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simplified and extended their work. Homer, Long, and Ambos-Spies have also shown that
there exists a set that is minimal with respect to honest m-reductions.

There are several motivations guiding work in this area. One motivation is that
by deriving consequences from P=NP we may learn more about the P = NP? problem
(ultimately we would like to derive a contradiction, though this seems unlikely). A second
motivation is that there may be a converse to the statement “if P=NP then there exisis
a minimal set” {or some variation of the statement) that yields a statement about honest
degrees that is equivalent to P = NP.

Throughout this paper, all results that can be obtained with P=NP as a hypothesis
are also true in the context of tally sets (i.e. if |Z| = 1). The proofs in the |Z| = 1 case are
similar to those in the P=NP case and are omitted. The reader should keep in mind that
even though a theorem needs P=NP as a hypothesis, there is an analogous result with
|Z| = 1 that is absolute.

In this paper we pursue four goals.

e We push the P=NP hypothesis: Assuming P=NP we prove many structural theorems
about the honest polynomial m-degrees. The proofs use techniques from the theory
. of the m-degrees in recursion theory [12,13,21].

o We exhibit several classes of sets that cannot be minimal. Ambos-Spies [2] showed
. that every high r.e. Turing degree (i.e., a degree a such that a’ =r 0") contains
an r.e. hT-minimal set; and asked if non-high degrees can contain such. We give 2
partial negative answer by showing that low sets (i.e. sets A such that A’ =r @) are
nonminimal. (The proof actually shows that semilow sets are nonminimal.) -
Our proof is an interesting extension of Ladner’s proof that there are no recursive
hm-minimal sets. It is best described as a finite injury delayed diagonalization. Our
techniques can be used to prove other results as well. In addition, we show that index

sets are nonminimal.

o Most results in structural complexity theory directly relativize, that is,if a theorem
is proved, its proof holds for computations relative to an arbitrary oracle set.. Since
there exists sets A and B such that P4 = NP4 and PB # NP?Z (3], techniques that
relativize will not suffice to resolveP = NP?. Techniques that do not relativize are
of interest since they may be useful in resolving P = NP? We show that theorems
about honest reductions need not relativize. In particular, we exhibit two statements
that involve honest reductions, which are true relative to the empty oracle, but false
relative to an oracle which we construct. ,

o We clarify the distinction between honest m-reductions and total honest m-reductions.
An m-reduction from A to B is a function f €P such that z € A iff f(z) € B. A
natura! definition of an honest m-reduction would appear to be to require f is honest;
however, Ambos-Spies has defined honest m-reduction such that f is allowed to map a
string into {Y ES, NO}. We call the former definition a total honest m-reduction (and
denote it <27*°) and the latter just an honest m-reduction (and denote it <h). We
show that these two reductions differ in an interesting way. Ladner showed [14f that

£

there are no recursive sets that are hm-minimal. We show, by contrast, that there.

are recursive sets that are hmto-minimal. Hence Ladner’s theorem does not hold
for total honest m-reductions. This is also of interest because all minimal degrees

2
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In Ladner’s proof, the reduction of B to A is honest, while in Homer’s proof it is
pot. Hence there cannot be a recursive set that is hRT-minimal. As mentioned in the
introduction, if either P=NP or || = 1 then there is a (necessarily nonrecursive) hT-
minimal set [11,18].

In both Ladner’s and Homer’s reductions of B to A, on every input ab most one query
to A is made. In the cases when no query is made, the machine just says YES or NO. This
motivates the next definition.

Definition : Let Aand B be sets. The set B is honest m-reducible to A (written B <k A)
if there exists a polynomial ¢ and a function f €P, f: L* — o*U{YES,N O}, such that
for all z: :

1) if f(z) =YES thenz € A,

2) if f(z) = NO then ¢ A,

3) if f(z) € &° then (z € B iff f(z) € A),

5) if f(z) € =* then (|f ()]} 2 |=].

Definition : The definitions of =%, hm-degree, and hm-minimal are analogous to the
definitions of =5, hT-degree, and hT-minimal, respectively.

This definition of honest m-reduction is not a direct analog of either m-reductions in
recursion theory [22] or polynomial m-reductions [15]. This definition is used by Ambos-
Spies [2] because by allowing YES and NO as outputs all sets in P are <" -equivalent. We
present a definition that appears more natural, but will turn out not to be.

