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 THE JOURNAL OF SYMBOLIC LOGIC

 Volume 59, Number 4, December 1994

 EMBEDDING LATTICES INTO THE wtt-DEGREES BELOW 0'

 ROD DOWNEY AND CHRISTINE HAUGHT

 ?1. Introduction. A reducibility <P is a procedure whereby a set A can be com-
 puted from a set B. The most general and most extensively studied reducibility is
 Turing reducibility (<T). However, when one analyzes effectiveness considerations
 in classical mathematics, one often discovers that the relevant reducibilities are
 stronger (i.e., more restrictive) than <T. To illustrate, in combinatorial group
 theory we find that the word problem is many-one reducible to the conjugacy
 problem, and that word problems occur in each r.e. truth table (tt-) degree (see,
 for example, Miller [17]).

 In the present paper we are concerned with another strong reducibility: weak
 truth table (wtt-) reducibility. Here the reader should recall that A <wtt B means
 that there is a procedure (F and a recursive function (p such that .I(B) = A and
 for all x, the u(D(B; x)) < y(x). That is, the amount of information used in the
 computation is bounded by Ap. The critical difference between truth table and weak
 truth table reducibilities is that for tt we will at once be "given the whole table."
 Thus if A is a tt-procedure and (s is its use, then for all x and all strings a of length
 (5(x) we can figure out A(a; x). On the other hand if A is merely a wtt-procedure
 it may be that for some string a, A(a; x) J, whilst for another string 4u of the
 same length it may be that A(ju; x) T . We remark that wtt-reducibility arises very
 naturally both in effective algebra and in the structure of the r.e. T-degrees R. The
 reader should see, for instance, Downey and Remmel [3], where it is shown that
 the complexity of r.e. bases of an r.e. vector space V is characterised precisely by
 the wtt-degrees below V? and also Ladner and Sasso [14] or Downey [1], where
 the wtt-degrees are used to investigate cupping and capping in R.

 Associated with each reducibility p is its natural degree structure -p. In this
 paper we shall investigate -9,,,(< 0')-that is, the wtt-degrees below the halting
 set. The reader should note that these are not the wtt-degrees of AO sets but
 rather those that occur as wtt-degrees of co-r.e. sets in Ershov's hierarchy (see, for
 example, Ershov [5] or Epstein-Haas-Kramer [4]). The co-r.e. sets are those sets

 A for which there exist recursive functions f and g such that A (x) = lim, f (x, s)
 and {s: f (x, s + 1) 54 f (x, s)I < g(x). We remark that this restriction makes
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 EMBEDDING LATTICES INTO THE wtt-DEGREES BELOW 0' 1361

 constructions concerned with -wtt (< 0') rather delicate and, in particular, seems
 to rather preclude the use of oracle construction techniques.

 The main structural results currently known for 9gwtt(< 0') are due to P. Fejer
 and R. Shore [7], where a direct construction of a minimal r.e. tt-degree is given
 and it is noted that the construction can be modified to construct a minimal wtt-

 degree below 0' tt, and to Haught and Shore [11], where it is shown that gwtt (< 0')
 has an undecidable first order theory. This latter result is proved using initial
 segment arguments.

 In our paper, we shall prove that every finite lattice is embeddable into

 9Awtt(< 0') preserving 0 and 1. From this it follows that the existential theory
 in the language (=, A, V, 0, 1) is decidable. The analogous result was proved by
 Haught [8, 9] for the r.e. tt-degrees, and, in some as yet unpublished work of
 Lerman and Shore, for the T-degrees below 0'. We remark that all of this work
 builds upon ideas of Odifreddi [18] and, in particular, Jockusch and Mohrherr
 [12]. (We make further comments upon this in the proof.)

 It is very noticeable that results for the r.e. tt-degrees seem to so far always to
 have analogues in 91wtt(< 0'). It is not beyond the realm of possibility that, in
 fact, the re. tt-degrees may be an elementary substructure of -gwtt (< 0'). At present
 we know of no distinction that even precludes isomorphism.

 We also remark that the sets we construct actually occur at the co-level of the
 Ershov hierarchy. We do not know if they can be lowered to a finite level. Thus
 we leave the following question open: is everyfinite lattice embeddable (preserving
 0 (and 1)) into the d-r.e. wtt- (T-) degrees? (See, for example, Downey [2] for
 information on the d-r.e. T-degrees.)

 We remark that our construction is rather more difficult than the analogous
 one for the r.e. tt-degrees because of the "partialness", mentioned earlier, that
 distinguishes wtt from tt. This means that, whereas for tt we can "see" the effect
 of coding, for wtt we must be very careful due to delicate interactions between
 our coding and infimum requirements.

 Notation is standard and follows Soare [21] or Odifreddi [18, 19]. The latter are
 good references for strong reducibilities. Lerman [15] and Haught [9] will provide
 the background on the lattice representation techniques we employ to preserve
 infimums. All computations, etc. are bounded by s at stage s.

