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1. Introduction

This paper studies the structure of a general initial segment [0, a] (a # 0) of the
upper semilattice R of r.e. degrees. In particular we address the question of what
lattices may be embedded into all such segments. It turns out that some [0, a] may
be very different from R since many lattices (and semilattices) embeddable into R
are not embeddable into such [0, a]. The general theme seems to be that for a
‘sufficiently close to 0, [0, a] is ‘much more’ distributive than is R. For example,
we can show

(1.1) Theorem. A countable modular lattice L is embeddable into all nontrivial
initial segments of R iff L is distributive.

Here the reader should recall that a lattice L is distributive if forallx, y, z € L,
xv(yAaz)=(xvy)A(xvz)and that a lattice L is called modular if whenever
x=<y then x v(z Ay)=(x v z) Ay. All distributive lattices are modular. Fur-
thermore the following elementary results are relevant here: a lattice L is

~i modular iff the lattice Ns; of Diagram 0 is not embeddable into L; and L is
distributive iff both N5 and M; of Diagram 0 are not embeddable into L.

Diagram 0

* Research partially supported by USNZ Binational Cooperation Science Programme Grant
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Lattice nonembeddings and initial segments of the r.e. degrees 99

It may even be possible to show that if L is such a lattice, then L embeds into
[a, b] for any a<b. It does seem quite probable that the density version of (1.1)
will hold. We have proven the analogue of (1.2) in [4] extending an earlier result
of Slaman [12]. Hence the analogue of Theorem (1.1) follows: A countable
modular lattice L is embeddable into all nontrivial intervals of R iff L is
distributive.

We point out that all of the lattices in our examples above are embeddable into
R (Lachlan [9], Ambos-Spies and Lerman [2]). We also feel that our results
indicate that the highly nondistributive techniques of Harrington—Shelah—Slaman
[7, 8] are unlikely to work for arbitrary [0, a].

Notation is standard and can be found in Soare [13]. We also follow the
convention that he uses, where defined are monotone in argument and stage
number. As usual all computations, etc. are bounded by s — 1 at stage 5. Both of
our arguments use ‘tree of strategy’ arguments. The argument of Section 3 uses
the 0"-method presented in the manner of Slaman/Soare in Soare [13]. It is
useful, but not essential if the reader is familiar with that account.

2. Embeddings
We establish (1.2) by proving

(2.1) Theorem. The (countable) atomless boolean algebra Q embeds into any
nontrivial initial segment of R.

Proof. Actually, our proof involves only a variation on the classical Lachlan—
Lerman—Thomason embedding of Q into R preserving 0. Thus we don’t really
discuss the strategies in details; rather we give the construction and refer the
reader to Soare [13, Ch. IX] for further motivation. Let E be a given r.e.
nonrecursive set with canonical enumeration |J; E..

Let {a;};c,, be any uniformly recursive sequence of recursive sets forming Q
under U, N and —, contains @ and has § as its only finite member. We will
construct r.e. sets A; =|_j; A; , < E and define

Ae={{i,x):xeA;andiea} for aeQ.

Here « will sometimes denote an infinite set and sometimes a corresponding
index.
This well-known representation trick gives deg(A,p) = deg(A,) U deg(d,),

acf > deg(A,)=deg(Ag) and deg(A,~g) <deg(A,), deg(Ap).
We build an additional set Q <1 E and for all ¢, o, § meet the Hm@EHoEmEm
Prin: @(Q)F A,
Niapey: Po(As B Q)=P.(A5 D Q)=f total = f recursive in A,z Q.
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Lattice nonembeddings and initial segments of the r.e. degrees 101

(2.4) Case (2.2) does not pertain and P, ;, has no follower y(0, o, s) for o< o,
and lh(o) = (e, i).

Construction, stage s +1

Step 1. Cancel all y =y(x, 7, s) and gq(y, s) for T 0;.

Step 2. Find the least o= o, such that for (e, i) =1h(0), P(.; requires
attention via some (least) y(o, x, s) or o< o, and (2.4) pertains. Adopt the first
case below to hold.

