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RECURSIVELY ENUMERABLE m- AND tt-DEGREES.
I: THE QUANTITY OF m-DEGREES

R. G. DOWNEY

Introduction. In [ 1], Degtév constructed a nonzero re. tt-degree containing a
single r.e. m-degree. It is not difficult to construct an r.e. tt-degree containing
infinttely many r.e. m-degrees (Fischer [6]); indeed, in [ 3], the author constructed an
r.e. tt-degree with no greatest r.e. m-degree. Odifreddi [12, Problem 10] asked if
every r.e. tt-degree contains either one or infinitely many r.e. m-degrees. The goal of
this paper is to solve Odifreddi’s question by showing:

THEOREM. There exists a nonzero r.e. tt-degree containing exactly 3 r.e. m-degrees.

This theorem can be extended to show that there exist r.e. tt-degrees with
arbitrarily large finite numbers of r.e. m-degrees.

We remark that save for the aforementioned results, very little is known about the
structures that can be realized as the collection of r.e. m-degrees within an r.e. tt-
degree. It seems conceivable that the methods of the present paper may be useful in,
for example, embedding distributive (semi) lattices into such structures.

In part IT of this paper [4], we continue our analysis of r.e. m- and ti-degrees. We
define an r.e. tt-degree to be singular if it contains a single r.e. m-degree,and anr.e. T-
degree a to be singular if a contains a singular r.e. tt-degree.

In [4] we study the distribution (in the r.e. T-degrees) of singular tt-degrees. We
show that 05 is singular (solving a question of Odifreddi [11]), and that the singular
T-degrees are dense, but also we construct a nonsingular T-degree. The techniques
used for the first results extend those of §2 of the present paper.

The organisation of this paper is as follows. As a warm-up, to (hopefully) help the
reader with the proof of the main theorem, in §2 we shall give a new (direct) proof
of Degtév’s result that there exists a nontrivial singular r.e. tt-degree. In §3 we prove
the main result. This involves a substantial modification of the material of §2.

Notation and terminology is standard. A good reference is Soare [14]. The
following are exceptions. We shall use the upper-case Greek letters 4 and I' as tt-
functionals. We let {e,}..,, denote a list of ali partial recursive functions. As usual,
all computations, etc. are bounded by s at stage 's. We warn the reader that §3 uses
a tree of strategies argument and refer him to Soare [13], [14] if he is unfamiliar
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THE QUANTITY OF m-DEGREES 555

For example, if we set 4., = A; then the addition of {g; ;:7 < j < s} must cause
a change in V, ; below y,(g; ;). Moreover since I(e, s) > a; s, We can use 4, to tell us
exactly what that change will be (examine (2.3) and (2.2)). In particular, if A=
Al = Ala, ] then we can use I, and 4, to tell us (at least) one y which must enter
Ve — Voo if 4,(A) = V, and [(V,) = A. The idea is to tie a; ; and y together to get
AL, V,. . :

The problem, of course, is that 4] predicts one y(i) to enter V, — V, cand, for some
J < i, Ai predicts y(j) # y(i) to enter with y(i) ¢ V,. Then we will not know which
y—(i) or y(j)—to blame for g, Js entry into 4. In general, let Vi . denote the
result~—predicted by 4, and I,—on ¥, of setting A = AL. A moment’s thought thus
reveals that for the above strategy to work, it must be the case that,forall j < iands,
Vi, c Vi, for otherwise we cannot get the desired m-reduction.

If, for some s, Vi , & VI _, then we use this fact to satisfy N,. Define a number k to
be a critical number if VEL' & V. If we never see a critical number, then for all s we
have Vi1 < Vi forallk,andso 4 <,, V,.If we see a critical number k, our idea is to
firstset A = A¥* Y and r(e,s) = ay,s- Now we then wait till l(e, 1) > a, ; at some stage
t > 5. Should this not occur, we win since I(¢, s)+ 0. On the other hand, if we see
such a stage £, some number y = y(k + 1) must have entered Ver — Voo with y(k + 1)
e Vii!l — VE,.Sucha y(k + 1) cannot be withdrawn. We can therefore ensure that
l{e,s)+> o0 by keeping r(e,t) = r{e, s) but now setting A4,., = A¥ (and note that
A, 1[s] = Af[s] = A{[s]), which predicts that y(k + 1) ¢ V,. Such a disagreement
kills N, once and for all. ,

