSVI3] BGHK*20]
are quite similar to proofs of the analoguous results for transducer functions in [LS98, Mul94]. For
instance, the following theorem follows from the aforementioned main result in [LS98] and Theorem [1.1

Theorem. [BGHK*20] For a function f:[0,1] - R, the following are equivalent:

(1) f is regular and differentiable;
(2) there exist r,q € Q such that f(z) =1z +q.

It is not difficult to see that transducer functions [0,1] — R map rationals to rationals in linear time
(see Fact ; we call such functions pointwise linear time. By combining the strongest known results
about transducer and continuous regular functions in the literature, we can conclude that such functions
are Lipschitz [CSV13] and are linear outside of a measure zero nowhere dense set [BGHK20]; we call
the latter property almost linearity. While these properties are surely strong, it is not obvious that they
help to classify regular functions among pointwise linear time functions. We prove the following:

Theorem 1.2. Given a pointwise linear-time computable, almost linear Lipschitz f:[0,1] - R with
f(Qn[0,1]) € Q, checking whether f is reqular is a ¥9-complete problem.

We explain how the framework of index sets is used to formally clarify the statement of Theorem [T.2]
Let P be the property of being transducer/regular continuous in binary. Fix a uniform enumeration of
all linear time computable functions (I¢)ee, of the space (to be clarified). Let @) denote the conjunction
of “being Lipschitz”, “mapping Q to Q”, and “being almost linear”. We prove Y9-completeness of
I(P) = {e:l. satisfies P} via

eeS < g(e) e I(P),

where g(e) always has property @ regardless of whether P(l.) or =P(l.) holds. Thus, X9-completeness
measures the complexity of the classification problem for P relative to/given Q.

How good is this upper bound X9 in Theorem @ It is not difficult to see that, for an everywhere
defined computable f:[0,1] = R, “f is regular” is a Y9-statement (to be explained in more detail). It
follows that even if an interesting analytic characterisation of regular functions exists, it will not allow
us to simplify the determination of whether a given (total) computable function is regular. Indeed,
from the algorithmic point of view, any such characterisation will be not simpler than the brute force
definition, which is not even decidable relative to the halting problem. Furthermore, even assuming the
strong properties—almost linear, Lipschitz, f(Qn[0,1]) ¢ Q, and linear time—we cannot reduce the
complexity of guessing. According to the index set approach, none of these properties help to reduce the
complexity of deciding whether a function is regular.



COMPUTABLE CLASSIFICATIONS OF CONTINUOUS, TRANSDUCER, AND REGULAR FUNCTIONS 5

Now we can address questions (Q.1) and (Q.2) more directly: is there a useful classification of con-
tinuous regular/transducer functions? As argued in [DM20], a useful classification should provide a
better algorithmic description of objects: the classifications of finite abelian groups, finite fields, and
2-dimensional compact surfaces all have these nice algorithmic properties. In other words, even if a
reasonably nice analytic description of transducer functions can be found, it will have to be a reformu-
lation rather than a useful structural classification of such functions. Of course, there are many nice
useful reformulations, often called dualities, in mathematics: regular and automatic languages, Boolean
algebras and Stone spaces, compact and discrete abelian groups, etc. While these results are definitely
helpful, none of these dualities help to reduce the complexity of natural decision procedures for the dual
objects, and such results should not be confused with classifications. Informally, Theorem says that
one should not expect a breakthrough classification, but perhaps an interesting analytic reformulation
can still be found.

Finally, we reach our result on the global classification problem for C[0,1]: How hard is it to tell that
a given Banach space is isometrically isomorphic to C[0,1]? More formally, what is the complexity of
the set {i: B; = C[0,1]} (Q.3)? The crude upper bound is ¥}. Our challenge is to present a better bound.

As we mentioned above, Melnikov and Ng [MN16] showed that C[0,1] admits computable presen-
tations which are not computably isomorphic, and that therefore we should not expect an elementary
solution. This question (in its equivalent form) has recently been attacked by Brown [Brol9]. Brown
found an arithmetical upper bound, but he had to extend the signature of Banach spaces to get it. The
last main result of the present paper gives a surprisingly low upper bound:

Theorem 1.3. The index set of (C[0,1],] ||sup,+; (7)req) among all computable Banach spaces is
arithmetical.

More specifically, we show that the upper bound can be improved from X} to arithmetical, namely 9.
We conjecture that with some extra work, this upper bound can be improved to 12, but we do not know
whether this is sharp. We leave these as open problems. The key ingredients of our proof are the notion
of independence introduced by Brown [Brol9] combined with a new definability technique. In particular,
the initial results on the computational strength of the auxiliary functions required appear in [Brol9],
though we provide different proofs here. It follows that C[0,1] has a “local” first-order characterisation
similar to that of Hilbert spaces and Lebesgue spaces; this is a peculiar property which may prove useful
in the future.

Our paper proceeds as follows. We begin with a summary of the necessary results on regular functions
in Section [2} these results are often incompletely given in the literature, so we present full proofs here
both for the sake of completeness and because we will use the notation and methods later on. Then we
devote a section to each of our three main results in turn: Section |3| contains a proof of Theorem [1.1
Section [] contains a proof of Theorem and Section [5] contains a proof of Theorem [I.3]

2. BACKGROUND ON REGULAR FUNCTIONS

In this section we state and prove several known results which are scattered throughout the literature.
Some of these results were only published in conference proceedings and thus there are no complete
detailed proofs in the literature, which we provide for the sake of completeness. Some of the notation
and methods introduced in these proofs will be useful in the proofs of our main results.

For simplicity, we restrict ourselves to the standard binary representation of reals. We note, though,
that this is just a convenient simplification for the sake of exposition and our results are not really
restricted to binary representations. Also, for convenience and without loss of generality, we will usually
restrict ourselves to functions of the form f:[0,1] - [0, 1].

Definition 2.1 (Representations of real numbers). For each finite binary string o, let & denote the
dyadic rational represented by o, i.e. 7= ¥ o(s)27*"L. For an infinite binary string 3, let 3 denote
the real number represented by S. This is the standard binary representation of [0,1].

Ifne{-1,0,1}, let 7 = Xy n(s)2751; similarly we define 8 for 8 € {~1,0,1}*. This is the signed
binary representation of [0,1].

These are two commonly used representations for the real numbers; the latter is well known to be
a universal (admissible) representation. The following observation is trivial but useful: Let o and 7 be
two strings in 2" such that |[g — 7| > 27". Then for every a > ¢ and every /3 > 7 such that o, € 2¢,
we have @ # 3. Furthermore, if  and v are two strings in {-1,0,1}" such that [ — 7| > 27"*!, then for

every a7 and every 8o v such that o, 8 € {-1,0,1}*, we have @ # §.
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2.1. Regular functions. Unless specified otherwise, every function in this section is a function from
the unit interval to the real numbers. We assume that the reader is familiar with the concept of a Biichi
automaton.

Definition 2.2. [CSV13] A function f:[0,1] — [0,1] is regular to base 2 if there is a Biichi automaton
which accepts the graph of f in binary.

To use only one tape we alternate binary bits of x and y:

ToYoxri1yi1xr2y2 ...,

and then f(z) = y if and only if the automaton visits its acceptance state(s) infinitely often while scanning
this input. Note that this definition does not require the automaton to be deterministic.
It may not be immediately apparent, but not every regular function is continuous:

Example 2.3. The function
0, if0<z<i,
f(x) = { 2

el
17 lf§S$S1

is regular. In fact, any step function with finitely many breakpoints, all of which are dyadic rationals,
and a dyadic range is regular. This is because an automaton can record, using finitely many states, which
of the relevant dyadic intervals the input and output belong to and begin accepting (or stop accepting)
as it continues scanning the rest of the input and output. See [CSV13] for more examples.

It turns out that continuous regular functions possess several nice properties. The rest of this subsec-
tion will be devoted to understanding continuous regular functions. First, we begin with a lemma; for
the sake of completeness we include its proof as well.

Lemma 2.4 (Gorman et al [BGHK*20]). Suppose f:[0,1] — [0,1] is continuous and regular. Then
Graph(f) is accepted by a deterministic automaton.

Proof. Suppose that Graph(f) is accepted by a Biichi automaton Ay with states Qg and transition
relation Ay. Recall that a run is a (finite or infinite) sequence (sg,ng,S1,71,-..) such that sg is a
starting state and for every i, n; =0,1 and (s;,n;, $;+1) € Ag. Ag accepts a @ (8 if and only if there is an
infinite run (sg,no, s1,n1,...) such that (a® $)(i) = n; for every i and there are infinitely many ¢ such
that s; is an accepting state. It is easy to see that there is another Biichi automaton A; such that Ag
and A; accept the same set of strings and for every finite Aj-run (to,no, ..., tk, Nk, tke1), we have that
tr+1 is Aj-accepting if and only if there is some Ag-run (sg,nog, - - -, Sk, Nk, Sk+1) and some ¢ < k such that
8; = Sg+1 18 Ag-accepting. We wish to consider A; instead of Ay because we want to be able to apply a
pumping-style argument to each accepting state.

Now we define the deterministic Biichi automaton As by the usual subset construction on A;. More
specifically, Q2 = P(Q1), and we put (X,n,Y) € Ag if and only if Y = {y | (z,n,y) € Ay and z € X}.
A state X is As-accepting if and only if X contains an A;-accepting state.

We claim that Ay accepts a @ ( if and only if Ag accepts a @ 8. The subset construction always
produces an automaton that accepts every string accepted by A;; however, the converse is not always
true. In particular, there are w-regular languages that are not accepted by any deterministic Biichi
automata. So suppose that As accepts o @ 5. Let x be the real encoded by a and y be the real
encoded by 3; we argue that y = f(z). Let (Xo,n9,X1,n1,...) be an As-accepting run for a & 3,
and let g be such that X, ;) contains an Aj-accepting state for every k. For each k, the A;-accepting
state in X,y corresponds to a finite A;-run (to,no,tl,nl, .. ,tg(k)) where 241y is Aj-accepting. This
means that there is an Agp-run (so,no,sl,n1, .. .,sg(k)) and some i(k) < g(k) such that s;x) = s4(x) is
Ap-accepting; without loss of generality, assume that both i(k) and g(k) are odd. Let x denote the
rational encoded by (nona...n;k)-1) * (ni(k)ﬂni(k){; .. .ng(k)_l)w and y; be the rational encoded by
(nins... ni(k))*(ni(k)+2ni(k)+4 Mg (k) )w. Obviously, for each k, Ay accepts (the pair of strings encoding)
2r and yg, and thus f(xg) = yg. As limg_e g(k) = oo, we have limg_oo 2 = ¢ and limg_,0o yx = y, thus,
by the continuity of f, we have f(z) =y. Thus, Ay must also accept a @ 3. O

We will also consider the fact that every continuous regular function is in fact Lipschitz continuous.
Recall f is Lipschitz continuous if for every x1, 2, it satisfies |f(z1) — f(22)| < K|z, — 22| for some con-
stant K. The implication is proved in Chaudhuri, Sankaranarayanan and Vardi [CSV13]. We give an
alternate proof of this fact. The reason for this is that our analysis here will be critical for the rest of
this section, particularly in our proof of Proposition which is in turn used to prove Proposition |3.4
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We also mention that even though we prove Lemma for 2-regular functions, it also holds for
k-regular functions for all k > 2 with essentially the same proof. However, as shown in [BGHK*20| if
the input and output of a regular function are in different bases, then the function is not necessarily
Lipschitz continuous.

Lemma 2.5. [CSV13, Theorem 10] Suppose f:[0,1] - R is continuous and reqular. Then f is Lipschitz.

Proof. Suppose that f is continuous and regular as witnessed by a Biichi automaton A. By Lemma
we may assume that A is deterministic. We further assume that A has N states and represent the graph
of f by the collection of all strings o ® 8 where « is a binary expansion of some real number z € [0,1]
and f is a binary expansion of f(x).

