Some Recent Progress in Algorithmic Randomness

Rod Downey^⋆

School of Mathematical and Computing Sciences Victoria University PO Box 600, Wellington New Zealand

1 Introduction

Recently there has been exciting progress in our understanding of algorithmic randomness for reals, its calibration, and its connection with classical measures of complexity such as degrees of unsolvability.

In this paper, I will give a biased review of (some of) this progress. In particular, I will concentrate upon randomness for reals. In this paper “real” will mean a member of Cantor space 2^ω. This space is equipped with the topology where the basic clopen sets are [σ] = {σα : α ∈ 2^ω}. Such clopen sets have measure 2^{−|σ|}. This space is measure-theoretically identical with the rational interval (0, 1), without being homeomorphic spaces.

An important program which began in the early 20th Century was to give a proper mathematical foundation to notion of randomness. In terms of understanding this for probability theory, the work of Kolmogorov and others provides an adequate foundation.

However, another key direction is to attempt to answer this question via notion of randomness in terms of algorithmic randomness. Here we try to capture the nature of randomness in terms of algorithmic considerations. (This is implicit in the work on Kollektivs in the fundamental paper of von Mises [88].)

There are three basic approaches to algorithmic randomness. They are to characterize randomness in terms of algorithmic predictability (“a random real should have bits that are hard to predict”), algorithmic compressibility (“a random real should have segments that are hard to describe with short programs”), and measure theory (“a random real should pass all reasonable algorithmic statistical tests”).

A classic example of the relationship between these three is given by the emergence of what is now called Martin-Löf randomness. For a real α = .a_1a_2 · · · ∈ 2^ω, a consequence of the law of large numbers is that if α is to be random then lim_s^{a1+···+as}_s =^1_2 . Consider the null set of reals that fail such a test. Then Martin-Löf argued that a real α can only be random if it was not in such a null set. He argued that a random real should pass all such “effectively presented” statistical tests. Thus we define a Martin-Löf test as a computable collection

⋆ Research supported by the Marsden Fund of New Zealand.

{U_n : n ∈ N} of computably enumerable open sets such that μ(U_n) ≤ 2^{−n}. We say that α passes the test iff α ∉ ∩_{n∈N}U_n. A real α is called Martin-Löf random or 1-random iff it passes all Martin-Löf tests. (Martin-Löf [77])

It turns out that there are equivalent definitions of this notion of randomness in terms of the other paradigms. For instance, Schnorr proved that α is 1-random iff there is a constant c such that for all n, K(α ↾ n) ≥ n − c. Here K denotes prefix-free Kolmogorov complexity^1.

In this paper we will report on some recent work centered around a program attempting to understand when one real is more random than another and what consequences this has for computability theoretical-aspects of the real. For instance, what does it mean for a real to be “highly random”? If a real is “highly random” what can be said about its Turing degree? Should it be complicated or should it be relatively simple? Does it have high or low information content, etc.

We have seen that we can characterize 1-randomness in terms of initial segment. This suggests natural measures of relative complexity. One real is more random than another if, but some reasonable measure, the initial segment complexity of the first is at least as high as the second on initial segments. We will look at various methods of calibration by initial segment complexity such as those introduced by Solovay [112], Downey, Hirschfeldt, and Nies [30], Downey, Hirschfeldt, and LaForte [27], Downey [21].

These methods are related to lowness notions such as those of Kučera and Terwijn [64], Terwijn and Zambella [119], Nies [91, 93, 92], Downey, Griffiths and Reid [25]. Here a lowness notion is one that says the real does not help as an oracle. For instance, a real A is Martin-Löf low if the collection of reals 1-random relative to A are the same as the original 1-randoms. Miller and Yu [86] have demonstrated that this notion also gives rise to natural notions of calibration of randomness such as Miller and Yu’s von Lambalgen reducibility. This is intimately related to our earlier work on initial segment complexity.

Finally, this is also related to higher level randomness notions going back to the work of Kurtz [66], Kautz [54], and Solovay [112], and other calibrations of randomness based on definitions along the lines of Schnorr.

These notions all have complex interrelationships, and relationships with classical computability notions such as relative computability and enumerability. For instance, a very exciting by-product of the program is a more-or-less natural

1 We assume that the reader is somewhat with basic Kolmogorov complexity, and the notion of a prefix-free machine. The reader should recall that a prefix-free machine is a Turing machine M whose domain is a prefix-free set of strings; that is for all σ if M(σ) ↓, then for all strings τ , with σ ≺ τ , M(τ ) ↑ . Of course, such machine have measurable domain, μ(dom (M)) = P M(σ)↓ 2

−|σ|. Prefix-free machines are

used in the algorithmic information theory of reals. There is a minimal universal such machine U, in the sense that for all M there is a constant cM such that for all KU (σ) ≤ KM (σ) + cM . Here KD (σ) denotes the Kolmogorov complexity of a string σ relative to a machine D. That is the length of shortest string τ with D(τ ) = σ, and ∞ if no τ exists. We let K(σ) denote KU (σ).

requirement-free solution to Post’s problem, much along the lines of the Dekker deficiency set.

There is a large number of open problems in this area many of which are very basic. We will focus on some of these problems.

Given the space restrictions, I will not include any proofs. I refer the reader to Downey, Hirschfeldt, Nies and Terwijn [32] for an expanded version of this article, and to the forthcoming book of Downey and Hirschfeldt [26] for full details.

I will be concentrating upon algorithmic information theory for reals and hence be ignoring a lot of new combinatorial results, particularly from the Moscow school, on the Kolmogorov complexity of strings. Also ignored is the complexity theoretical work of Lutz and others relating effective Hausdorff and packing dimension to complexity classes. Here, we refer the reader to Ambos- Spies and E. Mayordomo [4] and Lutz [75]. Finally I will not talk about the recent work of Allender and others looking at efficient reductions to the collection of nonramdom strings. (See e.g. Allender et. al. [1])

2 Three approaches to randomness

Historically^2, there were three main approaches to the definition of an algorithmically random sequence. They are via what we call

(i) The measure-theoretical paradigm, (ii) The incompressibility paradigm, and (iii) The unpredictability paradigm.

2.1 The measure-theoretic paradigm, and stochasticity

The first author to address a possible “definition” of randomness was von Mises. In his remarkable paper [88], von Mises defined a notion of randomness based on such “admissible” stochastic properties, such a random real should have 1’s and 0’s equally likely, and noted that for any countable set of such properties a nonempty notion of randomness resulted. This was early in the 20th century and well before the development of the notion of a computable function. He did not have a canonical choice of such a countable set at hand. After the development of the notion of a computable function, Church made the connection with the theory of computability by suggesting that one should take all computable stochastic properties.

Jumping forward, Martin-Löf noted that sets coding such stochastic properties are a special kind of measure zero sets, and that a more general and smooth definition could be obtained by considering all effectively measure zero sets.

2 In these notes, we will try to avoid discussion of the history of the evolution of the notion of algorithmic randomness. There is a thorough discussion in the monograph of Li and Vitányi [71], the paper of Zvonkin and Levin [129], and van Lambalgen’s thesis [67].

The measure-theoretic paradigm is that random reals should be those with no effectively rare properties. If a property constitutes an effective null set, then a random real should not have such a property.

A collection of reals that is effectively enumerated is a Σ^0_1 -class. We can represent any Σ^0_1 -class of reals as {[σ] : σ ∈ W } for some prefix-free c.e. set W . Now a “test” is a series {U_i}_{i∈ω} of such Σ^0_1 -classes that are shrinking in size. A real passes a test {U_i}_{i∈ω} if it is not in the intersection � i U_i. The main idea is that a random real should pass all effective tests. This leads to the following definition.

Definition 1 (Martin-Löf [77]). A set of reals A ⊆ 2^ω is Martin-Löf null (or Σ_1-null) if there is a uniformly c.e. sequence {U_i}_{i∈ω} of Σ^0_1 -classes (called a Martin-Löf test) such that μ(U_i) ≤ 2^{−i} and A ⊆ � i U_i. A ∈ 2^ω is Martin-Löf random, or Σ_1-random, or 1-random, if {A} is not Σ_1-null.

Solovay [112] observed that the definition of 1-randomness is equivalent to saying that a real α is 1-random iff for all c.e. collections of intervals {[σ_i] : i ∈ N}, if � i 2^{−|σi|} < ∞ then α is in at most finitely many [σ_i].

One very interesting fact, due to Martin-Löf, is that there is a universal Martin-Löf test U = {U_n : n ∈ N}. That is, a real α is Martin-Löf random iff α ∉ � n U_n. To see this, given an enumeration {V^m_i : i, m ∈ N}, of partial Martin-Löf tests, with V^m = {V^m_i : i ∈ N}, let U = {U_n : n ∈ N}, with U_n = � k V^k_{n+k} .

2.2 The incompressibility paradigm

The most celebrated approach to the notion of a random real is that essentially due to Kolmogorov [58]. Here we regard a string as random iff there is no short program to generate the string, meaning that the only way to generate the string is essentially to hardwire the string into the machine. (Consider, 101010 repeated 1000 times could be generated by a short program).

Plain Kolmogorov complexity Fix a universal Turing machine U. Given a string σ ∈ 2^{<ω}, define the plain Kolmogorov complexity of σ as C(σ) = min{|τ| : U(τ) = σ}. The basic facts concerning C are that : (i) the choice of U matters only an additive constant in the theory and (ii) for all σ, C(σ) ≤ |σ| + O(1).

We can define σ to be k-random if C(σ) ≥ |σ|−k. An easy counting argument shows that random strings exist: Given length n, there are

�_{n−k−1} i=0 2^{−i} = 2^{n−k} − 1 programs of length < n − k, so there are 2^n − 2^{n−k} + 1 k-random strings of length n. For every k, the set of k-random strings is an immune Π^0_1 set, i.e. it does not contain any infinite c.e. subsets. As a function, C is not computable. If m(x) = min{C(y) : y ≥ x}, then m is unbounded (because we run out of short programs), but m grows slower than any partial computable function.

We would like to extend the definition of randomness for finite strings to a definition for infinite strings. Naively, we could define a real A to be random if and only if for some k every σ ⪯ A would be k-random. However, Martin- Löf showed that such reals do not exist! This can be seen using the following argument of Katseff [53]. Suppose A↾m is the n-th binary string. Then from the length of A↾n we can recover A↾m, which is of length log n. This gives

C(A↾n) ≤ C(A↾^n_{m+1}) ≤ n − log n + O(1).

Namely first generate C(A↾^n_{m+1}). Compute n from its length n − log n. Then recover A↾m.

The basic intuition is that the Kolmogorov complexity should be the length of the shortest string σ used to generate τ from the bits of σ. The length of σ seems to give an additional log n many bits of information. This idea is explicitly used to demonstrate that using plain Kolmogorov complexity we will always get complexity oscillations.

First Levin and then later Chaitin introduced methods to get around this problem, as we will see in section 2.2.

Prefix-free complexity Call a Turing machine T a prefix machine if dom(T ) ⊆ 2^{<ω} is prefix-free. It is easy to construct a universal prefix machine U:

U(⟨m, σ⟩) = T_m(σ),

for an effective enumeration T_0, T_1, . . . of all prefix machines. Here ⟨m, σ⟩ denotes a prefix encoding of the pair (m, σ).

Now we can define the prefix-free complexity of a string σ as K(σ) = min{|τ| : U(τ) = σ}. Again, the choice of U matters only an additive constant in the theory. The prefix encoding ^σ = 1^{|σ|}0σ gives K(σ) ≤ 2|σ| + O(1), and the prefix encoding ^|σ|σ gives K(σ) ≤ |σ| + 2 log |σ| + O(1). Unlike C, K is subadditive: K(x, y) := K(⟨x, y⟩) ≤ K(x) + K(y) + O(1).

The fundamental result about K is the following.

Theorem 1 (Counting Theorem, Chaitin [16]).

(i) max � K(x) : |x| = n � = n + K(n) + O(1).

(ii) � �{x : |x| = n ∧ K(x) ≤ n + K(n) − r} � � ≤ 2^{n−r+O(1)}, where the constant O(1) does not depend on n and r.

We are now in a position to define randomness for reals in terms of initial segment complexity.

Definition 2 (Levin [70], Chaitin [16]). A real A is Levin-Chaitin random (or Kolmogorov-Levin-Chaitin random) if there is a constant c such that K(A↾n) ≥ n − c for every n.

Again we arrive at the same concept.

Theorem 2 (Schnorr, see Chaitin [16]). A ∈ 2^ω is Martin-Löf random if and only if it is Levin-Chaitin random, i.e. there is a constant c such that K(A↾n) ≥ n − c for every n.

The proof of Theorem 2 uses a basic tool of the area called Kraft’s inequality which Chaitin observed was effective. Suppose that U is a prefix-free machine. Then the domain of U is measurable. Kraft’s inequality is a kind of inverse to this.

Theorem 3 (Kraft [59] or Kraft-Chaitin). Let d_1, d_2, d_3, . . . be a computable sequence of natural numbers, possibly with repetitions. Suppose that τ_i is a set of target strings, and we effectively enumerate the pairs (which we call Kraft-Chaitin axioms) {⟨d_i, τ_i⟩ : i ∈ N}. Then there is a prefix-free machine M and strings σ_i of length d_i, with M(σ_i) = τ_i, if and only if � i 2^{−di} ≤ 1.

