SCHNORR RANDOMNESS

RODNEY G. DOWNEY AND EVAN J. GRIFFITHS

Abstract. Schnorr randomness is a notion of algorithmic randomness for real numbers closely related to Martin-Löf randomness. After its initial development in the 1970s the notion received considerably less attention than Martin-Löf randomness, but recently interest has increased in a range of randomness concepts. In this article, we explore the properties of Schnorr random reals, and in particular the c.e. Schnorr random reals. We show that there are c.e. reals that are Schnorr random but not Martin-Löf random, and provide a new characterization of Schnorr random real numbers in terms of prefix-free machines. We prove that unlike Martin-Löf random c.e. reals, not all Schnorr random c.e. reals are Turing complete, though all are in high Turing degrees. We use the machine characterization to define a notion of “Schnorr reducibility” which allows us to calibrate the Schnorr complexity of reals. We define the class of “Schnorr trivial” reals, which are ones whose initial segment complexity is identical with the computable reals, and demonstrate that this class has non-computable members.

§1. Introduction. The concern of this paper is the algorithmic randomness of reals, which will be considered as infinite strings. The roots of the study of algorithmic randomness go back to the work of von Mises at the dawn of the 20th century. He suggested that randomness of a sequence a_1a_2 . . . could be based on the ability to predict the next bit given the first n bits. Von Mises problem was what would correspond to “acceptable” prediction functions. Of course what was needed was the notion of a computable function. Lacking the language and concepts from computability theory, this work languished until the middle of the 20th century, when it was revisited by Church who suggested a notion of computable randomness^1.

Nevertheless, the real work acceptably clarifying the notion of algorithmic randomness only really came with the work of Solomonoff [16], Kolmogorov [6], Chaitin [3], Levin [10], Martin-Löf [13] and Schnorr [14, 15].

There are three basic approaches taken: measure theoretic, compressibility, and predictability. The first is measure theoretic. A real should be random if it avoids all “effectively null” properties. The canonical version

Research supported by the Marsden Fund of New Zealand 1We refer the reader to Li-Vitanyi [11] and van Lambalgen [9] for a more thorough discussion of the history and evolution of the concept of algorithmic randomness. 1

of this is due to Martin-Löf [13], and is based on computably enumerable (c.e. ) open sets. A c.e. open set is a computably enumerable collection of open intervals with rational endpoints. A computable collection of c.e. open sets {U_n}, n ∈ ω, is a collection for which there is a single computable function able, given any n, to enumerate the intervals of the set U_n. (We generally restrict our attention to elements and subsets of the interval (0,1).)

Definition 1 (Martin-Löf [13]). A Martin-Löf test {U_n}, n ∈ ω, is a computable collection of c.e. open sets such that μ(U_n) ≤ 2^{−n}. A real number x withstands the test U_n if x ∉ ∩_{n∈ω}U_n, and x is Martin-Löf random if it withstands all Martin-Löf tests.

Martin-Löf randomness is the most commonly accepted notion of algorithmic randomness. There are several reasons for this. First, if has all the desired “stochastic” properties one would like (see Van Lambalgen [9]). Additionally, it is easy to work with. For instance, there are “universal” Martin-Löf tests: There is a Martin-Löf {U_n}, n ∈ ω, such that α is Martin-Löf random iff α ∉ ∩_nU_n. More importantly, Martin-Löf randomness has other equivalent formulations.

This brings us to the second approach, that of compressibility. We feel that strings should be random iff they are not easy to compress, and hence reals should be random iff all their initial segments are also random. This approach leads to a machine notion of randomness. The Kolmogorov complexity C(σ) of a string σ relative to a Turing machine M, is the length of the shortest string τ with M(τ) = σ. We call a string random iff C(σ) = |σ|. We’d like to say that a real is random iff all of its initial segments are^2, but this definition is inadequate for infinite strings. Levin [10] and later Chaitin [3] found a remedy for infinite strings via prefix-free machines.

A Turing machine M with domain a subset of Σ^∗, is called prefix free iff for all σ if M(σ) ↓, then M(τ) ↑ for all τ with σ ≺ τ. (In this paper Σ = {0, 1}.) As is well known, prefix free machines are important because the domain of a Turing machine is (effectively) measurable essentially provided that it is prefix free. Thus the notion allows a bridge from effective measure theory to computability. There is a universal prefix free machine M which has the nice property that for all other prefix free machines N, there is a c, such that for all strings σ, K_M (σ) ≤ K_N (σ) + c, where K denotes the prefix free Kolmogorov complexity (that is, K_N (σ) is C(σ) relative to N, provided that N is a prefix free machine). Capitalising on

2That is there is a constant c such that, for all n, C(α ↾ n) ≥ n − c. Unfortunately, no real has this property.

this minimality property we fix a universal prefix free machine M, and the subscript on K_M is dropped^3.

Definition 2 (Levin [10], Chaitin [3]). We call a real α Chaitin random iff all of its initial segments are random using prefix free complexity: there is a constant c such that, for all n, K(α ↾ n) ≥ n − c.

One of the key reasons that Martin-Löf randomness was seen as good was the following theorem of Schnorr.

Theorem 1 (Schnorr). A real α is Martin-Löf random iff it is Chaitin random.

The final standard approach used in the study of randomness is via Martingales, which formalize von Mises intuition that randomness should equal unpredictability. A Martingale is a function f : Σ^∗ → R, such that, for all strings σ, f(σ) = f(σ0) + f(σ1) 2 . We say that a Martingale f succeeds on a real α iff lim_s f(α ↾ s) = ∞. For example suppose that α had the property that every 10th bit was 1. Then, starting with f(λ) = 1 and keeping f(ν) = 1, until bit 10 where we would have f(ν0) = 0 and f(ν1) = 2, etc, we could build a computable Martingale which would succeed on α. Schnorr proved the following: a real x is Martin-Löf random iff no c.e. martingale succeeeds on x. (Here we recall that a real α is c.e. iff it is the limit of a computable (or c.e. ) increasing sequence of rationals, and a function f(σ) is c.e. iff there is a computable function f̂(σ, s) such that for all σ, (∀s)f̂(σ, s) ≤ f̂(σ, s + 1) and lim_s f̂(σ, s) = f(σ)).

Again we see that there is an equivalence. Schnorr effectivised Ville’s observation that null sets are those on which martingales succeed, as Martin-Löf random reals are those on which no c.e. martingales succeed.

We remark that martingales are also important also in that they form the basis of most miniaturizations of randomness and measure to classes like P . (Lutz [12]).

In an important paper [15], Schnorr proved a number of the above results. Additionally, he pointed out a number of deficiencies with the Martin-Löf notion of randomness. To wit, the crucial notion is that a real should be random iff if avoids all effectively given null sets. He argued that a Martin-Löf test is more like a computably enumerably given set, more akin to the halting problem, than a computably given test. Similar deficiencies he argued, can be found in the Martingale equivalence.

To remedy these deficiencies, he proposed the following.

3Here we use C for Kolmogorov complexity and K for prefix free Kolmogorov complexity; sometimes these are denoted K and H respectively.

Definition 3 (Schnorr [14, 15]). A Schnorr test {U_n}, n ∈ ω, is a computable collection of c.e. open sets such that μ(U_n) ≤ 2^{−n} and the function f(n) = μ(U_n) is a computable function of n. A real number x is Schnorr random if it withstands all Schnorr tests.

Schnorr also gave a Martingale characterization of Schnorr randomness, and argued that this notion correctly reflects algorithmic randomness.

While Schnorr’s argument has weight, the Schnorr notion of randomness attracted less attention than Martin-Löf randomness. Part of this was because the primary workers in this area found that the Martin-Löf notion was enough for many results. Another important reason, however, was that the notion of Schnorr randomness proved far harder to deal with than Martin-Löf randomness. For instance, there is no universal Schnorr test^4. Also, many of the basic questions were open. For instance, as we will see, there was no known machine characterization of Schnorr’s notion of randomness, and this was seen as a significant obstacle to the notion’s development.