Case 1: (2.2) holds. Set A; ;1 =A;;U{y}, Qser1=0,U {q(y)} and cancel all
numbers =y and all followers of the form y(Z, o,s) together with their
Q-markers.

Case 2: (2.3) holds. Declare y as realized. Cancel all numbers >y. Appoint
y(x+1,0,s+1)=s+1 as a new follower of P, for guess o and set
q(y(x, 0,5),s+1)=s+1 too.

Case 3: (2.4) holds. Appoint y(0, o,5)=s+1 as an unrealized follower of
Py at guess o and initialize all (. 0. O End of Construction

Verification. The proof that each P, ;, receives attention finitely often along the
true path is rather straightforward so we only sketch the details. Let y denote the
true path (i.e. y € [2%“] and y is defined inductively via A = y and if 7 <y, then
770 iff there are infinitely many z"0-stages; otherwise "1 < vy). Let oc y and
suppose lh(g) = (e, i}. For an induction suppose s, is a stage good for o in the
sense that for stages ¢ after stage s, 0=, 0, and for all & & ¢, no followers with
guess & act or are appointed.

By initialization—when some Py, y receives attention—we can suppose P, ;)
has no followers with guess o at stage s,. Now at the next o-stage after stage so,
P, will get a follower y,=y(0, 0, s) which will be uncancellable. Clearly Py,
is now met unless (2.3) pertains to y,. Now when this occurs—say at stage s—we
cancel all followers >y, and set y, = ¢(yo} = 5o. By our conventions note that
y1=q{¥o) = 5o exceeds the use of D, (Q,,; o) = A, (¥o)- It is easy to see that in
general we get a potentially infinite recursive sequence of uncancellable followers

Yo, n=qe)y, Y2=a(»), - --

Each of these has the property that g(yx+1) > u(P.s,,.(Os,.,; ¥&))- By a standard
permitting argument, as E is nonrecursive, E must permit some k above. Suppose
this occurs at stage t>s,.;. Then by our cancellation procedure and since the
way we appoint followers as stage numbers, we know

D, (O3 Y1) = P(Q;v) =0F 1 =A(¥1).

Note that at the least o-stage ¢, >1t, P, ; will get an unrealizable follower ¢, and
s0 P, will be met and never again receive attention.

Now we argue that all the N, are met. Let o = y with Ih(0) =e = (e, §,{). Let
s, be a stage good for o as above. To see that N, is met we suppose
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Lattice nonembeddings and initial segments of the r.e. degrees 103

3. The main resulkt

(3.1) Theoxem. There exists an r.e. degree a0 that bounds no critical triple.

Proof. We build A =|_J; A, in stages, together with auxiliary r.e. sets Q,=
s Q.. to meet the requirements

P: A+W,

R,: Forj=0,1,2, and k=0, 2, if Al(4) =W,
and PLWE @ WE*?) = W¥ (of course, mod 3) then
either WO<: W or Q,<r W, W and Vj (W(W1) = Q.).

Here {¥,}.co is a list of all functionals and (A2, A, A2, @2, &%, W?, W!, W2) is
a list of all 8-tuples consisting of five functionals and three r.¢. sets.
We shall need some auxiliary functions.

A(e, s) = max{x: (Vy <x)[AL(A; )= Wi (W]} fori=0,1,2,
L(e, i, s) = max{x : (Vy <x)[ W, (W..(y)) = Q..(»)
& l(e, 8) > u( W (W (YN}
and finally the A-controllable length of agreement
I(e, s) =max{x: (Vz <x)(Vk € {0, 2})[ D (WZ' ® W2, 2)] = Wi (2)
& (Vy)y <u(Pe (Wi @ WP z))—
(Y <2)[¥(e, 5)>y]]}-

For l(e, s} > x we similarly define the total use function u(x, e, ) so that if we
preserve A [u(x, e, s)], then we hold I(e, s)>x with the computations un-
changed. Here we apply the usual conventions: if €,(B,;y)=W, (y) and we
preserve B [u(£2(B,;y))], then we don’t allow new numbers to enter W, [y].
Of course in our construction this does no harm since we are only concerned with
those Q, B and W, for which (B)=W,. Also, we presume that—where
defined—use functions are increasing both in argument and stage number, (if
reset). The last convention saves considerably on notation.