Schnorr’s Theorem, which can be interpreted to mean that not only is a real Martin-Löf random iff its initial segment complexity is above n, but in fact its complexity will be “well above” n most of the time.

Theorem 4 (Miller and Yu [86]).

(i) A real α is Martin-Löf random iff � n∈N 2^{n−K(α↾n)} < ∞.

(ii) If α is Martin-Löf random, then � n∈N 2^{K(α↾n)−n−K(n)} = ∞.

A consequence of the above and some more analysis, is the following theorem. This theorem generalizes earlier results of Solovay (which only applied to computable functions f).

Theorem 5 (Miller and Yu [86]). Suppose that f and g are arbitrary functions from N to N, such that � n∈N 2^{−f (n)} = ∞ and � n∈N 2^{−g(n)} < ∞. Then

(i) If α is random, (∃^∞n)[K(α ↾ n) > n + f(n)]. (ii) If α is random, (∃^∞n)[K(α ↾ n) > n + K(n) − g(n)].

A very longstanding question was whether there was a characterization of 1-randomness in terms of plain complexity C. It was known to Martin-Löf that if a real α had the property that

∃^∞n(C(α ↾ n) > n − O(1)),

then α was 1-random. Reals that infinitely often hit the maximal plain complexity are now called Kolmogorov random.^3 We know that Kolmogorov randomness and 1-randomness are different, although with probability 1, a real is 1-random

3 There are some problems with terminology here. Kolmogorov did not actually construct or even name such reals, but he was the first more or less to define randomness for strings via initial segment plain complexity. The first person to actually construct what we are calling Kolmogorov random strings was Martin-Löf, whose name is already associated with 1-randomness. Schnorr was the first person to show that the notions of Kolmogorov randomness and Martin-Löf randomness were distinct. Again iff it is Kolmogorov random. As we will later see, work of Nies, Stephan and Terwijn, and of Miller has shown that Kolmogorov randomness coincides with another natural notion of randomness, 2-randomness. In April, 2004, Joe Miller and Liang Yu finally solved the plain complexity question:

Theorem 6 (Miller and Yu [86]). A real α is 1-random iff for all computable functions g with � n∈N 2^{−g(n)} < ∞ there is a constant d such that for all n,

C(α ↾ n) > n − g(n) − d.

2.3 The unpredictability paradigm

Perhaps the most common intuition of randomness for a sequence such as coin tosses, is that the sequence is “unpredictable”. In particular, a real α = .a_0a_1 . . . would be random if we could not predict any bits of it given others. One way to implement this idea is to use martingales. To formalize this intuition, Schnorr effectivized a notion of betting strategy introduced by Ville to describe Lebesgue measure.

Definition 3. A martingale is a function d : 2^{<ω} → R^+ that satisfies for every σ ∈ 2^{<ω} the averaging condition

2d(σ) = d(σ0) + d(σ1). (1)

Similarly, d is a supermartingale if d satisfies

2d(σ) ≥ d(σ0) + d(σ1). (2)

A (super)martingale d succeeds on a set A if lim sup_{n→∞} d(A↾n) = ∞. We say that d succeeds on, or covers, a class A ⊆ 2^ω if d succeeds on every A ∈ A. The success set S[d] of d is the class of all sets on which d succeeds.

we can’t use Schnorr randomness since Schnorr’s name is associated with a randomness notion using tests of computable measure. Similar problems occur later with what we call strongly Chaitin random reals. These were never defined by Chaitin, nor constructed by him. They were first constructed by Solovay who has yet another well-known notion of randomness associated with him which is equivalent to 1-randomness. However, again Chaitin did look at the associated notion for finite strings, where he proved the fundamental lemma that K(σ) ≤ n + K(|σ|) + O(1) which allows for the definition of the reals. It is also known that Loveland in his 1969 ACM paper proposed equivalent notions via uniform Kolmogorov complexity. Again, Loveland’s name is commonly associated with yet another notion of complexity Kolmogorov-Loveland stochasticity which we look at in Section 9. Even there, there is a randomness notion Kolmogorov-Loveland randomness which is associated with Kolmogorov-Loveland nonmonotonic betting, and neither Kolmogorov nor Loveland considered such martingale-type operations, the randomness notion apparently first articulated by An. A. Muchnik, A. Semenov, and V. Uspensky in [83].

The reader should think of a martingale as a betting strategy. The function d is assigning a proportion of the capital to bet on the string σ. The success set is thus the collection of reals upon which we get to make infinite capital.

The following classical result shows how the concept of a martingale relates to measurability.

Theorem 7 (Ville [121]). For any class A ⊆ 2^ω the following statements are equivalent:

(i) A has Lebesgue measure zero, (ii) There exists a martingale that succeeds on A.

Martingales will prove important when we look at refinements of classical Martin-Löf randomness. Martingales are the key to looking at measure and Hausdorff dimension in small classes such as polynomial time, a fact first realized by Lutz [73]. (See also Lutz [76].) Roughly speaking, the reason for this is that there is no analog of Kraft-Chaitin in such classes.

Schnorr’s idea was to effectivize the notion above to look at effective betting strategies.

Definition 4 (Schnorr). We will define a (super-)martingale d as being effective, Σ_1, or computably enumerable if d(σ) is uniformly a c.e. real, and at every stage we have effective approximations to d in the sense that d(σ) = lim_s d_s(σ), with d_s(σ) a uniformly computable increasing sequence of rationals.

We remark that the reader might have expected that an effective martingale would be one with f a computable function rather than one with computable approximations. We will soon return to this very important point when we consider Schnorr and computable randomness.

Schnorr proved the following effective version of Ville’s Theorem 7:

Theorem 8 (Schnorr [104], Satz 5.3). A ⊆ 2^ω is Martin-Löf null if and only if there is a Σ_1-supermartingale d such that A ⊆ S[d].

Now Σ_1-supermartingales are Σ_1 objects, so it comes as no surprise that we can effectively list all of them in an enumeration d_0, d_1, . . . The sum d = � i 2^{−i}d_i is then again a Σ_1-supermartingale, and the success set S[d] is the maximal Martin-Löf null set, so d is a universal Σ_1-supermartingale. Additionally, this is a minimal Σ_1-supermartingale, in the sense that for any other nontrivial Σ_1- supermartingale d^′, there is a c, such that for all σ, cd^′(σ) ≥ d(σ). This result is also implicit in Levin’s construction of a universal c.e. semimeasure (see Zvonkin and Levin [129]). We remark (see Downey and Griffiths [22]) that there is no minimal universal martingale.

Thus we see that 1-randomness is a mathematically robust notion in that it has 3 natural definitions. Reals which are random are effectively unpredictable, their segments are incompressible, and they avoid all effective null sets.

John Hitchcock made an interesting observation here. Computably enumerable (super-)martingales are monotonically non-decreasing in the amount you bet at any node σ. But this does not mean that the side the better might favour cant’ change. To wit, suppose that the beginning of time we might have f_0(σ) = 1 so there is no preference. Then as we go along, we might raise f_s(σ0) to be above f_s(σ1) at some stage. Perhaps we set f_s(σ0) = 2 whilst keeping f_s(σ1) = 1. However, at some even later stage t > s we might eventually raise f_t(σ1) > f_t(σ0). For example, we might keep f_t(σ0) = 2 but raise f_t(σ1) = 4. Of course this has a consequential effect on a lower bound for the value of f_t(σ), but the point is, we can change our minds where we think we should play our capital. At some stage we might favour the left branch and at some later stage the right, or vise versa. Suppose we define a Hitchgale to be a Σ_1-supermartingale f, where the ratios are Σ_1, so that such mind changes are now not possible. That is, we suppose that there is an additional computably enumerable function r such that for all s and all σ, and i ∈ {0, 1},

r_s(σ^i) = f_s(σ^i) f_s(σ) . Note that in a Hitchgale, once we decide that we will be more than half of our capital on one side we are forced to do that henceforth. We say a real is Hitchcock random iff no Σ_1-Hitchgale succeeds upon it.

Question 1. (Hitchcock)^4 Is every Hitchcock random real Martin-Löf random?

Anticipating later definitions, we remark that if you replace supermartingale in the definition by martingale, then the definition coincides with computable randomness. Also Downey and Stephan have independently claimed that there are Hitchcock random reals that are not computably random, although no proofs have appeared.

3 Computably enumerable reals

In the same way that the domains of partial computable functions, the computably enumerable sets, are central players in classical computability theory, the measures of the domains of prefix-free machines are important in algorithmic information theory. These are precisely the reals α for which there exists a computable increasing sequence of rationals {q_i : i ∈ N} with q_i → α. In the literature, such reals are sometimes called left computable. An equivalent definition is that the left cut of α is a c.e. set of rationals.

A classical example of a computably enumerable real is the most famous explicit 1-random real, Chaitin’s Ω: Ω = � U(σ)↓

2^{−|σ|} = μ(dom(U)),

where U is a universal prefix-free machine. This is called the halting probability.

4 Of course, Hitchcock did not use the term “Hitchcock random,” or “Hitchgale.”

Here is a short proof that Ω is random. Let us use the recursion theorem to build a prefix-free machine M which is coded in U with coding constant e. Thus if we enumerate M(σ) = τ, then in U the effect will be that U enumerates U(1^e0σ) = τ. At stage s, if we see K_U (Ω_s ↾ n) < n − e, say U_s(ν) = Ω_s ↾ n with |ν| < n − e, then we will in M declare that M_{s+1}(ν) = Ω_s ↾ n, causing Ω ↾ n ≠ Ω_s ↾ n.

The analog of Ω in classical computability is the halting set K = {i : φ_i(i)↓}. Of course we should really say that Ω_U is a halting probability, rather than the halting probability. But in classical computability we usually talk about the halting problem. The reason for this is that we can define an appropriate reducibility m-reducibility, and show that all halting sets are the same up to m-degree. Indeed they are all of the same 1-degree. In the next section we will show that all 1-random c.e. reals are the same up to an analytic version of m-reducibility we call Solovay reducibility.

There has been quite a bit of interest in computability theoretical aspects of computably enumerable reals. For instance, we can look at the degrees of sets A such that {q_i : i ∈ A} represents α in the sense that q_i → α. It turns out that such computably enumerable A more or less correspond to (up to m-degree) splittings of the lower cut of α. We refer the reader here to Calude [10], Calude, Coles, Hertling, and Khoussainov, [12], Downey [21], Downey and Hirschfeldt [26].

Another way to generate such reals is via their presentations. A prefix free c.e. set A is said to present α if μ(A) = α. Downey and LaForte [35] constructed a c.e. noncomputable real with only computable presentations. Downey and LaForte also established that the degrees of presentations was essentially related to the weak truth table degrees below that of α. Downey and Terwijn [39] clarified this situation by showing that any appropriate “Σ^0_3 ideal” in the c.e. wtt degrees could be realized as the wtt degrees of presentations.

Authors have also studied classes more general than the c.e. reals. For instance, the field generated by the c.e. reals is in fact the collection of reals of the form α − β with α and β c.e. reals. (Ambos-Spies, Weihrauch and Zheng [7].) This field is thus called the field of d.c.e. reals. Recently the following was shown.

Theorem 9 (Ng Keng Meng [90], Raichev [100]). The field of d.c.e. reals is real closed^5.

The Turing degrees containing d.c.e. reals include the ω-c.e. degrees (in the sense of the Ershov Hierarchy) (Downey, Wu, Zheng [41]), as well as some other Δ^0_2 degrees, (Zheng [128]) but there are Δ^0_2 degrees with no d.c.e. reals (Downey, Wu, Zheng [41]). Finally Ho [48] observed that the reals which are the limits (not monotone) of computable sequences of rationals are exactly the Δ^0_2 reals. Zheng and Wu have explored other notions of convergence of reals. Little else is known.

5 Actually Raichev showed something stronger. Under the rK-reducibility we later define, he showed that the collection of reals ≤rK β for any β is always real closed, and that this ≤rK result implies the d.c.e. one.

4 Solovay reducibility, and 1-random c.e. reals

In the last section we saw that the halting probability Ω is a c.e. real that it is that was 1-random. The analog of Ω in classical computability is the halting set K = {i : φ_i(i) ↓}. Of course we should really say that Ω_U is a halting probability, rather than the halting probability. But in classical computability we usually talk about the halting problem, and this situation is analogous. Of course underlying all of this is Myhill’s Theorem which says that all halting problems are essentially the same. As we promised, in the present section, we will address this situation for c.e. reals and randomness.

Solovay [112] recognized the need for an analog of Myhill’s Theorem for c.e. reals. He sought to introduce appropriate reducibilities to attempt to prove such an analog. Whilst Solovay’s program was only recently realized by the joint work of several authors, Solovay reducibility will be our starting point.

Definition 5 (Solovay [112]). We say that a real α is Solovay reducible to β (or β dominates α), α ≤_S β iff there is a constant c and a partial computable function f, so that for all q ∈ Q, with q < β,

c(β − q) > α − f(q).

