AN EMBEDDING INTO THE TURING DEGREES

JOSEPH S. MILLER AND NOAM GREENBERG

ABsTRACT. We show that any locally countable partial ordering of size at
most continuum and height at most 3, that has at most N1 many elements of
depth 3, is embeddable into the Turing degrees.

1. INTRODUCTION

In 1963, Sacks conjectured [6, (C4)] that if P is a partial ordering of size at
most continuum which is locally countable (every point has only countably many
predecessors), then P is embeddable into the Turing degrees. Sacks showed that the
conjecture holds assuming the continuum hypothesis, or assuming Martin’s axiom.
Whether the conjecture is a theorem of ZFC remains open.

Indeed, the conjecture remains open when restricted to well-founded partial or-
derings. There is a universal locally countable, well-founded partial ordering of
size ¢ = 2%0: it can be built as a collection of wy many levels, with each countable
type over a collection of countable levels realised in each level above. Even restrict-
ing to finite levels results in open problems. Define a partial ordering to have height
at most n if any chain in it has size at most n. Among locally countable partial
orderings of height n and size at most ¢ there are again universal ones. An example,
that can be found in [4, 3] (where it is credited to Higuchi), is as follows:

e HO is an anti-chain of size c.

e H"*! is obtained from H" by adding, for every countable infinite subset
A of the nt" level of H", a point ps which is above all points in A, the
predecessors of any a € A, and no other elements of H".

Then H” is universal for partial orderings of height at most n + 1 and size < ¢.
Kumar and Raghavan [5] showed that H! is embeddable into the Turing degrees.
They also defined a generalisation: for a cardinal x, let H]' be defined as H" is,
except that HY is an antichain of size x. Kumar [4] showed that H? is embeddable
into the Turing degrees; the result for H' = H! follows, as it is isomorphic to the top
2 layers of H2. We remark that Kumar and Raghavan’s work was also motivated
by previous work by Higuchi, Lempp, Raghavan, and Stephan [1], who studied H*
in relation to the order dimension of the Turing degrees.

It is still open, whether H? = H? is always embeddable into the Turing degrees
(this is Question 2.6 in [5]). Higuchi and Lutz [2] explained why this problem is
difficult: they showed that there is a Borel embedding of H} into the Turing degrees,
but there is no Borel embedding of H? into the Turing degrees: indeed, there is
no embedding of H? into the Turing degrees in which the image of the lowest level
contains (the Turing degrees of reals in) a perfect set. It follows (assuming the
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consistency of some large cardinals) that Sacks’s conjecture cannot be a theorem
of ZF. For a survey of this and related questions, see [3].

In this paper, we show:
Theorem 1.1. Hil is embeddable into the Turing degrees.

The partial ordering H? , is again universal for a class of partial orderings. If P
is a partial ordering, the the depth of an element p € P is the supremum of the
sizes of chains in P with least element p.

Proposition 1.2. Every partial ordering P satisfying:
(i) [Pl <¢
(il) P is locally countable;
(iii) The height of P is at most 3; and
(iv) P has at most Xy many elements of depth 3,

s embeddable into Hil.

As a result, Theorem 1.1 implies that each such linear ordering is embeddable
into the Turing degrees.

Proof of Proposition 1.2. We think of Hil as consisting of three disjoint levels: the
lowest level is (some set of size) wy; the second, [w;]™° (note the collection of infinite
countable subsets of wy ); the third, [[wi]¥]®0. The ordering on HZ_ is the reflexive,
transitive closure of the relation consisting of (x, A), where x is an element of the
first or second level, A is an element of the next level up, and x € A.

Let P be a partial ordering as discussed. For ¢ = 1,2, 3, let P; be the collection
of elements of P of depth i; so {P1, P>, Ps} is a partition of P.

Fix disjoint countable and infinite sets A, B C w1y, and injective functions f: P, —
[A]®e and g: P, — [B]%.

We define an embedding p: P — HZI by steps. First, we define p | P53 to be any
injective function from P3 to wy \ (AU B).

Then, for y € P,, we let

p(y) ={p(zx) : z <py} U f(y);
and finally, for z € Py, we let

p2)={p(y) s y<pz & yeRU{{p(z) : v <pz & zeP}Ug(2)}.

To show that this is an embedding, first we check that p is injective; since it maps
level-to-level, it suffices to see that p [ Py, p | P2, and p | P are all injective. This
uses the injectivity of f and g (and the fact that p(x) ¢ AU B for z € P3, and
p(y) Cwy \ B for y € Py). That p preserves <p is immediate from its definition.
Preservation of £p is done by cases. For example, suppose that x € P;, z € Py,
and p(z) < p(z). Then there is some ¢ € p(z) such that p(x) € c. If ¢ = p(y) for
some y <p z in Ps, then p(z) € p(y) implies z <p y, as p(x) ¢ f(y). Otherwise,
c={plw) : w<pz & z € P3}Ug(z); since p(x) ¢ g(z), we must have z <p z.
The other cases are easier. (]

In the rest of the paper, we prove Theorem 1.1.

INote that (iv) is weaker than saying that P has at most X; many minimal elements; there
can be minimal elements of depth 2 or of depth 1.
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2. EMBEDDING HZ,

Our main construction will yield the following.

Theorem 2.1. There are:

e For a <wi, areal A, € 2¥;
e For all limit § < wy and all B C {A, : a <8}, a real C € 2%, which is a
Turing upper bound of B,

such that whenever:
® b1,...,0, are limit ordinals; and fori < n, B; C {A, : a < §;}; and
o ai,...,op <wi are such that for all j <k, Ao, ¢ B1U---UB,,

the set {Aay, ... ,Aak,Cgll, el C’g:;} is Turing independent.