We shall meet P, by a standard Friedberg argument (on a tree) and don’t need
to discuss this in detail. The key requirements are of course the R,. Before we
give the details of the basic module we shall discuss the motivation for some of
the new technical devices (such as layering) used in our construction. It is hoped
that the reader can also better glean the basic ‘shape’ of the general construction
by initially stripping away some of the more formal details.

We first break R, into infinitely many subrequirements, each to be imple-
mented in the full construction as 7, guessing nodes. The easiest subrequirements
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Lattice nonembeddings and initial segments of the r.e. degrees 105

The reader should note that if W? permits x then one of W2 or W1 must permit
on 12(e, 5) (as A, ) > u(%, (WL, & W2, ; x)) = W(@0 (W1, ® W2,;x)), the
last equality because A was restrained between stages s and s,). Should we close
our (e, i)-gap unsuccessfully, it will be convenient to reuse x as a follower of R, ;,
although we will also need another follower y > x to attack with x simultaneously
later.

The rough idea is this: If R, ; fails we’d like to argue that for all followers x of
R.; whenever W9 permits on x it must be that—since good conditions don’t
occur—either W2 doesn’t permit A%(e, s)=A%(e, 5;) (and so W! does permit
A*(e, 5)) or W permits u(¥; (W, x)). As we will see below, this idea fails under
multiple attacks, but we shall modify ° ' and define a Wl-use function
p(x, e, i, s) (predicated on I(e, i, s)— =) so that if R, fails then whenever W?¢
permits on x, W} permits on p(x, e, i, s). In this way to compute Wx] we only
need compute an e-expansionary stage ¢ where W, [p(x, ¢, i, 8)]=
Welp(x, e, i, 1)].

The above is a general outline of the overall shape of the construction. We now
discuss the problems associated with actual implementation of this general
strategy. It is very important that the reader understand these problems, and our
solution to them, as these features are at the heart of the construction.

The problems all stem from the fact that our current approximations to use
functions of I'(W2)=TI2(W2)=Q, and I'(W.)=W? are simply not sensitive
enough for multiple attacks on R, ; via x. Recall that our current approximations
are Y’(x,0,5)=x, Y’(x,e 5)=7v%e, s)=7%e 5,) (by restraints on A) and
b@nu e, i, hv = amunﬁuswﬁ.«u €, hVu Sﬁﬁ.&ﬁﬂxw.&wkvvw.

The inadequacy of p can be seen as follows. We need to argue that if we ever
see W7 and W7 permit respectively y° and y* and W not permit p(x, e, i, t) we
ought to win. Consider the situation as given in our outline. Suppose that at stage
s, we close our (e, i)-gap unsuccessfully but we see W2 permit x = y%(x, e, s;) and
W1 permit y*(x, e, 5;) but W2 remain fixed. Now the use u(s,) of the compu-
tation @2 (W1, @ W2, :x) might be very much larger than it was at stage s,.
Indeed perhaps u(s;) >max{y’(x, e, 51), u(¥;,(W.,,;x))} and, for example,
Wiu (W, (WL, ; x))] is unchanged. Note that as W2 [y*(x, e, 51)] is unchanged,
we cannot change Y*(x, e, s,) from v*(x, e, 5,). The point of this is that at the
closure of a subsequent (e, i)-gap—say at stage s;>s,— we might see W[x]
permit and WZu(s,)] permit, but neither W¥y*(x, e, s,)] nor Wp(x, e, i, s,)]
permit. Perhaps the relevant W2-change occurs only on {z:y%(x, e, 5,) <z <
u(s2)}.