The intuition is that a sequence of rationals converging to β can be used to generate one converging to α at the same rate. The point is that if we have a c.e. sequence {q_n : n ∈ ω} of rationals converging to β then we know that f(q_n) ↓ . Notice that if r_n → α then for all m there is some k such that α > r_k > f(q_m). (The reals are not rational.) Noticing this yields the following characterization of Solovay reducibility.

Lemma 1 (Calude, Coles, Hertling, Khoussainov [12]). For c.e. reals, α ≤_S β iff for all c.e. sequence or rationals q_i → β there exists a total computable g, and a constant c, such that, and c.e. rationals r_i → α, such that, for all m,

c(β − q_m) > α − r_{g(m)}.

Solovay [112] observed that this “analytic” version of m-reducibility was enough to establish many properties of Ω, for c.e. reals, in their sense that if Ω ≤_S α then α is 1-random. The key property allowing us to see this is the following.

Lemma 2 (Solovay [112]). ≤_S is both a C- and a K- measure of relative randomness in the sense that for I ∈ {C, K}, we have

α ≤_S β implies (∃c)(∀n)[I(α ↾ n) ≤ I(β ↾ n) + c].

Using Kraft-Chaitin, Calude, Hertling, Khoussainov, and Wang [13] proved that if α is Ω-like (in the sense that Ω ≤_S α and α is c.e.) then α is the halting probability of a universal prefix-free machine:

Theorem 10 (Calude, Hertling, Khoussainov, Wang [13]). Let α be a c.e. real such that Ω ≤_S α. Then α is a halting probability. That is, there is a universal machine ^U such that μ(dom( ^U)) = α.

Kučera and Slaman finished the story by proving the following.

Theorem 11 (Kučera and Slaman [63]). Suppose that α is 1-random and c.e. Then α is Solovay complete meaning that if β is a c.e. real, then β ≤_S α.

Theorem 11 gives great insight into the structure of c.e. random reals. Notice that to “qualify” as being random all we need is that the real α has K(α ↾ n) ≥ n − O(1) for all n. But of course K(σ) can be near |σ| + log |σ|. If fact we know that Ω must have oscillations above this. And, indeed by the work of Miller and Yu, all 1-random reals have such oscillations. The Kučera-Slaman theorem says that for c.e. random reals, there is only one and everything oscillates above n at essentially the same rate!

We were motivated to understand the structure of c.e. reals under the ≤_S . Naturally, the reducibility gives rise to equivalence classes, called degrees. Despite the many attractive features of the Solovay degrees of c.e. reals, their structure is largely unknown. Recently progress has been made.

Theorem 12 (Downey, Hirschfeldt and Nies [30]). The Solovay degrees of c.e. reals

(i) form a distributive upper semilattice, where the operation of join is induced by +, arithmetic addition (or multiplication) (namely [x] ∨ [y] ≡_S [x + y].)

(ii) are dense, (iii) If a is incomplete and b <_S a, then there exist a_1|_Sa_2 such that b < a_1, a_2, and a = a_1 ∨ a_2. That is every incomplete degree splits over all lesser ones.

(iv) If [Ω] = a ∨ b then either [Ω] = a or [Ω] = b.

We point out that item (iv) above demonstrates that random c.e. reals are qualitatively different from all others in the sense that they cannot be split into two smaller c.e. reals. It is important to realize that this is only true of c.e. reals. The fact that + induces the join operation reveals another definition of Solovay reducibility on c.e. reals.

Theorem 13 (Downey, Hirschfeldt, Nies [30]). For c.e. reals, α ≤_S β iff there exists a c and a c.e. real γ such that

cβ = α + γ.

Before we leave the Solovay degrees of c.e. reals, we note that the structure is very complicated.

Theorem 14 (Downey, Hirschfeldt, LaForte [28]). The first-order theory of the Solovay degrees of c.e. reals is undecidable.

The proof of Theorem 14 uses Nies’ method of interpreting effectively dense boolean algebras, together with a technical construction of a certain class of (strongly) c.e. reals. Calude and Nies [14] have proven that the c.e. 1-random reals are all wtt-complete. Earlier Kučera [60] has used Arslanov’s completeness criterion to show that all 1-random c.e. reals are Turing complete. This also follows from a result in Downey, Hirschfeldt, LaForte [27] that α ≤_S β implies α ≤_{wtt} β. If we combine this with the result of Demuth below, and the fact that if a 1-random has c.e. degree then it is Turing complete, we see that whilst Ω is wtt-complete, it is tt-incompatible with all c.e. sets.

Theorem 15 (Demuth). If α is 1-random and β ≤_{tt} α, then there is a 1- random set ^β ≡_T β.

A proof of Demuth’s Theorem can be found in Kautz [54], and Downey and Hirschfeldt [26]. Very little else is known about the Solovay degrees of c.e. reals.

A major philosophical question about c.e. reals is whether they are red herrings. The material in the present section would suggest that 1-random reals are computationally complex in the sense that, like the halting problem, they encode a lot of knowledge. Papers by Chaitin suggest that “Ω is the number of knowledge.”

However, recent work will show that for more highly random reals, and indeed a “random” random real they are computationally very weak. One might think that therefore c.e. reals are red herrings in the sense that they are completely atypical.

The following result says that this is in another sense completely false.

Theorem 16 (Downey, Hirschfeldt, Miller, Nies [24]). With probability 1, for a real A there is a set B such that A =^∗ Ω^B .

That is almost all random reals are in fact halting probabilities relative to some oracle! This seems very strange indeed. The answer lies in the fact that whilst Ω is a c.e. operator, it is not a CEA (computably enumerable in and above) one!

5 Other measures of relative randomness

A pre-ordering ≤ on reals is an initial segment K-measure of relative randomness if it satisfies the Solovay property:

If β ≤ α then (∃c)(∀n) � K(β ↾ n) ≤ K(α ↾ n) + c � . Solovay reducibility is a C or K measure of relative randomness, but it is certainly not the only one. Moreover it is quite restrictive since it is too fine and uniform (as we see) and it really only makes sense for c.e. reals. It is quite easy to construct a real α and a computable set β with β ≰_S α.

Downey, LaForte and Hirschfeldt [27] defined several new reducibilities which were measures of relative randomness.

Definition 6. β ≤_{sw} α if there is a functional Γ such that Γ^α = β and the use of Γ is bounded by x + c for some c.

Again it is not difficult to prove that ≤_{sw} is a measure of relative C– or K– complexity. This reducibility is quite close to one looked at by Soare, Nabutovsky and Weinberger see [109], the difference being that the constant must be 0 in their case. ≤_{sw} agrees with ≤_S on the c.e. sets. Furthermore if α is a c.e. real which is noncomputable, then there is a noncomputable strongly c.e. real β ≤_{sw} α, and Downey, Hirschfeldt and LaForte [27] showed that this is not true in general, for ≤_S . By and large, however, sw-reducibility is very badly behaved, as witnessed by the next result.

Theorem 17 (Downey, Hirschfeldt, LaForte [27]).

(i) The sw-degrees of c.e. reals do not form an upper semilattice. (ii) sw and S are incomparable in the sense that there exist c.e. reals α, β, γ, δ with α ≤_S β and α ≰_{sw} β, and γ ≤_{sw} δ and γ ≰_S δ.

The next theorem gives significant insight into the relative behavior of 1- random c.e. reals. It says that whilst the initial segment complexity of all random c.e. reals is the same, there is no natural uniform way to get the bits of one version of Ω from another.

Theorem 18 (Yu and Ding [124]). There does not exist an sw-complete c.e. real. Thus the analog of the Kučera-Slaman theorem cannot hold for swreducibility.

There is something we can say about sw-reducibility and c.e. sets.

Theorem 19 (Downey and Hirschfeldt [26]). Suppose that α is a c.e. real whose initial segment complexity is (for example) ϵn for some ϵ > 0 and for almost all n. Then for any c.e. set B, B ≤_{sw} α with use α ↾ m for B(m). Thus, not only is Ω wtt-complete, but it is sw-complete for c.e. sets.

Both S-reducibility and sw-reducibility are uniform in a way that relative initial-segment complexity is not. Motivated by this idea, Downey, Hirschfeldt, and LaForte introduced the following.

Definition 7. Let α and β be reals. We say that β is relative K-reducible (rKreducible) to α, and write β ≤_{rK} α, if there exist a partial computable binary function f and a constant k such that for each n there is a j ≤ k for which f(α ↾ n, j)↓= β ↾ n.

Theorem 20 (Downey, Hirschfeldt, LaForte [27]).

(i) ≤_{rK} is a K- and C- measure of relative randomness. (ii) Let α and β be c.e. reals. If β ≤_S α or β ≤_{sw} α, then β ≤_{rK} α. (iii) A c.e. real α is rK-complete if and only if it is random. (iv) If β ≤_{rK} α then β ≤_T α.

The most interesting characterization of rK-reducibility (and the reason for its name) is given by the following result, which shows that there is a very natural sense in which rK-reducibility is an exact measure of relative randomness. Recall that the prefix-free complexity K(τ | σ) of τ relative to σ is the length of the shortest string μ such that M^σ(μ) ↓= τ, where M is a fixed self-delimiting universal computer. (Similarly for C.)

Theorem 21 (Downey, Hirschfeldt, LaForte [27]). Let α and β be reals. Then β ≤_{rK} α if and only if there is a constant c such that K(β ↾ n | α ↾ n) ≤ c for all n. (And C(β ↾ n | α ↾ n) ≤ c.)

The rK-degrees have nice structural properties.

Theorem 22 (Downey, Hirschfeldt, LaForte [27]).

(i) The rK-degrees of c.e. reals form an upper semilattice with least degree that of the computable sets and highest degree that of Ω.

(ii) The join of the rK-degrees of the c.e. reals α and β is the rK-degree of α +β. (iii) For any rK-degrees a < b of c.e. reals there is an rK-degree c of c.e. reals such that a < c < b.

(iv) For any rK-degrees a < b < deg_{rK} (Ω) of c.e. reals, there are rK-degrees c_0 and c_1 of c.e. reals such that a < c_0, c_1 < b and c_0 ∨ c_1 = b.

(v) deg_{rK} (Ω) is join inaccessible in the uppersemilattice of c.e. rK-degrees.

We remark that we do not know if the rK-degrees are distributive. The theories of neither the sw- nor the rK- degrees has yet been proven undecidable whilst surely this must be the case.

5.1 The basic measures ≤_K and ≤_C

Of course, our fundamental interest will be in the measures of relative complexity defined by the Solovay properties. Thus we can define e.g. α ≤_K β if there is a c such that for all n, K(α ↾ n) ≤ K(β ↾ n) + c.

Note that ≤_K is not really a reducibility, but simply a transitive pre-ordering measuring relative complexity. This is best seen by the following result.

Theorem 23 (Yu, Ding, Downey [126]). |{α : α ≤_K Ω}| = 2^{ℵ0} .

Joe Miller has proven that the K-degree of Ω, or any other 1-random real, is always countable. (This is consistent since there is no natural join operator.) Presumably this is also true for C, but we offer the following as a question:

Question 2. Is the C-degree of each 1-random real countable?

In spite of Theorem 23 the following question remains open.

Question 3. Is there a K- or a C- degree with uncountably many members?

In Theorem 23, we can replace Ω by any 1-random. Later we will see that ≤_K does not imply ≤_T even on the c.e. reals. For ≤_C we have the following.

Theorem 24 (Stephan [114]). Suppose that α and β are c.e. reals such that α ≤_C β. Then α ≤_T β.

Stephan’s Theorem generalizes an old result of Chaitin [16] which says that the sets ≤_C 1^ω are exactly the computable sets. (which generalizes an even older result of Loveland [72]).

Before we turn to the very interesting relationship of ≤_K to ≤_T , we look at the structure of c.e. reals under ≤_K .

Theorem 25 (Downey, Hirschfeldt, LaForte [27]).

(i) The K-degrees of c.e. reals form an upper-semilattice with highest degree that of Ω.

(ii) The join of the K-degrees of the c.e. reals α and β is the K-degree of α + β. (iii) For any K-degrees a < b of c.e. reals there is an K-degree c of c.e. reals such that a < c < b.

(iv) For any K-degrees a < b < deg_K (Ω) of c.e. reals, there are K-degrees c_0 and c_1 of c.e. reals such that a < c_0, c_1 < b and c_0 ∨ c_1 = b.

(v) deg_K (Ω) is join inaccessible in the uppersemilattice of c.e. K-degrees.

The reader will note the obvious similarities between Theorems 12, 22, and 25. Downey and Hirschfeldt [26] have proven the following generalization.

Theorem 26 (Downey and Hirschfeldt [26]). Let ≤_Q be any measure of relative randomness which is Σ^0_3 and having the properties that the 0-degree contains the computable sets, + induces the join operation, and the top degree is that of Ω. The the following hold for ≤_Q.

(i) The Q-degrees of c.e. reals form an uppersemilattice with highest degree that of Ω.

(ii) For any Q-degrees a < b of c.e. reals there is an K-degree c of c.e. reals such that a < c < b.

(iii) For any Q-degrees a < b < deg_Q(Ω) of c.e. reals, there are Q-degrees c_0 and c_1 of c.e. reals such that a < c_0, c_1 < b and c_0 ∨ c_1 = b.

(iv) deg_Q(Ω) is join inaccessible in the uppersemilattice of c.e. Q-degrees.