We now show how Theorem 2.1 implies Theorem 1.1. We use the presentation
of Hil that was described in the proof of Proposition 1.2 above (the disjoint union
of wy, [wi]N0, and [[wy]X0]N0).

As the image of the lowest level, we take the Turing degrees of the reals A,.

For the second level, for each I € [wq]™0, let § be the least limit ordinal > sup I
and let Cr = O%, where B={A, : a € I}. Wemap I € Hil to the Turing degree
of C[.

Theorem 2.1 implies that both levels are antichains, and that C; >t A, if and
only if a € 1.

We construct the third level by modifying an argument of Kumar in [3, Lemma 3.5].

Recall that X is a Sacks upper bound of an Turing ideal J if X is an upper bound
of J, and for all Y <1 X outside J there is some Z € J such that X =1 (Y, Z).

For J € [[w1]®0]®, let D; be the Turing ideal generated by {C; : I € J}.

We observe that for any such J, if X is any Sacks upper bound of Dy, then:

e forall I € [w|¥ \J, Cr &r X;

o forallacw; NJJ, Ay &1 X.
For let Y = Cy (in the first case) or ¥ = A, (in the second case). For any
finite tuple I1,...,I; € J, the set {Y,Cy,,...,Cr, } is Turing independent. Hence,
Y ¢ Dy, and further, since J is infinite, for all Z € D there is some W € D; such
that W £t (Z,Y). This implies that ¥ £p X.

We also observe that if Jy, Jo € [[wi]®°]° and X is any upper bound of Dy,
then X ¢ Dj,. Again, this is because J; is infinite; no Z € D, can compute all
W e DJl .

So it suffices to choose, for each J € [[wi]¥°]¥0, a Sacks upper bound of D, such
that the collection of all chosen upper bounds is a Turing antichain.

Enumerate [[wi]*0]™ as (J, : v < 2%0). By recursion on v, We choose a Sacks
upper bound X, for Dy . Let v < 2% and suppose that X, were chosen for all
v <.

There is a perfect set P of Sacks upper bounds of D ([6]; see also [3, Fact 2.7]).
We claim that some X € P is Turing incomparable with each X, (for v/ < ~).
Fix v' < 5. Of course only countably many X € P are computable from X.,. On
the other hand, since X» ¢ Dy , if X,y <r X for some X € P, then there is
some Z € Dy such that X =1 (X, 7). Since D,, is countable, this shows that
there are only countably many X € P that compute X,.. Overall, for each 7' < 7,
X is Turing comparable with only countably many X € P. Since |P| = 280 and
|7 - Rg < 2%, an X, € P as required can be chosen.
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3. ADDING GENERIC UPPER BOUNDS

We will use notions of forcing where the conditions are compact subsets of (es-
sentially) Cantor space.

Definition 3.1. Let P be a countable notion of forcing. We say that P is forc-
ing with compact sets if for some 0-dimensional effectively compact space Xp, the
conditions in P are nonempty closed subsets of Xp, ordered by containment.

Example 3.2. The simplest example is Cohen forcing, denoted by C, consisting of
all clopen subsets of X = 2¢.

3.1. Restricted genericity. We will use a restricted form of genericity for our
notions of forcing.

Definition 3.3. Let P be a notion of forcing with compact sets. Let Z € 2* be an
oracle. A real G € Xp is P-generic relative to Z if for every U C Xp that is ¥9(Z),
either

(i) GeU;or

(ii) there is some P € P such that G € P and PNU = 0.

Let us make a few remarks.

1. This is a restricted notion of genericity. There may be dense subets D of P such
that for no oracle Z does P-genericity relative to Z ensure that G is an element of
some P € D. See Remark 3.13.

2. The definition applies to all oracles Z, even when Z does not compute all the
conditions in P (let alone a presentation of P itself).

3. For an open set U and G € Xp, G € U if and only if there is some clopen D
such that G € D and D C U. Usually, all clopen subsets of Xp are in P, so the
genericity requirement can be reformulated as follows: for every U C Xp that is
%9(Z) there is some P € P such that G € P and either P C U or P C UC.

4. Our notion of genericity is invariant under computable isomorphism between
spaces. For example, if Xp = (2¥)2, we can also regard P as a notion of forcing
adding elements of 2¢, by taking joins.

FEzample 3.4. For Cohen forcing C, for all Z, G € 2% is C-generic relative to Z if
and only if it is 1-generic relative to Z.

3.2. A product theorem. If P and Q are notions of forcing with compact sets,
then so is P x Q (where Xpxg = Xp X Xg). The following product theorem
generalises the familiar one for Cohen 1-genericity (see [8]), and is analogous to
the one for Martin-Lof randomness, named after van Lambalgen, [7]. Both are
effectivisations of a product theorem for forcing in set theory. Care needs to be
taken since we are not assuming that the conditions themselves are all computable.
For computational purposes, we identify a closed set () with the collection of clopen
subsets that it intersects. We will only use the “hard” part of the theorem (part (b))
for Cohen forcing.

Theorem 3.5. Let P and Q be notions of forcing with compact sets; let Z € 2“ be
an oracle. Let G € Xp and H € Xg.

(a) If (G,H) is P x Q-generic relative to Z then H is Q-generic relative to
(G, Z) and G is P-generic relative to (H, Z).