This obviously creates a very serious problem since we have a situation with a
W?-, W2-change and no Wl-change — which should be a win— yet we can’t win
because of an earlier unsuccessful attack at x (so we can’t ‘use’ the relevant W3-
change).

QOur solution to this problem is to define p(x, e, i, ¢) in such a way as to ensure
that if we have a situation where W2[x] permits and so W2[A*(e, )] permits then if
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pick a follower g for F; with g >§,, and a follower z of R, ; with y <§,<g <z.
(Here we suppose {e, i) <j.) Now when we see L(e, i, t) >z we don’t cancel ¢
unless we are in a p(y, e, i, t)-delay situation. Diagram 2 might be helpful.

q

{ _ _ ﬁ [
“ | i A

_ e,t
u(t)

Y2(y,¢,t) (correct)
1
uE; (W, 5 )

p(x,e,i,t)
uo:a.ﬂ.s

_ e, t

Diagram 2

Here we assume no change at s,, g least and u(%¥;) > y°. Note that there are no
followers alive between x and g. The lines between A, and W2 are meant to
represent all the relevant reductions controlling Wi. Note we don’t know where
u{W{W, ,; x)) should lie, except that it must be inside p(x, e, i, £).

Remember, the driving force in our construction is to ensure that whenever W2
and W2 permit y° and y* and W} doesn’t permit p we win. The situation above
deals with the possibility that ¥® and p get to change, but y* doesn’t. The other
situation that must be dealt with is not being able to move p although we don’t
win. With the current strategy, this can only occur if W?2[u] permits — where
u=u(P, (W, ® W2, ;x))—resetting y*(x, e, s;) but both W,[p(x, e, i, 5,)]
and Wox] (= WYy°x, e, 5,)] remain unchanged. (And so Wiu] unchanged
too.) Under this scenario y* might need to be very large when it is reset
(necessarily) at stage s,. Of course this creates no problem at stage s, as this is an
unsuccessful closure. This creates a problem in the future since W, cannot
comprehend (via p) this y® change. That is, again at some stage s; > s, we might
close another (e, i)-gap. But now we might see Wo[x] change, but W[v*(x, e, 5,)]
not change (perhaps W, only changes on {z:4=z>u} where &=
u(P?, (Wi, ® WZ,,; x)). Now in this case we need some progress on ‘W, < W’
so it is desirable for W to know (via p(x, e, i, 5,)) that W [x] has changed. The
trouble is that in this situation perhaps Wi[p(x, e, i, 5,)] is unchanged.

Our solution to this last problem is to use a process we call layering. The first
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is unchanged this can only mean that WJ[A%(e, 5)] changes, contradiction. Hence
we get to reset y> but not p, but know that the ‘inner layer W2&® Wiu] is
unchanged. At stage s, we cancel all followers y targeted for A with z; <y <s,.
Therefore, we know that there is only one more possible change to W2[x] (caused
by z;). The whole point is that if at some gap s3> 5., W2 ,.[x] changes, it must
cause a change in Wu] or Wu] and hence in either Wi[p(e, s, i, 5,)] or
W2[y*(x, e, 5,)]. Therefore, by the same argument as we had —for only one
possible injury instead of two—we can see W¢<yW; if the attack is
unsuccessful.

In general the idea is to make sure that there are more layers in the uses
v%(x, e, 5) and y*(x, e, s) than there are possible injuries to these layers. We can
do this by our cancellation procedures at bad closures and since we know that x
layers will suffice. (The point is that this sort of injury only strips one layer per
gap-) _

In summary, at the close of an (e, i)-gap at stage s, if it is unsuccessful it is not
the case that W9y°] and W2[y?] change but W[g] doesn’t. If W? and WZ change
so that W also changes, we can reset all of y°, y* and p. If W/ changes and W.*™
doesn’t change for je {0,2} and also W] changes, we can reset p to some
o(y, e, i, t) for some y > x. This comment also applies only if p changes, that is if
only W! changes.

