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§I  INTRODUCTION

All sets, degrees, etc will be r.e. unless explicitly stated otherwise. A degree a = 0'is
called branching if there exist clb with ¢ N b =a. By constructing a rinimal pair (i.e. cld with
¢ d =0), Lachlan [7] dnd Yates [13] showed that branching degrees exist, thereby giving a
negative solution to Shoenfield's conjecture [10]. The technique introduced is now called the
minimal pair method and relied on the conscious use of nested strategies. It can be viewed to
provide the conceptual framework that lead to the tree method and ultimately to the much of our
understanding of R, the usl of r.e. degrees.

Various other results concerning branching degrees have been proven. Notably Lachlan
[7] showed that not all r.e. degrees are branching and later Fejer showed that the nonbranching
degrees are dense in R([6]) and above every low r.e degree there exists a branching degree
([5]). This second result was improved by Slaman [11] who used a rather difficult 0™
argument to show that the branching degrees are dense. We should point out that these were the
first elementary classes of degrees shown to be dense in R. Obvious consequences (via Sacks
splitting theorem) are that the branching and nonbranching degrees each generate the r.e.
degrees under join. Another consequence of the Fejer density theorem (in [4] see Soare [12,
chIX, 4.5]) is that the first Centor-Bendixon derivative of R has no isolated points.

Interest has begun to focus on fragments of R, and, in particular, upon intervals in R.
A nice open question here is whether there exist a < b with the first order theory of [a, b]
U This research H_umam&w supported by a Victoria University IGC grant enabling Downey
to visit NUS.
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To meet the N, ; we first attempt a minimal pair type strategy. That is, let
1(e,i,s) =max T : (Vy <x) Tum.m aﬂ (y) = ﬁ.m Awﬂ. ; uc:
ml(e,i,s) = max {1(e.it) : t < s},

We say a stage s is (e, i) - expansionary if 1(e,i,s) > ml(e,i,s). In a minimal pair type
strategy we only allow one side of a computation to change between (e,i) - expansionary stages.
Hence we know that one side always preserves computations we have seen. (We assume the
reader familiar with the minimal pair technique.)

Should the minimal pair strategy fail, we will code the atomic fact that "both sides have
changed" by enumeration into A along the lines of Lachlan [9]. As we will see this involves
‘processing’ the various follows of P mua. by N, ; so that such a coding procedure coheres

with the construction.

The basic idea used to meet the P, ; (and dually vn_mv is to define a stream of followers
x(e,1,0,8), x(e,1,1,8), ... as follows. Pick x(e,i,0,s). Wait till L(e,i,s) > x(e.i,0,s) where

L(e,i,s) = max T (Vy<x) Turm As:9=C. QE. We then appoint a follower x(e,1,1,s) so
that x(e,i,1,s) > u @rm@xh x(e,1,0,5))). Continue this in the obvious way so that (for a single
requirement Hua.w alone) we have a stream x(e,i,0,8), x(e,1,1,8), ..., x(e,i,n,s) with

x(e,i,j+1,8) > u @m.m (A, ; x (e,ik,s))) for k <j.

We then wait till we see W, permit some j and then act by enumerating x(e,i,j,s) into C,
and restrain A onu @,  (Ag; X(e,1,),5))). Note that for a single P_ . by the above Friedberg action,

W, must be recursive: To compute W, [j] simply wait until x(e,1,j,s) is defined.

In the context of more than one P; %pmv. the fact that we cannot know if (eg) W, is
recursive causes some complications. The most naive approach would be to allow P ;to
initialise all lower priority P; ; Whenever it acts. In that way the (e,i) - stream would be a
permanent set-up and would be sure of winning P, ;. However, if W, = @ (say) such a
procedure would cause us to initialise Py ; cofinally in the construction.

Our solution to this dilemma is to allow P; -; of lower priority to upset some of the
x(e,1,k,s) - set ups by enumerating these numbers into A, whilst we await W _-permissions. We
do this by asking that P %av of lower priority than P, ; choose as their followers only
numbers from mn.m_m stream, so that they will only "refine" P, 's stream. That is, if HUE. isa
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(Vz)(x<z<s—>ze A A).

s+l ~

2.1  The Priority Tree Let T be the trecof all 6 e {f, 0, 1} © with f <0 < 1 such that
ifiis even then o(i) € {0, 1} and if i is odd then (i) € {f, 0, 1). Werefertoc e T as
guesses, with 1h(c) denoting the length of ¢. Let & < T denote lexicographical ordering.

Assign priorities as follows.
Ih(c)=1 Lete(o)=i(o) =0. Let

L (o%) = |@-{(0, 0f ifj=Torj=£,
0-{(0,):ke af ifj=0.

L,(c") =L, (o") = [@ifj=1orj=f,

3

[0-{(0. % ke o} itj=o0.
Ih(c) > 1 and Ih(g

Case 11h(c) = 4n + 1 for some n.

Let(e(0), i(c)) = pz(z & L, (c)). Define

L, (0)- *o@, m@& if m# 0,

L A\ =
1(07m) L,(0)- (0. ¥k e o} ifm=0.

For p = 2,3, define

Ly (0%m) = [L,y(0) if m =0,
.T@ (@18 ke o} itm=0,

Case 2 [h(o) = 4n+3 for some n.