AN EMBEDDING INTO THE TURING DEGREES 5

(b) If H is Q-generic relative to (G, Z), and for all Q € Q, G is P-generic
relative to (Z,Q), then (G, H) is P x Q-generic relative to Z.

Proof. For (a), by symmetry, it suffices to show that H is Q-generic relative to
(G,Z). Let U C Xg be ¥(G, Z). Then there is some V C Xp x Xg which is
Y(Z) and such that U = V¢ = {Y € Xg : (G,Y) € V}. Suppose that H ¢ U. So
(G, H) ¢ V. By assumption, there is some P x @ € Px Q such that (G,H) € PxQ
and P x Q C V. Since G € P, Q C UC.

For (b), let V C Xp x Xg be X{(Z); suppose that (G, H) ¢ V. So H ¢ V¢, and
V& is ©9(G, Z). Since H is Q-generic relative to (G, Z), there is some Q € Q such
that H € Q and QN VE = 0.

Let S be the union of all clopen C' C Xp such that for some clopen D C X,
we have C x D C V and DNQ # 0. Since V is X9(Z), S is ¥9(Z,Q). Since
QNVE =0, {G} x QNV =0, and this shows that G ¢ S. By the assumption
on G, there is some P € P such that G € P and P C SC. Then (G,H) € P x Q
and P x Q C VC, O

3.3. Turing independence. We show that genercitiy for products implies Turing
independence.

Lemma 3.6. Let P be a notion of forcing with compact sets, and suppose that no
singleton is in P. Suppose that G is P-generic relative to Z. Then G &1 Z.

Proof. Let Y <7 Z. Then Xp ~ {Y} is £9(Z). Since P does not contain the
singleton {Y'}, No P € P is disjoint from Xp \ {Y'}. Hence G € Xp ~ {V}, i.e.,
G#Y. 0

Remark 3.7. In general, we will not be able to obtain Turing incomparabilty be-
tween G and Z; indeed, in our main application, we will want G to be an upper
bound for some ideal, and generic relative to all oracles in that ideal. We can’t
avoid computing Z since some conditions compute Z. This is the only obstacle:
suppose that G is P-generic relative to Z, but that Z <t G; say Z = ®(G) for a
Turing functional ®. Let U ={Y € Xp : ®(Y) L Z}. Since G ¢ U, let P € P such
that G € P and P C UC. Since ®(G) is total, {Z} = {®(Y) : Y € P}, ie, Zis a
19 (P) singleton, so Z <t P. We will not need this result.

Proposition 3.8. Let IPq,..., P, be notions of forcing with compact sets, and sup-
pose that no P; contains a singleton. Let Z be an oracle.

If (G1,...,G,) is Py x- - - X P, -generic relative to Z, then {G1,...,Gy} is Turing
independent relative to Z.

Proof. 1t suffices to show that G1 £t (Gs,...,Gp,Z). By Theorem 3.5, Gy is
P;-generic relative to (Ga, ..., Gy, Z). The result follows from Lemma 3.6. O

3.4. Adding upper bounds of countable ideals. The following notion of forcing
adds a generic upper bound to a countable Turing ideal.

Definition 3.9. Let A C 2“ be countable. We let P4 be the collection of partial
functions x from w to 2 satisfying:

e for almost all n, dom z!" is empty;
e for all n, either dom z[™ is finite, or dom ™ = w, in which case z[™ € A.

For z,y € P4, y extends z if < y (y extends x as a function).
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For © € P4 we let [z] be the collection of all X € 2% such that z < X. Since
x < y if and only if [y] C [z], we can think of P4 as forcing with compact sets.

Remark 3.10. Py is Cohen forcing.

We will need to work with finite products: suppose that A = (Ay,...,A;,) is a
finite tuple of countable subsets of 2¢. We let

IP’A:]P’Alxmx]P’A

m*

For z = (x1,...,2m) € Pz we let [Z] = [z1] X -+ X [2,] C (2¢)™.

3.5. Anticipating future conditions. In our construction, we will need to con-
struct reals while preparing them to be part of generic tuples. The typical situation
is the following. Let §; < d2 < d3 be limit ordinals. Recall that we aim to construct
reals A,, and for i = 1,2,3, for some B; C {4, : a < 4;}, an upper bound C;
of the ideal generated by B;. We want to make {Cy,Cs, C3} Turing independent;
we will do this by ensuring that the triple (C1,Ca2,C3) is P(3, 5, 5,)-generic, and
then invoke Proposition 3.8. We construct C; at stage §; of the construction, by
which we have only defined the reals A, for a < §;. On the other hand, By and Bj
will likely contain A, for various a > §1. So at stage 6; we need to construct C
while preparing it to be generic relative to conditions in Pz, 5,), that haven’t been
defined yet. At stage §; we can imagine these conditions, except that columns in
which such A, appear, we leave undefined. However, we also need to “remember”
which of these erased columns were the same. This gives us closed sets a bit more
complicated than those in some P ;. A mild complication is that we also need
tuples such as (C1,C>,C3, Ay) to be Pz, g, 5,) x C-generic, where o > ¢, (but
Ay ¢ B2 U Bs). Then at stage 01 we will need to “leave room” for A, as well.