Finally if only one W for i€ {0, 2} changes and W} doesn’t, changes must
occur only on the outermost live layer. We only get to reset ¥* but are safe in the
knowledge that we have more layers than injuries. This is all formalised in the
basic module below.

The basic module. Implement the following steps.

Step 1. Pick an initial follower xo=ux(e, 0, 5o) = (e, 5o) or inductively some
follower x; = (e, s} at stage so. (In the a-module ‘e’ will be replaced by a string
o from the priority tree.)

Step 2. At the first stage s > s, where we see ["(e, 5) > x; cancel all followers y
targeted for A with y >x;. Set r(e, i, s) = s. Here we define [*i(e, s) inductively via

Pi(e, s) =max{z:l(e, s) > u(z, e, 5)}, where
u%z, e, s) =u(z, e, s), and for

I(e, s)>u'(z, ¢,5) we define

utl(z, e, s)=u'(z, e, s), ¢, 5)).

(3.3)

This creates a barrier with > x; layers. Now define y*(x;, e, 5) = A(x;, e, 5) for
k =0, 2. Put the basic module in state w (for ‘wait’).

Step 3. If x; is the largest follower of R, ; and L(e, i, s,) > x; for some least s; > s
then to each x, for k <j with p(x,, e, i, s; — 1) undefined assign p(x, ¢, i, 51) =
max{A%(e, s,), A¥e, s1)}. If p(x;_s, e, i, s; — 1) is undefined, cancel all followers y
targeted for A with y > x;..,. Now open an (e, {)-gap by setting r(e, i, 5,) =0, and
(so) put the basic module into stage g.
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0"-framework of Slaman/Soare in Soare [13]. We expect readers familiar with
this (or similar) accounts may wish to supply them for themselves. For
completeness, we give some formal details below.

(3.5) The priority tree. Let A= {f, g, w} and order A by f<,g<,w. Define the
priority tree T as the collection of all strings o with o € {f, g, w, 0, 1}* such that if
j=1(mod3) or j=0{(mod 3) then o(j) € {0, 1}. Otherwise o(j) € {f, g, w}. For
o, Te T let o < 7 denote o being an initial segment of 7. Let <, be lexicographic
ordering. Thus o= T means either cc 7 or (Ay)[(y" 0co& y*lct) Vv [y fc
c&(y*gctvy*wern)|v(y'gco& y*wet)]. We refer to o, te T as guesses.

For a guess o, let Ih(o) denote the length of ¢. If Ih(o) =0 (mod 3), then o is
devoted to solving R, where Ih(c) =3e. If 1h{(0o) =3e + 1, then o is devoted to
solving P,. Finally if Ih(o)=2(mod3), then ¢ is devoted to some R,; as
determined by the list below.

(3.6) The list and priority assignments. We assign priorities by induction on
Ih(o) then on <,. We shall have two partial functions e and { which map T— w
and a list L below. We regard (,) as having e < (e, j) for all j. Let n = Ih(a).
n =0. Define, as above, ¢(1) =0 and set L(3) = w.
n>1. Let o =o0"k for ke AU {1, 0} and assume L(0) defined.
Case 1: Ih(o) =3e. Define e(«) = e and adopt the first subcase below.
Subcase (1): k =0. L(a) = L(0).
Subcase (ii): k=1. L{a) = L(0) — {{e(0), j) :j € w}.
Case 2: lh(o)=3e+1. Let L(a)=L(0), and define {(e(a),i(a)) =pz (z €
L(a)).
Case 3: Ih(o)=3e +2. Define e(a)=e+1. Adopt the first case below to
pertain.
Subcase (i): k=for k=w. Set L(a) = L(0) — {{e(0), i(0))}.
Subcase (ii): k=g. Set L(a) = L(0) — {{e(0), j):j€ 0}.
This concludes the priority assignment.

(3.7) The regions. Fix aeT with lh(e)=2(mod3) so that {(e(a), i(a)) is
defined, and a is devoted to solving R.(4).ica)- Define the top of the e(a)-region
containing «, t() via

() = (uo < a)(lh(o) =0 (mod 3) & e{&) = e(o)).
With this, define the e-region containing « as
E(a,e)={0:0eT & 1(a) = 5}.

