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We work in the language of strings, which are functions from finite ordinals
into {0, 1}. A string o is an extension of a string 7, written o= 1, if o(x) = 7(x)
for all x in the domain of 7. We say that 7 is a substring of o and o is a superstring
of 7 if o extends 1. Let 0> v denote proper extension. The length of a string o,
written Ith(o), is the least number not in the domain of 0. We identify a set of
natural numbers with its characteristic function. A string ¢ is then an initial
segment of a set G < w if G(x) = o(x) for all x in the domain of 0. We write this
as 0 <G. If o is not an initial segment of G, then this is denoted o £ G. A set G
is n-generic if it is Cohen generic with respect to arithmetical sentences with n
blocks of alternating quantifiers. As characterized by Jockusch [5], this is
equivalent to saying that every 2, collection S of strings either contains an initial
segment of G or is disjoint from {z | 7 = o} for some o< G.

A set M is of minimal Turing degree if it is not recursive and the only sets of
strictly lower Turing degree are the recursive sets. The problem on the existence
of a set of minimal Turing degree recursive in an.n-generic set is of considerable
interest, since the construction of an n-generic set, by way of searching for the
least extension (of a string) in a given X, collection of strings, is incompatible with
the construction of a set of minimal degree, where successive subtrees are
introduced at each stage, resulting in greater restrictions on the set of possible
extensions of a given string. Jockusch [5] showed that if » =2, then there is no set
of minimal degree recursive in an n-generic set (or, equivalently, no n-generic
degree bounds a minimal degree). Chong and Jockusch [3] showed that the same
conclusion holds for 1-generic sets recursive in #' as well. In this paper we prove
the next theorem.
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Proof. We construct the set M using the method of splitting trees and full trees
(cf. [6]), with an additional twist at each stage. Let M* denote the initial segment
of M obtained at stage s (we begin by setting M° to be the empty string and T3 to
be the full binary tree). Given a tree T, a reduction procedure e, and a string o,
let Sp(T, e, o) denote the e-splitting subtree of T above o. Suppose that for all
e<s, T% is either Sp(T%_y, e, M°') (and nonempty), or is the full subtree of T5_,
above some string extending M°. It is understood that if T is a full subtree of

e—1, then T4 has no splitting pair of strings. We perform the following at stage
§ + 1: let e(s + 1) be the least e #e(s) (if the latter exists) and e <s + 1 for which
Sp(T:-1, e, M*) is empty. Let T'(s) be the full subtree of T 1y—; above M*, and
let n(s + 1) be the least n <s+ 1 such that S,, the nth recursively enumerable
collection of strings, contains no initial segment of M°, and such that there is a
string o in S, extending M° by some string v lying on T'(s). Choose the least such
v and let it be M**L, Let TS =T% if d<e(s + 1) — 1 and let T5y be the full
subtree of T'(s) above M**!, For d > e(s + 1), let T5** be successively defined to
be the d-splitting subtree of T3} above M**'. This ends the construction at stage
s+1.

Let M =}, ., M".

Observe that by the choice of T§ (which is the full binary tree), there are
infinitely many stages s where T'(s) is infinite. Indeed there are infinitely many
stages s such that T(s) contains infinitely many initial segments of M. To see this,
suppose that s, is given. Let s, > s, be chosen so that e(s, + 1) is the least e such
that e=e(s +1) for some s>s,. Then there is no e<e(s;+1) for which
e =e¢(s + 1) for some s >s,. This means that for all e <e(s; +1) and all s >s,,
either there is an e-splitting pair of strings extending M° on T3, or no e-splitting
pair exists on T3 (= T%) anywhere. By definition T'(s,) is the full subtree of
Tis,+1—1 above M. This implies that all M*, s>s;, will lie on H.M_Aw_w.c which
is a subtree of T(s;). Hence infinitely many initial segments of M belong
to T'(sq).

By the Epstein—Posner principle [4], the set M is of minimal degree. One can
furthermore verify that M is recursive in #. We now show that M satisfies the
condition of the theorem.

Let ¥ be a recursive sequence of strings such that D(Y) > M. We show that
either Y contains an initial segment of M or there exists an infinite r.e. sequence
Y* such that D(Y*) o M and no string in Y* extends a string in Y. Let Y =3,.
Let s; be a stage where we have dealt with §,, for all m <n. Let s >s,, where
T(s) contains infinitely many initial segments of M. Now if there is a o€ Y
extended by some 7 e T(s), then the construction chooses such a 7 and ensures
that v <M. Otherwise the set 7(s) is an infinite r.e. set of strings such that
D(T(s)) oM and no member of T'(s) extends a member of Y. We may therefore
let Y* = T(s). This proves Theorem 3. O