Let(e(0), i(0)) = pa(z € L,(0)). Define
L,(0) - ({¢(9), i)} if m 0

L,(0%m) = L,(0) - (.8 ke @} ifm=0.
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Remark

The point of (b) and (c) of (iii) above is to guarantee that at xA0-stages we will get a
new follower to add to the FL -stream at guess . The point of (ciii) is to ensure that x(p.k,q)
respects "0 in the sense that x(p,k,q) can be used to trace x(a,j,q) for the sake of v and yet not
interfere with x(a,j,q)'s Y*0-computations. As we will see this is achieved by our confirmation
machinery. Note that (if)(b) ensures that we don't believe a stage is oi-expansionary until we
can confirm some follower, should there exist some not yet confirmed follower.

iv) If 1h(cr) =3 (mod 4) we proceed as in (iii) above but with I’ in place of L
and P in place of P (where L is used for the length of agreement between A and B.)

v) If Th(or) is odd, we say that o requires attention at stage q via x(¢, k+1,q)
if
a) q is an o.-stage
b) If § is the stage where x(a, k+1, @) = x(ct, k+1, §) was

appointed to o then
ﬁ\ob _“me.Lﬁeu_ = ﬁ\m. _”NAQ.FDM_

(The reader should note the use of k in place of k+1 here)
c) L(e(o), i(o), @vSmx.T, Le(a), i(ar), §): § is an o-stage < &.

mark

There is a lot of room for variation here. For instance, we could simply wait
forany stage where x(at,k,q) was still alive and we see x(o,k,q) permitted by W.,. Our version
is more useful in the first author's proof of the density of superbranching degrees. The
trade-off is that we need to work a little harder to get Co.B W, @A

In the construction to follow we use the phrase "initialise &". As usual, this
means reset F(o,s) (the current state of the o-module) to be 1 for th(c) odd, cancel all followers

of o, set r(0L,s) = lh(o) + s 2 max {r(t,s): T < o} and cancel all m(x,c,s).

Construction

Stage 0 Set1(0,0)=0 all &« € T and 6, =A. (Here A denotes the
empty string). :
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Subcase 3 E (o, s+1) = 1 and o does not require attention yet s+1 is
a-expansionary. We know by (2.2)(c) that there is a follower x ready to be assigned to o if
there exists pA0 C o with 1h(p) odd. If such a p exists and x(c,0,s) is not yet defined set
x(a,0,8) = x. Otherwise, if p exists, let x(o,j,s) denote the largest currently defined member of
o's stream. Assign x(a, j+1, s+1) = x. - |

If no such pA0 exists assign x(ax, j+1, s+1) = r(a, 8) + s+1 (or x(ct, 0, s+1)
as the case may be).

Set o(t+1, s+1) = a0 and go to stage (t+2, s+1).

Subcase 4 Otherwise.

Action Define o(t+1, s+1) = oM. If t=s set O,,; = 0" and initialise all
T% O, If t#s go to stage (1+2, s+1).

Case 3 1h(a) =3 (mod 4).
Action Proceed as in Case 2 with B, in place of C,.

End of construction

Verification
Let B denote the left most path.

Lemma Let 0. P. Then

) o receives attention only finitely often,
(ii) Jor all y<; o, lim_1(Y,s) =1(y) exists,

(i) _?no.m <L E_Aoo,aaa
@) Iflh(y) 0.&& and Y0 C o then lim, x(1k,s) = x(yk) exists.
Proof

Assume (1), (i) and (iii) for all & ca Leta=a
alls>s, and y< o

>.
Y Let s, be a stage where, for

a) (Y,8) = 1(Y)
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Downey, Mourad (175-186} : 185

ﬁ\m.mg =W [x]. Ifx does not yet follow some wn_m thenxe C iffx e Opm. If x follows some
Hun.w then x = x(o,k,s) for some k. If x(ot,k+1,s) is currently undefined or x(a,k+1,s) ¢ A then
x ¢ C,. If x(ok+1,5) € A compute u where x(o,,k+1,s) € A, Thenxe C,iffxe Ceu
Hence C, <3 W, ® A and B, < W_ @ A is the same,

Lemma 3 (Ve)(P,) and (Ve)(P,).

Proof

(For P,) Suppose that for some i, P, , fails to be met by a disagreement. Then

ei

00 < B with e = e(a) and i = i) for some a. By lenima 1, there are eventually infinitely many
stable followers x(a.,k,s) = x(ct,k) following o, with x(a.,k) ¢ A. Once x(a,k,s) is confirmed,
x(ok,s+1)=x(0,k,s) iff x(0o,k,s)e A. Thus, as we outlined in the introduction, to compute
W.[k] simply find a stage s(> 8, of lernma 1) where x = x(o,k+1,s) is defined, confirmed and

x & A. Then W, ([k] = W,[k] and so W, < A

Lemmad, (Ve )N, )

Proof

Let o0 B with Ih(e) even and e=e(av), i=i(a). Let @,(B,) = ®;(&) =F. Letz
be given. Let s, be a stage good for o in the sense of Lemma 1.

To compute f(z) find an o0-stage s > s, where 1(e,i,s) > z. Now compute an
a 0A0-stage § > s with 1(e,i,8) > sand A o [s]=Als]. We claim that f(z) = {(z). Indeed, we claim
that for all stages u > §.

one of ﬁ.u prcw z)= Gm.w owpw ; Z)or
2.4
(2.4) D, Cou 2=, &, ;52 holds.
If (2.4) is to fail, there must exist o0-stages $)>8, 2 s with 8, the preceding

0. — expansionary stage before s, such that two numbers y, and y, entered respectively the muo
and Wo sides below the z-uses at s,. We argue that this cannot happen.

We know that the construction ensures that we can take y, and y, as followers.
By the way we appoint (and cancel) at 0/0-stages y; and y, must have both been present at
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