At a talk by the first author in Heidelberg, in May 2003, Alexander Shen pointed out that a natural measure of relative randomness would be to replace the constant in the definition by O(log n). That is, α ≤ β iff for all n, K(α ↾ n) ≤ K(β ↾ n) + O(log n). The reason he suggests this is that, since all the reducibilities are within a log factor of one another it would be independent. We have not looked at this at all, but point at the paper Chernov et al. [18]. Notice that the complexity of the reducibility remains Σ^0_3 .

Remark 1 (Monotone Complexity). Another measure not yet explored is the following. Levin introduced monotone complexity. Here a machine M is called monotone if its action is continuous: M(σ) ↓ and M(τ) ↓ and σ ≺ τ imply that M(σ) ≺ M(τ). We can prove a characterization of 1-randomness via monotone complexity in the same way. α is 1-random iff its monotone complexity is n−O(1) on α ↾ n. This is, again, a Σ^0_3 measure the top degree is that of Ω and the bottom is the computable sets. It is not very discerning for calibrating the complexity of random reals since all random reals have the same degree! However, the structure of the monotone degrees of c.e. reals is more or less open.

The measures ≤_C and ≤_K are pretty difficult to deal with directly. In view of Theorem 23, it is not even clear whether there are uncountably many K-degrees. This was recently solved by showing that whilst the cardinality of the set of reals K below a given one can be large, the measure is small.

Theorem 27 (Yu, Ding, and Downey [126]). μ({α : α ≤_K β}) = 0. Hence there are uncountably many K-degrees of random reals.

Using Theorem 27, Yu and Ding established the following.

Theorem 28 (Yu and Ding [125]). There are 2^{ℵ0} many K-degrees of random reals.

In [31], it is shown that for c.e. reals we have the following.

Theorem 29 (Downey, Hirschfeldt, Nies, and Stephan [31]). On the Kand C-degrees of c.e. reals, + is a join.

Notice that since ≤_K and ≤_C are Σ^0_3 , this implies that the degree structures restricted to the c.e. reals form a dense uppersemilattice.

Question 4. Are there minimal pairs of ≤_K degrees? Is the structure a lattice on the c.e. reals?

Question 5. Given any α is there a random β with α ≤_K β?

Question 6. Are there minimal K-degrees? The answer is surely no.

A truly fundamental question is the following which remains open in spite of the best efforts of several authors.

Question 7. Do there exist random α, β with α <_I β with either I ∈ {C, K}?

I regard this as a central question. The reason is that a negative answer says something very significant about initial segment complexity characterizing randomness. I find it hard to believe that the answer is “no.”

There are a number of exciting recent results on ≤_K and ≤_C due to Liang Yu and Joe Miller that we will discuss in the next section.

6 Relativized randomness

A classical way to calibrate the level of randomness is to increase the complexity of the tests in terms of the arithmetical hierarchy. This material will be of particular interest when we study the relationship between randomness and Turing degrees. The basic result connecting 1-randomness to Turing reducibility is the celebrated result often attributed only to Gács, but actually first proved by Kučera.

Theorem 30 (Kučera [60], Gács [44]). Every set is wtt-reducible to a Martin-Löf random set.

The easiest proof of Theorem 30 is the recent one of Merkle and Mihailovic [81].

Other results on the Turing degrees of 1-random sets include Kučera’s result [60] that all degrees above 0^′ contain 1-random reals. Since the collection of reals with initial segment complexity n − c for all n is a Π^0_1 class, there are 1-random reals of low Turing degree. Kučera [60] proved that Δ^0_2 1-random degrees are not closed upwards. For the Δ^0_2 degrees they are closed upwards at least in terms of the jump operator: using a new basis theorem for Π^0_1 classes with no computable members, Downey and Miller [36] proved that for every S which is computably enumerable in, and above ∅^′, there is a Δ^0_2 1-random real A with A^′ ≡_T S. (This had earlier been claimed in a remark following a construction of a high incomplete 1-random real in each Π^0_1 class of sufficient measure, by by Kučera in [61], Theorem 12 and Remark 8.)

Kučera also observed that 1-randomness was connected to the PA-degrees, the degrees of complete extensions of Peano arithmetic. The picture was recently clarified by Frank Stephan who proved the following.

Theorem 31 (Stephan [115]). Suppose that a is PA-complete and 1-random. Then 0^′ ≤_T a.

Theorem 31 establishes that there are two varieties of randoms. The first variety are those that are computationally rich and can compute the halting problem. The second are those that are computationally feeble and cannot even compute a {0, 1} valued fixed-point free function. As we see below, this means all 2-randoms (see below) are computationally weak.

The basic definition of 1-randomness can be generalized quite easily. For our purposes, we have the following noticed by many such as Solovay, Kurtz, and Martin-Löf:

Definition 8. (i) A Σ^0_n–test is a computable collection {V_n : n ∈ N} of Σ^0_n classes such that μ(V_k ) ≤ 2^{−k}.

(ii) A real α is Σ^0_n-random or n-random iff it passes all Σ^0_n tests. (iii) One can similarly define Π^0_n, Δ^0_n etc tests and randomness. (iv) A real α is called arithmetically random iff for any n, α is n-random.

The reader might notice the subtle difference between the notion of Σ^0_1 test and Martin-Löf test, especially in the analogs used in Definition 8. The former is defined in terms of classes of reals and the latter in terms of c.e. open sets of strings. This is immaterial for n = 1 since every Σ^0_1 class C is equivalent to {[σ] : σ ∈ W } for some c.e. set W . However, consider the case n = 2. Consider the Σ^0_2 class consisting of reals that are always zero from some point onwards. This Σ^0_2 class is not equivalent to one of the form {[σ] : σ ∈ W } for some Σ^0_2 set W . The use of open sets is basic in most arguments. Fortunately, this can be resurrected in the n > 1 cases also, as we now see.

Theorem 32 (Kurtz [66], Kautz [54]). Let q ∈ Q.

(i) For S a Σ^0_n class, we can uniformly compute the index of a Σ^{∅(n−1)}_1 class which is also an open Σ^0_n class U ⊇ S and μ(U) − μ(S) < q.

(ii) For T a Π^0_n class T , we can uniformly compute the index of a Π^{∅(n−1)}_1 class which is also a closed Π^0_n class V ⊆ T and μ(T ) − μ(V ) < q.

(iii) For each Σ^0_n class S we can uniformly in ∅^{(n)} compute a closed Π^0_{n−1} class V ⊆ S such that μ(S) − μ(V ) < q. Moreover, if μ(S) is a real computable from ∅^{(n−1)} then the index for V can be found computably from ∅^{(n−1)}.

(iv) For a Π^0_n class T we can computably from ∅^{(n)} obtain an open Σ^0_{n−1} class U ⊇ T such that μ(U) − μ(T ) < q. Moreover, if μ(S) is a real computable from ∅^{(n−1)} then the index for U can be found computably from ∅^{(n−1)}.

Using the above, we can easily show that for instance, n + 1-randomness coincides with 1-randomness relative to ∅^{(n)}, a theorem of Kurtz. Let U be the standard universal prefix-free machine. Then U^X will be a universal machine relative to any X. (The question of relativization in this setting can be a bit vexed, and is discussed in the next section.) We then get the following natural n + 1-random sets. Ω^{(n)} =_{def} � U^{∅(n)} (σ)↓

2^{−|σ|}.

Becher and Santiago have looked at other natural examples of n-random sets using versions of Post’s Theorem.

We return to our comment about Kolmogorov random reals. Recall that we defined a real to be Kolmogorov random iff its plain complexity hit n − O(1) infinitely often. Whilst we have seen in section 2.2 that no real can have its C-complexity always high, the set of Kolmogorov random reals has measure 1. The next theorem shows that Kolmogorov randomness is characterized by 2-randomness. Yu, Ding, and Downey [126] proved that each 3-random set is Kolmogorov random. They also observed that no Kolmogorov random set is in Δ^0_2. This is also implied by Theorem 33 since 2-random sets cannot be Δ^0_2.

Theorem 33 (Nies, Stephan, Terwijn [96]). The following are equivalent for any set Z:

(I) Z is 2-random

(II) Z is Kolmogorov random

The most surprising implication (I) ⇒ (II) in Theorem 33 was proven independently and earlier by Joseph Miller [84].

Another characterization of 2-randomness can be given if we consider sets that are low for Ω:

Definition 9. A is low for Ω if Ω is Martin-Löf random relative to A.

Theorem 34 (Nies, Stephan, Terwijn [96]). A set A is 2-random if and only if A is 1-random and low for Ω.

Theorem 34 can also be obtained from material of van Lambalgen [67]. There is an apparently difficult open question here. By Chaitin’s Counting Theorem, we know that the highest K-complexity a string can have is |σ| + K(|σ|) − O(1). We define a real α to be strongly Chaitin random iff

∃^∞n(K(α ↾ n) > n + K(n) − O(1).)

It is known that if α is 3-random then it is strongly Chaitin random, and that every strongly Chaitin real is already 2-random. The following is open.

Question 8. Does strong Chaitin randomness coincide with Kolmogorov randomness= 2-randomness?

There is a lot of interesting and unpublished material here about n-randomness. For n ≥ 2, n-random reals seem to be “more typically random”. They all have the property that A ⊕ ∅^{(n−1)} ≡_T A^{(n−1)}, (in particular A ⊕ ∅^′ ≡_T A^′) and hence we see that randomness is a lowness property.

The initial segment complexity of n+1-random reals and in particular Ω^{(n)} = Ω^{∅(n)} , the natural n + 1-random real.

Theorem 35 (Yu, Ding, Downey [126]). For all c and n < m,

(∃^∞k) � K(Ω^{(n)} ↾ k) < K(Ω^{(m)} ↾ k) − c � . For n = 0, m = 1 Theorem 35 was proven by Solovay [112], using totally different methods.

More powerful results have recently been obtained by Miller and Yu. We need the following classical theorem of van Lambalgen. (The easy direction of the following was also proven by Kurtz.)

Theorem 36 (van Lambalgen [67]). B n-random and A is B-n-random iff A ⊕ B is n-random.

Motivated by this theorem, Miller and Yu suggested the following.

Definition 10 (Miller and Yu [86]). We say that α ≤_{vL} β, α is van Lambalgen^6 reducible to β if for all x ∈ 2^ω, α ⊕ x is random implies β ⊕ x is random.

Theorem 37 (Miller and Yu [86]). For all α, β,

(i) α n-random and α ≤_{vL} β implies β is n-random.

(ii) If α ⊕ β is random then α and β have no upper bound in the vL-degrees. (iii) If α ≤_T β and α is 1-random, then β ≤_{vL} α. (iv) There are random α ≡_{vL} β of different Turing degrees. (v) There are no maximal, minimal random vL-degrees, and no join. (vi) If α ⊕ β is random then α ⊕ β <_{vL} α, β. (vii) The Σ^0_1 theory of the vL-degrees is decidable.

Furthermore, Miller and Yu show that Ω^{(n)} and Ω^{(m)} have no upper bound in the vL degrees for n ≠ m. One consequence of the above of the following very attractive result.

Corollary 1 (Miller and Yu [86]). Suppose that the real α is n-random and that β ≤_T α is 1-random. Then β is n-random.

All of this is filters through an interesting relationship between ≤_{vL} and ≤_C , ≤_K .

Lemma 3 (Miller and Yu [86]). For random α, β,

(i) Suppose that α ≤_K β. Then α ≤_{vL} β. (ii) Suppose that α ≤_C β. Then α ≤_{vL} β.

We state the following for ≤_K but they hold equally for ≤_C .

Corollary 2 (Miller and Yu [86]).

(i) Suppose that α ≤_K β, and α is n-random. Then β is n-random. (ii) If α ⊕ β is 1-random, then α|_K β and have no upper bound in the K-degrees. (iii) For all n ≠ m, the K-degrees of Ω^{(n)} and Ω^{(m)} have no upper bound. (iv) If α ⊕ β is 1-random, then α|_K α ⊕ β.

Using new techniques and extensions of the above, Miller has proven the following.

Theorem 38 (Miller [85]).

(i) If α is 1-random and α ≤_{rK} β, then β ≤_{rK} α. As a consequence, α ≡_T β. (ii) If α, β are random, and α ≡_K β, then α^′ ≡_{tt} β^′. As a consequence, every K-degree of a random real is countable.

6 This is closely related to a relation introduced by Nies: He defined A ≤LR B if for all Z, Z is 1-B-random implies Z is 1-A-random. If A and B are both random then A ≤LR B iff B ≤LR A. Reals with A ≤LR ∅ are Martin-Löf low. ≤vL is really only interesting on the randoms, but there are a number of possible extensions which also make sense on the non-randoms. These have yet to be explored.

(iii) If α ≤_K β, and α is 3-random, the β ≤_T α ⊕ ∅^′. Furthermore, β^′ ≤_{tt} α^′.

Finally Miller has shown that if α is 3-random then its initial segment complexity is often very low indeed. We will call α pseudo-low if (∃^∞n)[K(n) ≤ K^α(n) + O(1)]. Thus in a pseudo-low real, the information in α is so useless that it cannot help to compress n. The following result echoes the theme articulated by Stephan that most random reals have little usable information in them.