Definition 3.11. Let m > 1. We let S(m) be the collection of pairs p = (§P, aP),
where:
e yP = (yP,...,yR), with each y} a partial function from w to 2;
e P is a finite set, whose elements are pairwise disjoint, finite subsets of
{1,...,m} x w, such that: for all b € aP, for all (i,n), (j,k) € b, (yP)" =
(y?)M, and is finite.
With each p € S(m) we associate a closed set P(p) C (2*)™, defined to be the
collection of tuples X = (Xy,...,X,,) € (2¥)™ satisfying:
o X € [pPl;
o for all b € a, for all (i,n), (j.k) € b, X" = X"\
Observe that the restrictions imposed on p imply that P(p) is nonempty. For
p,q € S(m), we let q < p if P(q) C P(p). Note that this is equivalent to:
e for all i <m, yP <y
o for all b € aP there is some b’ € a9 such that b C ¥'.

If AC 2% and m > 1 then we let S(A, m) denote the collection of all p € S(m)
for which, for each i =1,...,m, y¥ € P4.

The empty condition of length m, which we denote by 0,,, is the condition such
that y;™ is the empty (nowhere defined) function, and a®= = 0.

We will need to concatenate S-conditions. Suppose that p € S(m) and q € S(k).
We let p°q € S(m + k) be defined as follows:
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o P = (yP,y);
e P % ig the union of aP and the “k-shift” of a9, namely the collection of sets
{(m+i,n) : (i,n) € b} for each b € a9.
We will need to consider “mild extensions”. For p,q € S(m), we write p =* q if:
e for all i <m, yP =* y;
e aP = qa9.

Remark 3.12. A variant of P4 is defined using an existing enumeration of A. A
coding constraint is a sequence X = (X,,) where each X,, is either a real in 2%, or
the symbol *, indicating no coding allowed in the n'" column. An X-condition is
a partial function a: w — 2 such that for almost all n, dom o™ is empty, and for
all n, either dom o™ is finite, or dom al™ = w, X,, # %, and a,, =* X,,. Thus, the
coding constraint tells us where a real is to be coded, but may leave room for Cohen
reals to be interleaved in the generic. Let P be the collection of X-conditions. If
X,, = * for all n then Py is equivalent to Cohen forcing.

An advantage of working with coding constraints is that they are closed under
taking finite products: if X; and X5 are two coding constraints, and X’ is some join
of X1 and X5, then ]f”;( is equivalent to ]f”;gl X ]fDXQ.

On the other hand, if we were to work with coding-constraint forcing instead,
we would need to modify Definition 3.11 to deal with =*. The S-conditions would
need to remember which pairs of columns are =*, and for each pair, state from
which point they are equal, and how they are filled up to that point.

Remark 3.13. Coding constraint forcing gives a good illustration of the restricted
nature of genericity that we defined. Suppose, for example, that X is a coding
constraint (say with no * entries), and that infinitely many of the X,, end with 0.
Then the set of X-conditions in which some column ends in 1170¢ is dense in Px.
However, for any oracle Z, there is some G, Py-generic relative to Z, that does not
meet this dense set.

4. THE CONSTRUCTION

We prove Theorem 2.1. During the construction, we will choose, for each a < w1,
a real A,. By stage § of the construction, we will have defined A, for all a < 4,
and we let
As ={As : a <0}
Further, for all finite ¢ C §, we write ¢ = {1 < az <--- < ¢}, and we let
A= (Aays -5 Aay,)-

For the “second layer”, at limit stages &, we will approximate the sets Cg (for
all B C Aj;) by defining a tree of conditions 2% for o € 2<¥. Here o will code an
initial segment of the characteristic function of B as a subset of A5 (based on some
w-enumeration of As), and CF will extend 23 when B extends o.

Towards making the desired tuples generic, we will try to meet a collection of
requirements. For the following definitions, suppose that A, have been chosen for
all a < 9.

Definition 4.1. Let § =0 or § < w; be a limit ordinal. A J-requirement is a tuple
(n,0,m,c, U, p) satisfying:
(i) n>0;
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(ii) & is an increasing sequence &y < d; < & < --- < J, of non-successor
ordinals, with ¢, = ¢ and dp = 0 (hence n = 0 iff § = 0);
(iii) m = (M1, ..., Mp, Mpee) € W™, where:
e fori=1,...,n, m; > 0;

e if n = 0 then mgy > 0;
(iv) cis a finite subset of § (so if § = 0 then ¢ = ());
(V) UC (2w)m1+m2+~~+mn+|0\+mfuc is 2?;
(vi) p € S(As, msys) (if meyr = 0 then p is the vacuous condition).
(vii) For all a € ¢, A, is not a column of yP (for any i = 1,..., my).

The meaning of this is the following. At stage § = d,, we are looking at tuples
of the form:
(C.C,....CF, Ac)

where B; = (B;1,Bi2, ..., Bim,) is atuple of subsets of As, and C’gi = (C’g"i i Cgiim ).
We are trying to take another step toward making this tuple generic, by frying to
meet or avoid U. However, when mg,; > 0, we are actually planning for this tuple

to be part of a longer tuple (with mg,; more components), and p is our guess of

the structure of the rest of this tuple. When n = 0, we are just planning for the

future. The last restriction, (vii), is because we cannot make (A, C§) generic when
A, € B; see Remark 4.4 below.

4.1. Restricting conditions. Let § < w; and let T = (z1,...,2m) € (P4,)™.
For v < § we define q(Z,~) € S(m) by erasing occurrences of A4, for o > v, and
remembering which columns are equal. That is:

o @) = (y1, ... yn), where y; is deﬁne([i ]as follows: for each column n,

%

—If mgn] = A, for some a > v, then y
— Otherwise, yl[n] = xgn].

e For all a € [v,9), let
by = {(z,n) e{l,....m}xw: & argn] :Aa}.

is everywhere undefined.