Instead of representing A by a directed graph, it will be more convenient to represent the space of all
possible configurations of A by a labeled subtree of the full binary tree. We will denote the projection
of this tree to be T, when we fix the input to be a € 2¥: First, let (o, 7) be the state reached by A
immediately after scanning (o | m) @ (7 | m), where m = min{|o|,|7|}. Now for each finite string o,
denote the finite tree T, to be the set of all strings 7 such that |7| < |o| and for all i < ||, £(o,7 1 7)
is unique among the collection of ¢(o,n)s for all n of length : in other words, if £(o,7) = £(o,n) for
some 1 # 7 where || = |7|, we remove both 1 and 7 from the tree T,,. This is because no infinite extension
of 7 (or of ) can be accepted by A with any input extending o. (Otherwise, use £(c,7) = £(o,n) to
output two different real numbers for the same input o; note that we can output two different strings for
the same input o: think of 01111... vs 10000..., but this situation is possible only if (o, 7) # ¢(0,7).)

Thus, T, will be pruned so that it only contains those finite strings which still have a chance of being
extended to a valid output. A node 7 in T}, is said to be extendible if there is some 7/ 2 7 such that
|7'| = |o| and 7’ € T,,. Clearly, the maximum number of pairwise incomparable extendible nodes of T,
is N. For each string o and integers i < j < |o|, it will be convenient to write ¢ | [4,7) instead of
o(i)o(i+1)...0(j-1).

Claim 2.6. For any a @ 3 accepted by A, we have 5 € [Tym] for every m.

Proof of claim. Suppose not. Then there is some ¢ < m and some 7 of length ¢ such that n+ 3 | ¢ and
(a, B 1) =£(a,n). But this means that a®(n * S | [i,00)) is also accepted by A. However, n* 3 | [i, 00)
clearly represents a different real number than 3, giving us a contradiction. [l

Fact 2.7.

(i) For any i and any string o of length i + 2N, there exist i < j1 < jo <i+2Y such that

{(o,n) IneTy and |n| = j1} = {€(o,n) | n €T, and |n| = j2}.

(ii) Given any o and i < j1 < jo < i+ 2N as above, there must be some j1 < j < ja such that
{€(o,m) | neT, and |n| =j} contains an accepting state.

Fact i) says that by scanning ahead 2V bits of the input, we will find two distinct levels of T where
the set of states of the living runs at each level is the same. Fact ii) says that by scanning ahead
2N bits of the input, we must be able to find a run which has seen an accepting state. If this were not
the case, then (o | j1) * (0 | [j1,72))" ® B could not be accepted by A for any 3, which contradicts the
totality of f.

In order for us to apply pumping-like arguments in the rest of the proof, we need to find a bound on
the number of bits of the input we have to read in order for us to find a run which sees two accepting
states. In other words, we would like to extend Fact ii) above to conclude that we can always
find 79 c 71 such that £(o,n9) and £(o,7;) are accepting states. However, to find two accepting states,
a simple pigeonhole argument (as for Fact will not suffice. Applying Fact 2.7(ii) twice will give
us two strings 19 and 7, such that ¢(o,79) and £(o,71) are both accepting states, but we may have
that 79 and n; are incomparable. However, notice that the subtree below 79 must die within 2 many
levels; if not, we could apply Fact ii) to this subtree to force a node extending 7y to meet an accepting
state. Our solution is to apply Fact (ii) multiple times to obtain 1y, 7n1,...,n% such that £(o,n;) are
all accepting states. Then we argue that if this set of n;s are pairwise incomparable, the subtree below
each n; will die, and therefore 7; cannot be extended to an infinite run. If k is large enough, we can
then apply a pumping-like argument to show that a certain input can have no output, contradicting the
totality of the function. The following claim argues this formally:

Claim 2.8. Let a € 2% and n be any positive integer. Then there is a constant d = 22NN such that
for any collection S € Ty, of pairwise incomparable extendible nodes of Ty, one of the following holds:
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(1) There are ng c 1 in Tuppea Such that n < |no| < |m| and (a t n+d,no) and (o t n+d,n) are
accepting states, or

(2) there is T € S which is no longer extendible in Tyin+d, O

(3) there are n > 7 where T €S and N € Toyrnra and £(a | n+d,n) is an accepting state.

Proof. We proceed by induction on the size of S. We will also check that the constant d required for any
set S of size m is 23N (N=m+1)

Note that the maximum size of S is N, so we begin with this as the basis of our induction. Fix
some T,y and some subset S of size N. By Fact ii), we can find some 7 such that n € T}, o~
and || > n and £(a |} n+2Y,n) is accepting. However, n must extend some string in S, because
otherwise T, will contain more than N incomparable nodes, which is impossible. Therefore, we can
take d = 2V < 23N as required.

Now fix some T¢}, and some subset S of size m < N and assume that the claim holds for all sets of
size larger than m. (Note that S may be empty.) For convenience, we let H;, be the set of all strings 7
of length k on T, such that £(a | k,7 | i) is accepting for some i > n. We first apply Fact ii) to
obtain some n < kg < n + 2" such that Hy, # @. If any string in Hj, extends some string in S, then
we are done, so we assume that S U Hj, contains pairwise incomparable strings and that every string
in S is extendible in Ty, (otherwise we are also done). By the inductive hypothesis, (1), (2) or (3) has
to hold for T, on y9snvv-m). If (1) or (3) holds then we are done, and if (2) holds for some 7 € S we
are also done, so we assume that some 7 € Hy, is no longer extendible in T, o~ ;03nv-m). We repeat
with the remaining T, o~ 23~ (v-m)-extendible members of Hy,, taking at most N applications of the
inductive hypothesis to conclude that no element of Hg, is extendible in T, o~ noanv-m)y. Now we
apply Fact [2.7(ii) to obtain a k; where n < kg < n+ 2V + N2NN-m) ¢ ) < 4 9N 4 N93IN(N-m) 4 oN
such that Hy, # @.

Now we iterate the above argument to obtain distinct levels

n<ky<ki<...<kpv_y<n+22V (2N 4 N2INOV=M)) < gy g 93N (N=ml)

such that for every i < 22V, we have Hy, # @ and that no element of Hy, is extendible in T,y,,,. Here

we assume that we do not manage to succeed in obtaining (1), (2) or (3) for S at any level. We wish to
argue that we can derive a contradiction. Since there are enough levels, we can choose some i < i’ such
that

{K(Oé r ki,T) | T € Tafk-; and |T| = kl} = {E(a r kil,T) | T € T!lfki' and |T| = k’zl}
as well as

{at k)| TeHr,}={l(al ky,T)|TeHs,}

Now let 8 be such that a | k; * (a | [ki, kir))” ® B is accepted by A. We argue that this leads to a
contradiction. Write 5= (5 | k;) * Bo * f1 * ..., where each (; has length k;s — k;. Following A along the
input a | k; * (a | [ki, ki) @ B, we see that A must be in one of the states in

{K(OZ rkiﬂ') | TETarki and |T| = kz}

immediately after scanning a | k; * (o | [ki7kir))j+1 ® (B I ki) * Bo * p1 * ...+ B for every j. Since A
accepts this, there is some j and some p of length k; such that px 8; € Hy,,, and since £(a | ki, p* ;) =
l(a 1 ki, 7) for some 7 € Hy,, it follows that 7 is not extendible in T,4,. However, due to the fact
that £(a 1 kir, Bj) = €(a 1 ki, 7), A cannot tell the difference between a | k; * (o [ki, kir))” @ 8 and
a ki (ot [kiy ki) ® T % Bjs1 * Bjso * ..., which means that A will also accept the latter. By Claim
we obtain a contradiction.

This contradiction means that (1), (2) or (3) must hold for S at T,,,,,3n5-m+1), Which concludes our
induction and the verification of our choice for d. We can take the constant d in the claim to be the
largest one used in the induction, i.e., d = 23N(V+1) [l

Now instead of having two accepting states in a row, we would like any arbitrary number of accepting
states in a row, and we show that we can bound the number of input bits necessary:

Claim 2.9. There is a constant D (which depends only on N ) such that given any i and any o of length
i1+ D, there are ng cmy C ... Can such that i +3 <|no| < |m|<...<|man|<i+ D and for all j,j' < 2N,
n; € Ty and £(o,n;) = €(o,n;) is an accepting state. (That is, £(o,n;) is constant amongst the js.)

Proof of claim. Applying Claim to S = @ yields the pair ng c n; by reading d = 23V W+ many
bits of the input. Now, to get three such comparable strings 19 c 71 c 72, we need to follow the proof
of Claim This time, instead of using Fact ii), we apply Claim to first find an accepting
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pair 19 c n1. We then iterate the proof of Claim to find 19 o n1. This, of course, increases the value
of d. We can then iterate this procedure to get ngcm c...Ccnan. O

We now return to the proof of Lemma Fix 0,i,7 < 7' as in Claim Note that (o | n;]) *
(o 1 [Insh Iny))* s accepted by A together with n; * (ny 1 [ln5] In))”.

To show that f is Lipschitz, we wish to argue that |f(x) — f(z')| < 2%z - 2’| for any z,z’ for some
constant C: we will see that C' = D + 1 will do. Note that C depends only on N. It is enough to
show the following statement: For each i and each dyadic rational 2’ = p27" in [0,1] and each real
number z € [0,1], if |z — 2’| < 279 then |f(z) - f(2')| < 27". We fix such 4, 2/, and = as above so that
lz—2'| < 27°¢. As 2’ is dyadic, we can represent 2’ as a finite binary string o, i.e., 2’ = & where |o| = i+C.
Apply Claim to obtain the sequence 1y c 1y € ... c man for o, 4, and C. For the remainder of this
proof, we fix i,2’,x,0 and the sequence 19 cn; C ... c . We start by proving the following claim:

Claim 2.10. Given any infinite strings a and 3 such that a®  is accepted by A, let z be the real number
represented by . Then if |z — 2’| < 277C we have that |B P(i+4)—no P (i + 4)| <274,

Proof of claim. There are three possibilities for a: it may extend o | ||, be lexicographically to its left,
or be lexicographically to its right. We first assume that « 2o | [ny|. Suppose that

BT G+D) —m0 FG+a)>27"
Fix some j < j' < N such that £(a, 8 | |n;]) = £(a, B I |n;7|). Now, by Claim

[(o 1) * (ot Ll g D)7 T @ [m5 * (e 1 gl 1nge )]

is accepted by A. On the other hand, for each k € w, we also have that

[ 1) = (o 1 Ll Inge D))" % @ 1 el 00) [ @ [(B 1 imsl) * (8 1 Ll Ing)* + (8 1 [ingl, o)) ]

is accepted by A. Obviously, the sequence of real numbers represented by

(o Mngl) * (o 1 gl g D)* * (et [ngrl, 00))

converges to the real number represented by [(o | |n;]) * (o 1 [In;],[n;]))“] as k - co. However, since we

assumed that I,B P(e+4)—mno 1 (i + 4)‘ > 274 we conclude that 3 and [nj (g 1 [Injl, |77j'|))w] represent
different real numbers, a contradiction to the continuity of f.
Now assume that « is lexicograpically to the left of o | [ny|. (The case where « is lexicographically

to the right of o I |nx/| is similar.) Again, suppose that ‘ﬂ Pi+4)—mno (i +4)‘ > 2774 Let d < |nn| be
such that o t d =0 ' d, a(d) =0 and o(d) = 1. Since |z —2'| < 27°¢ it follows that for every d < d’ < o]
we have a(d") =1 and o(d") = 0. Now fix some N < j < j' < 2N such that ¢ (o, 5 | |n;]) = £ (e, B 1 |nj]).
By the same argument as the first part of the proof of this claim, we have that

[(o 1 lmgl) * (o 1 Lngl Imge D) T @ [+ (e 1 Ll Iy 1))” ]

as well as
[t ngl) = (ot [l Ing )* % (1 Tingel 00))] @[ (8 T msl) # (8 1 Ll Ingr D) % (8 1 [y, 00))]

are accepted by A for all k. However, since (o | |n;]) * (o t[|nj],Iny#))* = (o 1d) *1* 0% and
(o 1 Imj]) * (e ! [|77j|a|77j’|))k * (a I [|nj],00)) converges to (o I'd) 0+ 1“ as k — oo, this means that
if f s contimuous, then 7 % (1 1[Iyl i3)* and (8 M nyl) * (8 t [l5h Iny1))* represent the same real

number. This, of course, contradicts our assumption that ‘6 P(i+4)—mo (i + 4)‘ > 274, O

Now we fix o to be a binary representation of x and Sy to be a binary representation of f(z). Let
B1 be a binary representation of f(z’). We wish to argue that |f(z) - f(2")] < 27*. Applying Claim
twice, first to ap @ Sy and then to o * 0“ @ 31, we see that

F(2) = F@)] <|f(@) -0 TG+ D)+ | (@) =m0 T (T + )| <272 4272 <27, O
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2.2. Transducer functions. The transducer model we will use is one which is a bounded size online
operator with a fixed delay D (see [Mul94]). In this model, the transducer first scans the first D many
digits of the input without committing to any output and may possibly go through different state
transitions in the process (which represents the transducer remembering the first D many digits it
reads). At step s > D, this transducer will scan the s-th digit of the input, make a transition from
state es to es41, and write digit ys—p on the output tape. For a formal definition, see [SNO7].