Theorem 39 (Miller [85]).

(i) If α is 3-random it is pseudo-low.

(ii) If α is pseudo-low, then α is strongly Chaitin random in that

(∃^∞n) � K(α ↾ n) ≥ n + K(n) − O(1) � . 7 K-antirandomness, Post’s problem, and generalizing Kučera-Slaman

7.1 K-trivial reals

There have been really amazing developments relating ≤_K and ≤_T .

We will call a real α K-trivial if α ≤_K ∅. Solovay was the first to construct Δ^0_2 K-trivial reals. In [31], Downey, Hirschfeldt, Nies, and Stephan gave a new construction of a K-trivial real, and this time the real was strongly c.e. (Independently, this had been done by Kummer in an unpublished manuscript.) Earlier, Calude and Coles had indicated a construction of a K-trivial real. As we will later see this is a priority-free solution to Post’s problem.

Theorem 40. (Downey, Hirschfeldt, Nies, and Stephan [31], Calude and Coles [11], Kummer (unpubl.) after Solovay [112]) There is a noncomputable c.e. set A such that K(A ↾ n) ≤ K(n) + O(1).

The proof of Downey et. al. is relatively easy and looks like the Dekker deficiency set construction. One remarkable fact about the K-trivials is that for any witnessing constant there are few of them.

Theorem 41 (Zambella [127]). For each d there are O(2^d) many reals α such that for all n, K(α ↾ n) ≤ K(n) + d.

We remark that K-trivial reals are necessarily Turing incomplete, and not of high degree, and hence form a somewhat natural solution to Post’s Problem.

Theorem 42 (Downey, Hirschfeldt, Nies, Stephan [31]). If a real α is K-trivial then α is Turing incomplete. Indeed, α is not even high.

The proof of Theorem 42, and its remarkable later improvements by Nies (which we discuss below) is tricky. It involves a kind of “pinball” or “decanter” construction, with what we call “quanta pushing.” I think that there should be some easy proof. For example, by the work of Chaitin we know that every Ktrivial real is Δ^0_2. Moreover, for a fixed d the K-trivial reals lie on a Δ^0_2 tree with exactly O(2^d) many paths by Theorem 41. It seems that some oracle type basis result might be usable here to give an analysis of such trees.

Question 9. Is there a straightforward and easy proof that K-trivials are Turing incomplete?

We remark that Downey, Hirschfeldt, Nies, and Stephan [31] proved that the K-trivials are closed under wtt-reduction and +. The former will be improved to Turing reduction soon. As Nies remarks this gives the only “natural” Σ^0_3 ideal in the Turing degrees.

Note also that, since we have seen ≤_C implies ≤_T for c.e. reals, ≤_K does not imply ≤_C .

Question 10. Does ≤_C imply ≤_K (for the c.e. reals)? We would suggest that the answer is no.

7.2 Lowness

We have already looked at relativized randomness. M. van Lambalgen and D. Zambella asked whether there exist noncomputable sets A such that every Σ_1- random set is already Σ_1-random relative to A. (The question was first stated in Zambella [127].) Note that every computable set is low for the Σ_1-random sets. The existence of nontrivial Martin-Löf low sets is given in the following.

Theorem 43 (Kučera and Terwijn [64]). There exists a noncomputable c.e. set that is low for the Martin-Löf random sets.

Downey, Hirschfeldt, Nies, and Stephan [31] noted that the construction of Theorem 43 bears much resemblance to their construction of a K-trivial set. The following definitive results shows that this is no coincidence.

Theorem 44 (Nies [92]). A is low for the Martin-Löf random sets if and only if A is K-trivial.

Notice that this means the class of K-trivials is closed under Turing reducibility, and earlier result of Nies and Hirschfeldt. Nies also shows that this class of K-antirandom sets consists of only superlow sets (that is A^′ ≡_{tt} ∅^′). The proofs are more intricate and nonuniform variations of the original Downey, Hirschfeldt, Nies, Stephan Theorem. Again we wonder if there might be easier proofs. Nies remarks that the proofs are in some sense intrinsically nonuniform. Nies, Stephan and Terwijn have shown that any c.e. set which keeps Ω random (i.e. low for Ω) is already K-trivial. The hypothesis that A be c.e. is essential since those authors also showed that each 2-random set is low for Ω, so the class of low for Ω sets has measure 1!

We mention last lowness results here. Andrei Muchnik (1998) worked on the class which as oracles do not help to reduce the prefix complexity of a string. He showed that M contains a non-computable set.

Definition 11. A is low for K if ∀y K(y) ≤ K^A(y) + O(1).

Theorem 45 (Nies [92], Nies and Hirschfeldt [92]). Each K-trivial real is low for K.

The second says that K-antirandomness is somehow tied to computable enumerability.

Theorem 46 (Nies [92]). For each K-trivial set A, there is a c.e. K-trivial set D such that A ≤_{tt} D.

8 Schnorr, computable and Kurtz randomness

Having proved that a real is Martin-Löf random iff its segments are K-incompressible iff no computably enumerable martingale succeeds on the real, Schnorr argued that the result demonstrated a clear failure of the intuition behind the notion of Martin-Löf randomness. He argued that randomness should be concerned with defeating computable strategies or computably given tests rather than computably enumerable ones, since the latter are fundamentally asymmetric, in the same way that a computably enumerable set is semi-decidable rather than decidable.

Definition 12 (Schnorr randomness, Schnorr [104]).

(i) We say that a Martin-Löf test {V_n : n ∈ N} is a Schnorr test if for all n, μ(V_n) = 2^{−n}. In this case we call � n V_n a Schnorr null set.

(ii) We say that a real α is Schnorr random iff for all Schnorr tests, α ∉ � n V_n.

Definition 13 (computable randomness, Schnorr [104], Lutz [74]).

(i) A martingale f is called computable iff f : 2^{<ω} → R^+ ∪ {0} is a computable function with f(σ) (the index of functions representing the effective convergence of) a computable real. (That is, we will be given indices for a computable sequence of rationals {q_i : i ∈ N} so that f(σ) = lim_s q_s and |f(σ) − q_s| < 2^{−s}.)

(ii) A real α is called computably random iff no computable martingale succeeds on α.

Schnorr observed that R^+ ∪ {0} could be replaced by Q^+ ∪ {0} in the definition of computable randomness, and 2^{−n} by any computable bound effectively shrinking to zero in the definition of Schnorr randomness.

The notion of computable randomness has inspired a number of notions in complexity theory since it naturally allows for time bounds. We refer the reader to Lutz [73, 74], Ambos-Spies and Kučera [3], and Ambos-Spies and Mayordomo [4].

It is known that Martin-Löf random implies computably random implies Schnorr random. That there are Martin-Löf random sets that are not computably random was proved by Schnorr [104], and that there are computably random sets that are not Schnorr random was proved by Wang [122]. In some sense these concepts were not really explored much after the work of Schnorr, perhaps for various technical reasons. For instance, lacking was a machine definition of either of them. Perhaps part of the reason for this was because the Martin-Löf randomness was enough for many results. Another reason was that the notion is much less tractable than Martin-Löf randomness. For instance, Schnorr proved that there is no universal Schnorr test. The cornerstone of Martin-Löf’s version of randomness is that the three characterizations (i) machine incompressibility (ii) tests and (iii) martingales, all coincide, modulo some criticisms; and hence the notion of 1-randomness is mathematically very robust.

Schnorr gave the following martingale characterization of Schnorr randomness. The crucial notion is that of an order.

Definition 14 (Schnorr [104]). An order is a nondecreasing unbounded function h : ω → ω. (N.B. An “Ordnungsfunktion” in Schnorr’s terminology is always computable whereas we prefer to leave the complexity of orders unspecified in general.) For a martingale d and an order h we define

S_h[d] := {X : lim sup_{n→∞} d(X↾n) h(n)

≥ 1}.

Theorem 47 (Schnorr [104], Satz 9.4, 9.5). A ⊆ 2^ω is Schnorr null if and only if there are computable d and h such that A ⊆ S_h[d].

It had been a longstanding open question to provide a machine characterization for Schnorr randomness. Terwijn [116] had made some progress in this area. Downey and Griffiths gave the following machine characterization of Schnorr randomness:

Definition 15 (Downey and Griffiths [22]). A prefix free machine M is called computable iff μ(domM) = � σ∈dom(M)

2^{−|σ|}

is a computable real.

Theorem 48 (Downey and Griffiths [22]). A real α is Schnorr random iff for all computable machines M, there is a constant c such that, for all n, K_M (α ↾ n) ≥ n − c.

The Kučera-Slaman theorem shows that all random c.e. reals are wtt-complete, being Solovay complete. (Kučera [60] was the first to prove that they are all Turing complete.) There also is a characterization of the Turing degrees of Schnorr random reals:

Theorem 49 (Downey and Griffiths [22]). Let A be a Schnorr random c.e. real. Then A has high Turing degree.

Later we will see a strong converse to this result by Nies, Stephan and Terwijn. The machine characterization of Martin-Löf randomness allows us to calibrate randomness via ≤_K , and we know that a c.e. real α is random iff β ≤_K α for all c.e. reals β.

Inspired by this we can calibrate the complexity of c.e. reals in terms of their Schnorr complexity.

Definition 16 (Downey and Griffiths [22]). We say that α ≤_{Sch} β iff for all computable machines M, there is a constant c and computable machine M̂ such that for all n, K_{M̂} (α ↾ n) ≤ K_M (β ↾ n) + c.

Recently, Downey, Griffiths, and LaForte [23] proved that Schnorr trivials are quite different from K-trivials.

Theorem 50 (Downey, Griffiths, and LaForte [23]).

(i) There exist Turing complete c.e. sets A that are Schnorr trivial. (ii) No Schnorr trivial set is wtt-complete.

(iii) There exist nonzero c.e. degrees containing no Schnorr trivial reals.

Little is known about ≤_{Sch} .

Extending earlier work of Downey, Griffith and LaForte [23] and Wang [122] we have the following.

Theorem 51 (Nies, Stephan, and Terwijn [96]). For every set A, the following are equivalent.

(I) A is high.

(II) ∃B ≡_T A, B is computably random but not Martin-Löf random. (III) ∃C ≡_T A, C is Schnorr random but not computably random.

Furthermore, if A is a c.e. real then B and C can also be chosen to be c.e. reals.

There is also an (ugly) measure theoretical characterization of computable randomness:

Definition 17 (Downey, Griffiths, and LaForte [23]). A Martin-Löf test {V_n} is computably graded if there exists a computable map f : 2^{<ω} × ω → R such that, for any n ∈ ω, σ ∈ 2^{<ω}, and any finite prefix-free set of strings {σ_i}_{i≤I} with ∪^I_{i=0}[σ_i] ⊆ [τ], the following conditions are satisfied:

1. μ(V_n ∩ [σ]) ≤ f(σ, n) 2. Σ^I_{i=0}f(σ_i, n) ≤ 2^{−n} 3. Σ^I_{i=0}f(σ_i, n) ≤ f(τ, n)

A real x withstands a computably graded test iff x ∉ � n V_n. The computably graded tests give an alternative to the martingale characterization of computable randomness:

Theorem 52 (Downey, Griffiths and LaForte [23]). A real x is computably random iff it withstands all computably graded tests.

A similar characterization was also found by Merkle, Mihailovic, and Slaman [82].

Question 11. (i) Is there any C-characterization of either Schnorr or computable randomness?

(ii) Is there any characterization using K- alone?

There are other variations on the notion of 1-randomness. In [66], Stuart Kurtz introduced a new notion of randomness which looks at the idea from another perspective. Namely, instead of thinking of a real as random if it avoids all effectively given null tests, Kurtz suggested that a real should be considered as random if it obeys every effectively given test of measure 1.

Definition 18 (Kurtz [66]).

(i) A Kurtz (positive) test is a c.e. open set U such that μ(U) = 1. (ii) A real is called Kurtz random (or weakly 1-random) if for all Kurtz tests U, α ∈ U.

Kurtz originally called this notion weak randomness, and it is a weak notion in that, as shown by Wang^7 [122], the notion is not stochastic. In relativized form, Kurtz 2-randomness means being in every Σ^0_2 class of measure 1, is equivalent to passing every “generalized” Martin-Löf test {U_n : n ∈ N}, where now we only know that μ(U_n) → 0, but we do not have a computable upper bound on the measure. There is an equivalent formulation of Kurtz randomness in terms of a null test. We remark that some care is needed here since it is not true that Kurtz 2-randomness is equivalent to being in every Σ^{∅′}_1 (open) class of measure 1. In relativized form what is true is that for n ≥ 2, Kurtz n-randomness is equivalent to Kurtz Σ^{∅(n−2)}_2 randomness.

Some authors would argue that Kurtz n+1 randomness should be called strong Martin-Löf n-randomness, and that perhaps Kurtz (1-)randomness should not be regarded as a randomness notion at all; rather a genericity notion.

Definition 19 (Wang [122]). A Kurtz null test is a collection {V_n : n ∈ N} of c.e. open sets, such that

7 Comments in both Kurtz’ and Kautz’ theses indicate that this fact was probably known to them, but not stated.

(i) μ(V_n) ≤ 2^{−n}, and (ii) There is a computable function f : N → (2^{<ω})^{<ω} such that f(n) is a canonical index for a finite set of σ’s, say, σ_1, . . . , σ_n and V_n = {[σ_1], . . . , [σ_n]}.