For the reduction ¥, <, A we reason similarly. We attempt to build the m-
reduction as follows. For z € @ we wait till I(e,s) > z. Now if z € V, s we need not
worry about z. If z ¢ V, ;, we need only look at numbers <§,(z) to decide if it is
possible for z to enter V,. Also we know that future configurations of 4 are of the
form A;.1f thereisnoi < swithz € V%  thenz ¢ V,.(The reader should note that we
need only look at i < s for the least s whose I(e,s) > z, since any other i will be
beyond the use function of the reduction.) Now if there is some i which predicts
z € V,, it must be the case that, for all j < i,z € VI  too, for otherwise we could use
i as a killing point for N, as above. That is, if such an i exists, then i — 1 is a critical
number and so we would win by first setting 4,,; = A and r(e,s) = s, waiting for
le, ?) to recover so that ¥, ,[z] = Vi [z], and then setting 4,,, = A!™*, creating
a disagreement at z.

Thus, in summary we only need attack N, when we see a way (in a one or two step
action) of making a disagreement predicted by 4, and TI,. Such an attack, if not
injured by N;for j < e, will succeed in meeting N, forever. The result now follows bya
standard application of the finite injury method. O

In part II we analyse the distribution in the r.e. T-degrees of singular re. tt-
degrees. In particular, we show that singular r.e. tt-degrees also live in 07%. The
interesting point about that result is that it requires an infinite injury argument,

§3. The main resuit. In this section we prove the main result:

(3.1) THEOREM. There is a nonzero r.e. tt-degree containing exactly three r.e. m-
degrees. :

We then indicate how to extend this to arbitrarily large finite numbers. The



{"ISzSz+xczin’g= g 3 (1 + x¢)0 T 35D
7+ x¢ > (1 + x¢P% 1eyy Kidun 03 (T{1 + x¢)° "% 2ouIs “‘UOIIU2AUOD)
s> (1 +x¢)°0 pue g (1 + x¢)’ 12y} $108) oy JoyiaSor Suiynd Aq smo7jo]
SIYL .. # (I + X¢)°0 pue 3 [ + x¢,, Suiazesard mou a1e am 2 Ayroud Y “(£°¢)
pue (z'¢) Jo "= Yiim JUISISUOD PIUTEWSI QABY 9M 1BY) 910N "2w02Ino Jo sisdjpuy
‘(urensan) 7 + x¢ = (s 9)b 108 (m)
FUSz57+xgzpn'g =19 308 (1)
{FUS 25 1+xg:2} 0y =Ty 198 (1) (Y 90w 02) suorpoy
'asuss ayewW 0} ° %y = z se yons sonienbaur
10y paimbai Sioym ISQUISW WNWIXEW SI yim 57 Ajnuspr om [lIojoousy pue
arylemaoN {ySzSg+xgiztnig = *g e1oum “°g 3 (1 + x¢) "0 '] 50D
1M0J3Q SISBD OM] 3Y) JO Ju0 0] UIPI0IIE Y
190W MOU UBd 20\ "I =°F U 4 = °F v J ‘pesnun st  se 1Byl 910N "T(T + x¢)* %0
[IM INID0 03 § 98818 B J10J JTeM ISIY OM - SutkJsues 0] p1oAsp Apuarind {7 + x¢
I+ x¢ ‘x¢} = 4 91din pasnun ue uo Sunelado £q Y7 juswaInbal oy} 185w Sp

gy ()

10 ‘1 ‘1Y IoVe[ USY 58 ¢ IV (1) ('€)
10 1 Gy 1erepuey) . 5g 2 GV (1)