In this paper, we will begin a systematic study of Schnorr’s notion of randomness. Our first contribution is to provide a machine definition of Schnorr randomness, the existence of which has been a longstanding open question (See e.g. Ambos-Spies and Kucera [1], Ambos-Spies and Mayorodomo [2], etc). These are in terms of a new class of machines miniaturizations of which should be relevant to resource bounded complexity. Specifically, a prefix free machine M is called computable iff ∑ σ∈dom(M) 2^{−|σ|} is a computable real. In Section 2 we prove

Theorem 5. A real α is Schnorr random iff for all computable machines M, there is a constant c such that, for all n, K_M (α ↾ n) ≥ n − c.

We also establish some other characterizations of Schnorr randomness in terms of Solovay tests. Next we turn to trying to understand the class of Schnorr random reals and, in particular, the class of Schnorr random c.e. reals. For any prefix free machine, the quantity ∑ σ∈dom(M) 2 −|σ| is a typical c.e. real. The most famous such c.e. real is Chaitin’s Omega, the halting probability: Ω_M = ∑ σ∈dom(M) 2^{−|σ|} where now M is a universal prefix free machine. In the context of algorithmic randomness, computably enumerable reals occupy the same

4This follows from the contradiction that a universal Schnorr test {Sn}, n ∈ ω, would contain all computable reals in its null set, but on the other hand there is a computable real in the complement of every Schnorr test’s null set (Schnorr [14]).

distinguished place that computably enumerable sets do in the study of decision problems.

Schnorr [14] showed that there is a Schnorr random real that is not Martin-Löf random using a series of results based on Martingale characterizations of randomness. Another argument proving the existence of such a real, this time using a kind of forcing within a universal Martin- Löf test, can be found in van Lambalgen [9]. We demonstrate that such reals can be c.e. This is by no means easy since determining whether a Martin-Löf test is a Schnorr test is a Π^0_2 question^5, and this is difficult to use in an effective construction. Generally this leads to a infinite injury argument as in Theorem 7 below, or or some equivalent rearrangement of Π_2 requirements as in the proof of the following:

Theorem 6. There is a Schnorr random c.e. real which is not Martin- Löf random.

Since the class of Schnorr random c.e. reals differs from the class of c.e. Martin-Löf random reals, it is natural to try to understand them. All Martin-Löf random c.e. reals have the same Turing degree as the halting problem (Kučera [7]). We prove the following.

Theorem 7. (i) All Schnorr random c.e. reals have high Turing degree. That is, if α is Schnorr random, then α^′ ≡_T ∅^{′′}.

(ii) There are Schnorr random c.e. reals α such that α does not have complete Turing degree.

Of course a consequence of Theorem 7 is another proof that Schnorr random c.e. reals need not be Martin-Löf random. We believe that the degrees of Schnorr random c.e. reals are precisely the high c.e. degrees. It is known that below each high c.e. degree there is a Schnorr random c.e. real ([5]).

The machine characterization of Martin-Löf randomness allows one to calibrate randomness. That is, we say that α ≤_H β iff there is a constant c such that, for all n, K(α ↾ n) ≤ K(β ↾ n) + c. Thus, by the work of Solovay [17], Kučera [7] and of Kučera and Slaman [8], we know that a c.e. real α is random iff β ≤_H α for all c.e. reals β.

Inspired by this we can calibrate the complexity of c.e. reals in terms of their Schnorr complexity. That is, we say that α ≤_{Sch} β iff for all computable machines M, there is a constant c and computable machine M̂ such that for all n, K_{M̂} (α ↾ n) ≤ K_M (β ↾ n) + c. 5A test set Un has measure f(n) iff (∀i)(∃s) (f(n) − μ(Un[s])) < 2^{−i}, where Un[s] is a stage-s approximation to the c.e. set Un.

Clearly a real α is Schnorr random if β ≤_{Sch} α for all (c.e. ) reals β.

Solovay proved the remarkable fact that there are noncomputable reals α with α ≤_H ω = {1^n : n ∈ ω}. We call these H-trivial reals. This has been recently improved by Downey, Hirschfeldt, Nies and Stephan to construct c.e. sets with this property, and to show that such reals form an ideal in the c.e. reals. We prove the following.

Theorem 8. There are c.e. noncomputable reals α such that α ≤_{Sch} ω.

Again, the proof is significantly more complex than the corresponding proof for ≤_H . Downey et. al. [4] proved that all H-trivial reals are Turing incomplete, and indeed they are not of high degree.

§2. Schnorr Randomness. Schnorr [14] showed that there is a Schnorr random real that is not Martin-Löf random. We use a priority argument approach to show that this result also holds for c.e. reals.

In the proofs we often use the following notation: for any finite binary string σ denote by [σ] the set of all infinite extensions of σ, equivalently this is the closed interval [0.σ, (0.σ) + 2^{−|σ|}] ⊆ [0, 1]. Also we make use of the following technical result which allows us to simplify the class of Schnorr tests we need to consider.

Lemma 2. If f, g : ω → R are non-increasing computable functions with limit 0 and V_n is a (Martin-Löf) test such that (∀n)μ(V_n) = f(n), then from an index for V_n we can effectively find a test U_n such that: ∩_{n∈ω}V_n = ∩_{n∈ω}U_n and (∀n)μ(U_n) = g(n) The proof of this involves manipulation of the c.e. sets to show that the following three steps can be accomplished: (i) choose increasing sequences n_i, and m_i such that such that f(n_i) > g(m_i) > f(n_{i+1}), (ii) build U_{mi} as a superset of V_{ni+1} , by adding elements of V_{ni} but without adding any element to the null set, and (iii) define sets of the appropriate size (measure) between U_{mi} and U_{mi+1} .

The implication of the lemma is that we can choose to deal with Schnorr tests having a particular computable function for the measure of test sets g(n) = μ(U_n) and still produce all the Schnorr null sets. Henceforth we will assume that all Schnorr tests satisfy not only μ(U_n) ≤ 2^{−n} but in fact μ(U_n) = 2^{−n}.

There is no effective enumeration of all Schnorr tests, as such an enumeration could be used to immediately produce a Universal Schnorr test, which Schnorr showed does not exist [14]. As a result, in many of the proofs below we use an effective enumeration of the Martin-Löf tests, and monitor whether or not each one appears to be a Schnorr test, that is, whether say, V^m_n , the n^{th} c.e. set from the m^{th} Martin-Löf test, appears to satisfy μ(V^m_n ) = 2^{−n}.

Before turning to the machine characterisation of Schnorr randomness we show there is another characterisation analogous to one provided by Solovay for Martin-Löf randomness.

Definition 4 (Solovay [17]). We say that a real x is Solovay random iff for all computable collections of c.e. sets U_n, n ∈ ω, such that Σ_nμ(U_n) < ∞, x is in only finitely many U_i.

Solovay [17] showed that a real is Solovay random iff it is Martin-Löf random. This notion, as with many connected with Martin-Löf randomness, can be directly related to Schnorr randomness if the right way to “increase the effectivity” can be found. (The following definition is equivalent to a definition in terms of martingales mentioned in Wang [18].)

Definition 5. A total Solovay test is a computable collection of c.e. open sets V_i: i ∈ ω, such that the sum Σ^∞_{i=0}μ(V_i) is finite and a computable real. A real α passes a total Solovay test if α ∈ V_i for at most finitely many V_i.

The proof of the theorem below follows that same path as the proof of Solovay’s result that Martin-Löf randomness is equivalent to Solovay randomness.

Theorem 3. y is Schnorr random iff y passes all total Solovay tests.

Proof (←) Suppose y is not Schnorr random, so it fails some Schnorr test {U_n}_{n∈ω}. The infinite sum of the measures of these sets is computable, and y is in infinitely many of them so fails the total Solovay test represented by U_n.

(→) Suppose y is Schnorr random. Let {U_n}_{n∈ω} be an arbitrary total Solovay test. We note that f(n) = μ(U_n) is a computable function, since each μ(U_n) is left computable and their sum is bounded and computable. Define a c.e. open set V_k = {y ∈ (0, 1) : y ∈ U_n for at least 2^k of the U_n}.