We let a94(®7) be the collection of all b, which are nonempty.
Observe that q(z,v) € S(Ay, m), and that [z] C P(q(z,7)).
We extend the previous definition as follows. For p € S(As,m) and v < 6 we let
a(p,7y) be defined by:
° gq(pﬁ) — gq(z?p,'y);
o q1PY) = P U qa@7),
Recall that if (i,n) is an element of any element of aP, then (yP)[™ is finite, and so
UaP and |Ja9"") are disjoint; so q(p,7) € S(A,,m).
Finally, we define the restriction of a §-requirement. Let § > 0 and let t be a
d-requirement (so n® > 0). Let v = (§,,_1)%. Let Z € (P4,)™)". We define
q(v,Z) = Ojcsnfy,5) AT, 7) a(P", 7).
Definition 4.2. Let t be a d-requirement, and suppose that n®* > 0. Let v =
(6n_1)". Let & € (Pg,) ™).
We say that a y-requirement s is a predecessor of (v, Z) if:
e n®=n"—1;

5% =65, (0n_1)%);
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fori=1,...,n" =1, m] =m;
Mgy = |5 N [y, 6)] + (M)t + miy;
c®=c" N

U5 — Ur.

p°® < q(r,Z) and p* =* q(t, Z).

Here the idea is that s is a requirement that can anticipate (t, Z). During stage ¢,
we will have constructed Z as an approximation to an m; -tuple of sets Cg. In
stepping back to stage 7, we need to let s know about the “v-part of Z’, namely,
a(Z, ), stripping away A, for « € [y,6) (but remembering which stripped columns
are equal). We also leave an empty space for A.cnpy,5). Also, we incorporate
the future from t’s point of view into s’s view of the future, again stripping A,’s
that s cannot know about—thus, s is supplied with q(p*,7y). We do not require
p°® = q(t, Z), only the weaker condition p* < q(t,Z) and p® =* q(t, Z), in order to
exploit the genericity of the A, ’s; this is used in the proof of Lemma 4.11 below.

Remark 4.3. Condition (vii) of Definition 4.1 impies that (r,Z) has a predecessor
if and only if for all & € ¢* N+, A, is not a column of any z;.

Remark 4.4. Note that in passing from t to s, if there is some a € ¢ N [y,d) such
that A, is a column of some z;, then this fact is not recorded by s. This is because
we will only try to meet v in situations when no such equality occurs. Meeting the
requirement entails making the pair (4,, Cg) generic, where a € ¢ and Cg extends
some x;. But if A, is already a column of x;, this means that A, € B, and recall
that we are trying to make C’g an upper bound of B. So we do not want (and cannot
hope) to make {Cf;, A,} Turing independent. This complements condtition (vii) of
Definition 4.1.

Remark 4.5. Applying Definition 4.2 repeatedly, we see that our envisioned tuple
of A,’s and Cg’s from above needs to be re-ordered as

) 5 On
(Acﬁ[5o,(51)7 Cgll ) Acﬁ[51,§2)7 Cgiv RS Acﬁ[énflﬁn)a an) .

4.2. The construction. Recall that we will construct, for each a@ < wy, a real A,
and for limit § < w; and ¢ € 2<¥, a partial function 2. In addition, we will define:

e For all & < wy, an oracle Z,; and
e For non-successor § < wq, for all e < w, a tuple of partial functions w
5,0 46,1

I

d,e

Let us elaborate on the latter. For non-successor §, we will define an w-list ¢
of -requirements (with many repetitions). For brevity, we will let

de __ d,e <d,e =d,e e d,e _d,e
v - (n’ » Y , M , C ) U P )

. _ _pde S,e
Further, we write §%¢ for P and a®¢ for aP"".

For each e, w%¢ will be an mg’ft—tuple of partial functions (w‘f’e, wg’e, . 7wi§e),

fut
whose role is to “prompt” future tuples; if those extend @*€¢, this will help decide

U%e. We will ensure:

e Foralli=1,... ,m‘fiﬁ, wf’e is a finite extension of yf’e;
o [@0>¢] N P(p%®¢) # (), which in light of (a), amounts to ensuring that if
(i,n), (j, k) belong to some element of a®¢, then (w*)!" is consistent with

(w) .
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Let 0 < wy, and suppose that the construction has been performed for all stages
a < 6.

1. We determine Zs5. We choose Zs to be sufficiently strong so that it computes
a copy of §, and based on this copy, computes, uniformly in a < §, both A, and
Z4, and for limit v < §, the construction at stage -y, uniformly in such . We start
Wlth ZO = @l.

2. We let As be Cohen generic relative to Zs.

3. When § = 0, we perform a preparatory construction. Note that the 0-requirements
are essentially tuples (mgy, U, p) where mg > 0, U C (2¢)™t is X9 and p €
S(Ag, mg). Since Ag = 0, the latter means that each yF is a finite function.

Thus, we can let (x”¢) be a computable list of all 0-requirements, with each
requirement appearing infinitely often on the list. For each e we define a tuple @w%*°
as follows. We ask if:

P(p*) nU% = 0.

If so, we let @€ = g%¢. If not, then we let @*¢ be an my-tuple of finite functions
from w to 2 such that:

e Each w)“ is a finite extension of y*%;
o [W%¢] N P(p%€) # (); and
° [w(),e] g UO,e.