For guesses o€ T with Ih(o)=2 (mod 3) there will be followers denoted by
x(o, j, s) for j € w. If the outcome is g (so that 0"g is on the true path), then
lim, x(«, j, s) =x(a, j) exists and will be recursive. P, will have followers with
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Case 1: 1h(«) =0 (mod 3).

Subcase 1: Stage s+ 1 is not a-expansionary. Define o(f+1,s +1)=«
Go to stage (t+2,s+1) unless t=s. If t=s, set o,y =0(t+1,5+1) and
initialize all 7%, 0,,, and go to stage s + 2.

Subcase 2. Stage s + 1 is a-expansionary and there is no link (&, p) defined
at stage (¢, s +1). In this case define o(t+1,s +1) = a"0. Go to stage (¢ +1,
s+1) unless t=s5. If t =35, set 0,y = o(¢ + 1, s + 1) and initialize all 7%, 0,,, and
go to stage s + 2.

Subcase 3: Stage s + 1 is a-expansionary and there is a link (&, p) defined at
stage (¢, s + 1). In this case define o(t + 1, s + 1) = p. (It won’t be that t =5.) Go
to stage (¢+2, s + 1).

Case 2: lh(a) =1 (mod 3). Adopt the first case below to pertain.

Subcase 1: « does not require attention. Set o(¢+ 1, s + 1) = ™0 and go to
stage (¢++2,s5+1) unless =5, in which case set o,,;=a"0, initialize all
7 %L 0,,, and go to stage s + 2.

Subcase 2: « requires attention. If y(«, s) is not defined, set y(a, s +1) =
{(a,5+1) and o(t+1,s +1)= a1 If y(a, s +1) defined (so that (3.8)(iv)(b)
holds) enumerate y(a, s) into A;,, —A,, and define o(t+1,5s+1)=a"0. In
either case set 0,.,= o(¢t+ 1, s + 1), initialize all T %, o,,, and go to stage s + 2.

Case 3: Ih(a) =2 (mod 3). Let e =e(a) and i =i(«). Adopt the first subcase
to pertain.

Subcase 1: F(a, s +1)=f. Define o(t+1,s+1)=a"f (It is not possible
that ¢ = s here.) Go to stage (¢ +2, s + 1).

Subcase 2: F(a,5s+1)=w and « 8@5&8 attention. Define x(w&, 0,5 + 1) =
{a, s +1) and 0, = ot + 1, s + 1) = a”w. Initialize all y <% g,,,. Create a link
(7{a@), «). Keep F(a, s +1)=w. Go to stage s + 2.

Subcase 3. F(a,s+1)=w and we have just travelled a link (z, &) (and
hence o(t — 1, s + 1) = 7 = 7{«)). Let x = x(«, j, 5) be the largest defined follower
of a. Define y*(x, a,s +1)=A¥(e,s+1) for k=0, 2, r(e,s+1)=s+1 and
cancel all followers y targeted for A with y >x. Let o, =0o(t+1, s +1) = a"w.
Now for all nodes y with o,., < y but 0,,; ¢ ¥, initialize y. (Note that this is a
different cancellation procedure than in the other cases.) Remove the link (7, @)
and go to stage s + 2.

Subcase 4: F(w, s +1)=w, a does not require attention, subcase 3 did not
pertain and s+1 is not oa-expansionary. Define o(t+1,s+1)=a"w,
F.(a, s +1)=w and go to stage (t+2, s + 1).

Subcase 5: F(a, s +1)=w and none of the above pertain (so that s +1 is
a-expansionary). Define o(¢t + 1, s + 1) = a"g and open an a-gap. Create a link
(r(@), @). Set r{a, s +1)=0. Let x =x(a, j, s) be the largest defined follower of
a. For each | <j with p(x(e, J, 5), @, 5) undefined define

px(a, J, 8), &, s + 1) = p(x, &, s + 1) = max{A®(e, s + 1), A'(e, s + 1)}
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assuming W, , N A;, =8). Then
(i) (Vs e G¥[s >s,—y > #a, s)] where #(a, s) =max{r(y, s):y <L o}, and
(ii) hence Py is mel.