Now μ(V_n) < 2^{−n} and furthermore g(n) = μ(V_n) is a computable function of n, as to determine μ(V_n) to within ϵ we enumerate U_0 till its measure is within ϵ2^{−2} of its final value, U_1 to within ϵ2^{− 5}2 , and U_n to within ϵ2^{− n−4}2 , up to the point where 2^{−n′} < ϵ2^{− n′−4}2 (we can ignore U_m for m > n^′). Most (in the sense of at least ‘final measure-ϵ’) of the elements of V_k are already in V_k defined as in terms of being in at least 2^k of these approximations to each U_n.

As y is Schnorr random, y ∉ ∩_nV_n so y is in only finitely many U_i, y passes the total Solovay test. ⊣ The following theorem provides the final tool needed to establish the machine characterisation of Schnorr randomness in terms of the computable machines defined in the introduction.

Theorem 4 (Kraft, see [11]). (i) If A is prefix free then Σ_{n∈A}2^{−|n|} ≤ 1 (ii) (sometimes called Kraft-Chaitin) Let d_1, d_2, ... be a collection of lengths, possibly with repititions. Then Σ_i2^{−di} ≤ 1 iff there is a prefix-free set A with members σ_i and σ_i has length d_i. Furthermore, from the sequence d_i we can effectively enumerate such a set A.

The proof of part (i) uses the map f which takes σ to the real interval [σ] with the right end-point removed, as for a prefix free set the images under f of any two strings in the set do not intersect. Notice that μ(f(σ)) = 2^{−|σ|}. The infinite sum is equal to the sum of μ(f(σ)) and so is less than μ([0, 1)) = 1. An important implication of (ii) is that if we are given an effective enumeration of length-string pairs ⟨d_i, σ_i⟩ then, provided Σ_i2^{−di} ≤ 1, we can build a prefix-free machine M and a collection of strings τ_i with |τ_i| = d_i and M(τ_i) = σ_i. Now we can prove that the machine characterisation of Schnorr randomness is correct:

Theorem 5. A real is Schnorr random iff for every computable machine M, (∃d)(∀n)K_M (x|`n) ≥ n − d Proof ( Only If direction) Suppose z is Schnorr random. For any f given by a computable machine M, suppose for the sake of contradiction that (n − K_M (z|`n)) is unbounded as a function of n. Let R = Σ_{x∈dom(f)}2^{−|x|}.

Define U_k = {x : ∃nK_M (x|`n) ≤ n − k}. If μ(U_k) > δ then there exists a prefix-free subset of 2^{<ω}, {x_1, ..., x_n}, such that Σ^n_{j=1}2^{−|xj |} > δ and K_M (x_j ) ≤ |x_j | − k for all j = 1, 2, ..., n, in each case via a p_j with f(p_j) = x_j and |p_j | ≤ |x_j | − k. We notice that:

Σ^n_{j=1}2^{−|pj |} ≥ 2^kΣ^n_{j=1}2^{−|xj |} > δ2^k

Now as δ2^k < R we have δ < R2^{−k}, and considering this for all δ > 0 we have μ(U_k) ≤ R2^{−k}. Furthermore μ(U_k) is a computable function of k as to approximate μ(U_k) to within ϵ we need only enumerate the strings of the domain of f in order of increasing length y_1, y_2, ..., y_t until R − Σ^t_{j=1}2^{−|yj |} < ϵ2^k. We can then determine all possible p_j relevant to the definition of U_k, except some that may provide extra x_i with the sum of 2^{−|xi|} less than ϵ. From some point on the U_k form a Schnorr test giving the contradiction, since z ∈ ∩_{k∈ω}U_k. Hence (n − K_M (z|`n)) must be bounded for any such f: (∃d)n − K_M (z|`n) ≤ d, so K_M (x|`n) ≥ n − d. (If direction) Suppose z is not Schnorr random. Let U_k be a Schnorr test such that z ∈ ∩_kU_k, U_{k+1} ⊂ U_k, and μ(U_k) = 2^{−k}. Represent each U_k as a union of extensions [σ_{k,i}] of a prefix-free set {σ_{k,i} : i ∈ ω}, such that g(⟨k, i⟩) = σ_{k,i} is a computable function from ω to 2^{<ω}. Note that Σ_{a∈ω}2^{−|g(a)|} = 2.

Since μ(U_{2n+2}) = 2^{−2n−2} we have, for all i ∈ ω, |σ_{2n+2,i}| ≥ (2n + 2). Consider the collection of ‘lengths’ (|σ_{2n+2,i}| − n) for n, i ∈ ω. Σ_{n,i∈ω}2^{−(|σ2n+2,i |−n)} = Σ_{n∈ω}(2^nΣ_{i∈ω}2^{−|σ2n+2,i|}) = Σ_n2^n2^{−2n−2} =^1_2 . We wish to map a string of length |σ_{2n+2,i}|−n to the string σ_{2n+2,i} for each i ∈ ω, n ∈ ω; and by Kraft-Chaitin there is a prefix-free machine M that does precisely this. The partial computable function f defined by M satisfies Σ_{x∈dom(f)}2^{−|x|} =^1_2 . Since ∀n∃i z ∈ [σ_{2n+2,i}], we have (n − K_M (z|`n)) is unbounded. ⊣ The following theorem is a consequence of the fact that there is an incomplete Schnorr random c.e. real, but the direct proof below is considerably simpler than that of Theorem 7.

Theorem 6. There is a Schnorr random c.e real which is not Martin- Löf random.

Proof The following uses a priority construction arranged on a tree. The ‘true path’ through the tree always moves leftward, so approaches a limit as typical of finite injury arguments, rather than the true outcomes being defined as a lim inf. This is essentially because Π^0_2 conditions have been split into countably many Σ^0_1 conditions distributed down the tree.

Let V^m_n be the n^{th} set from the m^{th} Martin-Löf test. We select a single set from each test: specifically let Z_n = V^n_{2n+2}. Note that μ(Z_n) ≤ 2^{−2n−2} and that if V^m is a Schnorr test then μ(Z_n) = 2^{−2n−2}. We construct a Schnorr random real x by ensuring that if the measure of Z_n is precisely 2^{−2n−2} then x ∉ Z_n.

We will define a collection of closed sets X_n, let x_n = min(X_n), and the c.e. real constructed will be x = lim_n x_n.

Requirements R_i : (∀n ≤ i)[μ(Z_n) > 2^{−2n−2}(1 − 2^{−2i−4}) → μ(X_n ∩ Z_n) < 2^{−2n−2}2^{−2i−4}]

These requirements will be satisfied in such a way that if a set Z_n is from a Schnorr test then not only will its intersection with X_i have measure 0, but the intersection will be empty.

The Tree Each node of length i has a strategy working to satisfy R_i. The outcome of an R_i strategy at stage s is the number of sets Z_0, Z_1, ..., Z_j that have exceeded the proportion 1 − 2^{−2i−4} of their maximum possible measure. Formally this is: |{n : 0 ≤ n ≤ i, μ(Z_n[s])/(2^{−2n−2}) > 1 − 2^{−2i−4}}| The tree T ⊂ ω^{<ω} used in the construction has finitely many branches below each node. In fact a node of length l has outcomes {0, 1, ..., l + 1} with the ordering l + 1 < l < ... < 0.

At each stage s we define an apparent true path θ_s, and this moves leftward only. The limit of the apparent true path is the true path, and codes how close test sets Z_n are to the maximum measure possible, 2^{−2n−2}.

As the outcome of a strategy for R_i depends only on i, we define θ_s(i) directly (for i ≤ s) as the outcome of R_i described above.

construction For the tree construction we will define a set X_i at a node of length i; each set X_i will be a finite union of closed intervals and have measure 2^{−i−1}.

Stage 0:

If the R_0 outcome is 0 then X_0 = [^1_8 ,^5_8 ]. If the outcome is 1 then X_0 ⊆ [^1_8 ,^7_8 ] − Z_0[s], X_0 is defined as far to the left as possible, that is, the left endpoints of the intervals making up X_0 are the least possible, and X_0 has measure a half.

Stage s > 0: Proceed down the apparent true path defining X_i at a node of length i for each i ≤ s (X_i could therefore be described as an approximation X_i[s] to the final form of the set).

For each n ≤ i, let Ẑ_n = Z_n[s] if μ(Z_n[s]) > 2^{−2n−2}(1 − 2^{−2i−4}), Ẑ_n = ∅ otherwise (Ẑ_n depends on i as well as n). Using intervals as far to the left as possible define X_i ⊂ X_{i−1} − ∪_{n≤i}Ẑ_n.