Theorem 53 (Wang [122], after Kurtz [66]). A real α is Kurtz random iff it passes all Kurtz null tests.

There is a martingale definition of Kurtz randomness:

Theorem 54 (Wang [122]). A real α is Kurtz random iff there is no computable martingale F and nondecreasing computable unbounded function h, such that for almost all n, F (α ↾ n) > h(n).

Thus Schnorr randomness implies Kurtz randomness. In spite of the fact that Jockusch proved that all Kurtz random reals are bi-immune, degree-theoretical they have nice behaviour. Extending an earlier theorem of Kurtz we have the following.

Theorem 55 (Downey, Griffiths, Reid [25]). Let a ≠ 0 be a computably enumerable degree. Then a contains a Kurtz random computably enumerable real.

Question 12. Characterize the Kurtz random degrees.

Downey, Griffiths, and Reid were able to give a nice machine characterization of Kurtz randomness in the style of Theorem 48.

Definition 20 (Downey, Griffiths, and Reid [25]). A prefix-free machine M is called computably layered if there is a related computable function

f : ω → (2^{<ω})^{<ω}

such that – � i f(i) = domM.

– If γ ∈ f(i + 1), then (∃τ ∈ f(i)), such that M(τ) ⪯ M(γ). – If γ ∈ f(i), then |M(γ)| = |γ| + i + 1.

The idea of a computably layered machine is that each layer of the domain, f(i), provides a layer of the range, and the range elements just become more refined as i increases.

Theorem 56 (Downey, Griffiths, and Reid [25]). α is Kurtz random iff for all computably layered machines M,

(∃d)(∀n)(K_M (α ↾ n) ≥ n − d).

Interestingly, there is yet another machine characterization; this time in terms of computable machines.

Theorem 48 says that a real x is Schnorr random iff for all computable machines M, there is a constant c such that for all n, K_M (x ↾ n) ≥ n − c. Computable machines also characterize Kurtz randomness according to the following theorem:

Theorem 57 ([Downey, Griffiths, and Reid [25]). α is not Kurtz random iff there is a computable machine M and a computable function f : ω → ω such that:

(∀d)(K_M (α ↾ f(d)) < f(d) − d).

There are other possible notions we could look at. For instance, we say that a real is finitely random if it avoids all Martin-Löf tests {U_n : n ∈ N} which are finite, and computably finitely random iff additionally there is a computable function g such that |U_n| < g(n). These notions have been explored by Downey, Miller and Reimann [37]. They showed that, for instance, the Δ^0_2 reals which are finitely random are exactly the Martin-Löf random reals; something that fails in general. Also all non-low_2 c.e. degrees bound computably finitely random c.e. reals, which all have “array noncomputable degrees.”

The point here is that one can come up with a number of meaningful notions of randomness which have interesting relationships with the degrees.

Question 13. Is there a notion of randomness capturing, say, any given double jump class?

Lowness questions are very interesting here. For a notion like Schnorr randomness there are two possible lowness notions. The first is that X is low for tests meaning that for any X-Schnorr test {U^X_n : n ∈ N}, there is a Schnorr test { ^U_n : n ∈ N}, such that ∩_n ^U_n ⊇ ∩_nU^X_n . The second notion is that the collection of Schnorr randoms relative to X is the same as the collection of Schnorr randoms.

Terwijn and Zambella [119] proved that there are uncountably many reals that are low for Schnorr tests and they live in the hyperimmune free degrees.

Definition 21 (Terwijn and Zambella [119]). A set X is computably traceable if there is a computable function p (called a bound, such that, for all functions g ≤_T X, there is a computable function h where, for all n,

(i) |D_{h(n)}| < p(n), (ii) g(n) ∈ D_{h(n)}.

Theorem 58 (Terwijn and Zambella [119]). A degree a is low for Schnorr tests iff it is computably traceable.

Here is the situation for the low-for-Schnorr-randomness notion.

Theorem 59. [Kjos-Hanssen and Nies [56], Bedregal and Nies [9]] A degree a is low for Schnorr randoms iff it is low for Schnorr tests.

Nies also answered the question for computable randomness.

Theorem 60 (Nies [93]). A degree a is low for computably random reals iff it is computable.

For other randomness notions the questions are still open. Downey, Griffiths and Reid [25] showed that if a degree a is low for Kurtz tests then it is hyperimmune-free and if the degree is computably traceable, it is low for Kurtz tests.

Question 14. (i) Suppose that a is low for Kurtz tests. Is a Schnorr low? (ii) Is low for Kurtz tests the same as being low for Kurtz random?

Notice that such questions can be asked for many other randomness notions such as polynomial time randomness, etc.

Actually relativization here is a vexed issue since there is no oracle A where Kurtz 1-A-random implies Martin-Löf randomness. Joe Miller has suggested that the correct thing to study would be relativization only for Kurtz-n-randomness for n ≥ 2.

9 Selection

Actually, there is a possible answer to Schnorr’s criticisms of Martin-Löf randomness using computable predictions which has attracted a lot of interest recently.

Before we discuss this possible answer, we first return to von Mises vision of “selection rules.” The basic idea is that a selection rule is one that given some bits of a real predicts another bit. A selection rule is a partial function r : 2^{<ω} → {yes, no}. The subsequence of a sequence A selected by a selection rule r is that with r(A ↾ n) = yes. The sequence of selected places are those i such that r(A ↾ i) = yes. Then for a given selection rule r and a given real A, we generate a sequence n_0, n_1, . . . of selected places, and we say that a real is stochastic with respect to admissible selection rules iff for any such selection rule, either the sequence of selected places is finite, or

lim_{n→∞}

{i ≤ n : A(n_i) = 1} n = 1 2 . We say that a real is von-Mises-Church-Wald stochastic iff it is stochastic for all partial computable selection rules.

Of course, if α is Martin-Löf random it is easily seen to be von-Mises-Church- Wald stochastic. The converse is well-known to fail (von Lambalgen [67]). Recently Merkle showed that being stochastic has some consequences.

Theorem 61 (Merkle [79]). Suppose that α is von-Mises-Church-Wald stochastic. Then for all c there exist infinitely many n such that

C(α ↾ n) > c log n.

We remark that if only computable selections are allowed then the resulting stochasticity notion is called Church randomness since it follows a suggestion of Church [19]. Evidently, every computably random real is Church stochastic.

A strengthening of the notion of computable randomness is to additionally consider partial computable martingales. As best I can determine, these were first considered by Ambos-Spies and Yongge Wang. (see Ambos-Spies [2], just before the bibliography.) They are also discussed in Terwijn’s Thesis [116] were they are attributed to Fortnow, Freivalds, Gasarch, Kummer, Kurtz, Smith, and Stephan [43].

Theorem 62 (Merkle [79]). Let F be the collection of all computable functions f : N → N that are nondecreasing and unbounded. Then^8

(i) There is a computably random real α such that for all f ∈ F, and almost all n, C(α ↾ n|n) ≤ f(n).

(ii) There is a partially computably random real β such that for all f ∈ F, and almost all n, C(β ↾ n|n) ≤ f(n) log n.

It follows that there is a computably random set with C(α ↾ n) < 2 log n + c, and hence we can obtain the following result of Ambos-Spies.

Corollary 3 (Ambos-Spies [2]). There is a computably random real that is not von-Mises-Church-Wald stochastic.

It is also known from the thesis of von Lambalgen that there are von-Mises- Church-Wald stochastic reals that are not computably random. It is known that computable randomness imples computable stochasticity where now in the definition of von-Mises-Church-Wald stochasticity we only allow computable selections. Ambos-Spies, Mayorodomo, Wang and Zheng [5] have shown that stochasticity can be viewed as a kind of randomness for restricted kind of martingales.

Now we will change the rules and begin to consider nonmonotonic selection. We are given a real α. Now we are allowed to select the places in some nonmonotonic fashion. The result is another notion of stochasticity called Kolmogorov- Loveland stochasticity. Similarly there is a martingale-betting game associated with this notion of selection. To wit, the betting game will select a sequence n_0, n_1, . . . of distinct places where we are allowed to bet on whether the place will have value 1. The place n_{i+1} depends solely upon the previous scanned bits α(n_0), α(n_1) . . . α(n_i). Thus the game is defined by pairs (r_i, b_i) where the game receives as information (r_0, b_0) . . . (r_i, b_i) about the places r_j and bets b_j , than outputs (r_{i+1}, b_{i+1}). r_{i+1} is the next position to bet on, and b_{i+1} is the portion of the current capital we will bet. (More details can be found in Muchnik, Semenov, Uspensky [83] where this notion was first articulated, and in Merkle et. al. [80].)

The crucial point is that unlike a martingale we are not constrained to bet on position 1, then 2, then 3 etc. Here we can bet nonmonotonically. We call

8 Actually, Merkle proved these for monotone complexity rather than C, which is stronger.

a real Kolmogorov-Loveland^9 random if no nonmonotonic computable betting strategy succeeds on it.

Question 15. (An. A. Muchnik, Semenov, Uspensky [83]) Is Kolmogorov- Loveland randomness the same as Martin-Löf randomness?

We note that the answer is known for stochasticity.

Theorem 63 (Shen [107]). There is a Kolmogorov-Loveland stochastic real that is not Martin-Löf random.

If the answer to Question 15 is yes then this is a strong counter argument to Schnorr’s in that it is a computable notion of randomness which has the same strength as Martin-Löf randomness. The question seems hard. Merkle et. al. have made the best progress so far on this question. They have proven that the answer is “close to” yes, at least in terms of Hausdorff dimension and density.

Theorem 64 (Merkle et. al. [80]). For any Kolmogorov-Loveland-random sequence R and any δ > 0 there is a (monotonic) computable subsequence S of R of density at least 1 − δ that is 1-random.

Theorem 65 (Merkle et. al. [80]).

(i) Under any computable splitting, one of the halves of a Kolmogorov-Loveland-random real is 1-random.

(ii) If the real is Δ^0_2, then both halves are 1-random

Merkle et. al. also show that this result does not imply that the real is 1- random.

Theorem 66 (Merkle et. al. [80]). There is a non-random (not even computably random) real such that under any computable splitting both halves are 1-random.

Theorem 67 (Merkle et. al. [80]). All Kolmogorov-Loveland-stochastic reals α have Σ^0_1 Hausdorff dimension 1. That is,

lim inf_n

K(α ↾ n) n → 1.

Theorem 67 strengthens an earlier result or Muchnik [83] that a sequence cannot be Kolmogorov-Loveland-stochastic if there is some α < 1 such that we can effectively compute infinitely many n such that the length n prefix of the sequence can be compressed (according to C or K) to a string of length ≤ αn.

We remark that there is also a lot of interest in the realtionship between these ideas and partial computable randomness. Recently Nies and Stephan

9 We remind the reader of the earlier footnote regarding naming of terms. Perhaps this notion should be Muchnik-Semenov-Uspensky randomness or more simply nonmonotonic randomness.

have proven that partial computable random reals are not closed under computable permutations of N. Miller and Nies call a real permutation random iff any computaable permutation of them remains partial computably random. The question is, are they distinct from Kolmogorov-Loveland random reals?

Mostly these concepts remain to be explored as do the higher analogs and their degrees. Progress seems hard.

10 Ω^A and Post’s Problem

Relativization is a strange business in the setting of, say, universal prefix-free machines. The reason for this is that we are dealing with c.e. operators, but not CEA (computably enumerable in and above) operators. Indeed, if A is not GL_1, then no A-random set is Turing above A (Kučera [62]). In particular, whatever Ω^Ω is, Ω ≰_T Ω^Ω .

One hope that we had was that perhaps for some choice of universal machine, Ω would be a degree-invariant operator. Being degree-invariant would entail A ≡_T B implies Ω^A ≡_T Ω^B . Should this be possible, Ω would be a degree invariant operator which was not a jump or iterate of a jump; thereby resolving the longstanding conjecture of Martin.

As we will see this program to disprove Martin’s conjecture fails dismally. However, there is a lot of very interesting information we can prove about Ω as an operator.

Clearly any reasonable definition must have that Ω^X is a X-c.e. real which is X-random. Also we want it to be relatively machine independent. Thus we want that a universal machine U for which U^X is universal (i.e. minimal and prefixfree) and has coding locations for all machines: that is, for any prefix-free U^X_e , there is a string σ_e such that U^X_e (ν) = U^X (σ_eν), for all oracles X. Henceforth this will always be what we mean by “universal”.

For example, we recall the theorem of Kučera and Slaman that if α is 1−random and c.e. , then α is Solovay complete (Theorem 11). When combined with Theorem 10 we conclude that the only 1−random c.e. reals are versions of Ω. The following theorem shows that in spite of the fact that the original proof does not seem to relativize, there is a way of doing so.

Theorem 68 (Downey, Hirschfeldt, Miller, Nies [24]). Suppose that α is X-c.e. and X-Solovay complete. Then there is a universal U with α = Ω^X_U .