 ?2. The proof.
 THEOREM. Everyfinite lattice can be embedded in the wtt-degrees below O' by a

 map which preserves 0, 1, <, A, V.
 PROOF. Let 2S = (P. ?, A, V, 00S, 1 /) be a finite lattice with P = {po,... , Pn,

 po = 0s, and Pn = 12. Let {pi, f pj,: a E [1, h]} be a complete listing of all such
 relations holding in 2, and {pi, A pj, = p, , a E [h + 1, 1]} be a complete listing of
 all nontrivial infs holding in Y. Let F = {o,. : r E [0, d]}, where for each r E [0, d],
 e,. : [0, n] -) [0, d], be a finite lattice representation for S. For completeness, we
 briefly remind the reader that such a representation has the following properties:

 (a) Pi < P; 1 ' (VrI, r2)[ar,(I) = ar() + ar, W(i)a,(0,
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 1362 ROD DOWNEY AND CHRISTINE HAUGHT

 (b) pi Vpj = Pk ) (Vrlr2)[(or(i) = Or,(i) and a,r (i) = ar,(J))

 +-* a,., (k) = r(k)

 (c) pi A pi = pi1 '-) (Vr 1, r2)[ar, (m) =a,- (m) +,

 (3q)(3so, .. ., sq C [0, d])[so = rI and sq = r2

 and (Ve)[e even and e < q -, ca, (i) = cae?e1 (i))

 and (e odd and e < q -) a,, (j) = Se-l (i)]]-

 Every finite lattice has a finite representation (Pudlak and Tuma [20]). (For
 more details see Lerman [15] and Haught [9].) Fix a recursive partition of co which
 satisfies the following:

 co (Y ( a} (Lh] )) u (U W(x) eEcw aE[I,h] -ET@

 where each D ((e, a)) is infinite and

 W(x) = {(x, a) aE[1, h]j U (x,(a, k)) :a E[h+ , ], k 1, 211

 We construct f: co2 [0, d], and define F(x) = lim,. f (x, s),

 A i, = { (x, afj (,o) x E co} U { (x, af (x,.)(i)) X E Ct} e

 and Ai = lims Aj,

 Our construction will satisfy the following, where K is a 1-complete r.e. set:

 (1) An <wtt K,

 (2) K <wtt An,

 (3) Pe,: Ai, 4 (De[Ajaj, for e E co, a e [1,h],

 (4) :Q, ((De [A i, ] = De [Aj,] = Y total)
 ==> Y <wtt Ana, for e (E a), a E [h + l, m] .

 Condition (1) is satisfied by guaranteeing that there is a recursive function g
 such that for all x,

 {s: f (x,s) 7# f (x,s + l)}I < g(x)

 We assume without loss of generality that if a,. = ca, then r = s. Then, An -wtt F
 and F <wtt K, so An <wtt K. The function g is determined by our strategy for
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 EMBEDDING LATTICES INTO THE wtt-DEGREES BELOW 0' 1363

 preserving infs: g(x) = (d + 5)(p(x) + 1), where p(x) is the priority of the
 requirement to which x is attached; i.e.,

 f (e,a) if xE D((e,a)),

 My if x W(y).

 Note that since p(x) > 0 for all x, we have g(x) > 5 for all x. The lattice
 representation provides that if pi $ pjn then there are rows rl, r2 < d satisfying

 a,.,(i) a 0r, (i) and a, l(i) =a,,(1)

 We make use of these rows to satisfy (3) and (4). For a E [1, h], define r(a) I and
 r(a)2 to be the least pair of rows such that

 ar(a)l (ia) 7# a,-(a)) (ia) and a,.(a), (jaI) = a) (a) (a

 For a E [h + 1, 1], define r(a, 1) I and r(a, 1)2 to be the least pair of rows such that

 ar(a, l) (ia) # 7ra,>(,I) (i) and a, (,l), (I) = a/(,>)2 (Ia)

 Finally, define r (a, 2)1 and r (a, 2)2 to be the least pair of rows such that

 ar(a,2)1 (Ij) # a/r(,,2)2 (Ij) and a,-(,,2) (ia) = a,r(a,2)2 (ia)

 (2) is satisfied by coding K into A,. We will establish

 x E K 3 -y E W(x)3r < d (r 7& f (y, 0) and (y, a, (n)) E An)

 Let {kt},tE, be a one-to-one recursive enumeration of K. Then we define K, =
 {kt: 2t < s }. The coding will be established by maintaining at every stage the
 following coding invariant:

 x E Ks = > y E W(x)[f (ys) 74 f (y, 0)] .