Let M be a set of minimal degree recursive in @’ which has the property
described in Theorem 3. We will show that M is recursive in a 1-generic set G. To
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even if recursive matching of these two types of objects is observed, since one has
to be certain that the extension of a finite function f to-a finite function g, in
connection with the extension of a string 7 to a string 6, where the functions are
tagged respectively to the strings, allows one to solve the difficulties like those
presented by Y above (i.e., the appropriate i for ¥; = Y* has to be in the range of
the finite function g). It is not difficult to see that a diagonal argument rules out
any possibility of a recursive tagging of finite functions to strings that will
immediately meet our requirements. Our approach then is to allow different
strings to be tagged with different functions at different stages, with the possibility
that the tagging stabilizes at all sufficiently large stage.: There are two basic
conditions to satisfy: Firstly, for ¢ <G, if o is eventually tagged with f (i.e.,
tagged with f at all sufficiently large stage), then Y;,, has to be dense in M for all
x in the domain of f. This is needed to ensure that @ is total on G, since the idea
is that all extensions of o, if defined under &, are mapped to strings which are
substrings of some member of Yy, If ¥, is not dense in M, & will then be
partial or finite on G. Secondly, if S, is dense in G, we want @ to be defined, and
equal to an initial segment of M, on at least an extension of some member of S,.
This is dictated by the 1-genericity of G. This means, among other things, that
there is an extension of a member of S, which is tagged with a finite function g
such that Y, is dense in M for all x in the domain of g. Now there is clearly a
conflict between these two conditions. In particular, the first condition demands a
permanent commitment—if o is permanently tagged with g, then all extensions o’
of g, in order to be defined under @, have to meet the criterion set out by g (i.c.,
the intended @(o') has to be extended by some member of Y,,,, for each x in the
domain of g; this entails waiting for witnesses in Y, to appear before ®(o") is
defined), whereas if ¢’ turns out to be in §,,, then certain. commitments may have
to be breached in order for @(o’) to be defined (one cannot wait forever for a
condition of the first type to be satisfied ‘before action is taken to satisfy a
condition of the second type). To resolve this conflict, a priority ordering of the
requirements is used. Under this ordering, functions may be untagged from
strings, and replaced by a function of shorter length, for the sake of requirements
of higher priority. The priority is arranged according to the index n of S,, and the
rank of a function that is tagged to a string. Thus given o, the desire to define @
on an extension of some 70, T€S,, has higher priority than the desire to
honor the commitment of tagging a function of rank =n to a string extending
o. The priority is reversed when r is greater than the length of the function. This
will be clear from the construction given below.

Observe that to say that D(Y;) o M is equivalent to saying that every initial
segment of M is extended by a string in ¥;. Note also that one has to define @ so
that given @(g) <M, there are strings ¢’ > o such that @(0) < ®(o’) <M. This
is crucial since making @(G) = M is our ultimate aim.

Theorem 4. Let M — w be a set with no X,-dense set. Then M is recursive in a
1-generic set G.
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(f) If o€ L] has tag g at stage s and o € L{*' has tag g’ at stage s + 1, then
g'<g; and if g’ #g, then some o' € L{*' with Q. = g and o' having tag g’
is k-attended, where k =rk(g’).

Construction

Stage 0. Define ®(@) = 0. Tag @ with the empty function and put @ in L{. Now
recursively choose countably many pairwise incompatible extensions 7/ = t}/(f)
(for ie wU {0} and j<2) of @. This is done in such a way that we first form
infinitely many pairwise incompatible extensions 7’ and then split them (by
extension) into the 7"/ so that condition (a) is satisfied. Assign to each 7*/ the tag
{(0, i)} (and so rk({(0,5)}) =1).

Stage s + 1
Step 1 (k-attention). Find any string o and k € w such that
(i) o is not yet k-attended;

(ii) o€ S%; and

(ifi) for some o' € L] with ¢’ < 0, o' has tag g with rk(g) =k — 1 at stage s.

For all such o, in order of k£ and lth(o), find the y € L] with y =< o of the
greatest length, and the ¢’ € L] of the least length satisfying (iii). For all p € L}
with 0’ < p <y or y = p declare p to have tag g. For all = o, declare 5 to be
k-attended. Remove all p € L; with p <y or p= y from L} and remove any tags
from p. Adopt the first case below which applies to the situation:

Case 1: o< Lj. Do nothing in this step.

Case 2: o ¢ Li. Find a (long) extension 7 and o incompatible with all strings
not <y generated in the construction so far, chosen so that condition (a) is
preserved. Define @(7) = ®(y), declare 7 to have tag g, and put 7 in L™,

Step 2 (g-confirmation). For any string n remaining in L3 m@on Step 1, it will be
the case that # has some tag g = g, and n = t/(5) for some &. If for all x in the
domain of g, there is a p = p(g(x), s) € u\h@ such that @{5)*j =< p, declare 1 as
g-confirmed (i.e., x~-confirmed for all x in the domain of g) and put 7 into L3+
after removing it from L5*’. Define &(n) = &(0) *j.