Definition 2.11. A deterministic transducer computes a function f:[0,1] — R if for every x € R and
for every representation « of z, the transducer writes a representation for f(z) on the output tape.

We will usually use either binary or signed binary representations, but this definition is not restricted
to these types of representations.

A transducer may also be nondeterministic, and in this case, each finite run may be extendible to
a number of different states and write different output bits upon reading the next input bit, or it may
“die,” i.e., enter a state without outgoing edges.

Definition 2.12. A nondeterministic transducer computes a function f:[0,1] ~ [0,1] if for every z € R,
every representation « of x, and every infinite run of the transducer while reading «, it writes a repre-
sentation for f(x) on the output tape.

If v is a representation of [0,1], then a transducer which works with input and output represented
by v is called a transducer in v. For example, a “transducer in binary” is one that operates with strings
of zeros and ones which we interpret as binary representations of reals in [0, 1].

An important observation is that any f computed by a deterministic transducer is continuous because
it is computable. It is a bit less obvious why functions computed by nondeterministic transducers have
to be continuous as well; we provide a proof here.

Proposition 2.13. Suppose f:[0,1] — [0,1] is computed by a nondeterministic transducer in binary.
Then f is continuous.

Proof. Suppose that f is computed by a nondeterministic transducer M for the standard binary repre-
sentation and suppose the states of M are sg,..., s, and the transition relation is Ay;. We can assume
that M has no delay: if it did, we could simply consider the function 272 f(z) instead.

We show that for any « and any jg, there is some j; such that for every o/ with o' | j1 = « | j1,
|f (E) - f(@)| < 279, We fix a and jy as above and assume that no such j; exists. Fix an infinite run
produced by M(a) and assume that this run writes the output 3; of course, we have 8 = f(@).

Now consider the set U of all finite strings s;(), Si(1),---,Si(k) such that s;qy) is an initial M-state
and, for every k' < k, (si(kr)7a(k’),7(k’),si(k1+1)) € Ay for some finite string 7 of length k such that
|F - B| > 279071 That is, U is the set of all finite runs of M while scanning o which write an output that
is relatively far away from . The downwards closure of U is a subtree T of {sg, $1,...,8, <. We first
claim that T is infinite: If j; > jo + 1, then there is some o’ o « | j1 and some infinite run of M (o) that
produces an output 3’ such that |F - B| > 2790, However, the finite initial segment of this run of length j;
must be in U since ‘@—m < |5’ M1 —B’+‘ﬂ’ P —@| <
T contains an infinite path §. Obviously, ¢ is a infinite run of M («); assume it writes an output B.

B' - B’ +27J071 Therefore, by compactness,

If j > jo + 1, then, as § | j has an extension in U, we can conclude that ‘E FJ—B‘ > 270t 97 » 97jo=2,
Therefore, 3 and 3 represent different real numbers, which is impossible as they are each an output of

an infinite run of M («). Thus, f is continuous. O

We note that the class of functions that can be computed by a deterministic transducer for the standard
binary representation is a strictly smaller class than the class of functions that can be computed by a
nondeterministic transducer for the standard binary representation. The following proposition provides
us with a witness to this fact.

Proposition 2.14. There is a function f € C[0,1] that can be computed by a nondeterministic transducer
for the standard binary representation but not by any deterministic transducer for the standard binary
representation.

Proof. Define the function f by the following:

2-1 if x=0,

z+2° -2 if e (277, 27y 2773,

—p+ 27t a2l 22 f e (27 4273 2l 4 3 27
r+2° -2 if ve (271 +3.2773 27,

f(x) =
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It is easy to see that f can be computed by a nondeterministic transducer for the standard binary
representation: Given an input stream «, we output both 1000... and 0111... until we find the first
bit n such that a(n) = 1. Then the value of a(n)a(n + 1)a(n +2) will determine whether x lies in the
second, third or fourth case in the definition of f(x). If we need to output a number larger than %, we
kill the run that outputs 011..., and we kill the other run otherwise.

We claim that f cannot be computed by a deterministic transducer for the standard binary repre-
sentation. If, on the contrary, M does this, then M must output the first digit of the output after
scanning 0" for some n. Since f (2‘"‘1 + 2_”_3) > % and f (2‘"‘1 +3- 2_”_3) < %, we see that M cannot
possibly compute f. O

Finally, a simple pumping-like argument can be used to establish the following two results.
Proposition 2.15. Let f:[0,1] —» [0,1] be transducer in binary. Then f maps rationals to rationals.

Proof. On input cico...cgx(uy ... ug)®, the automaton must visit the same state at least twice while
reading the same u; for some i. We use pumping to conclude that the output must be a rational number
too. ([

It follows from the proposition that if f(z) = ax + b is regular, then a,b € Q.

Lemma 2.16. Suppose f:[0,1] - R is piecewise linear such that the breakpoints have dyadic coordinates.
Then f is regular.

Proof. This simple fact seems to be folklore among experts in the subject; see, e.g., [Kon04l LS9S|
BGHK*20| for similar results, and see Theorems 4 and 5 in [CSV13] for more general results which
imply the proposition. Thus, we give only a sketch. First, observe that a linear function of the form
x+d, where d is dyadic identified with a finite string representing it, is regular. This is because the result
of adding d to any binary sequence depends only on the first length(d) + 1 many bits of x, and the rest
is handled using a suitable carry. This process is regular. For a function of the form i (z + d), use that
x +d is regular, and also that the operation 2% is just a shift of the representation by k positions to the
left, while multiplication by m involves only looking at most m digits ahead. O

2.3. Linear time computability. Let Dy be the set of all dyadic rationals between 0 and 1, i.e. all
rationals of the form {gi: | n < 2™ and m € w}. Each dyadic rational r can be represented by a finite
binary string ¢ such that & = r. This is extended in the obvious way to base p for any p > 2; i.e., each

element of D, = pﬂ n < p™ and m € w} can be represented by some o € p<“. Each rational r € [0,1]

can be represented in the binary almost periodic representation r = o * 7% for some o, 7 € 2<%,

We adopt the approach from [Ko91] and define complexity classes for continuous functions via bound-
ing resources used by Turing functionals which represent the functions. We present a much more natural
equivalent reformulation of this notion which works in the Lipschitz case (see [Ko91l Corollary 2.21]).

Definition 2.17. A Lipschitz function f:[0,1] - R is said to be polynomial-time computable if and only
if there is a polynomial p:w — w and a function 1:2<“ x w — 2<“ such that for every o and n,

[o(o,n) - £@)| <27

and 9(o,n) can be computed by a multi-tape deterministic Turing machine in p (o] +n) many steps.
The Lipschitz function f is said to be linear-time computable if p can be taken to be O(|o|+n). Clearly,
each polynomial-time computable Lipschitz function is computable.

We note that Kawamura, Steinberg, and Thies [KST19] have defined linear-time computability for
functions that are not necessarily Lipschitz. The restriction of their definition to the Lipschitz case is
equivalent to our notion.

Definition 2.18. Let f:[0,1] - R be Lipschitz such that f[D2 n[0,1]] € Q. We say that f is pointwise
linear-time computable if, given any dyadic representation of d, we can compute a binary almost periodic
representation of the output f(d) in linear time. More formally, there is a function :2<¥ — 2<% x 2<%
such that for all o € 2%, 7% = f (o), (o) = (1,n), and (o) can be computed by a multi-tape
deterministic Turing machine in O(|o|) many steps.

In Proposition we will show that every regular continuous f can be computed by a deterministic
transducer in signed binary representation. A simple consequence of this fact is the following;:

Fact 2.19. Fvery regqular f € C[0,1] is pointwise linear-time computable.
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Proof. Each regular f € C[0,1] is Lipschitz (Lemma and maps each dyadic rational to a rational
number (Proposition [2.15). By Proposition each regular f € C[0,1] can be computed by a deter-
ministic transducer M for the signed binary representation. Now we give an argument that is essentially
the proof of the pumping lemma.

Let D be the delay of M and m be the number of states in M. Let qg,q1,...,gn be states of M such
that when M is run on o%, M takes state ¢; at step D + 1 + ilo|. By the pigeonhole principle, there is
0<i<j<mwith ¢ = g;. Let n be the string written by M running on ¢* at steps D+1 through D+1+i|o]|,
and let 7 be the string written by M at steps D + 1 +i|o| + 1 through D + 1 + j|o|. Then M (o) = nt*.
Furthermore, 77 and 7 can be computed from ¢ by running M (o*) for D + 1 +m|o| steps and recording
the relevant information in a table of size m and then searching that table for a repeat. As m is constant,
this runs in O(|o|) time. O

Clearly, every pointwise linear-time computable function is linear-time computable; our next goal is
to explain why not every linear-time computable function f[Dyn[0,1]] € Q is pointwise linear-time
computable. As mentioned above, Kawamura, Steinberg, and Thies [KSTI19] have defined linear time
computability for not necessarily Lipschitz functions. The idea is that the computation of f(z) with
precision 27" uses only O(n) bits of 2 and takes only O(n) steps. This idea is formalised using second-
order polynomials; we omit the formal definition (see [KST19]). The crucial difference with pointwise
linear time computability is that f(d) only has to be computed with a good enough precision, even for
a dyadic rational d. So, for instance, if f(0) = 0.000...001, then we might be unable to output the
exact answer very quickly because it would take too much space, but we can always output 0 quickly
and say that it is the best approximation we can get within the provided time limits. This simple idea
is exploited in the proof of the proposition below.

Proposition 2.20. There is a function f:[0,1] - [0,1] such that f is Lipschitz, f[Qn[0,1]] €Q, and
linear-time computable but not pointwise linear-time computable.