 We use the numbers in D ((e, a)) to satisfy Pa,. In isolation, our strategy is as
 follows:

 If at stage s it appears as though Ai,,, = 0,e[Aj,,s] and, for some y E D((e, a)),
 (De[Aj,]((Y,0(ya,-(, a))), = 0, then we set f (y,s + 1) = r(a)2 (thereby causing
 Aij, ((y, r()l))) = 1) and preserve A jags up to the use, (Pe((y, 0a,(,)2 (ia)))

 In order to maintain a recursive bound on the number of changes in f (x, s),
 we keep track of it during the construction. The i-status of x at stage s is the

 device we use for this. The i-status of x at stage s is defined to be I{s' : s' < s and
 f (x, s') 54 f (x, s' + 1) and the change was caused by the action of the requirement
 of priority i}l.
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 1364 ROD DOWNEY AND CHRISTINE HAUGHT

 We use the following notation for potential changes to f and ensuing changes

 to Ai:

 fj x) = f(xs);

 for a E [0, d]<w, f, (a) is a function from co to [0, d] given by

 fju~f)(x) = { fo (xs) if x < lto,

 f(, if x > Jul;

 Ai,,(or)= {(x, aff (XO)(i)): x E co} U {(x, af (,)(X)(')) X E cO}

 We satisfy Qe,, by actively trying to cause (DJ[A J,] & (De[Ajj,], and preserving
 some form of this difference after it appears. This idea goes back to Jockusch
 and Mohrherr [12] who used it to embed the diamond lattice preserving 0 and
 1 in the much easier setting of the r.e. tt-degrees. In our context, there are two
 parts to this strategy: creating the difference, and then preserving the difference
 after it has appeared. Since we are building A2 approximations, we now have the
 option of removing numbers from Ai, and Aj, as long as the coding invariant
 is maintained. This eliminates the need to look ahead and imitate future coding
 action (as was the case in the r.e. tt-degrees).

 We can satisfy Qe, by looking back and rearranging previous coding action.
 The strategy for the inf is derived from an analysis of what could go wrong in

 recovering e [A i,] = (De [A1j,] from A,,1,,, and from the lattice representation of the
 inf. The second part of our strategy will guarantee that after Qe, has priority, if

 there is any stage s such that for some z, (Des[Aits](z) .17# (Des[A.j,,s](z) t, then
 (De[A i] 7, De[A1,]. The situation which needs to be handled with some care is
 when there are stages s, < 52, both occurring after Qe, has priority, and some z
 such that

 Ame,, rSI (pe(z) = A [,,s, p Oe(Z)

 and

 (De,.si [A Jo, ,.S ] (Z ) (D <e,.si [A jo, ,SI I (Z)

 and

 (De,si [Ai ,,sjJ(Z) d = (DeFs[A1i,,x2](z) J

 but

 (D(?eSI [A ji,,v I](z) ? De,s, [A i,,s, I(Z)

 In this case the lattice representation will give us a way of filtering out the changes

 that have been made to Ai, and A;,, between stages si and 52 into something which
 can be manipulated into (De[Ai, ](z) 1 :A (De[A/j ](z) J . So, at stage S2, Qe,'s action
 will be to rearrange the action which has occurred between stages si and 52 so as
 to result in such a set-up. Precise definitions follow; these are motivated by the
 interpolants of the lattice representation and the proof of Lemma 6.
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 EMBEDDING LATTICES INTO THE wtt-DEGREES BELOW 0' 1365

 We will use R((e, a), s) to denote the maximum of all restrains imposed by
 requirements of priority higher than (e, a) at the end of stage s.

 DEFINITION. A "set-up for a disagreement at z for Qe, at stage s + 1" is a
 sequence (al,... , aw) such that the following conditions (5)-(10) hold:

 (5) w < d +1.

 (6) forb<w, cbEh[0,d]<' and IUhI>?Oe(Z)
 (7) (Vb < w)(cr is a legal move for Qe, at stage s) (i.e., (7.1)-(7.5)

 below hold).

 (7.1) f, (U) maintains the coding invariant at s,

 (7.2) if Ub (X) # f (x, s) then x > R((e, a), s),

 (7.3) if Ub (X) 5 f (x, s) then p(x) > (e, a),

 (7.4) if cb (X) 5 f (x, s) then Vi < (e, a) (the i-status of x at stage
 s is 0),

 (7.5) if cb (X) 5 f (x, s) then x is not frozen for Qe, at stage s.

 (8) If w =1 then some phase of the inf cycle will hold for Qe, at

 s + 1 if we define f,+? = fs (a,) (inf cycle will be defined below).