This completes the construction of x. There is always enough of X_{i−1} available to define X_i as μ(X_{i−1} − (∪^i_{n=0}Ẑ_n)) ≥ μ(X_{i−1} − (Z_i ∪ ∪^{i−1}_{n=0}(Ẑ_n))) ≥ μ(X_{i−1}) − [2^{−2i−2} + Σ^{i−1}_{n=0}2^{−2i−2}] ≥ 2^{−i} − [2^{−2i−2} + i2^{−2i−2}], and as ix ≤ 2^{i−1}x ≥ 2^{−i} − [2^{−2i−2} + 2^{−i−3}] ≥ 2^{−i}[1 − (2^{−2} + 2^{−3})] > 2^{−i−1} The “inductive condition” that μ(X_{i−1} ∩ Ẑ_n) < 2^{−2i−2} is given by the requirement at the node above that X_{i−1} intersects with Z_n[s] on a set of measure at most 2^{−2n−2}2^{−2(i−1)−4}.

The c.e. real x is Schnorr Random as as if V^m is a Schnorr test then x ∉ Z_m and x ∉ ∩_{n∈ω}V^m_n . To see that x is not Martin-Löf random we describe a Martin-Löf test U_n such that x ∈ ∩_nU_n.

Although the number of nodes in the tree increases exponentially as we proceed down the tree, the number of different definitions given for X_n is bounded by a polynomial. Consider X_0: it has at most two definitions, as only when μ(Z_0[s]) passes a certain threshold does it change. X_1 may change twice because of Z_0 (two different thresholds) and once because of Z_1. In general X_n may change 1 + 2 + ... + (n − 1) =^1_2 (n + 1)(n + 2) times, so if we let X^∗_n be the union of all sets X_n defined in the construction, then for all n, μ(X^∗_n) ≤ p(n)2^{−n} where p(n) = 1 +^1_2 (n + 1)(n + 2). Hence we can effectively choose U^′_n, a subsequence of X^∗_n, such that μ(U^′_n) ≤ 2^{−n−1}. This is a computable collection of c.e. closed sets but can be converted into a collection of c.e. open sets {U_n}, n ∈ ω, U_n ⊇ U^′_n, and μ(U_n) ≤ 2^{−n}. Then x ∈ ∩_nU_n shows that x is not Martin-Löf random. ⊣ We use the Solovay-type characterisation of Schnorr randomness, as well as a direct test-set argument, to prove

Theorem 7. (i) All Schnorr random c.e. reals have high Turing degree. That is, if α is Schnorr random, then α^′ ≡_T ∅^{′′}.

(ii) There are Schnorr random c.e. reals α such that α does not have complete Turing degree.

Proof Part (i): Given an arbitrary c.e. real α we show using the limit lemma and the Solovay-type characterisation of Schnorr randomness that if α is Schnorr random then Tot, the index set of total recursive functions, is Turing reducible to α^′.

Let α_s be a strictly increasing c.e. sequence of rationals with limit α, a Schnorr random real. Let T be a c.e. set such that ⟨i, j⟩ ∈ T iff |W_i| > j. We show that there exists a computable reduction Γ̂ with Γ̂^{α′} = T ot, by constructing Γ such that Γ^α(i, k) = T (⟨i, k⟩).

We define a single reduction Γ, but define for each i ∈ ω a total Solovay test: a collection of open rational intervals Q^i = {Q^i_0, Q^i_1, Q^i_2, ...}.

Proceed in stages s ∈ ω. At each stage s there are two main steps: defining an axiom for the least argument ⟨i, k⟩ not yet dealt with, and checking whether α_s has changed on the use of previously defined axioms.

• Find the least pair ⟨i, k⟩ for which Γ has no axiom. Set Γ^{αs} (i, k) = T_s(⟨i, k⟩) with use γ(i, k) = k. If this value is 1, that is ⟨i, k⟩ has already entered T_s, then add the interval (0, 2^{−k} ) to Q^i (these intervals are added simply to make it easy to show later that Q^i is a total Solovay test).

• Consider all Γ axioms that have just been “injured” by a change from α_{s−1} to α_s. Reset Γ on the injured arguments i, k to the current value T_s(⟨i, k⟩) with use γ(i, k) = k. If ⟨i, k⟩ has just entered T_s, then add the interval (0, 2^{−k}) to Q^i. If Γ^{αs} (i, k) = 0 for a pair i, k, but T_s(⟨i, k⟩) has changed from 0 to 1, then add the interval (α_s|`⟨i, k⟩, α_s|`⟨i, k⟩ + 2^{−k}) to the test Q^i (these are the really crucial intervals in relation to α).

If i ∉ T ot then we will define Γ^α(i, k) to be zero for all but finitely many k, and the limit in k exists and is correct, equal to 0.

Each Solovay test Q^i contains either finitely many intervals or, if T ot(i) = 1, an interval of width 2^{−k} for each k ∈ ω. In either case it is a total Solovay test.

If i ∈ T ot then as α is Schnorr random it will move out of all but finitely many of our sets {Q^i_n}_{n∈ω} so we will get the chance to reset Γ(⟨i, k⟩) to 1 if necessary in all but finitely many cases. Hence Γ will have the correct limit in k.

(∀i) lim_kΓ^α(i, k) = lim_kT (⟨i, k⟩) = T ot(i)

This concludes the proof of part (i)

Part (ii): this proof is quite different in character; it is an infinite injury priority argument in which we use an enumeration of all Martin-Löf tests and act on those that appear to be Schnorr tests.

We construct a c.e. real α and a c.e. set C such that α is Schnorr random but C ≰_T α.

Let V^e_k denote the k^{th} test set of the e^{th} Martin-Löf test in some effective enumeration of all such tests. For each test V^e we have (∀k)μ(V^e_k ) ≤ 2^{−k}. There is no effective enumeration of all Schnorr tests. In particular the set {e : (∀k)μ(V^e_k ) = 2^{−k}} is not computably enumerable, therefore during the construction we continuously monitor Martin-Löf test sets V^e_k to see if they appear to be part of a Schnorr test. This monitoring consists of checking whether an approximation to V^e_k at stage s, V^e_k [s], has measure greater than 2^{−k}(1 − 2^{−n}) for increasingly large n. Note that V^e_k has measure precisely 2^{−k} iff it satisfies the following Π_2 condition: (∀n)(∃s) μ(V^e_k [s]) > 2^{−k}(1 − 2^{−n}).

To be Schnorr random α must satisfy (∀e)[((∀k)μ(V^e_k ) = 2^{−k}) → α ∉ ∩_{k∈ω}V^e_k ], but we will construct α to satisfy the stronger condition (∀e)(∃k)[μ(V^e_k ) = 2^{−k} → α ∉ V^e_k ]. Without loss of generality we may assume that no set V^e_k is enumerated in finitely many stages, that is (∀s)V^e_k [s] ≠ V^e_k . This property is technically useful in the construction.

Naturally we must show there is an increasing sequence of rationals α_s with limit α, but because it is of critical importance to the construction how much of the unit interval is still available for α_t at stages t > s (not eliminated by test sets or other restrictions at stage s) we define a set X_s ⊂ (0, 1) of such “available space” at each stage. Each set X_s is a finite collection of closed intervals with rational end points, and α_s is the least element of X_s.

The construction will start with X_0 defined as [^1_4 ,^3_4 ], or any closed interval with rational endpoints contained in (0, 1). At stage s, we build the set X_{s+1} by removing open intervals from X_s so that X_{s+1} ⊆ X_s, and α_{s+1} ≥ α_s.

Requirements R_e : (∃k)[μ(V^e_k ) = 2^{−k} → V^e_k ∩ (∩_{s∈ω}X_s) = ∅] N_i : Φ^α_i ≠ C Strategy for a single requirement

R_e: Pick k ∈ ω such that 2^{−k} < μ(X_0) and ensure that if μ(V^e_k ) = 2^{−k} then (∩_{s∈ω}X_s) ∩ V^e_k = ∅.