Definition : Let A and B be two sets. The set B is honest total m-reducible to A (written
B <itte A)if B<h Aviaa reduction f that cannot map to an element of {YES,NO}.
The definitions of =h-to hmto-degree, and hmto-minimal are similar to those of mw; hT-
degree, and hT-minimal respectively. A set A is hmto-superminimal if for all sets B such

that B <™t A, B=k* A.

Note: In section 5 we will see that there exist superminimal sets A ¢P. This is somewhat
annatural since even for sets B €P, have B Lh-tos,

We need a way to effectively represent the set of all <!, reductions. _ _

Notation: Let My, Ma,M3,...bea list of all Turing machines, modified such that M, runs
in time pe(n) = n° + & and on an input of length n either outputs a string of length m
where ¢.(m) > n, or outputs an element of {Y ES,N O}. For every ¢, let f. be the function
computed by M., and let Ve —range(fe). f A C " then $4 is the set that is < h _reduced
to A by M., namely ’

red®? & (f(z)edor fo(2) =YES).

For all e, M, represents an Mw_ reduction; and every <! reduction is represented by
some M.,.

Notation: Let .m...HoLuuo,.Nu%,. . be an effective enumeration of clocked oracle Turing ma-

chines, where n®+¢ bounds the runtime of Nuo. T no oracle is written then the empty set
is assumed to be the oracle. If we restrict some P, to be 0-1 valued then L{P,} represents
the set recognized by Pe.
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Since &4 <! A via f,
yedd e f(v) €A

Combining these two facts yields .
z€AS yedi

Hence g reduces A to ®2. It remains to show that ¢ is an <t reduction. B
The only step in the algorithm for g that is not obviously polynomial time is step 3.
Since TI{z) N W, # 0, y exists; but we have to show that |y| is bounded by a polynomial.
We show that |y| < g.(p(|z]) by showing that if not, then f(y) is too large to be in II{z).
Assume
ge(p(|=])) < lyl-

Since f. is g. honest,

ge(|fe(¥)]) 2 Ivl-

Combining these two inequalities yields

ge(|fe(¥)]) > ge(2(|z[)-
Since ¢, .mm a strictly increasing function,
[fe(¥)] > 2(]=])-

Since f.{y) € II(z), the string f.(y) has to be of length < p(|z[), or else it could not be
produced in time p(]z]). Hence
|fe(¥)] < p(l=])-

This contradicts the previous inequality, hence ly| < g.(p(|]))- Lastly we show that g is
honest. Let z € B and g(z) = y € &*. Since f.(y) € II(z),

q{lfe(w)) 2 |z|-

Since p. bounds the complexity of f., pe(jy]) > |f-(v}|, hence

q(pe(ly)) 2 q(Ife(w)l)-

Combining these inequalities yields

a(p.(l¥l)) = |=l-

Hence g is (g © p.)~honest. X
Lemma 2: {P =NP): Let £* = BU C U D be a partition of Z* into three parts which
are in P. Let S be some set in P. Let A be a set such that C C 4 and D C £* — A. Let
e € N. If there exists an hp partition II of B that A respects such that

a) for every z € T* if f.(z) € B then II(fe(z}) NS #0, -

6
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or not Hp (Hm NRE ) is elementarily equivalent to the m-degrees (r.e. m-degrees). W,
show that Hp NRE is not elementarily equivalent to the r.e. m-degrees, though th
problem for H,, versus the m-degrees is open.

We use a modification of exptally sets. These sets have been used for constructin
minimal honest degrees by Homer, Long, and Ambos-Spies 2,18} 2

Definition : Let g(0) = 1 and for allm>0,g(m+1) = 20(m), A set A is ezptallyy
A C {09(m) | m € N}. Let p be a fixed polynomial. Define

EP = {0°(™* |me N, 0< 5 <plm) -1}
Sets of the form EP are called poly-ezptally. For any fixed m the finite set
B™ = {09™+ |0 < j < p(m) — 1}

is called the mt® block of EP.

Note: We will later be partitioning EP by partitioning every block of it. The sets ﬁrm.w
form the partition are called bozes. Each block will consist of a finite number of boxes.