:MO[2q PAZIIBWIUINS 218 7 > § safe)s
pue saoqe se o[duy & yons 10§ suidiyed diysiaquuour ojqissod oy ‘fersusg uy (€¢)
Aq p ojul d¢ souay pue (7€) AQ) g o1ul A jLISWNUI M JI 7 OJUL | + A¢ syeIoWnUS
AJuo ued am P*°g ur a1e 7 4 A¢ pue | + A¢ y10q 9ouis ‘siyj suop Suiaey ;.79 =
TS 198 1snur oM usy) (7§ Jo uonejou oyl un) . JF = ' 195 am Ji ‘ojdwrexs 10]
‘moN *°y Sunsy {® 2 1:5"0} gum ‘dg = “'v 191 s o8wys v pasnun {7 + 4¢ ‘] + A¢ A¢}
aydin e 10,1 "o[qissod aie g pue  10] suia)jed diysioquiour ure)1ao Auo ‘Airadord
dunp 93 pue (¢'¢) (7€) yuM Jua)sISuod 9q 01 1BY) 910U P[NOYS ISPEBAX ],

(P = °g v T eousy pur) F =y U X J1 s oFe)s Ju pasnun I
% Kes op (g = @ %) ¥ > q uoym AJuo IS 243 woy pajeep st {§ b el =@
sousH (& # **4 v °g ‘Ayrenbs) & # Ty U Y wmim odin yix oy s30usp Ty 191
§ 93]S 1Y "UOIONIISUOD 21 JO N OI1S8q YISt SIYL, {7 + A€ T + ¢ “A¢} unrojayy jo
sopdin) ojur dn uay01q SB @ MOIA O] SIS 938]S JB UOnEBNIIS 2Y) 21n301d 03 Aem pood vy
‘g 0] A[repuus pue (Y — "y 3z« 5> 2 S d)zp uayy
¥ — 'y o4 51 1eY) osuas oy ur ‘z§ jo dwnp ay3 Sulsn g pue ¥ p{ng os[e apm
VICTHXCPFIT +X¢g
Woxg)A(PPT+XERYIC+XE)PFIT +Xg
‘Voxg mgaxg:y>g (€f)
@ax)A(@PT+HXEWIIT+X)BY ST+ Xg
‘GIT+HXE PV IT+XE
‘gaxg iy axg:g'Sy (T
"sSuonoOnpaI-}} (papuncq) SuUmorio) 2y} (2oueApe ul) Xy am g '= ¥ 18y} 9Isud
0], "uolduny aAIsIngal rerred Axeun yi2 oy) $310UIp *» JBY] I2PBAI 91 PUITUAI 9N
gDV = 0g%=Y 10y ="y seqdunt = (1)1 pue A = ()P N
"ol (VS gid
e (grS V)L
:3uimor[o} oy axe sjuswaImbai

AANMOA "D ¥ 96§



[

. THE QUANTITY OF m-DEGREES 557

Actions. (i) Set A,y = A, U {z:3x +2<z < F,;}.

(ii) Set B, = B,u {z:3x+ 1< z<F,}.

(iii) Set gle,s) = 3x + 2.

Analysis of outcome. Again we remain consistent with 4 =, B of (3.2) and (3.3).
Note that as ,(3x + 1) € B, and B, < B, 4, in this case, we must have a,(3x + 1)
€ B, .. Hence in this case we g(e, s)-preserve “a,(3x + 1) € Bbut 3x 4+ 1 ¢ A,” with
priority e.

Coherence of the B, & =,,. Note that the above strategies cohere in the following
way. First we make sure we use different (with priority e) triples for each e with
assignments in order of priority; and we initialize P, when P, for j < e acts. Thus, in
particular, if i < ¢ and F, is assigned to P, and F, ; to F,, then x < y (and e < s).
However the key to coherence is the “3x” term in the definition of =,,. Suppose that
we are currently satisfying P, at F, ; (as above). Now F; acts and the dump property
dumps all of F, ;into B; and 4;. The cruical point that must be realized is that this is
compatible with A =,, B of (3.2) and (3.3). (As we shall see below, not all actions are
compatible with =,,.) Note that by a finite injury argument the activity above is fine
from F.’s point of view since it can be so injured only finitely often.