Proof. Let (jn)nzg be the sequence of intervals defined by J,, = (2’" - 2’”2,2’" + 2’”2). Define

1", if 7 € J, for some n > 2,

3() =1y, if 7 ¢ | J
n=3
Then we claim that §(c) can be computed in O(|o|) many steps. To see this, note that once we have
1™ on a tape, we can generate 1" in O(n?) many steps, so we can determine whether o(j) = 0 for
every n < j <min{|o|,n? + 1} in O(|o|) many steps.
Define f to be the function

T+ (2‘"2 - 2‘") , ifzxe(27"- 2‘”2,2‘”) for some n > 3,

f(a:) _)-z+ (2’”2 + 2’") , ifxe|27™ 27"+ 2’”2) for some n > 3,
0, ifz¢ U Jn.
n=3

This f is clearly Lipschitz and maps rationals to rationals. Since f (2) = 2_"2, f clearly cannot be
pointwise linear-time computable. We now argue that f is linear-time computable. First observe that
if 7 € J,, then either & = 27" or |o| > n?. This means that, given any o € 2<, it takes O(|o|) steps to
check if 7 € J,, for some n and O(n?) steps to carry out the operations required to generate f (@). This is
obviously fine if 7 € J, —{27"}. In the case 7 = 27", for each m > n, we have to generate 0™ if m < n? and
0" 1 x1if m>n?in O(m) steps. But given both 1" and 1™, it takes O(m) many steps to compare m
with n?. ]

3. PROOF OF THEOREM [L.1]

We actually prove a stronger result than Theorem [I.1]here: Theorem [I.I]only contains the equivalence
of statements (i) and (i) in Theorem [3.1] The further equivalence of statement (iii) of this theorem lets
us see that nondeterminism is nothing but a pathology of the standard binary representation.

Theorem 3.1. Suppose f:[0,1] - [0,1]. The following are equivalent.

(i) f is continuous regular.
(i) f can be computed by a nondeterministic transducer for the standard binary representation.
(iii) f can be computed by a deterministic transducer for the signed binary representation.



COMPUTABLE CLASSIFICATIONS OF CONTINUOUS, TRANSDUCER, AND REGULAR FUNCTIONS 13

Proof. (1) = (iii): We delay the proof of this direction to Proposition in the next subsection; it is
highly technical and involves a great deal of machinery different from that involved in the rest of the
proof of this theorem.

(iii) = (ii): It is easy to design a nondeterministic automaton M that reads an input
stream « € {-1,0,1}* and which writes an output stream [ € 2¢ such that 3 = @ along every infi-
nite run. We can use M to convert the output written by a deterministic transducer for the signed
binary representation.

(ii) = (i): We know that f is continuous by Proposition We need to show that f is regular.

Informally, given a and 3, we will imitate the run of M on « and see if it agrees with 5. If more
agreement is observed then we allow our new automaton Ag to visit an acceptance state once again. Of
course, M could be nondeterministic, but recall that Ay can be nondeterministic as well. We will therefore
be able to track all possible partial runs of M and code them into A so that no possibility is missing.
The only dangerous potential problem is related to the usual pathology of the binary representation, i.e.,
if we encounter a potentially infinite tail of 1s in 8 but then discover very late that the actual f(«) is
only very slightly larger than 5. (In Proposition we will essentially show that this pathology is the
only difficulty which makes determinization impossible for transducers in general.)

Formally, suppose that f is computed by a nondeterministic transducer M for the standard binary
representation. Suppose the states of M are sgp,...,s, and the transition relation is Ay;. If M has
delay D, we will consider the function 27 f(x) instead, so we can assume without loss of generality that
M has no delay.

We define a (nondeterministic) Biichi automaton A, accepting the graph of f. The states of Ag are
of the form (s, X) where s is an M-state and X is one of the following three options: L (representing
“left”), R (representing “right”), or E (representing “exact”). These states are all accepting. We also
include a single nonaccepting state ¢ for Ag, and we denote the input stream of Ag as a @ g.

Assume that the transitions in Ajps are of the form (s,a,b,s"), where s is the current M-state, a is
the next input bit scanned, b is the output bit written by M after scanning a, and s’ is the new M-state.
Ap will scan two binary bits ab at a time (the next bit a of o and the the next bit b of 8). The initial
states of Ag are (s, E) where s is an initial state of M, and the transitions of Ay are the following:
(t,ab,t) for any ab € {00,01,10,11}.

((s,L),ab,(s',L)) if (s,a,0,s") e Apr and b= 1.

((s,L),ab,t) if (s,a,1,s") € Apy or b=0.

((s,R),ab,(s',R)) if (s,a,1,s") € Ap; and b = 0.

((s,R),ab,t) if (s,a,0,8") e Apy or b=1.

((s,E),ab,(s',E)) if (s,a,b,s") € Aps.

((s,E),ab,(s',L)) if (s,a,1-b,s") e Ap; and b =0.

((s,E),ab,(s',R)) if (s,a,1-b,s") e Apy and b=1.

Now we want to check that Ay accepts a ® 3 if and only if 3 = f(@). Suppose that 3 = f(@). Then
there must be some infinite run of M, s;(0), Si(1), - - - such that s;(gy is an initial M-state and for every k,

(si(k),a(k),ﬂ’(k),si(kﬂ)) € Ay for some 3’ such that 5’ = 3. Then, as

(Si(O)a E), OK(O)B/(O); (5@'(1)7 E), 04(1)5/(1); s
is an infinite run of Ag, we conclude that Ay accepts a® 3’. Hence if 8 = 8’ then we are done, so suppose

that 8 # 8’. In that case, there is some k such that either 3 =3 | k% 10 and 8’ =3 | k » 01* or vice
versa. Assume we have = | k*10“. Then it is straightforward to verify that

(si(0)7 E)v 04(0)6(0), (si(1)7 E)a Oé(l)ﬁ(l), EERE)

(Sir)s ), a(k)1, (Si(re1ys ), (b +1)0, (S4(r42), R), a(k +2)0, ...
is an infinite run of Ag. Hence, Ag accepts a @ .

Now suppose that (s;0), Xi(0y), @(0)8(0), (54(1), Xic1)),@(1)B(1),... is an infinite accepting run of
an input o @ 5. Note that no infinite accepting run can encounter the state ¢, so the accepting run
must be of the form above. Suppose that X = E for all k. Then (si(k),a(k‘),ﬁ(k:),si(kﬂ)) e Ay
for all k, and so f = f(@). Otherwise, there is some j such that Xioy = --- = Xijy = E and
Xige1) = Xige2) = --- =L or X1y = Xje2) = .. = R. Assume, without loss of generality, that
Xi@j+1) = L. Then (si(k),a(kz)ﬁ(kz),si(kﬂ)) € Ay for all k < j. We have (s;(;),@(5),1,5,(j+1)) € Am
and 8(j) = 0. We must also have (si(k)7a(k),07si(k+1)) € Ay and B(k) =1 for all k> j. Hence there is
an infinite run of M which writes the output (8 I 7) * 10 on input «, while 8= (8 | j) * 01“. Hence,
B=(B1j)*10¢ = f (). O
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3.1. The technical propositions. Proposition [3.2]and its proof will be used heavily in the proof of the
main technical Proposition Even though this proposition gives us (i) = (ii) in Theorem (3.1} we do
not need it to establish this implication of the theorem since we have (iii) = (ii) and (ii) = (1) already,
and Proposition [3.4] will give us (i) = (iii). It may be instructive to compare it with Lemma [2.4]

Proposition 3.2. Fach continuous and regular f:[0,1] - [0,1] can be computed by a nondeterministic
transducer for the standard binary representation.

Proof of Proposition[3.4 The transducer model we will adopt is nondeterministic. We require that for
each input = and each infinite run corresponding to x, the output from this run is a binary representation
for f(x).

The informal idea of this proof is as follows. By Lemma we can assume the automaton witnessing
regularity is nondeterministic. By Lemma f has to be Lipschitz. Thus, the naive hope is that it
should be possible to decide the next bit of f(x), say the i*" bit, by looking ahead at the next n bits
of x, where n does not depend on i. We scan all possible runs of the automaton on strings of length Cn,
where C' > 1 will depend on the size of the automaton in the spirit of the proof of Lemma [2.5] and
see which one hits an accepting state twice. This should allow us to decide what f(z) is with good
precision. Of course, the problem is that after several iterations of this strategy, we may see that both
0.011111 and 0.100000 could serve as f(x) because we have not yet scanned x far enough. Then, at a
very late stage we may discover that the true output has the form 0.1000...01. Thus, if we decide to
stick with 0.01111...1, we will be in trouble. Similarly, if we stick with 0.1000...0 and the actual output
is 0.01111...10, we will not be able to go back. Thus, we will have to keep both possibilities open, and
this is why the resulting transducer will be nondeterministic at the end.

To make these ideas formal, we will apply the proof for Lemma here, using the “memoryless”
property of an automaton. We will need to rephrase the argument used in Lemma appropriately; the
notation we use here is discussed in the proof of that lemma.

For each d, consider the tree with height d+1, N many branches at the first level, and binary branching
thereafter. It is easy to see that given any n, d, and 0,071 of lengths n and d respectively, there is a
subtree TU1 of the abovementioned tree such that each string k * 7 on TU corresponds to a string 7
on Tyy40, such that £(og,n | n) =k and € (oo * 01,n) = £(01,k * 7). (Here, we assume that {1,2,...,N}
are the states of A and that ¢ (o, k *7) for T, is defined in the obvious way, with k representing the
starting state used to scan o *7.) This correspondence is one-to-one. Therefore, if we are only concerned
with the strings of T,,.,, of length greater than n, we will only need the parameters d, o1 and the finite
set X = {l(00,n) | n € Ty, has length ng}; the string o is irrelevant, as the strings extending the leaves
of T,,, depend only on X and 0.

With this setup, Claim [2:9] may now be rephrased as follows:

Given any string & of length D and any subset X of {1,2,..., N} of “reachable” states,
there are strings 7jp ¢ 71 € ... € flay such that 3 < |jg| < ... < |flan| < D and some k € X
such that for all j,j' < 2N, k*#; € T5 and £ (&, k +7;) = £(&,k 7)) is accepting.

Now, given the parameters 6 and X, let (&, X) encode the first two digits of 7y as well as all the
states on the second level of the tree Ty. The function v contains only finitely much information and
may therefore be used as memory in the transducer A we are about to define.

The transducer A works as follows. The states of A encode a set X ¢ {1,..., N}, a binary string v of
length 2, and a symbol S from the set {L, R}. The meanings of the parameters are as follows. X stands
for the set of states on the leaves of the tree T}, where o is the input read so far by A (fl of course does
not remember all of o, only the last D bits it has most recently read). v stands for the first two bits of 79
produced at the previous step, and the symbols L and R mean that the state is recording the left path
of a potential output 8 % 0% 111... or the right path 8 * 1 % 000..., respectively. The nondeterminism
of A is used here to allow us to keep both binary representations of a dyadic rational alive as potential
outputs.

The initial state of A is the state encoding X = {1},~ = 00, and S = R, where 1 is the initial state of A.
From this initial state, it scans the first D+1 bits of the input 6. Let X’ and +' be the output of v(4,{1}).
Without loss of generality, we assume that Rng(f) ¢ ( T 2) and that 4" = 01 (we will later verify that this
choice of 4" works). We allow the initial state ({1},00, R) to transit (nondeterministically) to (X’,01, L)
and write the output 0 and to (X’,01, R) and write the output 1.

Now we describe the transitions from a noninitial state. Consider the state (X,7,.5) and assume that
A has just read the next bit of the input and that ¢ is the last D bits of the input read by A. Let X’
and +' be the output of v(5,X). Our transitions are listed in the table below. The second, third, and
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fourth columns represent the values of S,y and 7' respectively. The last column represents the state
(or states) that we transit to and the corresponding output bit to be written. For instance, the third
row represents the situation where we have S = L,  is either 01 or 11, and ' is 01 or 10. In this case,
we allow nondeterministic transitions to the state (X’,+', L) where we write output bit 0 as well as to
(X',7', R) where we write output bit 1.