Convention: Modify the machines Py, P2, Ps,... s0 that they are 0-1 valued. Let L(P,
denote the language recognized by Pe.

Theorem 3: (P = NP): The three element chain is a finite initial segment of Hp.
Proof:
Let p be a fixed polynomial. Let
S, ={0?™+i |[me N, 0< 5 < p(m)—1, jodd}
S, ={09™+ |m e N, 0<j<p(m)—1, jeven}

We construct A such that the degrees of @, AN Sz, and 4, forma 3-element chain.
H,,. More precisely we construct A C E? in stages to satisfy the following requirement

Rl: AN Sy # L(P.)
R?: f, is not a reduction of Ato AN S
R3:9AcPordt=h AnS; or A = A
At the end of each stage s we will have the following.
a) A, € P, the strings committed to 4. A C EP, :
b) 4,, the strings committed to I* — A. (Note that A, is not the complement of A
¢) for every m, B, the set of strings in B™ that are not committed to A or &°
Let B, = Up— BY".
d) T1,, an hp partition of EP such that
i) A will respect IL,,
i{) if z and y are in different blocks, then II,(z) # IL, (y) {this makes II, p-ho!
iit) as m increases, the number of boxes of II, in B™ that are wholly contal
S, increases without bound. (Such boxes are needed to satisfy R? and ar
pure bozes.)

-
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is unbounded and the construction only affects at most ¢ per block, the number of pure
boxes in B, is unbounded. :

Every box b in B, is either 2 pure box (b C 5:) such that 5NV, = 8, or is such that
bNV.N Sy # 0. Hence both a) and b) are satisfied. .
3) The number of boxes of B]* that intersect V. is unbounded. We intend to set A4,,,,
Ays1, and T1,4 such that for all 2 € B,y thereexists ay € ,41(fe(z)). By Lemma 1
this implies A =%, B.

We set A,41, Agt1,and I1,4 asfollows. Foreverym let b11, 012, ,.m.:: yb21,b22,. .., bag,

be all the boxes induced by II, that contain elements of B}* {and therefore only elements of
B™); where b11,b12,..., b1k, are all the pure boxes that intersect V,, and b21,baz,...,ba,
are the rest of the boxes. Let k3 = Bmkﬁmwr.w&. For all ¢ < k3 merge by; and be;. For all
i > k3 place the elements of bg; into A,41.

Using A, € P, A, € P, II, honest, and P=NP one can show that 4,41 € P, A,41 €P,
and Il,..; is a hp partition. Since the number of pure boxes in B, is unbounded and the
construction affects less than half of the pure boxes in each block, the number of pure
boxes in B, is unbounded.

It is easy to see that for every box b in Byy1, b0V, # (. Hence for all £ € B, there
exists y € Iy41(fe(2)). X

Theorém 4: The topped finite initial segments of Hm are exactly the finite distributive
lattices.

Proof sketch:

The proof that any topped finite initial segment of Hum is 2 finite distributive lattice
is like the proof for a similar theorem about the m-degrees in recursion theory [21].

We show that if D is any topped finite distributive lattice, then D is an initial segment
of Hy . Let {ay,...,ax} be the join-irreducible elements of D (not including the bottom
element) and let <p be the natural partial ordering on D. Note that every element z of D
is the join of all elements less than z. Let p be a fixed polynomial. For 1 < ¢ < k let

S;={0¢™+ |meN, 0<j<p(m)—1, j=i(modk)}.

We construct A such that the sets A, (indexed by z € D) defined by

A.=An( | 8)

a;<pzx

form an initial segment isomorphic to D in Hm. More precisely we can construct 4 C E*
in stages to satisfy the following requirements. The parameters e ranges over N while the
parameters z and y range over D.

.mwﬁ.n...v 1 Ag F hﬁuau.

Ri2,e,z,4) : Hz £p ¥, then f. is not a reduction of A; to A,.

R? : There exists an z € D such that 4 =5, A..

In the last requirement note that if z is the bottom element of the lattice then ®2 €P.
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We break N, into two subrequirements some of which may entail an infinite number
of requirements.

Requirement R} : A <k W, = Q. <}, W..
The condition Q. <® W, will hold since Q. will be constructed by a Ladner-style

“looking back techniques,” [1,14,16] so Q. will be “W, with holes in it.” To satisfy R} we
satisfy the following requirements .