Meeting P.. Obviously we meet P, in mxmoﬁ_ﬁro same way as F, only with the roles
of 4 and B 8<oaoa, and we use the notation § for s restraint.

Constrained actions. Before we discuss the satisfaction of the N,, we wish to point
out the important constraints imposed by (3.4) on our enumeration of numbers into
A. At stage s, let {q; ;1 i € w} list in order 4;. Now, by the dump, A,,, = 4,01 A,
= A, v {a, i < k <i(s)} (where i(s) > s). The crucial point is that not all i’s are
available for such enumeration. The sequence of events which can so constrain g; ;1S
the following. It must be that ¢; , = 3x + 1 forsomex, buta;,, ; # 3x + 2. The only
way this is possible (to remain consistent with the dump construction and (3.4)) is
that at some stage § < s we enumerated 3x + 2 into Az,.; — A;. At this stage we
must also have enumerated 3x + 1 into B;,, — B;, since we did not enumerate
either 3x or 3x + 1into A;,, — A;(they are still alive at s > §). The point is that the
only way we can remain consistent with (3.4) is to allow 3x + 1 = a; ; to enter Ag 4,
— A, iff 3x = a;_, s also enters A — A,. (We actually ask that 3x € 4,4, — 4,.) We
therefore refer to a; ; as a constrained point, and for all future stages we can essentially
regard 3x and 3x + 1 as one unit. It is the existence of constrained points that gives
rise to the three options in N, as we sec below.

Meeting N,. To meet a single N, we attempt to implement the strategy of §2 in the
new environment forced by (3.2) and (3.3).

First, the simplest situation occurs when we see a legal way of killing N,. In §2
there were two ways of killing N,. The first way was that we saw an i such that if we
set A;.; = AL and r(e,s) = s then ¥, , could not respond and remain consistent with
d.andT,.In oE setting, this first case is the same with the twist that we must be able
toset A;,; = A;. The point here is that perhaps g; ,isa constrained point and indeed
for all :385_435& a; ¢ there is a V.o V, s such that V,=,A4ivia 4, and I,. We
point out that the fact that perhaps some constrained i might kill (4., I;) is fine from
the point of view of building, say, V, =, 4, since 4;,, = A’ only for legal j.

The other way we would kill (4,, I, v in §2 was to use a two step action. That is, we
saw an i < j such that if we first set A;,, = Al and r(e,s) = s and waited for the
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THE QUANTITY OF m-DEGREES 559

for example, compute F_ ; n B using essentially the same argument as in Case 1,
since if we denote by P/ , the result of setting B, ., = B (with the obvious meaning),
we have, as our Case 2 hypothesis restated, that V1% 2 V*2, Thus if almost all
unused blocks fall into Case 2, then ¥, =, B.

Case 3. V5> & Vi'! and Case 2 does not hold. This means that some numbers are
caused by both A{*? and AL*! to enter V,, but some numbers which A:*2 causes to
enter are not caused to enter by A.* !, and vice versa. In this case ¥, is “Jooking like”
A @ B, and this turns out to be an amalgam of the two previous arguments.

REMARK. We remark that the reason we only look at unused blocks is that used
blocks all “look the same” to both A and B as far as =,, is concerned. It turns out to
be impossible, in general, to ensure that almost all unused blocks fall into one of the
above cases, but we try to do this as much as we can.

Ouridea is to be very selective as to which F, , we shall use to build 4, and force V,
to look like exactly one of the above cases for almost all “live” F, .. We implement
this as follows.

First the reader should note that exactly one of the above cases must pertain for
an unused block at any stage s. We should also nofe that a Case 1 can later become a
Case 3 but not, of course, a Case 2. A Case 1 cannot become a Case 2 since to have
Case 1 at some stage s we must have had Vi*,! 2 Vi%2 Thus there is some number z
< l(e,s)caused by a; .y stoenter Vik! — Vi 2 If we are to remain consistent with 4,
and I, this number can never enter ¥, unless weset 4,,, = A/ forsome j <i+ 1 at
some ¢ > s. In particular, z € V.5' — V%2 for all such ¢. Our idea is to assign a sort
of e-state to each unused block. The e-states roughly correspond to the cases above.
Thus an e-state of ¢"i for F, ; (with ¢ its (¢ — 1)-state) corresponds to case i. We
order the cases as they are given.