Row | S o ~v" | New state(s) and output bit(s)
1 | L |00,01,10,11 | 00,11 | (X',7,L: 1)

2 | L|00,10 01,10 | run dies

3 | L]|o111 01,10 | (X',4',L;0), (X",', R;1)

4 [R|00,01,10,11 | 00,11 | (X', R;0)

5 | R|00,10 01,10 | (X', L;0),(X",7, R;1)

6 | R|01,11 01,10 | run dies

Given any finite run (Xo,70,50) - - -5 (Xn-1, Vn-1, Sn-1) of length n > 2, there is a maximal j < n—1 such
that the transition from (X;,7;,5;) to (Xj+1,7;+1,5j+1) is nondeterministic (corresponding to row 3
or 5). In this case, we say that the run is j-splitting. Clearly, we must have S;.1 = ... = .S,_1, and all
transitions from (X;,~;,S;) to (Xi+1,%i+1,Si+1) for j <i<n—1 are of type 1 or 4. It is clear that both
(X07’YO7 SO) ) (Xj77j7 Sj) ) (Xj+17'7j+17 L) ) (Xj+27’yj+27 L) PR (Xn—h’ynfh L) and
(X07'707 SO) PR (Xj7’7j7 SJ) ) (Xj+177j+17 R) ) (Xj+277j+27 R) P (Xn*h'yn*lv R)
are runs of length n. We call pairs of runs such as these twin runs. Furthermore, note that if j <n -2,
then 7; € {00,11} for all j+2<i<n-1.
We now prove that A computes the function f. For the rest of this proof, fix a real number z as input,
a binary representation « of x, and a binary representation 3 of f(x). We first show that there is an
infinite run corresponding to the input a. By compactness, it suffices to show that for every n > 2, there
is a run of A of length n beginning with the initial state ({1},00, R) and where the first n+D-1 many bits
of a is read during the run (recall that the length of a run is always one more than the number of output
bits written by the run, and that A has a delay of D). Suppose that (Xo,70,50) -5 (Xn-1,Yn-1, Sn-1)
is a run of length n. Every combination of Sy,_1, V-1, (a, X,,—1) listed in the table will allow the current
run to be extended except for rows 2 and 6. However, in those two cases, the corresponding twin run
will be extendible, and therefore there must be some run of length n + 1.
Next we have to show that any infinite run produced by A while scanning input o« must write an
output representing f(z). To do this, we prove the following claim:

Claim 3.3. Suppose that (Xo,7%0,50) ;- -+, (Xn-1,Yn-1,5n-1) is a run of length n > 2 produced by A while
scanning o, where Xo = {1},7 =00 and Sp = R, and 7 is the output written by this run. Suppose this
run is j-splitting for some j <n—-1. Then
(i) If Sp_y = L then 7= (7 1 §) #0172 and if S,_1 = R then 7 = (7 } j) » 1077972,
(ii) Xn-1 is the set {£(c,p) | p € Tor(n-1y and |p| =n—1}.
(#4) If ¥n—1 = 00 or 10 then
(T 1) %1031 -2 2 < Bt (n+2) < (7 1 j)* 10791+ 27"
and if Yp—1 =01 or 11 then

(T 1)+ 0T T =22 < B (n+2) < (7 1)+ 0173 1 +27",

Proof. (i) and (ii) can be verified easily by definition chasing. We prove (iii) by induction over n. The
basis is n = 2, where we have the run ({1}, 00, R), (X;,01,.51), which is of course 0-splitting. We have to
verify that 01 -27% < 5 } 4 <01 +272, which is the same as % <B14< %, which is true since we assumed
that f(z) € (3,1).

Now suppose that (iii) holds for n > 2. We fix a run (Xo,70,50),--,(Xn,¥n,Sn) of length n + 1.
First assume that -, = 00 or 10 and that the run is j-splitting for some j < n — 1. This means that the
run (Xo,7,50) ;-5 (Xn-1,Vn-1,5n-1) is also j-splitting. Since 7, is either 00 or 10 and j < n -1, by
examining the table, we see that -+, must in fact be 00, and the very last transition (X,,-1,Yn-1,Sn-1)
to (Xn, Yn,Sn) corresponds to row 1 or 4. This means that ~, = 00 is the output of v(&, X,,_1), and by
(ii), there is some string 4 of length n — 1 such that 4 * 7, extends to a chain of 2N + 1 many nodes with
accepting states on T,,(,,-1+p)- Now apply the inductive hypothesis on v,_1; there are two cases. First,

suppose that ,,_1 = 00 or 10, then, we have (7 | j) * 1077-1-2"""2< 3} (n+2) < (7 | j) » 10n=3-1 4+ 2-n,
Applying Claim to 4 * 7y, limits the possible values of § I (n +2) relative to 4 * v, and using the
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abovementioned bounds on 3 } (n+2), we conclude that 7 = (7  j) *10"972, If 4,,_; = 01 or 11, then we
can also conclude by a similar argument that 5 = (7  5) * 107772, Since ~,, = 00, applying Claim
to 7 * 7, gives us the bounds (7 | j) * 10n~3 =27"3 < B } (n+3) < (7 | j) * 1073 + 27"~ which is what
we need. If v, =01 or 11, then a symmetric argument holds, thus, the inductive step can be verified in
the case where j <n—1.

Now we assume that 7, = 00 or 10 and that the run is (n—1)-splitting. As above, fix 4 of length n — 1
such that 4+, extends to a chain of 2N +1 many nodes with accepting states on T} (p,-1+p)- Fixj <n -1
such that (Xo,%0,50) ;-5 (Xn-1,Vn-1,Sn-1) is 7'-splitting. Applying the inductive hypothesis to v,-1,
again there are two cases, depending on the value of ~y,,_;. First suppose that 7,_1 is either 00 or 10. Then
since the last transition is a nondeterministic transition, this means that -, must be 10 and S,,_; = R.
By a similar argument as above, we can conclude that 5 = (7 | ') * 10”72, Since S,_; = R, 7 must
extend (7 | j') * 10732 (by (i)). Together with the fact that ~, = 10, applying Claim to ¥ * vp
gives us the bounds (7 | n—1)*10-2"3 < B} (n+3) < (7 I n—1) * 10+27""! which is what we need.
The other cases are symmetric. This concludes the induction, and hence (iii) holds. ]

Now consider an infinite run produced by A while scanning input « and let 3 be the output of this
run. If there are infinitely many initial segments of this run which split at different positions, then
applying Claim (3 iii tells us that 8 > (B I j) at each of these splitting positions and therefore B8 = 5
Otherwise, let j be the final sphttlng position along the infinite run. By Claim |3.3(i), = (B 14)=01¢
or B=(B14)*10%, and by Claim 3 111 , B and j3 represent the same real (in fact, rational) number.

This concludes the proof of Proposition ([

Proposition 3.4. Let f € C[0,1] and is reqular. Then f can be computed by a deterministic transducer
for the signed binary representation.

Proof. Let f € C[0,1] be regular. By Proposition we fix the nondeterministic transducer A for the
standard binary representation computing f. Our goal is to produce a deterministic transducer Ay for
the signed binary representation which computes f.

The informal idea behind the proof below is based on the following intuition. Recall that the trouble
in the proof of Proposition was that we could not quickly decide between the outputs with long tails
of 1s vs. the outputs with long tails of 0s. The intuition is that the signed binary representation will allow
us correct the errors online: if we have to go back from, say, 0.100...00 to 0.111...10 we can instantly
correct the error by outputting 0.100...00(-1). Thus, if we have to decide between two such potential
outputs we stick with 0.100...00. To make sure we are dealing with a transducer which does not have
any other issues unrelated to the pathology described above, we will be using the same automaton A as
in the proof of Proposition [3:2} Of course, the input will also have to be signed binary. We will discuss
this and further tensions in detail later.

We will make use of the properties of A proved in Proposition H as in Proposition [3.2| we assume
that Rng(f) ¢ ( 1 2) Since we have to convert between the standard and signed binary representations
of [0,1], the following definition will be convenient: Given any n € {-1,0,1}“, let Dy(n) be the unique
o € 2" such that @ = max {7,0}. Note that this cannot be done in an online way.

Recalling A. Since the definition of Ay will rely heavily on A, we will first recall some properties of A
and prove several additional facts about A which will be used in the definition of Ag.

Recall that A has a delay of D (for some constant D), i.e. for each n, A produces runs of length n +1
and writes an output of length n after scanning D + n many bits of the input. In fact, by Claim for
every o € 2<“, there are exactly two runs

(XO7P)/O7SO) PR (Xj7’7jﬂs]) ) (Xj+17’yj+17L) ) (Xj+27’7j+27L) R (Xn7’Y’n7L) and
(X07707SO) R (XJ7’YJ7SJ) ) (Xj+1,7j+17R) ) (Xj+277j+27R) [ (X’HM’YTHR)

of length n + 1, where |o| = n+ D. Let out.(0) and outg(o) be the output produced by these two runs
respectively. Claim says that if these runs are j-splitting, where j < n, then outy (o) = 7 % 01771
and outg(c) =7 * 10"/, where |7| = j and 7 = outy (¢ | D +j) or outy (¢ | D +j). Henceforth we will
say that o is j-splitting.

Recall that the states of A are of the form (X7, S); for brevity we write § instead of (X,v,S). At
any point there are exactly two runs of A which are alive; the “current state” of A is not unique since A
is a nondeterministic automaton. However, we can denote the “current state” (noninitial) of A by the
pair of states S1,8g corresponding to the current state of each of the living runs. Given any b€ {0,1}
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and any o € 2<“ with || > D, let §1,8g be the current state of A after reading 0. Recall that there are
three possibilities for the current state of A after reading the next symbol b:

T(i) Both runs make deterministic transitions. Then the left run transits from S, to §7, and the right

run transits from Sg to 8%. In this case, outy (o * b) = outy (o) * 1 and outg(o * b) = outg(c) * 0.

T(ii) The left run makes a nondeterministic transition and the right run dies. Then the left run transits
from §;, to 83 and 8%. In this case, outy (o * b) = outy(c) * 0 and outg(c * b) = outy (o) * 1.

T(iii) The right run makes a nondeterministic transition and the left run dies, symmetric to case T(ii).

We make a technical remark here: Since A has delay D, each state § of A also has to record the history
of the most recent D bits of the input scanned by A; we assume that this is the case although this is not
explicitly encoded in the triple (X,~, S).

A discussion of problems faced in simulating A. The rough idea is for A4 to read the next bit of the
input 7 and output the next bit of outy(Dy(n)) by simulating the action of A on Dy(n). We wish for Ag
to write an output string v such that 7 = outg(Dy(n)). The reason for this is that if the next bit of the
input read is b = 0 or b = 1, then Dy(n * b) = Dy(n) * b, which means that outg(Dy(7n * b)) will be equal
to either outy(Dy(n)) * 0, outr(Dy(n)) * 1 or outy (Dy(n)) * 1, corresponding to A having a transition of
type T(i), T(iii) or T(ii) respectively upon reading symbol b. A, can then write ' = 0,1 or -1 as the

next bit of the output respectively, and we will be able to maintain v * b’ = outg(Dy(n * b)).

However, the main difficulty arises when the next input bit read is b = —1. In this case, Dy(n*b) 2 Dy(n),
and in order to simulate A on the input Dy (7 * b), we shall need A4 to record certain information about
the status of A in its limited memory in order for it to simulate A. The least Aq needs to do is to
remember the state that A is in after scanning Dy(n * (=1)). Since A4 has limited memory, it needs to
keep track of this additional information regardless of what the input bit currently being read is; when
we next see an input bit -1, we can immediately switch to simulating A on the input Dy(n * (-1)). The
second thing we need A4 to remember is the position of outg(Dy(n* (-1))) relative to outg(Dy(n)); this
information is obviously needed by Az when it next finds b = —1 because it needs to know which bit to

output next in order to maintain v * b’ = outg(Dy(n * b)).

Fortunately, by the following claim, outg(Dy(n * (=1)) I n+ D) is either equal to, immediately to
the left, or immediately to the right of outr(Dy(n) | n+ D). Thus to record the relative position of
outyr(Dy(n)) and outg(Dy(n * (-1))) we only need a single ternary bit, irrespective of the length of 7.