Nyt ~(4 <k Q. via M)

It is easy to see that if A <h W, and all the N, are satisfied, then Q. <t w..

Requirement R2: A <P W, = Q. £k A
To satisfy R? we satisfy the following set of requirements:

N (W <h A)v-(Q. <k, Avia My).

The sets Q. are defined by a Ladner-style looking back construction. In particular, a
0-1 valued polynomial time function f(—, —) with domain N X N in unary form will be
constructed, and the sets {Q.}S2, will be defined by

c€Q. e (fle, o)) =1and o €W,).

We informally describe how to satisfy each requirement.
Meeting N :: We use strings of the form (0,1%) to satisfy N ;). At some stage s such
that no member of {(0,1%} |t > s} has either entered or been restrained from entering A,
we begin an attack on N qy. Set f(e,t) =0fort =s5,5+1,5+2,... until ¢ is found such
that either :
a) M.({0,1!)) = YES, in which case we restrain (0, 1*) from entering A4, or
b) M.((0,1%)) = NO, in which case we put (0, 1) into 4, or
¢) |M.((0,1%))] > s, in which case we make sure that f(e, |M.({0,1%})|) has been set to
0, and we put {0,1%) into A. .
By honesty, one of these three conditions must occur.
Meeting .%?b while meeting Ny ;y: While Nk,j) is being attacked we set f(e,s) = 1 for
all e # k, hoping that if W, £" A then making Q. look like W, will force -(Q. <h Avia
M;). (We do not try to find a witness for this requirement). If e = k then this course of
action is not open to us, so instead we try to code W, into A. For as long as f (e, lo]) =0,
if r enters W, then put (1%,7) into A. ‘
We show that these actions satisfy each requirement N (e} I Qe <h A then we o,uﬁm..n,w_
W, <k A as follows: Given o, compute f(e, |o}). f(e,Jo]) =1then (0 €Q. o € We)-
Hence ¢ € W, iff M;(o) € A. I f(e,|o|) = O then (0 € W, iff {¢,0) € 4).
Meeting P;: P; is satisfied in 2 manner similar to how N s is satisfied. In parti '
keep elements out of A until an opportunity arises to diagonalize. By honesty, such an :
opportunity will arise. LU

cular, we -

5) Low Sets Are Not hT-minimal
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Since A <7 ', by the Shoenfield limit lemma (see [26] Chapter 11, Theorem 3.3
there is a recursive function h: Z* x N — {0,1} such that A(z) = lims—co h{z,t). By
slowing down the construction of A we can take h as polynomial time computable in |z|
and ¢. Let A, and B, be I

A, ={z | h(z,s) =1 and 0 < |z| < log |s]}
B, ={z | z € A, and f(0!*!) = 1}

Note that A, can be generated in time polynomial in |s|.

Since A is low
.m..} MH. ;‘P.. MH. Ss-

mu»l <r Al <r @'

Hence by the Shoenfield limit lemma there exists recursive functions g(Z,s) and g(s, s) such
that g(1,t) € {0,1}, §{i,t) € {0,1}, Ha(i) = lim; oo ¢(3,), 2and HZ{i) = lime oo 9(3,t).
We use g, g, and the recursion theorem to help spot disagreements. o
We describe how to spot an alleged disagreement of L{M.) and B at stage s. The key,
point will be that we may be wrong about the disagreement but this happens only finitely,
often, and eventually we are right. Keep in mind that while trying to spot a disagreem f ﬁ
we make B look like A. . ..
While trying to spot disagreement we may spot a z such that M.(2) # B.(z).
A may change and thus B,{z) might not equal B(z2), this disagreement may be decepti
We need more evidence that M.(z) # B(z). By the recursion theorem we may assu
that there are recursive functions ¢ and j such that

Wi ={z | (35)M.(2) # Ba(2) =0}, | -
Wie) ={z | (3s)M.(2) # Bi(2) = 1}.