 If w > 1, then one of (8.1)-(8.4) below holds for somez

 (8.1) (Des[Ai,,s (al )](Z)J 7& (Des[Ai,,s(aw)](Z) J and

 (Des[Aj,,s(Oi)](Z) ' and De,s [Aj,,,s (aw)] (Z) ,

 (8.2) Des [Aj, s (ci,)] (z) J7 # es [Aj, s(w)] (Z) J and

 (De,s[A j,,s(uj)](z) 4 and (Des[Aj,,s(W)](z) T,

 (8.3) Des [Aijs (Ul )] (Z) Des [A jS (Uw )] (Z) J and

 (De,s [Aj,s (U )] (Z) 4 and Des [Ai ,s(w)](Z) T,

 (8.4) (Des [Ajs (Ul )](Z)# 7 Des [A i,,s (uw)] (z) J and

 (De,s [A i,s(U )](Z) T and (De,s[Aj,,,s(uw)](z) 1'

 (9) For the z of condition (8)

 Vb(1 < b < W)[ Kejs[Aia,,s(Ub)](Z) T and (Des[Ajas(Ub)](Z) 1]

 (10) Either (10.1) or (10.2) below holds:

 (10.1) (Vb < w)(Vx < |o|, Ub+1 )

 [(b odd # a,7b W (ix) ) = a.,+l(x) (i))

 and (b even > ca,b,( (ja) =ja ) 7b +I W (j )

 (10.2) (Vb < w)(Vx < lab , 1Uh+1 )

 [(b odd a,,,(_) (i) = a Ub+ I W (i)

 and (b even > aub(x)(iu) = au1+ (x)(iu))]

 DEFINITION. Inf cycle for Qea at z at stage s:
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 1366 ROD DOWNEY AND CHRISTINE HAUIGHT

 Phase A: (De,s[Ai,,s](Z) Jz i (Des[AAjs](z) J . See phase C1 below

 Phase Bi: ,e,,[Ails](z) I and (De,s[A j,s](z) 1 and there is a finite set of
 numbers, Add-j,, whose codes can be removed from Ai,,, by means of a legal move
 for Qe, at stage s which will create a convergent computation for Fe,,, [Ai,,s] (z)
 different from De,4[Aj,v](z). Removing these codes from Aj ,,, will violate the
 coding invariant, hence the numbers whose codes have been removed, i.e., those

 in Add-js, will have to be recoded into AjI, if we ever make use of this move.
 We state this more precisely by requiring that the set Add-j, satisfy conditions

 (11.1)-(11.5) below, where we replace X by Add-j,:
 (11.1) If we defined of length (pe(z) byr ((x, (a, 1))) = r(a, 1)l for all x E Add-is

 and r(y) = f(y,s) for all other y, then Fes[Ail,,s(r)](z) 74 (Des[Aij,,s](z) I.

 Note that this r does not affect A jS, i.e., A1j,s(r) = Ajs, and that fs(-c) does
 not maintain the coding invariant. The effect of r is to remove the codes of the

 numbers in Add-j], from A ij; r does not recode these numbers, and so their codes
 will need to be added to A1j if we change f.s to fs. (r).

 (11.2) For all x E X, for all i < (e,a) the i-status of (x, (a, 1)) is less than

 g((x, (a, 1))) - 2.
 (11.3) For all x E X, x E KS.
 (11.4) For all x E X, x is not frozen for Qe at s.
 (11.5) For all x E X, x > R((e,a),s).

 Phase B1: e, [Ai,,sJ(z) J and Des[Aja,s](z) T and there is a finite set of
 numbers, Add-is, whose codes can be removed from A ja by means of a legal move

 for Qe, at stage s which will create a convergent computation for Fes[Ais I](z)
 different from (D,,s[Ai,,s](z). Removing these codes from Aj, ,s will violate the
 coding invariant; hence the numbers whose codes have been removed, i.e., those

 in Add-is will have to be recoded into Ai, if we ever make use of this move.
 More precisely, we insist that Add-is satisfy conditions ( 1.2)-(11.5) above on

 X, and condition (12.1) below:

 (12.1) If we defined of length pg(z) by r((x, (a, 2))) = r(a, 2), for all x E Add-is
 and r(y) = f (ys) for all other y, then De4s[A1,,s(r)](z) 1& (Des[Ai,,s(r)](z) I.
 Note that this r does not affect Ais,, i.e., Ai,,s(r) = Ai,,s. The effect of r is to
 remove the codes of the numbers in X from Ahja; r does not recode these numbers,
 and so their codes will need to be added to Ai, if we change fs to fs (r).

 Phase C : De,s[Aijs](z) T and (De,s[Aj"As](z) I and there is a finite set of
 numbers, Remove-js, whose codes can be removed from Aj ,. by means of a
 legal move for Qe, at s which will not violate the coding invariant and will cause
 (De,s+l[A jas+j](z) l :8 (Des[A}j,Js](z) l. This means that Remove-js must satisfy
 conditions (1 1.2)-(1 1.5) on X above and condition (13.1) below:

 (13.1) If we define r of length Ope(Z) by

 r((x, (a, 2))) = r(a, 2), if x E Remove-js,

 and r(y) = f (y, s) for all other y, then Ovens [Arjs (r)](z) l :A (Des [A1 8is](z) 1 and
 f.s (r) does satisfy the coding invariant. Note that this r does not affect A i,,s i.e.,
 Ai,,s (r) = Ai,,,.. The effect of r is to remove the codes of the numbers in Remove-].s
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 EMBEDDING LATTICES INTO THE wtt-DEGREES BELOW 0' 1367

 from A1j,. Further note that since f, (z) does satisfy the coding invariant, we can
 conclude that the numbers in Remove-js are already coded into Ai,,; these numbers
 do not need to be recoded.