Claim 3.5. Suppose that oo, 01 € 2" such that |65 — 71| < 27" P. Then |outg (o) — outg(oy)| < 27".

Proof. Since |ag — 77 < 277D for each i = 0,1 there is some a; > o; such that a; € 2¥, and ag = o.
Let f; € 2¢ be the output produced by A on input «;, for i = 0,1. If outg(og) < outg(oy)-27" = outr(01),
we can apply Claim to get Bp In+3 < outg(og) + 27" and By I n+3 > outy(oy). However,
as outg(op) < outp(oy) — 2™, we see that By In+3 < By In+3-2"3 and so By # (1, which
is impossible. Thus outg(cg) > outg(oy) — 27". Apply the above symmetrically to conclude that
loutg(og) —outg(oy)| <27™. O

Unfortunately, keeping track of the state of A (Dy(n % (~1))) and the position of its output is still not
enough. Let’s illustrate with a potentially problematic scenario. Suppose A4 has seen 7 on its input tape
and written v on the output tape and successfully ensured that v = outg(Dy(n)) holds so far. Suppose
the next input bit read is 0, and that A sees a transition of type T(ii) when reading this next input bit.

This means that outg(n * 0) = outr(n) * 1, and in order to maintain v * b’ = outg(Dy(n * 0)) we should
make Ay write output bit b’ = —1. Now suppose that the next input bit read by Ay after that is —1. By
Claim it is possible that outg(Dy(n * (-1))) = outg(Dy(n)) * 00. Unfortunately, in this case there is
no way we can ensure v * (—1) * b’ = outg(Dy(n * 0 % (-1))).

The problem above was due to the fact that we reacted to the input bit 0 too hastily. If A4 had
scanned two input bits instead of just one, it would have found that the next two input bits were 0
followed by -1, and would have written v * 0 instead of v * (-1). However, scanning more input bits at
once does not appear to help as well, because we might find an arbitrarily long sequence of Os before
finally seeing a —1. Since Ay has a fixed delay, the problem above appears to be still there. Fortunately,
our solution to this problem comes from the next claim.

The next claim says that there cannot be three consecutive transitions of A where we kill the left
run (or the right run). This is because if there was such a sequence of transitions where we kill the left
run three times consecutively, then the output will extend a string of the form 7 * 111. However, the
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transducer A was designed so that if the output was of this form, then the input would remain j-splitting
for some j < ||, and we would not be able to make such transitions after all.

Claim 3.6. There cannot be three consecutive transitions of type T(ii) nor three consecutive transitions
of type T(iii).

Proof. Without loss of generality, we assume that there are three consecutive transitions of type T(ii).
Let o¢ c o1 be such that |o1] = |og|+3 and |og| = D +n—1 for some n > 2, and outg(o1) = outr(og) * 001.
Note that |outp(og)| = n— 1. Let 8 € 2¥ be a representation for f(a7). By applying Claim
we obtain S I n+2 > out.(0g) » 011. However, we must also have 5 2 outg(o1) or S 2 outr(o1), so
B I n+2<outg(o1). However, this is impossible since outg(o1) = outy(og) * 001. O

Now our solution to the problem is to have A4 scan the next 4 bits of the input (in fact, D + 4 bits,
because A, has to simulate A which already has a delay of D) before deciding on the next output bit.
Again, suppose that A4 has read the input 1 and written an output v such that 7 = outg(Dy(n)). If the
next four bits are not 0000 then the problem above does not occur, so let’s suppose that the next four
bits are 0000. Suppose that A makes a transition of type T(ii) when reading the last bit in Dy(n * 0).
Then we let Ag write b’ = -1 as above. By Claim the transitions A makes when scanning the last
three bits of the input Dy(n*0000) cannot all be of type T(ii), therefore, outy(Dy(n *0000)) must extend
outy(Dy(n)) * 10, out,(Dy(n)) * 110 or outr(Dy(n)) * 1110. In any case, if the next bit scanned is -1,
then by Claim outg(Dy(n * 0000 * (=1))) > outy(Dy(n)) * 1, which means that we will be able to

restore v/ = outg(Dy(n * 0000 * (-1))) for some v’ > v. The following claim proves this formally:
Claim 3.7. Let ne{-1,0,1}“ and n >0 be such that |n|=n+ D +3. Then

outy (Dy(n) I n+ D) * 7 =outy (Dy(n * (-1)) tn+D +|)
for some v € {{),1,11,111,-1,(-1) » (=1),(=1) * (-1) * (-1)}.

Proof. Suppose that outg (Dy(n) I n+ D) # outg (Dy(n * (-1))  n+ D). By Claim we can assume
without loss of generality that outg (Dy(n) I n+ D) = outg (Dy(n * (-1)) I n+ D) —27". The transition
from Dy(n * (=1)) I n+ D to Dy(n * (-1)) I n+ D + 1 must be either of type T(i) or type T(ii). In the
second case we can take v = 1. In the first case, we look at the transition from Dy(n * (-1)) tn+D +1
to Dy(n * (-1)) M n+ D + 2, which must also be of type T(i) or T(ii). Again, in the second case we take
~ =11, and in the first case we conclude from Claim (applied along Dy(n)) that the transition from
Dy(n* (1)) tn+D+2toDy(n*(-1))  n+ D +3 must be type T(ii), and hence we can take v = 111.
The case where outg (Dy(n) I n+ D) = outg (Dy(n * (-1)) t n+ D) + 27" is symmetric and results

inye{-1,(-1) % (-1),(-1) = (-1) » (-1)}. U

Describing Ag formally. Ay will have delay D + 3. After scanning n + D + 3 many bits of an in-
put n, Ay would have written n bits of the output and will need to remember the last 4 bits of
Dy () and the state that A is in after reading Dy (1) | n + D as well as the state that A is in after
reading Dy (n* (-1)) I n+ D. Denote these as 6,(S],8%) and (57,8%) respectively. By Claim
outg (Dy (n * (1)) t n+ D) = outg (Dy (n) I n+ D) +:2™" where ¢ = —1,0 or 1. The states of A; will be
of the form (51L7 (87.8%).(82,8%)) where 4 is a binary string of length 4, ¢ € {-1,0,1} and 8 ,8%,57,5,
are states of A.

Since Ay is not interested in inputs representing a negative number, we can, for instance, first prepare
the input by replacing it with 0“ if the first nonzero digit is —1. Therefore, we can assume that the input
to Ag is an infinite string in {-1,0,1}* where the first nonzero digit is 1. Let $;,;: be the initial state of
A. A, starts with the initial state (0000, 0, (Sinit, Sinit); (Sinit, Sinit)) which will never be visited again
once Ay has started reading the input. It then reads the first D + 4 many bits of the input and transits
to the state (8,0, (85,8%),(87,8%)), where 4 is the last four bits of Dy(n) and 7 is the first D +4 bits of
the input read and (8%,8%), (§7,8%) are the states that A would be in after reading Dy (1) } D + 1 and
Dy (n*(=1)) I D +1 respectively. Ay then writes the first output bit 1.

Now we describe the transition of A4 from a noninitial state (6,¢,(8},8%),(87,8%)) to the state
(6%,0%,(85,87),(55,85)). Assume the next input bit read is b € {-1,0,1}. Let n = b denote the input read
so far; assume that |n| =n+ D + 3. Ay of course remembers only § and the last 4 bits of Dy(n) and has
no access to all of Dy(n). Nevertheless, it is easy to verify the following:

e If b=1 then Dy(n * b) =Dy(n) » 1 and Dy (n » b (-1)) = Dy(n) * 01.
o If b =0 then Dy(n * b) =Dy(n) = 0 and Dy (n + b* (—-1)) =Dy (n * (-1)) * 1.
e If b=-1 then Dy(n*b) =Dy (n* (-1)) and Dy (n*b* (-1)) = (Dy (n * (-1)) I n+ D +3) = 01.
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This gives us a way to determine (6*,¢%,(S§,87),(85,85)) from (,¢,(57,8%),(52.8%)). Aq will simu-
late A by feeding the next bit of a binary input by, to A. Additionally, A4 also has to pick which state
of A to use when scanning the new binary bit bg;,. Denote this state by Sgi,. The following table
summarizes this.

N Stim | iim | Seim b
b=1 5(1)8(2)8(3)1 | (85,8%) | 6*(0) | (3%,5%) 5(0)
22?0%3371000} 6(1)8(2)d(3)0 | (81,8%) | 6°(0) | (8L,8R) 1
32?0333,1000} O(1)5(2)8(3)0 | (87,8%) | "(0) | (82,87) | Dy(6” * (-1))(0)
g:{_ologg,dlooo} HH (87:8%) | 6°(0) | (87,8R) 5*(0)
g;{_ologgfllooo} ofLD?,S(t(sil()i_ti)) (8.5R) | 07(0) | (8%.8R) 6*(0)

Now take (8%,8%) to be the result of applying A to the state S, = with bit b7, . Take (§5,8%) to
be the result of applying A to the state Sg;,, with bit b7;,,. We want to take t* to encode the relative
positions of outg (Dy (n*b* (1)) t n+ D +1) and outg (Dy (n*b) | n+ D +1). In the first, fourth and
fifth rows, +* =0 since Dy (n*b) I n+ D +1=Dy(n*b* (=1)) I n+ D+ 1. In the second and third rows,
we can tell 1 by looking at ¢ and the type of transition A makes when applying state S, . with bit b7,
and when applying state S3;,,, with bit bg;,,,.

Now we describe the output bit written by Ay after reading n * b. We first consider the case
where b= 0, 1. Since Dy(n*b) = Dy(7) *b, we look at the transition type A makes when the state (§F,8%)
reads 0*(0). If this is type T(i) we output 0, for T(ii) we output —1 and for T(iii) we output 1. Now
suppose that b = —1. If ¢+ = 0 then we look at the transition type A makes when the state (87.,8%)
reads §*(0) and output 0,-1 or 1 respectively. However, if ¢ # 0 then by Claim

outg (Dy(n) I n+ D) *~=outg (Dy(n* (1)) I n+ D +|y])

for some v € {1,11,111,-1,(-1) * (-1),(-1) * (-1) * (-1)}. Furthermore, we can tell which case holds
by looking at ¢, (87,8%), 9, (§7,8%), 8*. We output 7. (Of course, if || > 1 we do not output anything
else for the next few steps.)

Verifying Aq. We now verify that Ay correctly computes f. First, we show that the parameters of Ay
are represented correctly:

Claim 3.8. Let i be an input string of length n + D + 3 scanned by Agq for some n > 0, and let
(6,83, §2’_-{), (87,8%)) be the resulting Aq-state. Then § is the last four bits of Dy(n), (8},8%) and (87,8%)
are the A-states after scanning Dy(n) | n+ D and Dy(n * (-1)) | n+ D respectively, and

outg Dy (n* (=1)) I n+ D) =outg (Dy(n) I n+ D) +:27".

Proof. This follows by an easy induction on n using the definition of A;. The base case n =1 is clear.
Assume it holds for n. The fact that ¢* is the last four bits of Dy(n * b) is easy; in the case 6 = 0000 and
b= -1 we have to use the fact that the first nonzero bit of 7 is assumed to be 1. O

We now verify that Ay simulates A correctly:

Claim 3.9. Let o € {-1,0,1}¥. There are infinitely many n such that v = outg (Dy(n) I n+ D), where
n=aln+D+3 and v be the output produced by Ay after scanning 7.

Proof. We argue by induction on n, the length of the output. For the base case n = 1, we have
outy (Dy (o } 4+ D) } 1+ D) = 1, since this is what A does after scanning the first 1+ D bits. Fur-
thermore, the first output bit of A4 is always 1, so the base case holds. Assume this holds for v of
length n and n=a  n+D+3. Let b=a(n+ D +3) be the next bit of the output, 7 =Dy(n) I n+ D and
7' =Dy(n* (-1)) I n+ D. By the hypothesis we have U = outg(7).