If M.(z) # B,(2) = B(z) and B(z) =0 (B(z) = 1) then z € ANWy(,) (z € ANW;(o))i8
oo 7(i(€), 1) = 1 (limi—co g(7(€),2) = 1). We use this to supply further evidence thz
a disagreement has been spotted.
Formally Ry, appears to be satisfied at stage s if during the computation of f(0°
is found such that M.{z} # B,—1(2) and either
1) B,-1(2) =0, z € Wi(,),a» 9(£(€),8) =1, 0r
Nv .m-IHANV =1z€ ﬂ.\u.ﬁ&_: hc.ﬁnrhv =1.
A definition of Rz..1 appearing satisfied at stage s can be formulated mmBzE.q..
We describe the computation of f(0°) informally. For s steps try to spot ¥
requirements (in order) appear to be satisfied. Let a be the least number such th
. does not appear satisfied. If a is even the let f(0°) = 1, else let f{0°) = 0. We say
requirement a has received attention. If a had appeared to be satisfied earlier, but b
been disovered to not be satisfied, then R, is said to have been injured.
We need to see why this works. If the same requirement receives attention c0
often then A €P by the usual arguments. Since g and g only change their mind fi
often on any argument, no requirement can be injured infinitely often. An inductio
shows that all requirements are eventually satisfied.
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zelC= Pf(z,z) = Pa = HANqu €A

2¢C= Q) =0 => flz,z) €A

The function f is polynomial time computable and honest, hence C < r A. Since ¢
is recursive and A is not recursive, it is not the case that A <7 C. monnm Q A~F A and
thus A is not an AT-minimal set. H_

7) Nonrelativizations and Double Jumps of Minimal Degrees

Virtually all the constructions in the honest minimal degree literature, including the
ones in this paper, use recursion-theoretic techniques. Hence the question arises, “Do
the theorems (and techniques) relativize?” If the techniques relativize, then they will not
suffice to solve the P=?NP problem (3].

In this section we exhibit two theorems about honest reductions that do not relativize.
The theorems are not contrived in that they arose while studying the jumps of minimal
degrees. After presenting these results we will discuss this aspect.

Recall that P2 is g(z)-honest if for all z, for all queries y made in the computation
of PA(z), ¢(ly]) > |z|- Hence PA is z-honest if for all z, for 2ll queries y made in the
computation of PA(z), Jy| > |=|.

For any set A, define

e T e

RA ={c| P2 is z-honest}.
Q* ={e| (3k)[P2 is (z + k)-honest]}

-

Note that honesty is a property of the computation rather than of the set noﬁvﬁ&

Even for recursive A, Q4 and R4 are not index sets in the usual sense (see Rogers [22] u
The following theorem extends a result of Hajek {9].

.,u

Theorem 13: For every recursive set A, R4 is II{-complete.

Proof:
For recursive A, [I# = H.H so giving this proof for A = @ would suffice. However ﬂw
proof is given relative to an B.?ﬁmaw recursive A to stress the dependence of the set on Eﬂm
particular oracle queries and to point up the difficulties of relativizing this construction t
a general nonrecursive A.
R4 is TI# as it can easily be expressed by a IIf statement:

¢ € R* & (Vz)[PA(z) only queries y such that |y| > |z]]

(This is true for all A.)
To prove that R4 is ﬁ;-noup@_mﬁm we will show that K4 <,, R4 where,

= {e|o?(e) halts}.

This suffices since K4 is a II{-complete set [22).
Given e, define the index p(e) as follows. PA a(c) is @ linear time machine which

input z simulates ©# on input e for |z| steps. These || steps include the simulation

16
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Proof:
Since R® is N8 for all B, we need only construct B such that RE is ©F. Then
RB ¢ B NP so R® <7 B.

Let C;,C2,Ca,... be a recursive partition of £* such that each C; is infinite. We
construct B in stages. At the end of stage s we will have completely determined B NC,,
and also whether PZ is z-honest. The answer to the “ € RB?" question will be coded
into C, in a ©F way. We may also place (restrain) other elements into (out of) B.

CONSTRUCTION
Stage. 0: Set Bg = 0. )
Stage e > 0: Let B, = the set of elements put into B through stage e — 1. There are

two cases.

CASE 1: There is a finite set D consistent with B, such that (3z)[P (z) not z-honest].
By D being consistent with B.—1 we mean that D agrees with any elements put into-B._;
or kept out of B,_1 at a previous stage.

In this case let D and z be the least such strings and let D* =D —{y : |y| <z}
Note that the PEYP” () computation is dishonest since it is identical to the PP computa-
tion up to and including the first dishonest query, i.e., the first query to a string of length

less than |z|.