 Phase Cy: De,s [Ais,,s](z) J and De,,s[Ajy,,,](z) T and there is a finite set of
 numbers, Remove-i,, whose codes can be removed from Ai,,,, by means of a legal
 move for Qe, at s which will not violate the coding invariant, and will cause
 (De,s+l[Ai,,s+i](Z) 1 7& De,s[Ai,,s](Z) 1. This means that Remove-is must satisfy
 conditions (1 1.2)-(11.5) on X above and condition (14.1) below:

 (14. 1) If we defined of length (pe (z) by z((x, (a, 1))) = r (a, 1) I if x E Remove-is,
 and r(y) = f (y, s) for all other y, then (Des [As ,,s (T)](z) 1 7& (e,s[Ai,,,s](z) J, and
 f, (z) maintains the coding invariant. Note that this z does not affect A j,,s, i.e.,
 Aj,,s (z) = Aj ,,,. The effect of z is to remove the codes of the numbers in Remove-is
 from Ai,. Further note that since f s (z) does satisfy the coding invariant, we can
 conclude that the numbers in Remove-is are already coded into Ajt,; these numbers
 do not need to be recoded.

 The second part of the strategy for Qe, is to preserve a difference once it has been
 created. There are two kinds of preservation here: first, if we have a sequence which
 gives a set-up for a difference at z, but no actual difference yet, and second, if there

 is an actual difference. We distinguish between these two kinds of preservation in

 order to be able to keep a recursive bound on the number of changes in f (x, s).
 In either case we will have a restraint of priority (e, a) to protect the use. So,
 after higher priority actions have stopped, only two things can affect these set-ups

 and computations. The first is the coding of some k, less than the use of the
 computation (= (pe(z)). The second is computations which were once divergent
 becoming convergent with the passage of time. Below we give instructions for
 handling each of these situations.

 Before giving the instructions for coding k, which will maintain a restricted
 kind of difference at z, we need another bit of notation. The notation is used for

 possible ways to code kt.
 DEFINITION. a @ (k,, (a, j)) = a', where a' E [O, d]<',

 a'l = max{a, (kt, (a, j)) + I1},

 and

 { r(a,j)2 if x = (kt, (a, j)),

 a'(x)= a (x) if x 5# (k, (a, j)) and x < I ,

 f (x, 2t) otherwise.

 Instructions for coding kt at stage s +- 1= 2t + 1, with respect to Qe,, where
 (at,... , aw) is the set-up for a difference at z attached to Qe, at stage s:

 For b such that 1 < b < w, define

 bah = Ub @ (kt, (a, 1)) @ (kt, (a, 2)).

 If (8.1) holds, then define

 a/=v a, (kt,(a,2)) and a' =aw (kkt,(a,2)).
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 1368 ROD DOWNEY AND CHRISTINE HAUGHT

 If (8.2) holds, then define

 uV-ui (kt,(a,1)) and a' a=w @ (kt,(a,1)).

 If (8.3) holds, then define

 uLv or e1 (kt, (a,2)) and a' =aw (u (kt, (a, 1)).

 If (8.4) holds, then define

 a/=O aE (kt,(a,1)) and a' =rw e (kt,(a,2)).

 Let (z,... ., rp) be the shortest subsequence of (a',... , a' ) which is a set-up
 for a disagreement at z for Q,,. (Lemma 2 will show that such a subsequence must
 exist.) Define f,+? = f,(ri) and attach (KI,... ,zp) to Qe, at stage s + 1.

 Instructions for coding kt at stage s + 1 = 2t + 1 with respect to Qe,, where
 some phase of the inf cycle holds at the end of stage s. (There is no set-up for a

 disagreement attached to Qe, at stage s.)
 Define ri = f , 1 e (kt,(a,1)), 2= fs (1 e (kt,(a,2)) and T3 = f, s

 e (kt, (a, 1)) e (kt, (a, 2)), where 1 = max{(kt, (a, 1)), (kt, (a, 2))}.

 If Phase A holds:

 If for z = Z1, Z2, or T3, De,~s+l[A ij,(Z)](z)# 54Des+1[A jas()](z)JI, then define
 fs+ = fs (z). We remain in Phase A.

 Otherwise either De,s+i[Aijs(T3)](zr or Des+I [Aij{.s(TA (Z) T
 If Ox+l [Ajs(T3T() T then define fs.+ = fs(zr). We enter Phase Bi of the

 inf cycle, with Add-js.+ = {kt}.
 Since we are coding kt at stage s + 1 = 2t + 1, this is our first attempt to code kt,

 so f ((kt, (a, 1)), s') = f ((kt, (a, 1)), O), for all s', 0 < s' < s, so for any i < (e, a),
 the i-status of (kt, (a, 1)) is 0, and hence < g((kt, (a, 1))) - 2.