Ifb=0or 1, then Dy(n=*b) I n+D+1=Dy(n)*b I n+D+1=Dy(n) I n+D+1=7%06*(0). Therefore,
outy (1) — outg (Dy(n*b) I m+ D +1) = outg (7) — outy (7 * 6*(0)). This last quantity depends on the
transition type A takes after scanning 7 and next reads §*(0). However, the action of A4 exactly mirrors

this to ensure that 7 — v * d is the same as this quantity, where d is the next output bit written by A,.
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Now suppose that b = —1. Then we have Dy(n *b) I n+ D +1 = 7" % §*(0). If + = 0 then
outy (7) = outy (7/), which means that

outy (7) —outg (Dy(n *b) t n+ D + 1) = outy (7/) — outy (7' * §*(0)).

This last quantity again depends on the transition type A takes after scanning 7/ and next reads & “(0).

The action of Ay exactly mirrors this to ensure that v — v * d is the same as this quantity.
Now finally suppose that b= -1 and ¢ # 0. Then Ay will write v, where

outy (1) * v = outg (Dy(n * (-1)) tn+ D +]y]).

Therefore, v * 7 = outg (Dy(n * (=1)) I n+ D +|y|). Since b = -1, this means that n cannot be all zeroes.
Furthermore, by our assumption, the first nonzero bit of n is 1. This means that the last bit of Dy(n*(-1))
is 1, and thus Dy(a I n+ D +3+j) 2Dy(n* (=1)) I n+ D+ 3 for any j > 0. Since || < 3, we have that
Dy(a tm+D+3+y]) I n+D+|y] =Dy(n*(-1)) I n+ D +|y|. Thus, the claim holds for output of
length n + |7|. O

Claim 3.10. Given any « € {-1,0,1}* such that @ € [0,1], if B is the output produced by Aq(c), we
have 3 = f ().

Proof. Since we assumed that the first nonzero bit of a is 1, we have Dy (a [ n+D+3)=a ln+D+3

for all n. By Claim [3.9| we fix an n so that outg (Dy(aw I n+ D +3) t n+ D) =5 | n. Applying Claim
to the input string Dy (o I m + D + 3) * 0¥ for A with a run length of n + 4, we see that

|f(Dy(a rn+D+3))—outR(Dy(a |‘n+D+3))‘£27”’3.

Now ‘E -f (E)‘ is bounded above by the sum of the quantities
|E - ﬁ‘a

|f @ - f(aTnrD+3)
|f(0‘ r”’J’D‘Lg)_OU'CR(D.Y(CV Fn+D+3))‘.

|outR(Dy(a tn+D+3))-0 rn‘.

)

The first term is bounded by 27" while the second term is bounded by O(27""P=3) since f is Lipschitz.
As for the third term, note that since Dy (o | n+ D +3) = a | n+ D + 3, it is bounded by 2773, As for
the fourth term, since B | n = outy (Dy(a } n+ D +3) } n+ D), it is bounded by 277! + 27772 4 27773,
Since n can be made arbitrarily large, we conclude that |§— f (E)| =0. d

This concludes the proof of Proposition [3.4] (]

4. PROOF OF THEOREM

This section is devoted to the proof of Theorem We first note that, given a total computable f,
checking that f is regular is a 39 problem. By Theorem it is sufficient to check whether there exists
a deterministic transducer M working in signed binary such that, for every rational ¢, f(q) is equal
to M(q) (as a real number). The equality of two computable real numbers is I19, and this gives the
desired upper bound X9.

We now prove Y9-completeness. Fix a X9-complete set S. Our goal is to produce a computable
sequence of functions (f,).ev in C[0, 1] with the following properties:

e 2 ¢ S implies that f, is Lipschitz, pointwise linear-time computable, linear almost everywhere,
and such that f[Qn[0,1]] €@, but is not b-regular for any base b;
e z ¢ S implies f, is 2-regular.

Here f, is represented as the index of a Turing functional. Fix a computable relation R such that
2¢S < I”yR(z,y).

In order to keep f. linear-time computable, we will need to approximate the membership of S very
slowly. By suitably modifying R, we can assume that R(z,y) can be computed in O(y) many steps.
Since z is fixed, we let r(s) = R(z,s). Define the pairwise disjoint sequence of intervals (J,)ns2 by
Jp = (2 -2 27 4 272,
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Claim 4.1. Define the function 6:2<“ — 2<% such that for any o € 2<%,
1", if o e J, for somen > 2,

oa) = 0, inyfQJn.

Then § can be computed in O(|o|) many steps.

Proof. Let 6% and §~ be defined as §, but with J,, replaced by [2‘”,2‘” + 2‘2") and (2‘" - 2‘2",2‘”)
respectively. We first show that we can compute §*(¢) in O(|o|) many steps. Given o on the input tape
we scan o for the first digit n such that o(n) = 1. If we reach the end of ¢ without finding n, or if we
find that n < 2, then we conclude that @ =0 or @ > 272 and write 0 on the output tape. Otherwise, test
if 0(j) =0 for every n < j <min{|o|,2n + 1}, and if so, we halt with 1™ on the output tape. Otherwise,
output 0. This procedure clearly runs in O(Jo|) steps and outputs 6* (o).

To compute 0~ (o), we scan for the first n such that o(n+ 1) = 1. We assume that n > 3, otherwise
we conclude that & = 0 or @ > 272 and we can output 0 on the output tape. Next we test if o(j) = 1 for
every n+1 < j <2n and also for some j > 2n. If one of these fails we output 0, otherwise output 1™. This
procedure clearly runs in O(|o|) steps and outputs 6~ (o). O

Now define f, to be the following function:

T+ (2‘2" - 2‘"), ifwve(27"- 272 o7 2_2”_1] and r(n) =1 for some n > 3,
221 if xe (27" -272""127+27" ) and r(n) =1 for some n > 3,
fulz) =177 + (2’2" + 2’") , ifxe [27” +27nL gy 2’2") and r(n) =1 for some n > 3,
0, if x € J,, and r(n) =0 for some n > 3,
0, ited ) Jn.
n=3

[~ is evidently effectively continuous, and we can compute uniformly in z an index for a Turing functional
representing f,. Clearly we have f,[Qn[0,1]] € Q and |f.(z) - f.(y)| < |z —y| for any z,y € [0,1]. Now
if z €S then r(n) = 0 for almost all n, and so f, is a piecewise linear function with dyadic coordinates at
the breakpoints. By Lemma f. is 2-regular.

Now suppose that z ¢ S. Given any o € 2<, it takes (by Claim[L.1]) O(|o|) many steps to compute §(o)
and in the case where & € J,,, also linear-time many steps to evaluate r(n) since n = O(|o|). Finally, in
the case where r(n) = 1, it takes another O(|o|) steps to figure out which of the three subcases in the
definition of f,(7) applies and to conduct the bitwise operations necessary to produce the output f, (7).
So, f, is pointwise linear-time computable.

It remains to argue that f. is not b-regular for any base b > 1. Let b= 2¢- L, where L is odd and ¢ > 0.
Suppose that the graph of f, is accepted by some deterministic automaton M in base b. The result of
applying M to the infinite string 0 will be n * 7 for some 7,7 € b=“, and its value will depend only on
the state in which M is in when starting the computation. Therefore, for any d € Dy, f(d) =d’ + bld'ly
where d' € D, and r € C' where C' is a finite set of rationals, and |d| = |d’|. Let C = {;—} |i=0,.. ]}

First assume that £ > 0. Fix ng,n; such that r(¢ng —ny) = 1; we can always pick ny < £, so 9tno=2m1

can be made arbitrarily large and we may assume that 2/%072"1*1 > max{r! | i = 0,...,5}. Now since
2~tnotn1 = no.9m.pno ¢ ) this means that f (2’[""*”1) =Co-b7™0+ry, -(7’21)’1'13’"O for some Cy and 7.
Since f (2‘5"‘”"1) = 272fno+2ni=1 it follows that 26707271+ divides L"r; , which is a contradiction since
L is odd.

Now assume that £ = 0 and hence b is odd. Consider an n large enough so that
22"+ > max{r!|i=0,...,j} and r(n) = 1. Unlike in the previous case, we cannot use the center of the
interval J, to obtain a contradiction, since it isn’t in . However since Dy, is dense in [0, 1], let Cy and Dq
be such that Cy-b"P° ¢ (2’” —272n=1 9=n 4 2’2"’1). Then f (CO -b’D") =Cyp-b ot - (rgo)’1 -b~Po. for
some C7 and ig. Since f (CO - b’DO) = 27271 it follows that 2271 divides bP0 rj,, which is a contradiction
since b is odd.

This completes the proof of Theorem [1.2

5. PROOF OF THEOREM [L.3l

Now we turn our attention to the global approach. We begin by confirming the computational strength
required to compute the auxiliary functions we will need for our main result; as previously mentioned,
Brown used a different approach for these auxiliary functions in [Brol9].
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Lemma 5.1. If (A,d,+, (r)req) is a computable presentation of (C[0,1],dsup, +, (7)req), there is a
0'-computable sequence of A-rational points which forms a quick Cauchy sequence for the constant func-
tion 1.

Note that as f — —f is an auto-isometry of C[0, 1], the decision that such a sequence converges to 1
instead of —1 is arbitrary.

Proof. Fix an A-rational point go such that d(1,gp) < % and go(z) < 1 for all z. We claim that for every
with 0 <e < %7 the functions f such that 1-¢ < f(x) <1 for all x are characterized by:

(1) d(f,q90) < 35

(2) d(f,0)<1; and

(3) For every A-rational point p with d(0,p) > and d(f,p) <1, d(0, f +p) > 1.

To verify this, we begin by supposing that f is such that 1 —¢ < f(x) <1 for all . Then clearly (2)
holds for f. Since f(z) > % for all =, d(f,qo) < %, and (1) holds. Finally, suppose py € C[0,1] is such that
d(0,pp) > e and d(f,po) < 1. Then for all z, po(z) > —¢, and so for some z, po(z) > €. So f(2)+po(z) > 1,
and (3) holds.

Conversely, suppose f is not such that 1-¢ < f(x) <1 for all z. If there is some z with f(z) > 1, then
(2) fails. If there is some z with f(z) <0, then (1) fails. If neither of these occur, then 0 < f(z) <1 for
all z and there is some z with f(z) <1-e. Fix d > 0 such that f(z) <1-§ for all z and f(z) <1-e-34.
Then there is some A-rational point p with 1 - f(z) —d < p(x) <1 - f(z) for all x. Since p(z) > ¢, we
have that d(0,p) >e. As p(x) >1- f(x) -6 > 0, we see that d(f,p) < 1. Therefore, f(x) +p(x) <1 for
all z, we have d(0, f +p) <1, and (3) fails.

Observe that (1) and (2) are XY conditions, while (3) is a IIY condition. Thus 0’ can uniformly
compute the set of A-rational points f with 1 —¢ < f(x) < 1 and so construct a quick Cauchy sequence
converging to the constant function 1. ]

Corollary 5.2. If (A,d,+,(r)req) is a computable presentation of (C[0,1],dsup,+, (r)req), then the
collection f € A such that f(x) >0 for all x is a ¥9(0")-class.

Proof. f is everywhere positive if and only if for some (and indeed every) ¢ € Q5o with d(0,q- f) <1, we
can see that d(0,1-¢q- f) <1. O

For f € C[0,1], define f*(x) = max{f(x),0} for all z, and define f~ = (-f)*. Thus f = f* - f~. Now
we can determine the difficulty of finding f* and f~.

Lemma 5.3. If (A,d,+,(r)req) is a computable presentation of (C[0,1],dsup,+, (r)req), then f— f*
and f — f~ are AY(0") functions.