Set .mn eSS mulu U .U._..

For any C; such that D adds some element of C; to B we fix all elements of BNC;
up to length |z|¢ + e. (Recall that |z|® + ¢ bounds the running time of P (z).} Thatis,
at any subsequent stage we never put into B or take out of B any other elements of C;
which have length < |z|® +e. Let z € C; be the least element of C; whose membership in
B has not vet been decided and put z € B. Putting this z into B will make it impossible
for case 1 of the construction to result in C; having a long sequences of adjacent elements

all in B.
CASE 2: For all finite sets D consistent with B._1, we have

(vVz)[PP(z) is z-honest].

Find the least z € C, with 2/¥l > |z|® + ¢ and whose membership in B has not yet
been decided. There exists such an z since only finitely much of C.N B has been decided.
Starting at = put the next 2!zl many elements of C, into B." -

In either case 1 or 2 we now fix B N C, by putting all elements of C'e not yet decided
into B.

END OF CONSTRUCTION.

. Intuitively, the only way a long sequence of elements from B can be in any C. is if we _
put it there on purpose in Case 2. This is the key to our coding.
Claim 1: If PP is z-honest, then at stage ¢ of the construction, we put 2!zl consecutive
elements from C. into B. S

Proof of Claim 1: ,
Since PP is z-honest at stage e of the construction we must have followed Case 2+

Otherwise we would have put elements into B to guarantee that P;” is dishonest. But

-

)
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seek. It is of some interest that the ‘easy’ part- having a construction relativize- does not
carry over, but the hard part- intetleaving two constructions- does carry over.

Theorem 19: (P=NP) There is an hT-minimal set A such that QA L 0. ,

Proof sketch:

The construction is carried out in infinitely many stages. At each stage ¢ a partial
function f; is constructed. Each f; is an extension of f;—1. The set A is the unique set
which is consistent with every f;. At even stages we do the Homer-Long construction of
an h7-minimal set, and at the odd stages we help to make Q4 <z 0". A key point is
that at the end of every stage there is still an infinite number of values where the set is
not determined. This enables the Homer-Long construction to be carried out on the even
stages without any difficulty. (Full details are in [8]. ) X

8) A Recursive Superminimal Set
The sets constructed in section 4, and in all of the honest minimal degree literature,
are nonrecursive. This is necessary since Ladner’s Theorem says that recursive sets cannot
be hm-minimal. However, Ladner’s Theorem does not say anything about Amio-minimal
sets. Total honest m-reductions differ from honest m-reductions in a significant way. In
the cases where an honest m-reduction maps a string to either YES or NO, the honesty
condition does not come into play. By contrast, in the case of total honest m-reductions, the
honesty condition always comes into play. Thus, intuitively, these reductions are different
from each other. We prove this by showing that that there exists a recursive set A, A ¢ P,
that is hmto-minimal, and in fact is superminimal (i.e. for any B <X 4, B =kt A)
Definition : Let g be as defined in section 4 (second definition of that section). Let
B™ = {z : g(m) < |z| < g(m+ 1)}. A set A is blocktype if it is the union of sets of the
moﬁnms.Zoﬁmﬁrpﬁmou.m.:S.Mmgﬁmwmﬁgﬁoﬁ.maWmuh.ﬂ&mumzo_mﬂoﬁmommaE.m

in A (hence if some element of B™ is not in A, then no element of B™ is in 4).

Lemma 20: If A is blocktype and C <!*° 4, then A <ite C.
Proof:

Let C <?*° 4 via a total honest f. Let p and ¢ be polynomials such that p bounds

the runtime of f, and f is g-honest.

The reduction A <A*° C is as follows: on input y find m such that y € B™, and then
output 09(8(m)),

We show

yeAe fOIVMN) c 4 & odle(m)) o

The second equivalence holds because f is a reduction of C to A. The first equivalence
will follow if we show that f(0%(9(™))) € B™, since 4 is blocktype.
Since f is computable in time p

(07| < p(g(g(m))) < 290 = g(m +1).

Since f is g-honest
g(|7 (07" D))) 2 ¢(g(m)), s0
_&ﬁo.:n?::_v > g{m).
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