Now, a typical situation will be that we have a block F, ; with e-state ¢*2 and
discover a new block F; with x < X, and also with e-state 6 * 2. We suppose, without
loss, that all blocks between X and x have e-state ¢ 1 or were used before e-states
could be assigned. The situation is diagrammed below:

A e —

E

X, 5

critical region F;

As the name suggests, the critical region is the region we must be wary of. The
pointis thatat F, ;and F; _, V_islooking purely like B, and in the critical region V. is
looking purely like A. To get around this difficulty we simply declare the region as
o"2-dead and enumerate the region into 4;,, — A; at some stage § > s iff also 3y
+2€As4q — As where F, = {3y + i:i = 0,1,2}. The crucial point is that in the
critical region, any block F, ; = {37 + i:i = 0, 1,2} must behave exactly like 3y + 2,
and so be known by both A and B. Once a region is ¢ 2-dead, we must reassign any P,
using a block in the region to another block. The situation for ¢* 3 is similar.

Of course, we do not know which outcome is the correct one, but a fairly familiar
m,-priority argument (along the lines of a “full approximation” argument) deals with
the coherence of the strategies. We assume that the reader is at least familiar with e-
state type constructions. We remark that the P, and P, will be met via their g-correct
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THE QUANTITY OF m-DEGREES 561

Case 2. Case 1 does not pertain and N, requires attention in a t-legal way. That is,

one of the following options holds:

Case 2(a). There exists a; ; > max{a, ;, §(7, 5), 4(y, ), (3, 8): 7 <p. 7} such that
(1) a; ; is not t-dead and is not constrained, and
(11) Ie, $) > a;; and for all sets_ Vo ¥, and Ve {0,...,s}, we have either
([L(V) # A)[ (e, s)] or A,(AD)[u] # Vul, Ewowa u = u(I (V; e, s))).

Case 2(b). There exists a; ; > Emi s> (1,5), 4(p,5), r(y,5):y <7} such that
l(e,s) > a; ;and we can 7-legally win a two step action at a; ;- There exists j > isuch
that I(e, & > a; ; and

(i) 4;; is not 7-dead and is not constrained,
(ii) if we set A, = AJ then g, ; is not constrained at stage s + 2, and
(iii) For all sets Ve Ao ...,s} and Vi < V cither (I, (V) = A1) [l(e,5)] or
A(AD[u] % V[u], where u = u(IL(AL; le, mé.
If this case pertains, we declare s to be a 7" w-stage.
Case 3. None of the above pertain and there exists a least x such that
(i) F, . is unused,
(ii) E,, >max{F, ;; 4(y,s), 4, 5), r(y,8):7 <7} = mz, s),
(ii) (e, s) > F_,,
(iv) F, ; has (e — 1)-state 1, and
(v) one of the subcases below pertains.

Let F. ;= {4;4,8i41,5-Gi42,5). We keep the ¥V notation of Case 2 and the
intuitive discussion preceding the construction.

Case 3(a). F,;has e-state t*mfor3 <,m, V.52 & Vit and Vit! ¢ Vit2,

In this case, m:ﬁ block F, ;the e-state t* 3. Find the greatest y E:w y<x msnw that
F, s < m(y,s) for some y <; 7 or F, , has e-state t*3. Declare all q, , for E;<a,
< min{z:z € F, ;} to be t*3-dead. Finally declare s to be a 7" 3- ﬂmma.

Case 3(b). mﬁwmw (e — 1)-statet*0and V%' < V1'% Declare F, , to have e-state
7" 2. Find the greatest y with y < x such that F. s < mfy,s) forsome y < 7 or F,
has e-state "2 or t"3. Declare all a, , for F, ; < 4, < min{z:z € F, } to be 1°2-
dead. Declare s to be a " 2-stage.