As we mentioned earlier, in Theorem 16, the range of the Ω-operator is wide indeed:

Theorem 69 (Downey, Hirschfeldt, Miller, Nies [24]). Suppose that α is 2-random. Then there is a universal U and an oracle X such that α = Ω^X_U .

Of course not all random reals are Ω^X for some X. Consider the real α = 1 − Ω.

Question 16. Suppose that a > 0^′. Can a contain a real α which is Ω^X for some X? How far Ω fails to be degree invariant is revealed by the following theorem.

Theorem 70 (Downey, Hirschfeldt, Miller, Nies [24]). For all universal U, there exist A =^∗ B such that Ω^A|_T Ω^B .

There are many other interesting results from [24], but in the interests of space, I will only mention a few more.

Theorem 71 (Downey, Hirschfeldt, Miller, Nies [24]). Suppose that A is Δ^0_2. Then A is K-trivial iff Ω^A is a c.e. real.

A consequence of this result is that any K-trivial real is a d.c.e. real. The final results look at Ω as an operator acting on 2^ω.

Theorem 72 (Downey, Hirschfeldt, Miller, Nies [24]). The following are equivalent.

(i) A is 1-generic (ii) Ω^A_M is continuous at A for every prefix-free oracle machine M. (iii) Ω^A_U is continuous on A for some universal U.

As a corollary if Ω^A = sup(ra (Ω^A_U )), then A is 1-generic. (Here ra and sup denote the range and supremum of the relevant operators and sets.) Finally we have the following.

Theorem 73 (Downey, Hirschfeldt, Miller, Nies [24]). If X ∈ ra (Ω_U ) − ra (Ω_U ) for some universal U, then X is 2-random.

11 Hausdorff dimension and partial randomness

There has been a lot of very nice work on efectivizing dimension beginning with Schnorr, and more recently by Ambos-Spies and his group in Heidelberg, and Lutz’ group in Iowa. Suppose that Ω = .a_1a_2 . . . . Then we would expect that Ω̃ = a_10a_20 . . . would be something like “^1_2 -random.” We would like to make this more precise. A classical refinement of the notion of a measure zero set, is given by dimensions such as packing and Hausdorff dimensions. Recall from Definition 14 the null sets of the form S_h[d]. Schnorr also addressed null sets of the form S_h[d] with h(n) = 2^{εn}, ε ∈ (0, 1], of exponential order. Schnorr did not mention Hausdorff dimension, but one can arrive at that by looking at exponential orders.

The most well-cited approach is due to Lutz. Lutz constructivized Hausdorff dimension in [75, 76], using what he called s-gales.

Definition 22. Let s ∈ [0, ∞). An s-gale is a function d : 2^{<ω} → R^+ that satisfies the averaging condition

2^sd(w) = d(w0) + d(w1) (3)

for every w ∈ 2^{<ω}. Similarly, d is an s-supergale if (3) holds with ≥ instead of equality. The success set S[d] is defined exactly as was done for martingales in section 2.3.

The idea behind an s-gale is that inflation is at work. In a martingale, nothing bad happens if you decide not to favour σ0 or σ1 with your bet at σ. However, in the case of an s-gale, not betting means that you will definitely lose money. Though the following is really a Theorem of Lutz, we will take it as our definition of effective Hausdorff dimension.

Definition 23. For a complexity class C, A has C-dimension α if

α = inf{s ∈ Q : ∃d ∈ C ( d supermartingale and A ⊆ S_2(1−s)n [d] )}.

For Σ_1-dimension, dim(β), we have the following characterization.

Theorem 74 (Lutz [75, 76]). For a real β,

dim (β) = lim inf_n

I(β ↾ n) n , for I either C or K.

Thus, a real has Σ_1-dimension 1 iff it is somehow a smoothed version of a 1-random real. For instance, if you take a very sparse set within a 1-random or even dimension 1 real, then you can code at will in that sparse set. Thus degrees containing dimension 1 sets are closed upwards. Note that this will also mean that there are dimension 1 degrees with no random sets.

The relations between the various notions are as follows:

Δ^0_2-random ⇓ Schnorr Δ^0_2-random =⇒ Δ^0_2-dimension 1 ⇓ ⇓ Σ_1-random =⇒ Σ_1-dimension 1 ⇓ computably random

=⇒

⇓ Schnorr random =⇒ computable dimension 1

No other implications hold than the ones indicated.

At this stage I would like to remark that using complexity theory, Lutz has shown that it is possible to give a meaningful dimension to an individual string!

It is possible to show that our “stretched” Ω, Ω̃, has dimension^1_2 . In fact, Tadaki [120] used an s-variation of measure on prefix free V :

μ_s(V ) = � σ∈V 2^{−s|σ|},

to allow him to define s-Martin-Löf randomness, and show that Ω̃ is^1_2 -random. There is a difficulty concerning the triad or definitions for Martin-Löf randomness when s-Martin-Löf randomness is used in place of randomness. The problem is that if you put [σ0] into some normal test set (a c.e. open set) and then later want to put the whole cone [σ] in, then we only need to put [σ1] into the test. However, when you use s-tests, this does not work. These considerations lead to a new notion of test which allows for the characterization of s-Marrtin-Löf random. We refer the reader to Calude, Staiger and Terwijn [15].

This leads to a longstanding and fundamental question.

Question 17. Suppose a real β has positive Σ_1-dimension. Does it T -bound a 1-random real?

Other notions of effective Hausdorff dimension are less well studied. Terwijn in his thesis had a lot of nice material. One case study is on Schnorr and computable dimensions. Recently, Downey and Reimann [38] proved that Schnorr dimension has a machine characterization in terms of computable machines, akin to the characterization of Schnorr randomness of Downey and Griffiths.

Authors such as Lutz have also studied packing dimension. Without going through the classical definition, the characterization boils down to looking at, in the Σ_1-case, lim sup_n^{I(α↾n)}_n . Thus limsup replaces liminf. This notion is mostly unexplored for other complexity classes, as is other dimensions such as box dimension and the like. Some of these are discussed in Jan Reimann’s Thesis from Heidelberg.

Here is one example on computable packing dimension of computable enumerable sets. Computably enumerable sets are relatively simple in terms of their initial segment complexity. Barzdins’ showed that they have complexity ≤ 2 log n + O(1), and Kummer proved the following lovely classification result. (The “array computable degrees” are a proper subclass of the low_2 c.e. degrees.)

Theorem 75 (Kummer’s Gap Theorem, Kummer [65]). Exactly one of the following (i) or (ii) holds.

(i) A c.e. degree a contains a c.e. set A such that ∃^∞n(C(A ↾ n) ≥ 2 log n − O(1)) iff a is array noncomputable.

(ii) If A is c.e. and of array computable degree, then for every unbounded, nondecreasing, total computable function f there is a constant c such that

C(A ↾ n) ≤ log n + f(n) + c.

(iii) Hence each c.e. degree a has the following gap phenomenon:

(iiia) Either, there is a c.e. set A in a such that C(A ↾ n) ≥ 2 log n − O(1) for infinitely many n.

(iiib) Or there is no c.e. set A ∈ a and ϵ > 0 such that (∃^∞n)[C(A ↾ n) ≥ (1 + ϵ) log n − O(1)].

Barzdins’ upper bound fails dismally when you try to show its Schnorr dimension is something like 2 log n. It is the totality of the domain of the prefix-free machine that causes problems.

Theorem 76 (Downey and Reimann [38]). Suppose that α is a computable real < 1. Then there is a computably enumerable set whose computable (and hence Schnorr) packing dimension is above α.

The point here is in some sense the reason that the Σ_1-dimension is of a c.e. set so small is because the measuring devise is simply too powerful. It is unknown if we can have a c.e. set of Schnorr packing dimension 1. It is unknown if Theorem 76 holds for Schnorr Hausdorff dimension. Merkle and Reimann have shown that it fails for computable Hausdorff dimension. Little else is known.

Degree theoretical aspects of, say, Σ_n dimension are not yet explored as are reducibilities like ≤_C on them.

References

1. E. Allender, H. Buhrman, and Michal Kouck, What Can be Efficiently Reduced to the K-Random Strings?, Proc. 21st International Symposium on Theoretical Aspects of Computer Science (STACS), 2004. Lecture Notes in Computer Science 2996, pp. 584-595.

2. K. Ambos-Spies, Algorithmic randomness revisited, in Language, Logic and Formailzation of Knowledge, Bibliotheca, 1998, 33-52.

3. K. Ambos-Spies and A. Kučera, Randomness in computability theory, in: P. Cholak et al., Computability Theory: Current Trends and Open Problems, Contemporary Mathematics 257 (2000) 1–14, American Mathematical Society.

4. K. Ambos-Spies and E. Mayordomo, Resource bounded measure and randomness, in Complexity, Logic and Recursion Theory, (A. Sorbi, ed.) Marcel-Decker, New York, 1997, 1-48.

5. K.Ambos-Spies, E.Mayordomo, Y.Wang, and X. Zheng Resource bounded balanced genericity, stochasticity and weak randomness, In: Proc. 13rd STACS, pages 63-74. Lecture Notes in Computer Science 1046, 1996.

6. K. Ambos-Spies, W. Merkle, J. Reimann, and F. Stephan, Hausdorff Dimension in Exponential Time, Computational Complexity 2001, 210-217, IEEE Computer Society, 2001.

7. K. Ambos-Spies, K. Weihrauch and X. Zheng, Weakly computable real numbers, J.

Complexity, Vol. 16 (4)(2000), 676-690.

8. J. Barzdins, Complexity of programs to determine whether natural numbers not greater than n belong to a recursively enumerable set, Soviet Mathematics Doklady vol. 9 (1968), 1251-1254.

9. A.Ñies B. Bedregal. Lowness properties of reals and hyper-immunity. In WOLLIC 2003, volume 84 of Electronic Notes in Theoretical Computer Science. Elsevier, 2003. http://www.elsevier.nl/locate/entcs/volume84.html.

10. C. Calude, Information and Randomness, An Algorithmic Perspective, Springer, 1994. Second edition 2002.

11. C. Calude, and R. Coles, Program size complexity of initial segments and domination relation reducibility, in Jewels are Forever, (J. Karhümaki, H. Mauer, G. Paǔn, G. Rozenberg, eds.) Springer-Veralg, New York, 1999, 225-237.

12. C. Calude, R. Coles, P. Hertling, B. Khoussainov, Degree-theoretic aspects of computably enumerable reals, in Models and Computability, (ed. Cooper and Truss) Cambridge University Press, 1999.

13. C. Calude, P. H. Hertling, B. Khoussainov, and Y. Wang, Recursively enumerable reals and Chaitin Ω numbers, Proc. STACS 1998, Springer (1998) 596–606.

14. C. Calude and A. Nies, Chaitin’s Ω numbers and strong reducibilities, Journal of Universal Computer Science, 1997.

15. C. Calude, L. Staiger, S. A. Terwijn, On partial randomness, in preparation. 16. G. Chaitin, A theory of program size formally identical to information theory, Journal of the ACM 22, (1975) 329–340.

17. G. Chaitin, Algorithmic Information Theory, Cambridge University Press, 1987. 18. A. Chernov, An. A. Muchnik, A. Romashchenko, A. Shen, N. Vereshchagin, Upper semi-lattice of binary strings with the relation ”x is simple conditional to y”, Theor. Comput. Sci. 271(1-2): 69-95 (2002) 19. A. Church, On the concept of a random number, Bulletin of the AMS, 46 (1940), 130–135.

20. R. Coles, P. Cholak, R. Downey and E. Herrmann, Automorphisms of the lattice of Π^1_0 classes: perfect thin classes and a.n.c. degrees, Trans. Amer. Math. Soc. Vol. 353 (2001), 4899-4924.

21. R. Downey, Some computability-theoretical aspects of reals and randomness, to appear, Lecture Notes in Logic, volume edited by Peter Cholak.

22. R. Downey and E. Griffiths, On Schnorr randomness, Journal of Symbolic Logic.

Vol 69 (2) (2004), 533-554.

23. R. Downey, E. Griffiths, and G. LaForte, On Schnorr and computable randomness, martingales, and machines, to appear, Mathematical Logic Quarterly.

24. R. Downey, D. Hirschfeldt. J. Miller, and A. Nies, On Ω^A, in preparation. 25. R. Downey, E. Griffiths, and S. Reid, On Kurtz randomness, submitted. 26. R. Downey and D. Hirschfeldt, Algorithmic Randomness and Complexity, Springer- Verlag, to appear.

27. R. Downey, D. Hirschfeldt, and G. LaForte, Randomness and reducibility, to appear Journal of Computing and System Sciences, extended abstract appeared in Mathematical Foundations of Computer Science, 2001 J. Sgall, A. Pultr, and P. Kolman (eds.), Mathematical Foundations of Computer Science 2001, Lecture Notes in Computer Science 2136 (Springer, 2001), 316–327.

28. R. Downey, D. Hirschfeldt, and G. LaForte, Undecidability of Solovay and other degree structures for c.e. reals, in preparation.

29. R. Downey, D. R. Hirschfeldt, S. Lempp, and R. Solomon, A Δ^0_2 set with no infinite low subset in either it or its complement, Journal of Symbolic Logic 66 (2001) 1371– 1381.