This is achieved by requiring X_{s+1} ⊆ X_s ∩ V^e_k [s] at every stage s in which μ(V^e_k [s]) > 2^{−k}(1 − 2^{−n}) for some n ≤ s larger than any n < s for which the condition was true at an earlier stage. Call such a stage s a growth stage for V^e_k . Thus μ(V^e_k ) = 2^{−k} iff V^e_k has infinitely many growth stages.

At stage s, R_e has outcome ∞ if s is a growth stage for V^e_k , it has outcome f (finite) otherwise. N_i: A Friedberg-Muchnik strategy.

1. Pick a witness z, targeted for C, larger than any witness previously chosen.

2. Wait for Φ^{αs}_i (z) ↓= 0 3. Enumerate z into C and preserve σ, the use of the convergent computation and an initial segment of α_s, by setting X_{s+1} ⊆ [σ] ∩ X_s.

Outcome: N_i has outcome w (wait) until it completes step 3, if ever, at which point it changes permanently to outcome s (stop).

Combining Two Requirements All that is required to combine two test set requirements R_a and R_b is to choose k_a and k_b large so that V^a_{ka} and V^b_{kb} are small compared to μ(X_0). The precise condition is μ(X_0) − (2^{−ka} + 2^{−kb} ) > 0. This ensures that X_{s+1} is never empty, though all elements of V^a_{ka} and V^b_{kb} may eventually be excluded from some set X_{s+1}.

The preservation strategies for two negative requirements N_i and N_j, as defined above, do not conflict.

The interaction of two requirements R_e and N_i illustrates the main conflict in the construction. Let V^e_k be the test set R_e is monitoring, and suppose it does have measure 2^{−k}. At some stage s, N_i may wish to preserve the use σ of a computation, where σ is an initial segment of α_s. This means, in effect, continuing the rest of the construction within the cone [σ] of infinite extensions of σ. (Equivalently [σ] is the closed interval [0.σ, 0.σ +2^{−|σ|}].) The restriction is a problem if [σ] is small relative to the effect that R_e may have in the future via V^e_k . Formally, if μ([σ] ∩ X_s) ≤ 2^{−k} −μ(V^e_k [s]) then setting X_{s+1} ⊆ X_s ∩[σ] may result in a situation where eventually V^e_k eliminates all of X_{s+1}. That is, we risk the possibility that X_{s+1} ∩ V^e_k = ∅.

If we consider N_i to be of higher priority than R_e we can handle the situation by requiring R_e to choose a new and much larger k^′ > k when N_i wishes to preserve a computation. This new k^′ must satisfy 2^{−k′} < μ([σ] ∩ X_s) so that it is impossible for the new set V^e_k′ to eliminate all of X_{s+1} = [σ] ∩ X_s. Subsequently in the construction we work with V^e_k′ and ignore V^e_k , though it has already had a partial effect since X_s ⊆ V^e_k [s − 1], and we do not attempt to reverse this. Switching from V^e_k to a smaller test set V^e_k′ a finite number of times is an essential modification to R_e for the full construction below.

If R_e is of higher priority than N_i then we must modify the N_i strategy. N_i will preserve a use σ if, and only if, it has space within [σ] to do so considering the future impact of V^e_k . Otherwise N_i will destroy its own computation by increasing α_s by at least 2^{−|σ|}. Modified strategy for N_i:

1. Pick a witness z, targeted for C, larger than any witness previously chosen. Choose a rational r > 0 such that r <^1_2 (μ(X_0) − 2^{−k}).

2. Wait for Φ^{αs}_i (z) ↓= 0 and 2^{−k} − μ(V^e_k [s]) < r. Let σ be the use of the computation.

3. (a) If μ([σ] ∩ X_s) ≤ 2^{−k} − μ(V^e_k [s]) then destroy the computation by setting X_{s+1} ⊆ X_s − [0.σ, 0.σ + 2^{−|σ|}). Reset r to half its current value. Return to step 2.

(b) If μ([σ] ∩ X_s) > 2^{−k} − μ(V^e_k [s]) then enumerate z into C and preserve σ by setting X_{s+1} ⊆ [σ] ∩ X_s. Stop.

The outcome of N_i is w until it completes step 3(b), when it changes to s. If N_i destroys its computation infinitely often the limit r on measure removed from the sequence X_s halves each time. Thus the total loss because of N_i is less than twice the original r value, so less than μ(X_0)−2^{−k}. This means that the combined effects of R_e and N_i do not result in any set X_{s+1} being empty, whatever the long term behaviour of N_i.

With this modified strategy two negative requirements N_i and N_j may now conflict: one attempting to preserve a use whilst the other attempts to increase α_s. A negative requirement attempting to move α_s can be handled in much the same way as a test set requirement R_e, the details will be described in the full construction.

Combining infinitely many requirements The interactions between strategies naturally increase in complexity when we attempt to satisfy all {R_e}_{e∈ω} and {N_i}_{i∈ω} simultaneously. There are four main elements to managing the interaction:

• Choose the test sets V^e_k such that the sum of the measures of all test sets mentioned in the construction is finite, and less than μ(X_0).

• Modify the strategy for N_i to take into account all other requirements, including negative requirements that may move α_s. Specifically, alter the inequalities involving r and the condition for choosing 3(a) or 3(b). The basic idea for N_i will remain unchanged: preserve the computation if this is feasible, otherwise destroy the convergent computation by moving α_s.

• Distinguish between the effect N_i has on X_{s+1} when it has outcome w (these effects increase α_s so must be permanent) and the restrictions made when it has outcome s. The ceiling for the construction of

0.σ + 2^{−|σ|} = max([σ]) at step 3(b) may turn out to be temporary if N_i is later injured by another requirement.

• Use a tree of strategies so that each strategy has a guess about the outcome of higher priority requirements.

Tree of strategies.

To combine all the requirements we use a binary tree T ⊂ {∞, f, s, w}^{<ω} with strategies for R_e at level 2e and for N_i at level 2i + 1. We order the outcomes ∞ < f < s < w, so the tree is as follows: R_0 ∞ f N_0 N_0 s w s w R_1 R_1 R_1 R_1

Denote by R_γ the strategy for R_e at node γ, where |γ| = 2e. Similarly N_γ is a strategy for the requirement N_i if |γ| = 2i + 1.

At each stage s ∈ ω we will proceed in substages t ≤ s. At substage t the strategy at (θ_s|`t) on the tree is eligible to act, where |θ_s| = s and θ_s is defined inductively: (θ_s|`0) = λ, if (θ_s|`t) is defined and the strategy at (θ_s|`t) has outcome O ∈ {∞, f, s, w}, then (θ_s|`(t + 1)) = (θ_s|`t)^⌢⟨O⟩. We refer to θ_s as the apparent true path at stage s. Ultimately the true path T P ∈ {∞, f, s, w}^ω is the left most path visited infinitely often, T P (n) = lim inf_s θ_{n+s}(n)

As before we have a sequence of closed sets X_s representing the part of the unit interval available for α_t, t > s. Let α_s = min(X_s) and α = lim_s α_s. The set X_{s+1} will still exclude approximations V^e_k [s] to any test set monitored by R_e which appears to have measure 2^{−k}. X_{s+1} will also exclude any interval [σ], where σ is the use of a computation some strategy N_γ wishes to destroy.

However if a strategy N_γ wishes to preserve a use σ, then instead of setting X_{s+1} ⊆ [σ]∩X_s the strategy will instead define a “ceiling value” of c_γ = 0.σ + 2^{−|σ|} to be applied to the rest of the construction. (Nominally c_γ = 1, for all strategies N_γ , unless c_γ is specifically redefined.) Let C_s be the least value c_γ currently defined for any strategy N_γ at the beginning of stage s, so 0 < C_s ≤ 1. The construction will in future work within Y_{s+1} = X_{s+1} ∩ [0, C_{s+1}].

The reason for this change is that N_γ may be initialized by another strategy, and we will wish to disregard the current value for c_γ thereafter, but not disregard X_s.

Initializing N_γ means (i) setting c_γ = 1, (ii) canceling the follower z, and (iii) returning the strategy to step 1. (N_γ will have outcome w when next visited, even if previously it had outcome s.)