Proof. For a function f and e > 0, consider pairs (g, h) satisfying the following three conditions:
(1) For all z, g(z) >0 and h(x) > 0;
(2) d(f.g-h) <e
(3) There does not exist an A-rational point p with d(0,p) > €, and p, g—p and h—p are all everywhere
positive.

First, we claim that there is a pair of A-rational points satisfying this. Let g and h be any A-rational
points with f*(z) < g(z) < f*(z)+e and f~(x) < h(z) < f~(x)+e for all z. Then g and h are everywhere
positive, so (1) is satisfied. Furthermore, f(z) —¢ < g(z) - h(z) < f(x) + ¢ for all z, and so (2) is
satisfied. Finally, any p such that p, g — p and h — p are everywhere positive would have to satisfy
0 < p(z) <min{g(x),h(z)} < for all z, and so d(0,p) <e.

Next, we claim that for any pair (g,h) satisfying these conditions, d(f*,g) < 2¢ and d(f~,h) < 2e.
Suppose (g,h) satisfies conditions (1) and (2) but there is some z with g(z) - f*(z) > 2¢. Since
d(f,g—h) <e, it follows that h(z) >e. Then

{p:(V2) 0 < p(x) <min(g(x), h(x))} n {p:e <p(2)}

is a nonempty open neighborhood and so contains some A-rational point p, contradicting condition (3).

Suppose instead that (g, h) satisfies conditions (1) and (2) but there is some z with f*(z)-g(z) > 2e.
Since d(f,g - h) < e, it follows that h(z) <0, contrary to (1).

The remaining cases (h(z) — f7(z) > 2e and f~(z) — h(z) > 2¢) are symmetric. It follows that for any
pair (g, h) satisfying these conditions, d(f*,g),d(f™,h) < 2¢.

Since 1 is a A point, conditions (1) and (3) are $¢(0’) conditions on rational points (with no mention
of f), while condition (2) is a £9(f) condition. Thus f ® @” can enumerate these pairs and create a

sequence quickly converging to f*, and the map f — f* is continuous with oracle 0”. The same argument
holds for f+— f~. O
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Corollary 5.4. If (A,d,+,(r)req) is a computable presentation of (C[0,1],dsup,+, (7)req), then the
modulus function, denoted mod(f) and given by mod(f)(z) = |f(z)|, and the max and min functions,

given by max(f,g)(x) = max{f(z),g(x)} and min(f,g)(z) = min{f(z),g(x)}, are AY(0").
Proof. By defining

mod( f) [T+
max(f, g) %[f+g+m0d(f—g)]
min(f, g) sLf +g-mod(f -g)],
the claim is immediate. O

For rationals 0 < p < ¢ <1 and r > 0, we define ¢, 4, to be the tooth function which is 0 for x < p
or x > q and which increases linearly to height » midway between p and gq.

Lemma 5.5. Let id denote the identity function in A. If (A,d,+, (7 )req) is a computable presentation
of (C[0,1],dsup, +, ()req), the tooth functions t, . are uniformly AY(0" & id).

Proof. We simply express t, 4 in terms of min, max, and id:

[id—p'l],O),maX( 2

2r

[id-q.u,o)). 0

Claim 5.6. The rational linear combinations of the tooth functions t, 4, are dense in C[0,1].

tp,q,r =Min (max (

Proof. This is the lattice version of the Stone-Weierstrass Theorem; see, e.g., Theorem 7.29 of [HS65]. O
Claim 5.7. If g is a homeomorphism of [0,1] (i.e. a strictly increasing or strictly decreasing function
in C[0,1] with maz 1 and min 0), then f — fog is an isometry of C[0,1].

The proof of this claim can be found in, e.g., Dunford-Schwartz [DS88] vol. 1, Th. 1V.6.26.
For g € C[0,1], define

b () = min (e (2 fg = p-11,0) max (=g -g-11.0)).

Corollary 5.8. If g is a homeomorphism of [0,1], then the rational linear combinations of the t, 4 (g)
are dense in C[0,1]. Further, tp q,(id) = tpq.-(g) induces an isometry.

Now, if g € C[0,1] is any nonconstant function, define g via §(x) = 7= (g9(x) — a), where
a =min{g(y):y € [0,1]} and
b =max{g(y):y € [0,1]}.
Note that if g is strictly increasing or strictly decreasing, then ¢ is a homeomorphism of [0, 1], and if g is

a homeomorphism of [0,1], then § = g.

Lemma 5.9. If (A,d,+, (r)req) is a computable presentation of (C[0,1], dsup, +, (7*)req), then g~ g is
a AY0") function with a £9(0") domain.

Proof. A function g is in the domain precisely if b # a, where

a =min{g(y):y € [0,1]} and

b=max{g(y):y €[0,1]}
as above. Thus it suffices to show that a and b are g ® @'-computable, uniformly, since b = d(0,g) and
a=b-d(b-1-g,0). O
Lemma 5.10. Let f € C[0,1] and € > 0. If {h € C[0,1]:Vx f(z) - < h(x) < f(x) + &} contains a
nonstrict monotonic function g, then B(f,e) contains a strictly monotonic function.
Proof. Without loss of generality, assume ¢ is nondecreasing. By compactness, fix a § > 0 such that

g(x) < f(z) +e -6 for all z, and let h(x) = g(z) + (1 +x)/2. Then g(z) < h(z) < f(z) + ¢ for all z, and
h is strictly monotonic. (|

Lemma 5.11. If (A,d,+,(r)req) is a computable presentation of (C[0,1],dsup,+, (7)req), then the
collection of open balls B(f,e) which contain a strictly monotonic function is I13.

Proof. We claim that such open balls B(f,¢) can be characterized by the following:

For a finite collection of A-rational open balls {B(g;,d;):j < N}, there is a nonconstant
A-rational point h € B(f,e) such that for each j < N there is a linear combination of the
tpq,r(h) which lies in B(g;,6;).
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We observe that this is T13(0").

Suppose B(f,e) contains a strictly monotonic function k and fix {B(g;j,d;):5 < N}. Then k is a
homeomorphism of [0, 1], and so the rational linear combinations of ¢, 4 (k) are dense, and in particular
i<n; tpi goai5,m; (K) in B(gj,05) for each j < N. Since each
k= Yicn, tpis.q05,m; (k) is continuous, each B(g;,d;) is open, and N is finite, there is some A-rational
point h € B(f,e) such that ¥, tp, ;g ;,m; (h) € B(gj,0;) for each j < N.

Conversely, suppose B(f,&) contains no strictly monotonic function. Our argument is based on the
unit interval being T}.

there is some rational linear combination }’

Claim 5.12. For such a B(f,¢), there is an N and a set of pairs of closed intervals {(I]Q,Ijl):j <N}
such that

o forj<N,I)nIj =g, and
o for any he B(f,e), there is j < N and xg eI?,a:l EIJ1 with h(xo) = h(x1).

We allow singletons as closed intervals.

For the moment, assuming the claim is true, we note that for any nonconstant h € B(f,¢), if we fix
the appropriate pair (I;-)7 I ]1), every linear combination £ of tp7q7r(iz) must also have this property—there
are xg € I]Q and x; € I; with £(zg) = £(x1). Now, for j < N, fix any A-rational g; such that g(z) <0
for all = € I? and g(z) > 2 for all x € I}. Our balls are {B(gj,1):j < N}. For any h € B(f,¢), for the

appropriate j, no rational linear combination of t, , ,(h) can produce an element of B(g;,1).

It remains only to prove the claim. Let B’ = {h € C[0,1]:Vx f(z) —¢ < h(z) < f(z) +e}. Then
B’ contains no nonstrict monotonic function. As h(z) = max{f(y) —e:y < 2} is nondecreasing, h ¢ B’,
and so there is some y < x such that f(y) —e> f(x) + ¢ for any z.

Similarly, h(u) = max{f(v) —e:v > u} is nonincreasing, and so not in B’, and thus there is v > u such
that f(v) —e 2 f(u) +¢ for any u.

Note that for any h € B(f,¢), h(x) < h(y) and f(u) < f(v). We consider the various cases for the
arrangements of z,y,u and v.

(1) = <u. We divide into subcases:

(a) f(z) = f(u). Let Iy = [y,] and I} = [u,v]. Then for any h € B(f¢),
h(y)> f(y)—e> f(x)+e and h(z)< f(x)+e, and, similarly, h(v)> f(z)+e> h(u).
Therefore, h must take the value f(z)+e somewhere on both I{ and Ij by the Intermediate
Value Theorem.

(b) f(x) < f(u). Fix w with y <w < 2. Let I = [y,w], I} = [x,v], I? = [w,2] and I} = [u,v].
For any h € B(f,¢), if h(w) < f(u) +€ and h(y) > f(u) + €, then by the Intermediate Value
Theorem h takes the value f(u)+¢ on I{ and I}. If h(y) < f(u) + & < f(v) — €, then since
h(x) < h(y), by the Intermediate Value Theorem h takes the value h(y) on I3, and y € I{.
If h(w) > f(u) + ¢, then by the Intermediate Value Theorem h takes the value f(u) +¢ on
19 and I}.

(¢) f(u) < f(z). Asin case (1b), mutatis mutandis.

(2) v<y. Asin case (1), mutatis mutandis.

(3) z =u. Let IJ = {y}, I} = [u,v], I? = [y,z], I} = {v}. For any h € B(f,¢), if h(y) < h(v), then
since h(y) > f(u)+2¢ = f(x)+2¢, by the Intermediate Value Theorem h must take the value h(y)
on I}, and y € IQ. Similarly, if h(v) < h(y), then h must take the value h(v) on I?, and v e I}.

(4) v=y. Asin case (3), mutatis mutandis.

(5) y<u<x<v. We divide into subcases:

(a) f(u) < f(z). By continuity, choose an z’ with y < 2’ < u and f(z') < f(x). Replace z
with 2/, reducing to case (1).

(b) f(z) < f(u). As in case (5a), mutatis mutandis.

(c) f(z) = f(u). Let IJ = [y,u] and I} = [z,v]. By the Intermediate Value Theorem, h takes
the value f(u) +¢e = f(x) +¢ on both intervals.

(6) u<y<v<z. Asin case (5), mutatis mutandis.

(M u <y <z <wv Let I((J) = [y,x],fé = {u}aIO = [y7$:|7-[11 = {v}vIO = [uay]7]21 = [x,v].
Fix h e B(f,e). If h(x) < h(u) < h(y), then by the Intermediate Value Theorem j = 0 suffices. If
h(x) < h(v) < h(y), then by the Intermediate Value Theorem j = 1 suffices. If h(v) > h(y), which
includes the case h(u) > h(y), then by the Intermediate Value Theorem h takes the value h(y)
on [z,v], and so j = 2 suffices. If h(u) < h(x), which includes the case h(v) < h(x), then by the
Intermediate Value Theorem h takes the value h(z) on [u,y], so j = 2 suffices.
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(8) u=y<x<wv. Let IJ ={u} and I} = [z,v]. By the Intermediate Value Theorem, h takes the
value h(u) on I}.
(9) u<y<xz=v. Asin case (8), mutatis mutandis.
(10) w =y <z =wv. This is impossible since f(u) < f(v) and f(y) > f(z).
(11) y<u<wv<z. Asin cases (8), (9), or (10), mutatis mutandis.

This completes the proof. O

Thus if (A4, d, +, (r)rq) is a computable presentation of (C[0, 1], dsyyp, +, (7)req), there is a A2 strictly
monotonic function and thus a A2 isomorphism between (A, d, +, (r+)reg) and (C[0,1], dsup, +, (1) req)-
It follows that the collection of indices for computable presentations of (C[0,1], dsyp, +, (7*)reg) is arith-

metical.

Corollary 5.13. In any presentation of (C[0,1],dsup,+, (r)req), multiplication of functions is arith-
metically definable relative to the presentation.
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