Proof. At stage s, y = {&, s;) and so y exceeds all #(a, s;) by convention. It
suffices to claim that #(«&, s;) = F(a, s) for all s >s; with s € G Indeed we claim
that for all Y=<, a, r(y, s;) =r(7, s) for such s. If r(y, s,) #r(7, s), then it can
only be that y*w or y"f = a. In the first case, 7(y, s} would only be reset after a
y*g-stage § and this would cancel y since §>s, and y"g <, & with ¥y gt In
the second case if r(y, s) #r(y, s,) it must be that y receives attention at stage s.
Thus in this case too we cancel y. Thus these cases can’t occur and so
r(y, s1) = (¥, s). This gives (i) and (ii) follows by the usual argument. [

(3.14) Lemma. Suppose « = 8 with Ih(e) =0 (mod 3) and "1 < . Then one of
the following holds for some j € {0, 1,2} or k € {0, 2}:

\&A&QC # SE«.A& or A&Qﬁw@w wmwvv # S\A&.

Proof. Lim{l(e(c), s):5 € G*} <, hence one of the inequalities above must
hold. O

Similarly we see that

(3.15) Lemma. Suppose that o < f with h(«)=2(mod 3) and «"wc B. Then
ﬁAQvAS\WAvi # D._ARV.

Also we need that

(3.16) Lemma. Suppose a<f with Ih(a)=0{(mod3) and a"0cp. Then Q.<r
Woey Wi

Proof. O, is the collection of x(y, i, s)=x(y) enumerated at the successful
closure of y-gap where a=1(y). Note that all y-gaps opened are eventually
closed or cancelled. This follows by (3.12). At the successful closure, we must
have W2,[y?(x, «, 5)] changing for p =0, 2 and furthermore yP is reset only if
W% 4 changes.

This means that it suffices to show that y”(x, &, s) can be reset at most finitely
often for p € {0, 2}. However y”(x, &, §) is only reset at the unsuccessful closure
of an @-gap, and case 2 of subcase 6 pertains. When this pertains at stage s,
say, we cancel all followers y >x targeted for A and raise r(a, s) =s until the
next gap. Such changes are therefore caused only by numbers <x entering A.
As we discussed in the basic module: since the restraint protects these
computations, and followers appointed after stage s must exceed s (see (3.2)), for
this point it follows that ¥” can be reset at most x times, giving the lemma. 0
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We remark here though that it is possible to use the techniques of [5] to create
an array nonrecursive (see [5] for the definition) degree a that bounds no critical
triple. We also remark that the degree we construct seems to be Wit-fopped in the
sense that for all r.e. B<<y A, B <y, A. Thus perhaps the result is really related
to the Wit-structure inside deg(A).

I cannot resist at this point including a very clever observation of Ambos-Spies
to show that the results of Section 3 cannot be improved to construct distributive
initial segments of R. This is because Ns is dense in R. Here is Ambos-Spies’
argument:

Let a<b. By Slaman’s density theorem there exists ¢ | d with a<e, d <b with
e=cNd. Now as the nonbranching degrees are dense (Fejer [6]), there exists a
nonbranching degree f with e <f=<¢. Let g=fU d. Now as f is nonbranching and
¢, fUd>f there exists a degree h with f<<h < ¢, fUd. Since h <¢ we know that
hnd=e. Asf=h=fUd we know that hUd=fU d. Therefore the degrees e, h,
f, d, fUd give the embedding of N;.

Remark. The technical difference between, say, Ms; and Ns above is that M;
seems to need continuous appointment of traces whereas Ns only needs a
bounded number. This is why we can’t use the ‘layering’ technique of Section 3
to kill Ns.
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