The strategy R_γ , |γ| = 2e also has a new parameter for the full construction, d_γ , a specification of which test sets should be considered “small” by R_γ . Initially d_γ = 1 for all strategies R_γ , but this value will be reduced for strategies visited during the construction. Whenever R_γ chooses a value k to specify its test set V^e_k , it will ensure 2^{−k} < d_γ

Initializing R_γ means canceling its choice of test set; initialization does not change d_γ , nor does it reduce the minimum n for which s ≥ n may be a growth stage for this strategy.

Notation: let γ^− denote the predecessor of a non-empty string γ ∈ T , that is γ^− = γ|`(|γ| − 1). Let T_R ⊂ T be the strings in T of even length (working on {R_e}_{e∈ω} strategies). Let T_N ⊂ T be the strings of odd length (working on strategies {N_i}_{i∈ω}). The use of substages means we need to define X^t_s and Y^t_s which are analogous to X_s and Y_s but represent the situation at the beginning of substage t of stage s ≥ t. So, X^t_s ⊆ X_s is the result of modification of X_s at substages t < s, that is it excludes the intervals eliminated from X_s by earlier substages. X^0_s = X_s, and X_{s+1} will be X^s_s modified by the final substage of stage s. Similarly C^t_s is defined as the least current value c_γ excluding those for γ to the right of (θ_s|`(t − 1)) (they will be reset to 1 by initialization at the end of stage s). At the beginning of substage t let Y^t_s = X^t_s ∩ [0, C^t_s].

We wish to ensure that if a strategy N_γ has outcome w infinitely often, and moves α_s infinitely often, then the total effect (in terms of reduction of measure of the sets X_s) is no greater that^1_2 d_γ− . The intention is that the total effect of all negative strategies with true outcome w is no more than the total effect of all strategies R_γ visited in the construction. Thus if 2(Σ_{γ∈TR} d_γ ) < μ(X_0) we will never face the possibility that μ(X_s) = ∅.

Whereas the test set strategies R_δ are fairly passive in their actions, a negative requirement N_γ must, whenever visited, consider the future impact of all strategies above and to the right of γ. These are the strategies that could undermine an attempt by N_γ to preserve a computation, but would never actually initialize N_γ .

To monitor the potential effects of strategies at γ^−, (γ^−)^− etc, we define for all strategies N_γ on the apparent true path θ_s a quantity A_γ representing an upper limit on the possible measure that can in future be removed from X_s by the strategies above N_γ (without N_γ being initialized). The strategies above N_γ are R_λ, N_{(γ}|`_{1)}, R_{(γ}|`_{2)}, ..., N_{(γ}−_)− , and R_γ− . The definition is inductive on the length of γ.

If |γ| = 1 there are two cases:

• A_{⟨∞⟩} = 2^{−k} − μ(V^0_k ), where V^0_k is the current R_λ choice of test set.

• A_{⟨f⟩} = 0, as the negative strategy below this finite outcome believes that V^0_k will have no further growth stages (otherwise N_{⟨f⟩} will be initialized).

If |γ| = 2i + 1, i > 0, let B = min{r_{(γ}−_)− , A_{(γ}−_)− }, and let V^e_k be the test set currently chosen by R_γ− .

• If γ = ((γ^−)^−)^⌢⟨s∞⟩, then A_γ = A_{(γ}−_)− + (2^{−k} − μ(V^e_k [s])) • If γ = ((γ^−)^−)^⌢⟨sf⟩, then A_γ = A_{(γ}−_)− • If γ = ((γ^−)^−)^⌢⟨w∞⟩, then A_γ = A_{(γ}−_)− + 2B + (2^{−kγ−} − μ(V^e_k [s])) • If γ = ((γ^−)^−)^⌢⟨wf⟩, then A_γ = A_{(γ}−_)− + 2B Full strategies for the tree construction

Strategy R_γ , |γ| = 2e.

1. If R_γ has not chosen k since the start of the construction, or since R_γ was last initialized, then (i) choose k larger than any previous k and such that 2^{−k} < d_γ and (ii) reduce d_δ to^1_{16} (d_γ ) for each of the four requirements R_δ with |δ| = |γ| + 2 (if this is not a reduction for some d_δ then leave it unchanged at the lower value).

2. If s is a growth stage for V^e_k then set X_{s+1} ⊆ X_s ∩ V^e_k [s]. Strategy N_γ , |γ| = 2i + 1.

1. Choose large z. Choose a rational r, 0 < r <^1_4 d_γ− . Modify d_δ for all δ above and to the right of γ so that their sum is less than 1 3 (^1_4 d_{(γ}−_) − r).

2. Wait for Φ^{αs}_i (z) ↓= 0 and A_γ < r. Let σ be the use of the computation.

3. (a) If μ([σ] ∩ Y^t_s ) ≤ A_γ then destroy the computation by setting X_{s+1} ⊆ X_s − [0.σ, 0.σ + 2^{−|σ|}). Reset r to half its current value, or the lesser value of^1_2 A_γ if A_γ > 0. Return to step 2. (b) If μ([σ] ∩ Y^t_s ) > A_γ then preserve the computation by setting c_γ = σ + 2^{−|σ|}. Reset d_δ for δ above, below and to the right of γ so that the total of all such d_δ is less than^1_3 (μ([σ] ∩ Y^t_s ) − A_γ ). Stop.

Modifying d_δ, δ ⊂ γ, for the sake of N_γ does not affect the current choice of test set for the (higher priority) strategy R_γ . It will only have an effect later if R_γ is initialized and then revisited. However this reduction in d_δ will influence N_δ⌢_{⟨f⟩} if this is currently to the right of θ_s and is visited at a later stage.

Limiting the sum of all d_δ in a specified tree is relatively simple because of the action of step (1) of each strategy R_δ. It resets four d_δ′ values below it to^1_{16} d_δ, and the cumulative effect of this as we proceed down paths in this part of the tree is to ensure the sum never exceeds d_δ(1 +^1_4 + (^1_4 )^2 + ...) =^4_3 d_δ . So, if there are n values d_δ currently less than 1 in a specified part of the tree, and we wish to limit the sum of these values and all d_δ′ below them to q, we simply reduce the n values to have sum less than

3q/4. In the construction we generally wish to allow for N-strategy action of equal magnitude, so we would reduce the sum of the n values to less than 3q/8. The initial value of r is chosen in step 1 so that each strategy N_η has an effect in terms of measure of less than a half of d_η− , thus limiting the potential effect of the two N strategies below d_η− to d_η− .

The results of strategy N_γ step 3(b) put Y^{t+1}_s and the future scale of action on X_s (below and to the right of the current true path) in a similar relationship to that of μ(X_0) and the whole construction at stage 0; the combined effect of R and N requirements is less than 2/3 of the measure initially available for our c.e. real.

This relationship is the purpose of much of the technical detail of the construction. In the case of step 3(a) the amount of measure lost to Y^t_s is less than A_γ , which is turn is less than r. Each time this occurs the value of r halves, so the total effect is less than twice the initial r, and the construction is set up to deal with N_γ having this effect (this is why initially r <^1_4 d_γ− ). In the case of step 3(b) the measure remaining after the computation is preserved is μ([σ] ∩ Y^t_s ). Many d_δ values are reduced so that while the requirements above N_γ may use A_γ of this amount, the R requirements to the right and below N_γ use less than a third of the remainder, i.e. less than^1_3 (μ([σ] ∩ Y^t_s ) − A_γ ); the N requirements to the right and below N_γ are limited to the same amount. Thus the R and N requirements combined cannot use all of Y^t_s .

construction At stage 0 Set X_0 = [^1_4 ,^3_4 ], and since C_0 = 1 this implies Y_0 = X_0 ∩ [0, C_0] = X_0.

Set d_λ =^1_8 and allow R_λ (the unique strategy for R_0) to act.

At stage s > 0 (A) Substages 0 to s: Proceed down the apparent true path θ_s allowing one strategy of length t to act at each substage t ≤ s.