Case 3(c). F, . has(e — 1)-statec*0and V.! o V%2 Declare F,  to have e-state
77 1. Find the mnmmﬂomﬁ y with y < x such that F, ; < m(y,s) for some y<ptorkF,,
has e-state t* 1, ©*2, or 7" 3. Declare all a,, , for m. s<a,,<min{z:ze F,} to ,o@

7" 1-dead. Uo&m_.o sto be a 7" 1-stage. .

Case 4. None of the above pertains. Declare s to be a 7*0-stage, and otherwise
change nothing.

DErFINITION. Let g, denote the unique string of length s with s a ¢,~stage.

(3.6) DerFiNITION. We say that P, requires attention at stage s + 1 if P, is not
currently declared satisfied and one of the following options holds.

(3.7) E. has a follower block F, , with e-state = g, such that &, (3y + 1)], where
3y+1ekF, ..

(3.8} F, has no follower block with e-state ¢ < a, where lh{c) = ¢ + 1 and there
is a currently unassigned ?u:wm& block mnm with e-state ¢, max{4(t,s), r(z,s),
q(z,s): 1 <, 6} < min{z:z € F, ;}, and such that F,  is not y-dead for any y <, o.
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THE QUANTITY OF m-DEGREES 563

c) P, and B, are met,

d)if 6 =1"00r ¢ = 1"k then N, is met, and

e) if r(y"k) # 0 for somey withlh(y) = eand y"k <,.0,thenN,ismetand o = 1k
or o =1"0 for some 1.

PROOF. Let s, be a stage such that for s > s,

AC o MH. Os,

(i) Vj < e (P, m_ and N; do not receive attention at o-stages), and

(iii) if we let ¢ = o™ i, then, for all p <; ¥,

Hp,s) =7(p,s0),  alp.s)=4q(p,s0),  @p,s0) = 4(p,s).

First note that if r(y*k,s) # 0 for some y <, ¢ with Ih(y) = ¢ and y # o, then
r(y~k,s) = r(y"k) and, as in the intuitive discussion and §2, this is preserving an e-
disagreement which will not be violated. Thus we shall suppose that, for all such 7,
r(y"k,5) = 0. We claim that N, can receive attention at most twice more at g-stages.
Again this is like §2. If, for example, Case 1, Subcase 1 pertains to some g; , at a o-
stages, > sq,thenweset A;, ., = A} andall 6 with ¢ < & areinitialised. We also set
r(c* *k,s,) = s,, and by construction this restraint cannot be violated. Note that in
this case (by definition of o-stage) since ¢* = B-it must be that ¢ = ¢*k.

The other case (Subcase 2, then Subcase 1) is entirely similar to this and §2, and is
left to the reader.

Finally for the P, (B,). Once N, ceases receiving attention we are free to attack P at
will. Thus once we have a g-stage §, such that §, > s, and for all s-stages 5 > §,, N,
will not receive attention at stage s, it must be that P, gets a follower block with e-
state o. (By induction.) By the technical lemma and the choice of §, this assignment
cannot be cancelled. As in the intuitive description, we must win P, on this block.
This P, (and B) is met and lim, g(c, 5} = g{o) exists (im, (o, s) = g(o) exists). I

Now we must check the key lemma (that all of our machinery was set up to
establish).

(3.12) Lemma (Truth of outcome for N,). Suppose that l{e,s) — 0. Then o* *n < B,
where th(o)t = eand n = 1, 2 or 3. Furthermore

Wifn=1then¥V,=,A,

() if n=2thenV,=,,B, and

()if n=3thenV,=,A® B

PROOF. Let 5, be as in (3.11). If I(e, s) — co, then by the definition of o-stage (and
the fact that there will be infinitely many P, with dom &, = &) it must be that one of
6" 1,672, 0r 6™ "3 < B. Fix ¢ = ¢¥ *n. We must verify (i), (ii) and (iii) above.

Case 1. n = 1. We must show that V, =,, 4. Let x be such that at some o-stage
§, > 5, we have

(@) F, s, = F, > max{r(y), q(v), §(;): 7 <, o}, and

(b) Vy > x Vs > 5, (F, ; has e-state y at stage s implies ¢ < y).

The existence of x and s, is justified by choice of s, and the technical lemma. The
intuition here is that, beyond F,, if F, gets an e-state it is at best .