4. If § is a limit ordinal, we perform the stage ¢ construction as follows.

Based on the Zs-computable copy of d, let (A% : e < w) be an enumeration of Aj.
Note that Zs can enumerate S(As, m) for all m (uniformly), and thus, enumerate all
S-requirements. So we create a Zs-computable list of d-requirements %0, v%1, .
so that each J-requirement appears infinitely often on the list.

The stage § construction is performed in w-many steps. At the beginning of
step e, we will have defined:

ey

e a partial function x% for all o € {0,1}<¢; and
o @ forall ¢ < e.

We start with x‘<s> being the empty function.

Let e < w and suppose that the construction has been performed up to the
beginning of step e. We then consider the e requirement on the list. In what
follows, we omit all superscripts § and e from all objects considered or constructed
at step e. So n =n%°, ¢ = >, and so on. When we consider parameters of other
requirements we will write the superscripts in full.

Recall that § > 0 implies n > 0.

Let 79, 71 ... 77! be an enumeration of all m,,-tuples of distinct o € {0, 1}¢.
By recursion, for all £ =0,1,...,t, we define:

e for all o € {0,1}¢, a partial function u¥; and
e A tuple w* = (w¥,...,wk, ) of partial functions from w to 2.

7 U Mtut
We start with v0 = x, and @w° = yP.
Let k < t, and suppose that @* and all u¥ have been defined. We will ensure
that [w*] N P(p) # 0.

Enumerate 7 as (7f,...,7} ). For brevity, for i < m, we let uf = u¥,; let
[3
ko (K k
u® = (uy, ..., Uy, ).

Since n > 0, let v = y,—1; let ¢/ = cN [y, 9).
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We first check if we need to tend to this instance of the requirement. We say that

(8, €) is active at k if for all o € ¢, A, is not a column of any u¥ (fori =1,...,m,).
If (6, e) is inactive at k then we do nothing: we let w**! = w* and u¥*! = uk for
all o.

Suppose that (4§, e) is active at k. Let
= (Ay, a®,a").
Note that the length of z* is |¢/|+m,, +mg, which is mg, ., where s is any predecessor
of (v%¢,ak).
We say that d < w is suitable at (6, e, k) if:
o d=>e¢
e t7? is a predecessor of (t>€, @"*); and
e the tuple @w”? is consistent with z*.

Below (in Lemma 4.11) we will show that there is some d which is suitable for
(6,e,k). Choose d to be the least such.

, d
e for i < m,, we let ufjl =uf U W40 and
i
N v,d k v,d k
o welet 0" = (w4 YW s W e Y Wi, )-

For o € {0,1}¢ that is not 7/ for any i, we let u®*! = k.

At the end of step e, we let, for each o € {0,1}¢:
o whg = UL
° :ch1 be a condition extending u’, by setting, for some large 7, the 7! column
of 2°., to be AJ.

We also let w%¢ = wt.

This completes step e of the d-construction, and so, the description of the con-
struction as a whole.

4.3. Verification: the construction makes sense. For the first part of the
verification, we need to show that the construction can be carried out as described.
Namely: for non-successor § and e < w,
(a) If § > 0, then for all o € {0,1}°*!, 27 is a function, and 2., is a finite
extension of 27 .
(b) Foralli=1,... ,mgﬁ, wf’e is a function, which is a finite extension of yf’e.
() [N P(p>) £ 0.
(d) If 6 > 0, for all k < %€ if (6,e) is active at k, then some d is suitable for
(5,6, k).
We start with § = 0:

Lemma 4.6. (b) and (c) hold when & = 0; further, for each e, W% is a tuple of
finite functions.

Proof. As noted above, since Ay = 0, every y?’e is a finite function. Note that by
definition, for all p € S(m), [gP] 2 P(p) and P(p) # 0, ensuring that (c) holds in
the case that w®° = %°. O

Let ¢ be a countable limit ordinal and e < w. Suppose that the construction was
performed successfully up to step e of stage 0, and that (a)—(d) above hold for all
non-successor v < ¢ and for (J,¢') for all ¢’ < e. We will show that step e of the
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construction can be performed successfully, and that (a)—(d) hold for (4,¢). To do
this, by induction on k < t*¢, we show:
(1) For all o € {0,1}¢, ul®* is a function, which is a finite extension of 2.

(2) For all i < md<, w>F
(3) [@“*] N P(p>) # 0.
(4) If (0,€) is active at k, then some d is suitable for (J, e, k).

We observe that for k = 0, (1)-(3) hold by induction, and the choice of W% =
y%¢. Let k < t>¢, and suppose that (1)—(3) hold at k.

. . . . . . 5
is a function, which is a finite extension of ;.

Lemma 4.7. If (4) holds at (6,e,k), then (1)-(3) hold at k + 1.

Proof. If (0, e) is inactive at k, then (1)—(3) follow by induction. Suppose otherwise;
let d be the least which is suitable for (d,e, k). As in the construction, we omit the
superscripts 4, e.

Since w”?¢ is consistent with z*, for all i < m,,, uf_jl is a function, and so is

w;_“rl for all j < mygy. For i < my, yrc’,‘T L isa finite extension of u¥ (after all A,

columns for o > v are stripped away), and similarly, for i < mgyt, yl'yc’,‘T i is a
finite extension of w¥. By induction ((b) above), each w;”d is a finite extension of
y;f’d. This gives us (1) and (2) at k + 1.