(B) Initialize all strategies to the right of θ_s. Find the left-most string β of even length such that R_β has never been visited, but R_{(β}−_)− has been visited. Modify the values d_δ on and to the right of θ_s so that their sum is less that^1_3 d_β. Halve the value of d_β.

end of construction Much of the work is accomplished in a standard way by the tree: we expect each strategy on the true path TP so satisfy its requirement, and each strategy on the true path is initialised only finitely often, by the definition of TP and the fact that only strategies to the right of the apparent true path θ_s are initialised at stage s.

verification It follows from the construction that (∀s)X_{s+1} ⊆ X_s ⊆ [^1_4 ,^3_4 ], therefore, provided none of the sets is empty, the least elements α_s = min(X_s) form an increasing sequence with limit α a c.e. real no larger than^3_4 .

Lemma 1 For all s ∈ ω, μ(X_s) > 0.

Proof μ(X_0) − (total R_e effect) − (total N_i effect) ≥ μ(X_0) − (Σ_{γ∈TR} d_γ + Σ_{γ∈TN}^1_2 d_γ− ) ≥^1_2 − (^1_6 +^1_6 ) > 0

To see that Σ_{γ∈TR} d_γ ≤^1_6 we note that d_λ ≤^1_8 , and that every strategy R_γ visited reduces d_δ for the four R strategies immediately below it to a sixteenth of the value of d_γ . So the sum is less that^1_8 (1 + 4^1_{16} + 4^2(^1_{16} )^2 + ...) =^1_6 .

It is for the sake of this property that d_β and many d_δ were modified at the end of each stage s of the construction: these modifications ensure that injury to the right of the apparent true path does not result in the total effect of requirements initialised and later visited exceeding the initial estimate of^8_3 d_λ.

Lemma 2 For all s, Y_s ≠ ∅.

Proof Since X_s ≠ ∅ the only problem for Y_s is if some value c_γ is set too low. However when c_γ is set by N_γ at set 3(b) the strategy has checked that there is enough space (measure) in μ([σ]∩Y^t_s ) to continue the construction. Unless N_γ is initialised then no strategy can ever increase α_s up to c_γ . This is because without N_γ initialisation the effect of strategies above is limited to A_γ < μ([σ] ∩ Y^t_s ), and the effect of R strategies below N_γ or to the right of θ_s is restricted to^1_3 (μ([σ] ∩ Y^t_s ) − A_γ ), as is the effect of the N strategies below or to the right.

Lemma 3 For all γ ∈ T_N , if γ ⊂ T P then A_γ → 0 as s → ∞ Proof Strategies on the true path have the correct guess about the final outcome of the requirements above, and by induction on the length of γ ⊂ T P , each element in the definition of A_γ tends to zero as required. That is, A_{(γ}−_)− → 0, B → 0, and (2^{−k} − μ(V^e_k )) → 0 if γ^− has true outcome ∞.

Lemma 4 Each strategy γ ⊂ T P satisfies its requirement. Proof Proceed by induction on the length of γ, and consider each strategy after the last occasion on which it was initialised. Case 1: γ ∈ T_R.

R_e is satisfied because k is now fixed for R_γ and if R_γ has true outcome ∞ then (∩_{s∈ω}X_s) ⊆ V^e_k . Case 2: γ ∈ T_N .

N_γ satisfies N_i, |γ| = 2i + 1. Since A_γ → 0 the strategy never becomes stuck at step 2 if Φ^{αs}_i (z) ↓= 0. So if diagonalisation seems necessary N_γ will complete either 3(a) or 3(b) successfully. If 3(a) is chosen infinitely often then Φ^α_i (z) ↑ as the use of the computation on (fixed) z changes infinitely often. ⊣ The result below on Schnorr trivial reals is stated in terms of computable machines, and is proved by ‘building’ the required computable machines. There is no effective enumeration of computable machines, just as there is no effective enumeration of Schnorr tests. Hence we need to use an enumeration of all prefix-free machines and monitor approximations to the Π^0_2 condition that the machine is a computable machine. This produces an infinite injury tree construction.

Definition 6. The size ν(M) of a machine M is a property of its domain: ν(M) = Σ_{τ ∈dom(M)}2^{−|τ |}. If the sum is not convergent we say M has infinite size.

Remark The size of any prefix-free machine is between 0 and 1, and is often referred to as the halting probability. Any machine F with finite size is equivalent to a machine P with the same range and size between 0 and 1 in the sense that (∃c ∈ ω)(∀τ ∈ ra(F )) K_P (τ) = K_F (τ) + c The machine P can be obtained simply by letting P (1^cσ) = F (σ) = τ where ν(F ) < 2^c. Furthermore, by the effective version of Kraft-Chaitin the machine P can be constructed to be prefix-free using not 1^cσ but a string of length c + |σ| in the domain of P , for each σ in the domain of F .

Finally, if ν(F ) is computable and τ_0 is in the range of F then P can be prefix-free and have size 1. The domain size of P can be increased by 1 − 2^{−c}ν(F ), also a computable number, by adding axioms of the form ⟨γ, τ_0⟩ for a c.e. set of γ of the appropriate length. We can ensure that K_P (τ_0) ≮ K_F (τ_0) + c by requiring for all γ that |γ| ≥ K_F (τ_0) + c.

Theorem 8. There are c.e. non-computable reals α such that α ≤_{Sch} ω. That is, for every computable machine M there is a computable machine M^′ satisfying (∀n)K_M ′ (α|`n) ≤ K_M (1^n) + c_M .

Proof We represent α by the set A. By the remark on machine sizes it is sufficient to consider only prefix-free machines M_i of size 1 when constructing A, since if the conclusion fails for any computable machine then it fails for a computable machine of size 1. We will construct for each such M_i a computable machine M^′_i . Since we do not have an effective enumeration of the prefix-free machines with size 1, we must use an enumeration {M_i}_{i∈ω} of all prefix-free machines and monitor the size of M_i[s], the stage-s approximation to M_i, to see if it appears to be approaching 1.

Requirements R_i : (∃c_i ∈ ω)(∀n) K_M ′_i (A|`n) ≤ K_{Mi} (1^n) + c_i P_e : A ≠ W_e Strategy for a single requirement R_i: Every time an axiom of the form ⟨σ, 1^n⟩ enters M_i we put an axiom for ⟨σ, A|`n⟩ into M^′_i .

P_e: Choose a follower x = ⟨e, m⟩. Ensure A(x) = W_e(x) by putting x into A iff x enters W_e.

Combining several requirements The prefix-free machines M^′_i that we build do not conflict since there is a separate one for each i, and the positive requirements P_e also never injure each other as their witnesses are quite distinct, though the single set A is global to the construction.

The main conflict lies in the question of how a machine M^′_i can deal with a requirement P_e putting its follower into A, and in particular into A|`n, after M^′_i has already enumerated an axiom ⟨σ, A|`m⟩ for some m ≥ n. For M^′_i dealing with a single follower x the answer is simple: when an axiom ⟨σ, 1^n⟩ enters M_i we put two axioms into M^′_i : ⟨σ^⟨0⟩, (A − {x})|`n⟩ and ⟨σ^⟨1⟩, (A ∪ {x})|`n⟩ into M_i. The axioms for M^′_i are always enumerated in such pairs, even before x enters A, since M^′_i does not have to correctly predict the final form of A. It needs only to ensure that, up to a constant, it compresses any possible A|`n as well as M_i compresses 1^n.

This approach could be modified for any finite number of followers simply by adding longer and longer strings to σ, but in the case where we have infinitely many followers to deal with a slightly different approach is required. We will use a tree of strategies to simultaneously overcome the problem of not knowing in advance whether ν(M_i) = 1 or ν(M_i) < 1, and the need for each computable machine constructed to deal with infinitely many followers entering A.

Consider the construction of a machine M^′_i with finitely many followers of higher priority above it in the tree, and infinitely many followers to be chosen for lower priority requirements below. The strategy will be to delay any action (enumeration of axioms) until the k followers of higher priority are chosen. M^′_i will then add 2^k axioms of the form ⟨τ, A^∗|`n⟩ for each axiom ⟨σ, 1^n⟩ that has entered M_i, where |τ| = |σ| + k + 1, and A^∗ is one of the 2^k possible versions of A formed by the inclusion and exclusion the k followers of higher priority. If n is less than the least of the k followers then there will be repetition in the strings A^∗|`n but we nevertheless enumerate 2^k axioms to ensure that the size of M^′_i is ultimately a computable real.