30. R. Downey, D. Hirschfeldt, and A. Nies, Randomness, computability and density SIAM J. Comput. Vol. 31 (2002), 1169-1183. (Extended abstract appeared in Symposium for Theoretical Aspects of Computer Science, STACS’01 January, 2001. Lecture Notes in Computer Science, Springer-Verlag, (Ed A. Ferriera and H. Reichel, 2001, 195-201)

31. R. Downey, D. R. Hirschfeldt, A. Nies, F. Stephan, Trivial reals, In Electronic Notes in Theoretical Computer Science (ENTCS), 2002. Final version appears in Proceedings Asian Logic Conferences, (edited Downey, et. al.) World Scientific, 2003.

32. R. Downey, D. R. Hirschfeldt, A. Nies, and S. Terwijn, Calibrating randomness, Bull. Symb Logic, to appear.

33. R. Downey, C. Jockusch, and M. Stob, Array recursive sets and multiple permitting arguments, in Proceedings Oberwolfach 1989, Springer Verlag, Lecture Notes in Mathematics 1990, 141-174.

34. R. Downey, C. Jockusch, and M. Stob, Array nonrecursive degrees and genericity, in Computability, Enumerability, Unsolvability, (ed. Cooper, Slaman, and Wainer), London Mathematical Society Lecture Notes Series Vol 224, Cambridge University Press (1996), 93-105.

35. R. Downey, and G. LaForte, Presentations of computably enumerable reals, Theoretical Computer Science, Vol. 284 (2002), 539-555.

36. R. Downey and J. Miller, A basis theorem for Π^0_1 classes and jumps of random reals, in preparation.

37. R. Downey, J. Miller, and J. Reimann, Finite randomness, in preparation. 38. R. Downey, and J. Reimann, On Schnorr dimension, in preparation. 39. R. Downey and S. A. Terwijn, Computably enumerable reals and uniformly presentable ideals, Mathematical Logic Quarterly 48(1) (2002) 29–40.

40. R. Downey and Yang Yue, Relative computability vs relative complexity, in preparation.

41. R. Downey, G. Wu and X. Zheng, Degrees of d.c.e. reals, to appear, Mathematical Logic Quarterly.

42. K. Falconer, Fractal geometry, mathematical foundations & applications, Wiley & Sons, 1992.

43. L. Fortnow, R. Freivalds, W. Gasarch, M. Kummer, S. Kurtz, C. Smith, and F.

Stephan, On the relative size of learnable sets, Theoretical Computer Science, 197 (1998), 139-156.

44. P. Gács, Every sequence is reducible to a random one, Information and Control 70 (1986) 186-192.

45. H. Gaifmann and M. Snir, Probabilities over rich languages, J. Symb. Logic, Vol.

47, (1982), 495-548.

46. F. Hausdorff, Dimension und äußeres Maß, Mathematische Annalen 79 (1919) 157–179.

47. J. Hitchcock, J. Lutz and S. Terwijn, The arithmetical complexity of dimension and randomness, manuscript, January 2003.

48. Ho, Chun-Kuen, Relatively recursive reals and real functions, Theoretical Computer Science, Vol. 219 (1999), 99-120.

49. S. Ishmukhametov, Weak recursive degrees and a problem of Spector, in Recursion Theory and Complexity, (ed. M. Arslanov and S. Lempp), de Gruyter, (Berlin, 1999), 81-88.

50. T. Jech, Set theory, Academic Press, 1978. 51. C. Jockusch, 52. T. Kamae, Subsequences of normal sequences, Israel J. Math. 16 (1973) 121–149. 53. H. Katseff, Complexity dips in random infinite binary sequences, Information and Control 38 (1978) 258–263.

54. S. Kautz, Degrees of Random Sets, PhD thesis, Cornell University, 1991. 55. B. Khoussainov, Randomness, computability, and algebraic specifications, Annals of Pure and Applied Logic 91 (1998) 1–15.

56. B. Kjos-Hanssen, F. Stephan, and A. Nies. On a question of Ambos-Spies and Kučera, to appear.

57. K.-I Ko, On the notion of infinite pseudorandom sequences, Theoretical Computer Science 48 (1986) 9–33.

58. A. Kolmogorov, Three Approaches to the Quantitative Definition of Information, in Problems of Information Transmission (Problemy Peredachi Informatsii), 1965, Vol. 1, 1-7.

59. L. Kraft, A device for quantizing, grouping, and coding amplitude modulated pulses, M.Sc. thesis, MIT, 1949.

60. A. Kučera, Measure, Π^0_1 -classes and complete extensions of PA, in: H.-D. Ebbinghaus, G. H. Müller, and G. E. Sacks (eds), Recursion theory week, Lect. Notes in Math. 1141, 245–259, Springer-Verlag, 1985.

61. A. Kučera, On the use of diagonally nonrecursive functions, in Logic Colloquium ’87, Elsevier, 1987, 219-239.

62. A. Kučera, On relative randomness, Annals of Pure and Applied Logic 63 (1993) 61–67.

63. A. Kučera and T. A. Slaman, Randomness and recursive enumerability, SIAM J.

Comput. 31 (2001) 199–211.

64. A. Kučera and S. A. Terwijn, Lowness for the class of random sets, Journal of Symbolic Logic 64(4) (1999) 1396–1402.

65. M. Kummer, Kolmogorov complexity and instance complexity of recursively enumerable sets, SIAM Journal of Computing, Vol. 25 (1996), 1123-1143.

66. S. Kurtz, Randomness and Genericity in the Degrees of Unsolvability, PhD thesis, University of Illinois, 1981.

67. M. van Lambalgen, Random sequences, PhD thesis, University of Amsterdam, 1987. 68. M. van Lambalgen, The axiomatization of randomness, Journal of Symbolic Logic 55 (3), 1990, 1143–1167.

69. J. Lathrop and J. Lutz, Recursive computational depth, Information and Computation 153 (1999) 139–172.

70. L. Levin. On the notion of a random sequence, Soviet Math. Dokl. 14 (1973) 1413– 1416.

71. M. Li and P. Vitányi, An introduction to Kolmogorov complexity and its applications, Springer-Verlag, 1993.

72. D. Loveland, A variant of the Kolmogorov concept of complexity, Information and Control, vol. 15 (1969), 510-526.

73. J. Lutz, Category and measure in complexity classes, SIAM J. Comput. 19 (1990) 1100–1131.

74. J. Lutz, Almost everywhere high nonuniform complexity, J. Comput. System Sci.

44 (1992) 220–258.

75. J. Lutz, Dimension in complexity classes, Proc. 15th Conference on Computational Complexity, 158–169, IEEE Computer Society, 2000.

76. J. Lutz, The dimensions of individual strings and sequences, Information and Computation, to appear. Preliminary version: Gales and the constructive dimension of individual sequences, Proc. 27th International Colloquium on Automata, Languages, and Programming, 902–913, Springer, 2000.

77. P. Martin-Löf, The definition of random sequences, Information and Control 9 (1966) 602–619.

78. E. Mayordomo, A Kolmogorov complexity characterization of constructive Hausdorff dimension., Information Processing Letters 84 (2002) 1–3.

79. W. Merkle, The complesity of stochastic sequences, in Computational Complexity, 2003, IEEE, 230-235.

80. W. Merkle, J. Miller, A. Nies, J. Reimann, and F. Stephan, Nonmonotonic randomness, in preparation.

81. W. Merkle and N. Mihailovic, On the construction of effective random sets, in Proceedings MFCS 2002, (ed. Diks and Rytter) Springer-Verlag LNCS 2420.

82. W. Merkle, N. Mihailovic, and T. Slaman, Some results on effective randomness, to appear.

83. An. A. Muchnik, A. Semenov, and V. Uspensky, Mathematical metaphysics of randomness, Theor. Comput. Sci., Vol 207(2), (1998), 263-317.

84. J. Miller, Kolmogorov random reals are 2-random, to appear. 85. J. Miller, More on randomness, in preparation.

86. J. Miller, and L. Yu, On initial segment complexity and degrees of randomness, in preparation. (This may turn into two papers) 87. W. Miller and D. A. Martin. The degree of hyperimmune sets. Z. Math. Logik Grundlag. Math., 14:159–166, 1968.

88. R. von Mises, Grundlagen der Wahrscheinlichkeitsrechnung, Math. Z., vol. 5 (1919), 52-99.

89. Y. N. Moschovakis, Descriptive set theory, North-Holland, 1980. 90. Ng Keng Meng, MSc Thesis, National University of Singapore, in preparation. 91. A. Nies, Reals which compute little, to appear. 92. A. Nies, Lowness properties and randomness, to appear.

93. A. Nies, Each Low(CR) set is computable, typeset manuscript, January 2003. 94. A. Nies, Low for random sets: the story, preprint, available on

www/cs.auckland.ac.nz/~nies.

95. A. Nies, Ideals in the recursively enumerable degrees, in preparation. 96. A. Nies, F. Stephan and S. A. Terwijn, Randomness, relativization, and Turing degrees, in preparation.

97. P. Odifreddi, Classical recursion theory, Vol. 1, Studies in logic and the foundations of mathematics Vol. 125, North-Holland, 1989.

98. P. Odifreddi, Classical recursion theory, Vol. 2, Studies in logic and the foundations of mathematics Vol. 143, North-Holland, 1999.

99. J. Oxtoby, Measure and Category, 2nd edition, Springer 1980. 100. A. Raichev, Ph.D. thesis, University of Wisconsin-Madison, in progress. 101. J. Raisonnier, A mathematical proof of S. Shelah’s theorem on the measure problem and related results, Israel J. Math. 48 (1984) 48–56.

102. H. Rogers Jr., Theory of recursive functions and effective computability, McGraw- Hill, 1967.

103. G. E. Sacks, Degrees of unsolvability, Annals of Mathematics Studies 55, Princeton University Press, 1963.

104. C. Schnorr, Zufälligkeit und Wahrscheinlichkeit, Lect. Notes in Math. 218, Springer-Verlag, 1971.

105. C. Shannon, The mathematical theory of communication, Bell System Tech. J. 27 (1948) 379–423, 623–656.

106. A. Kh. Shen’. The frequency approach to the definition of the notion of a random sequence (in Russian), Semiotika i Informatika, 18:14–41, 1982.

107. A. Kh. Shen’. On relations between different algorithmic definitions of randomness, Soviet Mathematics Doklady, 38, (1988), 316–319.

108. R. Soare, Recursively enumerable sets and degrees, Springer, 1987. 109. R. Soare, Computability Theory and Differential Geometry, bulletin Symbolic Logic, to appear.

110. R. J. Solomonoff, A preliminary report on a general theory of inductive inference, Tech. Report ZTB-138, Zator Company, Cambridge, Mass., November 1960.

111. R. Solovay, A model of set theory in which every set of reals is Lebesgue measurable, Annals of Mathematics 92 (1970) 1–56.

112. R. Solovay, Draft of a paper (or series of papers) on Chattin’s work, unpublished manuscript, IBM Thomas J. Watson Research Center, New York, May 1975, 215 pp. 113. L. Staiger, Constructive dimension equals Kolmogorov complexity, Research Report CDMTCS-210, University of Auckland, January 2003.

114. F. Stephan, personal communication.

115. F. Stephan, Martin-Löf random and PA-complete sets, Forschungsbericht Mathematische Logik 58 / 2002, Universit”at Heidelberg, 2002.

116. S. Terwijn, Computability and Measure, PhD thesis, University of Amsterdam/ILLC, 1998.

117. S. Terwijn, On the quantitative structure of Δ^0_2, in: U. Berger, H. Osswald, and P.

Schuster (eds.), Reuniting the Antipodes — Constructive and Nonstandard Views of the Continuum, Synthèse Library, Kluwer, 2000, 271–284.

118. S. Terwijn, Complexity and Randomness, Notes for a course given at the University of Auckland, March 2003. report CDMTCS-212, University of Auckland.

119. S. Terwijn and D. Zambella, Computational randomness and lowness, Journal of Symbolic Logic 66(3) (2001) 1199–1205.

120. K. Tadaki, A generalization of Chaitin’s halting probability Ω and halting selfsimilar sets, Hokkaido Math. J., Vol. 32 (2002), 219-253.

121. J. Ville, Étude critique de la notion de collectif, Gauthier-Villars, 1939. 122. Y. Wang, Randomness and complexity, PhD thesis, University of Heidelberg, 1996. 123. Y.Wang, A separation of two randomness concepts, Information Processing Letters 69(3) (1999) 115–118.

124. Yu Liang and Ding Decheng, There is no sw-complete c.e. real, Journal of Symbolic Logic, to appear.

125. Yu Liang and Ding Decheng, The initial segment complexity of random reals, to appear, Proc. Amer. math. Soc.

126. Yu Liang, Ding Decheng, and R. Downey, The Kolmogorov complexity of random reals, to appear Annals of Pure and Applied Logic.

127. D. Zambella, On sequences with simple initial segments, ILLC technical report ML-1990-05, University of Amsterdam, 1990.

128. X. Zheng, On the Turing degrees of weakly computable real numbers, Journal of Logic and Computation 13 (2003), 159-172.

129. A. Zvonkin and L. Levin, The complexity of finite objects and the development of the concepts of information and randomness by means of the theory of algorithms, Russian Math. Surveys 25(6) (1970) 83–124.