 Similarly, if FDe,.s+, [A ~j,,s (T3)](z) T but (De,s+i [AjsS (T3)](z) 1, then define f?+l =
 f2(z2). We enter Phase BJ of the inf cycle, with Add-is+, = {kt}.

 If Phase Bi holds:

 If for z= z1, T2, or T3, (De,.s+I [A i,.s (T)](z) 1 5 1 (D?,.s+ I[Aja,s ()](z) J) then define
 -s+I = fts (z). We return to Phase A.

 Otherwise, if (e,s+I [A js (TI )](z) T , then define fs+I = fs (z1) and Add -js+1 I
 Add-js U {ktj. We remain in Phase Bi.

 As was the case with Phase A, we are coding kt for the first time now, so for
 any i < (e, a), the i-status of (k, (a, 1)) is less than g((kt, (a, 1))) - 2.

 Otherwise, (De,v+l[Aij,s(TV)](Z) Jz= (e,s+l[A j,,s (Zl )](Z) 1, since we could not
 return to Phase A.
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 Define '72 and 173 of length equal to the maximum of (pe(z) and (kt, (a, 2)) by

 q2((x, (a, 1))) = r(a, 1)I for x E Add-jf;

 q21((x, (a, 2))) = r(a, 2)2 for x E Add-js;

 1q2(y) = f (y, s) for all other y < (Oe (Z);

 172 = 17' @ (kt, (a, 2) ),

 and

 q13((x, (a, 2))) = r(a, 2)2 for x E Add-j.,;

 q3, (y) = f (y, s) for all other y < (pe (z);

 113 = 113 @ (kt, (a, 1)) @ (kt, (a,2)).

 (Note: '2 codes the numbers in Add-jf on the jI-side and removes the coding
 from the ia-side, thereby changing Aia back to what it was at the beginning of this
 cycle. 113 duplicates the coding which has already been done on the ia-side onto

 the j,-side, keeping A ,,,, unchanged. kt is coded into A ja 1.)
 Note that 172 and 113 both maintain the coding invariant, and that

 (De,.s+ I [A iaS (52)] (Z) l 7D4e,s+1 [A iaeSu (qA )(Z) I

 This follows from the definition of Phase Bi of the inf cycle, since we are
 assuming in this case that Des+ I[Aia,s(rl)](z) J= (Des+I[A j,,s(Zi)](Z) J, and the
 definition of Phase Bi guarantees that (Des+?[AiS("rI)](Z) J1 # (Des+I[Aj,,s](Z) J.
 Combining these facts with A jails = A1j,,,(zr) and A,,,(173) = Aj,,,(r) gives the
 above inequality.

 Also

 (De,s+l [A a,s (52)](Z) = (De,s+l [A jas (113)](Z)

 (both might diverge), since Aa,S(172) = A (1,,1 (q3).
 If (De,s+ I[AiJ,s ('13)](z) J, then choose t = 172 or 113 so that

 (De,.s+ I [A iaers (q I (Z ) 1 54 (De,s+ I [A~i, jeer (t(z)

 Define f s+I = f.s(1). We return to Phase A.
 Otherwise, (De,.s+1 [A ja,,s (qA )(Z) Ti -
 Define f.,+? = fs.(173). We enter Phase CJ with Remove-i,,+l = Add-jf U {kt}.

 If Phase BX holds:

 If for z = z1, T2, or T3, De,s+I [A, ()]) 5 (De,s+l [A j,s (Z)](z) %, then define
 f S +I = f ((). We return to Phase A.

 Otherwise, if De~s+1 [Aims ("A (Z) T , then define f.+?I = f s (T2) and Add-i i?1 =
 Add-is. U {ktj. We remain in Phase Bi.

 Otherwise, (De,.s+ [Aja,S ,2)](Z) J = De,s+1 [Ai,s (T2)](Z) J (since we could not
 return to Phase A).

This content downloaded from 118.93.76.9 on Thu, 07 May 2026 05:00:48 UTC
All use subject to https://about.jstor.org/terms



 1370 ROD DOWNEY AND CHRISTINE HAUGHT

 Define q, and '73 of length pe (z) by

 jQ((x, (a, 2))) = r(a, 2)1 if x E Add-is;

 11((x, (a, 1))) = r(a, 1)2 if x E Add-is;
 51(y) = (y,s) for all other y;

 1 = 1 (kt, (a, 1)),

 and

 3 ((x, (a, 1))) = r(a, 1)2 if x E Add-is;

 73 (yf) = f (y, s) for all other y;

 173 =z 17 1 (kt, (a, 1)) @ (kt, (a, 2)).

 (q1 copies the coding which has already been done on the j,-side onto the ic,-side

 and removes it from the j,-side, thereby changing Aj, back to what it was at the
 beginning of this cycle. q3 duplicates the coding onto the i,-side, keeping Aj1,,s
 unchanged. kt is coded into Ac,.)