The followers below M^′_i will be dealt with in a different way. Call 1 − ν(M_i[s]) the size of the tail of M_i; the size of the part of dom(M_i) not yet enumerated. We assume that ν(M_i) = 1 for the remainder of the strategy. As s increases the size of the tail of M_i tends to zero, and so does the size of the tail of M^′_i , since M^′_i [s] is (so far) precisely half the size of M_i[s]. We choose the first follower y of lower priority than M^′_i at a stage s such that the size of the tail of M^′_i is expected to be less than 2^{−2} and ensure that y is large enough not to change A up to the greatest length so far specified by M^′_i [s]. This means that although in later stages we double the number of axioms M^′_i enumerates in response to an M_i axiom (to account for y ∈ A and y ∉ A) we increase the eventual size of M^′_i by less than 2^{−2}. In choosing the second follower of lower priority we wait until y as above is chosen, and until the ‘doubled’ tail of M^′_i is itself of size less than 2^{−3}. This continues for all followers below so that the total increase in the size of the domain of M^′_i is less than 2^{−2} + 2^{−3} + 2^{−4} + ... =^1_2 . Thus the final size of M^′_i will be less than 1.

Tree of Strategies We use a subset of a binary tree, T ⊂ {∞, f}^{<ω}. R_i ∞ f P_e P_e

R_{i+1} R_{i+1}

During the construction, at stage s, we proceed down the tree in substages t ≤ s working on strategies at nodes of length t. The requirements R_i have outcome ∞ or f according to whether 1 − ν(M_i[x]) < 2^{−n} for an n ≤ s greater than at any previous visit to R_i, or not. The requirements P_e have only one outcome. They are present on the tree only to choose followers appropriate to their guesses about the size of machines above, and to terminate substages early if machines above with infinite outcome do not yet have sufficiently small tails.

The true path and initialisation We define an apparent true path θ_s at stage s. We initialise to the right of it. Initialisation of P_e means the follower is cancelled: if it has not yet been enumerated into A it never will be. A new follower must be chosen if this strategy is visited at a later stage. Initialisation of R_e means we abandon the current version of M^′_i being constructed, and if R_e is visited again we begin the construction of a new machine M^′_i .

Full tree strategies Strategy R_γ , |γ| = 2i.

A stage s is expansionary for M_i iff 1 − ν(M_i[s]) < 2^{−n} for some n ≤ s greater than at any previous stage. When 2^k axioms are added to M^′_i they represent all versions of A including and excluding k followers, where k is the number of followers above M^′_i and also those chosen below when the tail of M^′_i was sufficiently small.

1. Wait for all P_δ , δ ⊂ γ, to choose their followers 2. If s is expansionary for M_i then add 2^k M^′_i axioms ⟨τ, A^∗_s|`n⟩ for each M_i axiom ⟨σ, 1^n⟩ not yet dealt with. (Repeat this step) Strategy P_δ, |δ| = 2e + 1.

When P_δ waits for a machine M^′_i to have a small tail, small means less than 2^{⟨s1,|δ|⟩}, where s_1 is the first stage at which P_δ was visited (or the first since its last initialisation if it has been initialised). We use the stage number as well as |δ| in this definition as we want the total effect of all strategies at this level of the tree to be bounded by 2^{−|δ|}.

1. Wait till machines M^′_i for strategies R_γ , γ ⊂ δ, which have outcome ∞, have small tails. Terminate substages if any do not.

2. Choose a follower x = ⟨e, m⟩ larger than any previous follower and larger than n for any axiom ⟨σ, 1^n⟩ so far enumerated in any machine M_i. Request R_γ above to double their tails to accommodate the new follower x. Terminate substages.

3. If x has entered the W_e then enumerate x in A. (Repeat this step) construction At stage s proceed down the apparent true path θ_s in substages t ≤ s allowing one strategy of length t to act at each substage. Substages may be terminated early by a strategy P_δ on the apparent true path, in which case proceed immediately to stage s + 1.

verification Lemma: True path T P = lim inf θ_s is infinite Proof: Any strategy P_δ on the true path terminates substages only finitely often after it is initialised for the last time, as eventually all machines above δ on the tree, and with infinite outcome, will have “small tails.”

Lemma: Each strategy on TP satisfies its requirement Proof:

Case 1: P_δ. There is a single strategy for P_e on the true path, and it has infinitely many opportunities to diagonalise if needed.

Case 2: R_γ builds a machine M^′_i . This is a computable machine as the c.e. sequence of increases to its domain size (above a half) are less than decreasing powers of two, hence ν(M^′_i ) is a computable number. That is, ν(M_i) = 2^{−1} + b_1 + b_2 + ..., where b_1 < 2^{−2}, b_2 < 2^{−3}, b_3 < 2^{−4} etc. M^′_i has axioms to compress A|`n no matter which of the followers above and below R_γ are enumerated into A. Those to the right of TP, but not below R_γ , do not disrupt the axioms of M^′_i : if M^′_i is visited after such a follower is chosen but before it is enumerated then the strategy will be initialised and the follower cancelled. If such a follower x is chosen and enumerated into A without any visit to M^′_i in the interim then that follower will be larger than the longest initial segment of A so far specified in an M^′_i axiom. ⊣

24 RODNEY G. DOWNEY AND EVAN J. GRIFFITHS

REFERENCES

[1] K. Ambos-Spies and A. Kučera, Randomness in computability theory, Computability theory and its applications. contemporary mathematics vol. 257 (Cholak, Lempp, Lerman, and Shore, editors), American Mathematical Society, 2000.

[2] K. Ambos-Spies and E. Mayordomo, Resource bounded measure and randomness, Complexity, logic and recursion theory (New York) (A. Sorbi, editor), Marcel- Decker, 1997, pp. 1–48.

[3] G. Chaitin, A theory of program size formally identical to information theory, Journal of the ACM, vol. 22 (1975), pp. 329–340.

[4] R. Downey, D.Hirschfeldt, A.Neis, and F. Stephan, in preparation. [5] R. Downey, E.Griffiths, and G.LaForte, On computable randomness, in preparation.

[6] A.N. Kolmogorov, Three approaches to the quantitative definition of information, Problems of Information Transmission (Problemy Peredachi Informatsii), vol. 1 (1965), pp. 1–7.

[7] A Kučera, Measure, Π^0_1-classes and complete extensions of P A, Recursion theory week, lecture notes in mathemathics (Berlin Heidelberg New York) (Ebbinghaus H.-D., Müller G.H., and Sacks G.E., editors), vol. 1141, Springer-Verlag, 1985, pp. 245–259.

[8] A. Kučera and T. Slaman, Randomness and recursive enumerability, SIAM Journal on Computing, vol. 31 (2001), pp. 199–211.

[9] M. van Lambalgen, Random sequences, Ph.D.Dissertation, University of Amsterdam, 1987.

[10] L. Levin, Measures of complexity of finite objects (axiomatic description), Sov.Math.Dokl., vol. 17 (1976), pp. 522–526.

[11] M. Li and P. Vitanyi, An introduction to Kolmogorov complexity and its applications, 2nd ed., Springer-Verlag, New York, 1997.

[12] J.H. Lutz, Almost everywhere high nonuniform complexity, Journal of Computer and System Sciences, vol. 44 (1992), pp. 220–258.

[13] P. Martin-Löf, The definition of random sequences, Information and Control, vol. 9 (1966), pp. 602–619.

[14] C.P. Schnorr, Zufälligkeit und wahrscheinlichkeit: Lecture notes in mathematics vol. 218, Springer-Verlag, Berlin, New York, 1971.

[15] , Process complexity and effective random tests, Journal of Computer and System Sciences, vol. 7 (1973), pp. 376–388.

[16] Solomonof, A formal theory of inductive inference, part i, Information and Control, vol. 7 (1964), pp. 1–22.

[17] R. Solovay, Draft of paper (or series of papers) on Chaitin’s work, Unpublished. 215 pages, May 1975.

[18] Y. Wang, Randomness and complexity, Ph.D.Dissertation University of Heidelberg, 1996.

SCHOOL OF MATHEMATICAL AND COMPUTING SCIENCES VICTORIA UNIVERSITY PO BOX 600 WELLINGTON NEW ZEALAND

E-mail: Rod.Downey@vuw.ac.nz Evan.Griffiths@vuw.ac.nz