By induction, [w"%] N P(p"9) # 0. Let b € a®°. By the definition of q(t>¢, @*),
the (|¢’| +my,)-shift of b is in a”*¢. Thus, for for all (i, 0), (i’,0') € b, (w?c’,‘lier"H)
and (w"yc’,f S, _H.,)["] are compatible. Also by induction, (wF)ll and (wk)l] are
compatible. Tt follows that (wf )] and (w’ ™) are compatible. This gives (3)
at k+ 1. O

[o]

It remains to show that (4) holds at (d,e,k). To do so, we need a few lemmas
which will also be useful later.

Lemma 4.8. For all non-successor v < 6, Z, computes the stage vy construction.

Proof. For v = 0, Zg = (' can determine if U%¢ N P(p%€) # (. For a limit v, the
entire construction is computable from Z,. [

Lemma 4.9. For any finite ¢ C 9§, the tuple A, is Cohen generic relative to Zyiy, -

Proof. This follows from the product theorem for Cohen forcing (part (b) of The-
orem 3.5), and the fact that Z, >t Zs, Ag when a > f. (Il

Lemma 4.10. For adll o,
2d € Pasrclo] & o(r)=1}-
In particular, x‘; € Py,.

Proof. By induction on the length of 0. The lemma holds for o = (). Suppose that
the lemma holds for some o; let e = |o|. By (a) above, 22, is a finite extension
of 22, so the lemma holds for ¢°0 as well; and by construction, we only add A? to
2%, so the lemma holds for o"1 as well. g

Lemma 4.11. (4) holds at k.
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Proof. We use the notation of the construction. Let v = 7,,_1; let q = q(r, @"); let
m* = |c/| + my, + Mgy Recall that we let 2% = (A, @, w*). We assume that (4, e)
is active at k.

Let r be the set of a € [y,§) such that A, appears as a column of some u¥ or
wf Since (4, €) is active at k, and by (vii) of Definition 4.1 (applied to t¢), r and c
are disjoint, and so r and ¢’ are disjoint.

By Lemma 4.9, the tuple A, . is Cohen generic relative to Z,.

First, observe that (, ﬂk) has predecessors: to do so, we need to check that q
satisfies (vii) of Definition 4.1 with respect to ¢N~. Let ¢ < m*, and suppose that
some A, is a column of y!. Then i > ||, as y;! is the empty function when i < |c|.
If i = || + j for some j < my,, then y;! is the result of stripping various Ag’s from
ul. Since (d,€) is active at k, o ¢ ¢, so o ¢ ¢ . If i = |¢/| + my + j for some
J < Mgy, then y;! is the result of stripping various Ag’s from wf, so (vii) for %€

ensures that « ¢ c.

For a sequence of finite functions i = (g )acruer we define q(iz) € S(m*) by
letting;:

o (A = ga;

e foralli=1,...,|c], y?(m = fio where 2F = A,. That is, y?(m = la,
where ¢’ = {a1 < < ¢}
e foralli=|d|+1,...,m* for all [,

— if (zF)W = A, for some a € 7, then (y?(m)[l] = la;
— Otherwise, (y?(ﬁ))m = (29,

In other words, q(iz) is defined like q, except that instead of erasing all of A,
for a > -y, we write u, in the appropriate coordinate or column. Since y?(ﬂ )is a
finite extension of y3 (for all i < m*), q(f) also satisfies (vii) of Definition 4.1 with
respect to ¢ N ~y. Hence, q() € S(A,, m*) appears in 7-requirements which are
predecessors of t; note that q(f1) < q and q(1) =* q for any fi.

For each such fi, let d(fz) be the least d such that:

e d>e
4 is a predecessor of (t¢, @");
e p7" =q(n).

° t'Y»

Let i be such a tuple, and let d = d(@). For all i < |¢/], since y?’d = y?(”) = la

v.d
7

for some a € ¢, and (by induction) w;"“ is a finite extension of y; ‘d, we see that

w;”d is a finite function; we let v, = wZ’d. For o € r let b, be the set of pairs
(i,1) where |¢/| < i < m* and (2F)l] = A,. Then for all a € r, for all (i,1) € by,
(yz['y’d])[l] = Lo, SO (w?’d)[l] is a finite function. Further, since b, € a9 = a9(") and

since by induction, [@”Y] N P(q(@1)) # 0, for all (i1,11), (i2,l2) € ba, (w?l’é)[ll] and
(wZQ"S)[IQ] are compatible. We let v, = J {(w?’d)m 2 (4,0) € ba}. Then:

e Forall a e rU(, v, is a finite function and v, = pa;
o U= (Vo)aerue ‘ensures extending w" ¢ in the correct places”: for all i < m
—ifi < ||, and zF = A, (where a € ¢/), then v, = w)"?;
—if i > |¢/| and [ is such that (2¥) = A, for some a € r, then v, =
(w7

*
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By Lemma 4.8, the search for d(fi) is computable in Z,. As a result, by the
genericity of A, ., there is some i such that the resulting o is extended by A,y -
Then d(fz) is suitable for (6,e,k): to show that @w”? is compatible with z*, let
i< m*.

o If i < || then zF = A, for some a € ¢/, and w;"'d =V, < A,
o If i > ||, let I < w.
— If () = A, for some « € r, then (w?’d)[” =1y < Ag.
— Otherwise, (w) Y)W = (y7 YW = (2. O

This concludes the induction above: (1)—(4) hold at k, and so (a)—(d) hold at

(6,€). The entire construction can be carried out as described.

4.4. Verification: genericity. For any limit § < w; and any B C As, we define
f5 €29 by fi(e) = 1iff AS € B. We then let
Cg:U{xf, : o—<fg}.
Theorem 2.1 follows from Proposition 3.8 and the following lemma.