 Note that q, and q3 both maintain the coding invariant, and

 (De,s+ I [Aj,,,s (t1j)] (,) 1 7' (De,s+ 1 [Aj,,,s (qA)(~

 by definition of Phase By of the inf cycle, and

 (De,s+l[Ai,,s(q1j)](Z) = (De,s+1 [Ai,,s (/3)](Z)

 (both might diverge), since A js,(i1 ) = A js(13)
 If Des+I [A ics (53)](Z) J, then choose q = j1 or '73 so that

 (De,s+l [Ai,,s (q1)](z) 1 54 (De,s+l [A j,,,s (q1)](Z) 1

 Define fs+I = fs (,). We return to Phase A.
 Otherwise, De,s+ I [A ijs (3)] (Z) T .

 In this case define fs+l = fs(73), We enter Phase C; with Remove-js+l =
 Add-is U {kt}.

 If Phase C1 holds:

 If for T = h, T2, or T3, (Des+I [A ,s (sc)](z) 1 54 (Des+I [Ajs (c)](z) J , then define
 fs+I = fs(z). We return to Phase A.

 Otherwise, if Fe,s+i[Aijs( ci)](z) T, then define fs+l = fs(z ). We remain in
 Phase C; with Remove-'1 = Remove-js.

 Otherwise, (De,s+l [AisQc1)](Z) J= Oe,s+l [Aj,,s(cl)](z) (since we were unable
 to re-enter Phase A).

 Define z of length POe (z) by

 z( (x, (a, 2))) = r (a, 2)i for all x E Remove-js;

 z((kt, (a, 1))) = r(a, 1)2;

 z(y) = f(y, s) for all other y.

 Define fs+I = fs(z). We return to Phase A.
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 If Phase CJ holds:

 If for T= lz 2, or T3, (De,s+l [Ai,,s, (T)](z) 1 54 (De,s+ I[A j,,s (Z)](z) J, then define
 f +I = fs(z). We return to Phase A.

 Otherwise, if De,?s+i[Aj,,s(2)](Z) {, then define f,+? = fs(z2). We remain in
 Phase C1 with Remove-is+, = Remove-is.

 Otherwise, (De,s.+I [Aj,s. (12)](Z) l = (e,s+? [A is (T2)](Z) % (since we were unable
 to reenter Phase A).

 Define z of length (Oe (z) by

 r((x, (a, 1))) = r(a, 1), for all x E Remove-is.;

 z((k,, (a, 2))) = r(a, 2)2;

 T (y) = f (y, s) for all other y.

 Set fs+I = f (z). We return to Phase A.
 The inf cycle or a set-up for Qe, may also be affected by a formerly divergent

 computation becoming convergent. This adds more information to the picture
 and so has the potential of moving us through the inf cycle more quickly to an

 actual preservable difference between Fes+? [Ai ,,U] and e,?s+i [A1 ,, ]

 Instructions for maintaining the inf cycle if a formerly divergent computation
 becomes convergent. Assume that at stage s we were in one of the following phases
 and at stage s + 1 a divergent compuatation in the definition of that phase became
 convergent.

 Phase A. There are no divergent computations in the definition of Phase A, so
 this is not applicable.

 Phase Bi. It must be the case that (Des[Ai,,,](z) T and (Des+?[Ai,,s+?](Z) J
 (Since es[Aj,,s](z) J we know that De,+i[Aj,,s+i](Z) l= D4es[A j,,s](Z) l.)

 If (Des+i[Ai,,s+](z) 17J (De,s+i[A j,,s+i](z) 1, then we have a difference and we
 move to Phase A with no adjustment to f,,+?. Otherwise it must be the case that
 (De,s+I[Ai,,s+I](z)J. = (De,s+I[A j,,s+I](z)J . Recall the move r which was part of the
 definition of Phase Bi of the inf cycle: r((x, (a, 1))) = r(a, 1)1 for all x E Add-js
 and r(y) = f (y, s) for all other y < Jz . This z will give us Des+I [Ai,,,+I (T)](z) 1
 54 Des +l](z) J. As in the instructions for coding kt from Phase Bi, we must
 modify this move in order to maintain the coding invariant. Define -c' of length

 Jz by z'((x, (a,2))) = r(a,2)2 for x E Add-js and z'(y) = r(y) for all other y.
 Then (Des+ [Ai,?+1 (z)](z) % = Des+? [Ai,s+1 (r')](z) l . If (Devs+[Ai,,.s+ (z')](z) 1 5%
 (De,s+ I[A ,,s + I(z')](z) %, then use r' to modify the definition of fs+I and move to
 Phase A. Otherwise we use z' to modify the definition of fs+I and enter Phase
 CJ with Remove-is+1 = Add-js.

 Phase Bj. This case is the dual of Phase Bi with the roles of i and j reversed.
 Phase C1. It must be the case that Des[Ai,J](z) T and Des+?[Ai,,s+](z) J.