Step 3 (Creating many possible paths). Finally, for all strings o in L5*! with a
tag g at the end of Step 2, create infinitely many pairwise incompatible extensions
7541 = 7241(0) (for i € @ U {#} and j <2), chosen so that condition (a) is met and
that the extensions are all incompatible with any string in L{** U L (at the end of
Step 2), except those which are substrings of o. Tag each such 7%/, with
F=gU({lth(g), i)} and put it in L§*". Note that tk(f) =rk(g) + 1 at the end of
this stage unless i = or is in the range of g. For each 7%/,(0) we have just
created perform Step 2. That is, if for each x in the domain of f, there is a
p € Y3(;) such that p = ®(0) *j, immediately put t%,(0) into Li*! after aoBoinm
it from L3*™. We also set @(72},)=®(c)*j and declare that 7%/, is f-
confirmed. [ End of Construction
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Minimal degrees recursive in 1-generic degrees 223

Set £,,1 =max{¢', u}, where u is the stage we add &,., to L,. Thus in this case
we set G, =0,,; and complete the induction (observe that @(o,.,)=
D(y') *))-

Case B. This is the remaining case. Here for all y € S,,;, and all u such that
p=y>o0, O(u) | implies that d(u) £ M. The first step of the construction
evidently arranges that for y €S,,,; extending ¢ and (n + 1)-attended at s >¢,
there exists u such that o<y =<y, with @,(u) |, and u, given tag £, at the end of
stage s', enters L,. For those vy € S, such that there exist u € L, with tag f, and
o<y=p, let p=p(y) denote the string in L; of the greatest length (if exists)
such that o <p < y. The construction ensures that ¢(u) = &(p).

Let

S =(Y€8u41|p(v)is defined} and Y ={P(p(7))|yeS}

We need to consider two cases.

Subcase 1. D(D(S)) # M. In this case we know that there is a proper extension
A of @(0) such that for all y €S, @(p(y)) F A and A <M. Now at each stage s we
construct for each § € L, infinitely many pairwise incompatible extensions of the
form 7;/(B). In particular the extensions of 8 of the form 7%/(8) will add nothing
to the tag of § (as far as the consideration of sets of the form Yy, is concerned,
where f is the tag of 8). Now for =0, let s>1, and suppose that 1%/(0) is
introduced at stage s with @(0)*j <M. Then one of the following holds.

(@) 72/(0) is (n + 1)-attended at some stage w <s;

(x) 2/(0) is (n + 1)-attended at some stage s’ >5, and @, (12/(0)) = P(0) *j

is defined at some w <s';

(s) %/(0) is (n + 1)-attended at some s’ >s, and B(z2/(0)) is not defined by

stage s'.

In the case of (q), 75/(0) has tag f, U {(lth(f,), §)} at all stages after s, and
@(1%/(0)) = ®(0) *j <M. For (1), the string = 2/(¢) is in L, and so will have
tag f, at any stage greater than s'. Furthermore, for an appropriate k, t%%(n) will
have tag f, U {Ith(f,), @)} at all stages after s’, and ®(z%/(n)) = P(n)*k <M. In
the case of (s), t*/(0) is removed from L,. Let ' €S,.,, be the string causing
737(0) to be (n + 1)-attended at s’>s5. Then y'<1%/(0) and Step 1 of the
construction gives a @ =7’ such that &.(u)= ®(0). Then %% (u) has tag
J» U {(th(f,), )}, for k' <2, at all stages after s’, and in particular at some
w>s', we have @,(%*'(u)) = ®(0)*k' <M for an appropriate k’. In any case,
we conclude that there is an extension v of o such that &(v) = ®(0)*j <M and v
is tagged with either f, or f, U {(ith(f,), #)} at all sufficiently large stage after s.
Similar comments apply to v as they do to o. \

In this way we obtain by Step n + 1 an extension t* of ¢ such that ®(z*) = A,
and at all sufficiently large stage, the tag of 7* is g’, where g’ =f, and g'(x) = ¢
for all x such that Ith(f,) <x <Ith(g’). Note that for all ye§,,,, either y does
not extend 7*, or if it does, then it does not cause (n + 1)-attention (else the
y=t* with the least length would have p(y) defined and =t*, contradicting
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degree recursive in it bounds a minimal degree? On the other hand, it is known
that there is a minimal degree below 0’ not bounded by any minimal degree [2].
Thus the interplay between 1-generic degrees and minimal degrees appears to be
fairly complex. Ultimately, one would like to obtain a possibly degree-theoretic
characterization of minimal degrees below 0’ which are recursive in 1-generic
degrees.
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Notes added in proof

(a) M. Kumabe has independently proved Theorem 1 (A 1l-generic degree
which bounds a minimal degree, J. Symbolic Logic 55 (1990) 733-743). His
method is different from ours.

(b) Our characterization (**) and the proof of Theorem 4 actually produce the
following basis resuit: A minimal degree below 0’ is bounded by a 1-generic
degree if and only if it is bounded by one that is below 0. Furthermore, the latter
can be obtained uniformly.
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