V. <. A.Let z > F, be given. Find the least o-stage s = 5(z) such that the e-state
o is assigned to some block F, ;> F, with z < F, ;. Note that, as in §2, l{e,s) > z.
We might as well also suppose that z ¢ V, .. First we ask if any o-legal configura-
tion of A4 can cause z to enter V,. Thus, see if there exists a ¢*-live unconstrained
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On the other hand, if for all unconstrained ¢*-live attainable numbers j < i we
have that 4,(4]) = z € V,, then choose the largest such i (assuming z ¢ ¥, ). Now
suppose a; ; € F, ;.

If F,;1is o-live then F,  has e-state ¢ (by construction). Now if g; , = 3y thenz
V,iff 3y e B.1If a; ;, = 3y + 2 then z € V,iff 3j + 2 € B. Finally we claim g; , = 3y +
1 is impossible. To see this we need only note that otherwise z ¢ V1%, — Vi*Z and
hence Vit? # Vit!, forcing F, , to have state ¢* %3 or ¢* * 1 (see Case 3(a) or 3(c)
of (3.5)).

In the case that F,; n 4; # J, by construction it must be that 3 +2e 4
(where F, = {37,3y + 1,37 + 2}). Consequently ¢;,=3y+1 or ¢;,,=3y. In
any case we easily see that z e ¥, iff 3j ¢ B, |

Finally, if a;; is a member of a o-dead block F,; as above (but now with
F, s n A, = ), then a; ; can henceforth only enter A when the whole of F, ; enters
A. (Remember F, ; will remain o-dead forever by choice of x and s,.) Thus again
ze V,iff 3y e B.

Therefore V, <, B.

B <, V,. This is very similar to Case 1, and so we only sketch the details. Let
z > F, be given. Compute a stage s = 5(z) > s, (as above) and again suppose z ¢ B,.
Again we can suppose that there is some o-live block F; ; < zwith F, ; < F; ;. In the
case when the z is a member of a g-live biock it must be that this block has e-state o.
Now if z = 3j then we proceed exactly as in Case 1.If z = 3§ + 1 and then z € Biff
By +2e4 &35+ 1¢ A)or 3je A4, let z=gq;,. Since F;, has final e-state o, as
above there must exist a least 7 ¢ ¥, ; such that 4! and A2 both predict that 7 e V,
and A*! predicts that Z¢ ¥, (after all, this is what e-state ¢* 2 means).
Consequently z € Biff Z € V,. 3 + 2 is similar.

In the case that F; ; is o-dead, then the same reasoning as for Case 1 (with the
above modifications) works, and this is left to the reader.

Case 3. i = 3. This is an amalgam of the preceding arguments. Let x and s, be as
usual. First, to see that V, <,, 4 ® B, find the stage s(z) as in Cases 1 and 2. Now
either for all attainable i we have that 4,(A%) = z € V,, or for some (unique) i we have
4,(A)EzeV,, A4,(A" Y= z¢ V,and 4,(Ai"2) = ze V, as in Case 2. In the former
case z’s entry can be ascertained by A4, and in the latter by B. Hence V, <, A @ B.

To see that 4 @ B <, ¥, it suffices to decide this for o-live F;, with e-state
o=0""3. Let Fy, = {a;5,0;+ 14 Q+25)- By the definition of e-state ¢ 3 it is clear
that our previous arguments give the existence of elements z,, z, such that

G;iy0,€A4 Iff z, eV, )
Gai €A Il z,eV, using the Case 1 argument.
Similarly, using the Case 2 argument, a;,, € Biff g;,, ;€ A (and g;,., , € A) iff z,
€V,..Alsoa;, ;€ Biff (a;,,,¢ Aand a;,, ;€ A)or (a; ; € A). These events must be
able to blame a single z;’s entry into V, (since V2 & Vii!). Hence A @ B <, V,.
. £
The above ideas can be extended to build:
(3.13}) CorOLLARY Let new — {0}. There exists an r.e. tt-degree containing
exactly 2" — 1 r.e. m-degrees.
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