Lemma 4.12. Let:

® 51 <y < -+ <9y be limit ordinals, and
o forl=1,....n, Bi=(Bi1,...,B,3,) be a tuple of distinct subsets of As,;
and
e c be afinite subset of wy, such that {Aq : o € c} is disjoint from U, ¢, U, <5, Bl

Then (Cgll, ce Cg" ,Ae) is Pg, x -+ x Pg x Clel-generic (relative to ).

Proof. Let m* = |By| + -+ |B,| +|c|. Let 6o = 0; for [ =1,...,n, let
cp=c [5171, 5[)
Recall (Remark 4.5) that we need to reorder our to-be-generic tuple as
v — s bn
X = (Acl,Cg§7--~7Acn,an)~

Let U C (2¥)™ be X{; we need to show that either X € U, or there is some
condition

ge Clal x Pg, x -+ x Clenl % Ps.
such that X € [g] and [g] € UC.
Fix some e* sufficiently large so that for [ = 1,...,n, the strings
s 5 s
fBllﬁl f€*> fBlLQ f€*7 DR} Bll,lél\ fe*

are all distinct.
By reverse induction on I = n,n —1,...,0, we define ¢; > e*, and when [ > 1,
also some k; < t%¢. We start with choosing some e, > e* such that:
o nonn =p;
o 50 = (80,01,09,...,0,);

Onsen

o forl=1,...,n,m = |By;

[ ]
o Udnen =J.
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(Since minen =
fut =4Up
vacuously.)
Now for [ > 1, given e; > e*, let

_ ) ) )
o] = (fzgll)l relaf[gl[yz leg,,.. '7f3lz,\él| r61)~

and let k; be the k < ¢ such that 79-¢:F = 5.

Let [ > 1 and suppose that e; and k; have been chosen, with c¢%® = c¢N§;. By
assumption, and by Lemma 4.10, for all o € ¢®% and i < |Bi|, A, is not a column
of xi’hi, and so of uf”e“kl. That is, (0;,€;) is active at k;. We thus let ¢;_; be the
least e which is suitable for (d;,e;, k;). Note that e;—1 > e¢; > e*. This concludes
the definition of e; for all [ < n.

Forl=1,...,n,let

9n-en s the vacuous condition; so (vii) of Definition 4.1 holds

55— (g00.e,ki+1 ) ek +1 drser,ki+1
v = (y01,1 1Yoy o ""’ym,\gl\ )

We observe:
d1 = = _
o Cy € [01], and 7; € Ppg,.

Forl=0,...,n—1, write
oo = (S1041, tiit1, Stit2, tad2s -« Sims tin)s
where |5, ;| = |¢;| and [, ;] = |B].

Let 0 < j <n. For all i = 1,...,|B;|, by definition,

Vi 7 ljj-1,

4

i.e., [0j] C [tj,—1]. Also, since @w%-1+%-1 is consistent with z%-%ki A, € [5;;_1].

Further, if j > [, then the choice of w%** ensures that [5,;] C [5_1,] and

[t1;] € [ti—1;]. Hence: for alll =1,...,n,
e [0] C [to.]; and
(] ACZ € [5011].

Further, observe that each 3¢ ; is finite. Let

q = (30,1,71,50,2,D2; - - - ,50,n Un)-
Then g € Cletl x Pg, x -+ x Clenl x Pz and X € [g]. Further, [g] C [@w"*]. Note
that this also implies [g] C [y%°], as [w" 0] C [y%°°]. Further, for every b € a®°0,

if (i1,01), (ig,02) € b, then this is because (¢;,)! = (¢5,)l°?) = A, for some a.
Putting these together, we get

[a] € P(P*).
Now we can finish the proof:
U and [g] C [w®*], we have X € U.

Thus, ¢ is a condition as required. O

Remark 4.13. Where did we use the assumption that {A4,, : « € ¢} is disjoint from
Ulgn Ujé\&l B ;? It would, at first look, appear that the proof of Lemma 4.11
relies on this fact (on (4, e) being active at k). However, we could modify S so that
the lemma applies in the inactive case as well: instead of just passing q as defined
above to the predecessor requirement, we could also tell that requirement, for each
a € ¢/, which columns of which 2F are equal to A,. The argument of the lemma
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would then proceed in the same way. (Note that we would need to rescind condition
(vii) of Definition 4.1).

It is only in the proof of Lemma 4.12 that the assumption is used, and it is
perhaps not easy to see where. Under the proposed modification, when X ¢ U, we
still get P(p%©) C UC. The rest of the argument is defining [g] € P(p®¢°) that is a
cylinder: a product of 1-dimensional closed sets. In other words, a condition in the
product of m*-many notions of forcing. This allows us to apply Proposition 3.8,
which relies on the product theorem (Theorem 3.5). The restrictions embodied
in aP" prevent P(p%¢) from being a cylinder; they “cause an interaction” (or
dependence) between different coordinates. However, when we fill in the missing
A,’s (that is, pass to the conditions 7;), we do get a cylinder; the dependency
between coordinates is eliminated by completely filling in the columns that are
required to be equal. In the proof above, we are allowed to do so, because the
conditions in Pg allow us to fill in entire columns with such A,. However, under
the proposed modification, to obtain a cylinder, we would need to also fill in the
various A, for a € c¢. That is, the cylinder we would obtain would be, in the worst
case,

{Ae} X [1] - x {Ao,} x [5a):
But A, is not a condition in Cl®!, whereas 5 is.
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