 (Since DeLs[A/Js](z) % we know that (DLs+l[Ais+l](z) l= (De,s[A j,,Js](z) l.) If
 Des+ ,[Ai,,.v+I](z)17& (e,s+ Il[Ai,,s+Il](z) %, then we have a difference and we move
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 to Phase A with no adjustment to f,+?. Otherwise it must be the case that
 (De,s+l[Ai,,,s+i](z) 1= (De,s+l[Aj,,,s+i](z) t . Recall the move z which was part
 of the definition of Phase C1 of the inf cycle: T((x,(a,2))) = r(a,2)i for all

 x E Remove-js and z(y) = f (y,s) for all other y < 4TI. This T will give us
 (De,s+l [A js8+ (I)](z) I # (De,s+l [Aj,,s+I](z) I. As in the instructions for coding k,
 from Phase C1 we recognize that this - already satisfies the coding invariant, and

 since Ab, ,,+l?(-) = Aib,,s+,, we have Dess+l[Ai, s + I()](z) 1= Des+l[Ai,,s+i](Z) 1=
 (De,s+l [Aj ,,s+ ](z) 1' # (e,s+l [Aj,,s+ I (Qr)](z) 4 . So, in order to maintain the inf cycle,
 we modify the definition of fs+I to fs+I (Q) and move to Phase A.

 Phase Cj: This case is the dual of Phase C1 with the roles of i and j
 reversed.

 Instructions for maintaining a set-up for a difference ifformerly divergent com-
 putations become convergent.

 Suppose that (K1, . . ., oW) was a set-up for a disagreement for Qe, at z at stage
 s. Let b, > 1 be the greatest such that 3b (b1 < b < w) ((Kb,, .. ., mb) is a set-up for
 a disagreement at z for Qeb, at stage s + 1). Let b2 > b1 be the least corresponding

 b. Then attach (Ub,,1.. , Ib,) to Qe,, as the new set-up for a disagreement at z.
 Lemma 1 will establish that such a sequence exists.

 Note that the sets of instructions above for maintaining the inf cycle through
 a coding action or the appearance of a newly convergent computation make only
 the following transitions among phases possible:

 Bi Cj

 A A

 Bj Ci

 Also, if x e Add-is U Add-js U Remove-is U Remove-js, then x E K,-Ks,
 where s' < s is the largest such that we were in Phase A at stage s'.

 Further note that if f ((x, (a, 1)), s) :8 f ((x, (a, 1)), s + 1), then one of the
 following three conditions must hold:

 (1) x E Add-ls, and we have moved from a B-phase to a C-phase, or from
 a B-phase to Phase A.

 (2) x e Remove-ls, and we have moved from a C-phase to Phase A.

 (3) x = k, and s + 1 = 2t + 1.

 Thus, for any x, a, and 1,
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 {s f ((x, (a, 1)), s + 1) :& f ((x, (a, 1)), s) and Q, was active at stage

 s + 1 and we were in the inf cycle for Qc, for z at stage s + 1}

 < 1 (for the transition out of the A-phase)

 + 1 (for the transition out of a B-phase)

 + 1 (for the transition out of a C-phase)

 + 1 (for the (potential) stage when x = kt)

 <4.

 We use p ((e, a), s) to denote the restraint imposed by the requirement Pea at

 stage s and q((e, a), s) to denote the restraint imposed by the requirement Qeb, at
 stage s. If a requirement imposes no restraint, then the respective function has the

 value - 1.

 Now R ((e, a), s), the maximum of all restraints imposed by requirements of
 priority higher than (e, a), can be more precisely defined by

 R((e, a), s) = max({p((e', a'), s) : (e', a') < (e, a)}

 U {q((e', a'), s): (e', a') < (e, a)})

 Fix a recursive priority ordering of the requirements so that if (e', a') < (e, a),
 then any requirement with index (e', a') has higher priority than any requirement
 with index (e, a).

 We say that P,,,, requires attention at s + 1 = 2t through y if p((e, a), s) -1,
 y E D((e, a)), the (e, a)-status of y is < g(y) - 1, y is not yet frozen for Pe, at
 s + 1, y > R((e, a), s), f (y, s) = r(a)i, and (De[A ,,,j]((y, r(al)2(ia))) = 0.

 Pen, requires attention at s + 1 = 2t + 1 if kt < p((e, a), s) and kt > (e, a).
 Qe, can require attention in one of 3 ways:

 Qeb, requires attention at s + 1 = 2t to set up a disagreement at z if
 there is a sequence (a,, . . ., aw) which is a set-up for a disagreement for
 Qeb, at z at stage s + 1,q((e,a),s) = -1, and for each b < w and each
 x < Ixb 1, if ,,(x) :& f(x, s) then the (e, a)-status of x at stage s is 0. (If
 w = 1 then we enter the inf cycle directly)

 Qeb, requires attention at s + 1 = 2t to maintain a set-up for a dis-
 agreement if q((e, a), s) :& -1, but the attached sequence (a,, .. ., aw) is
 no longer a set-up for a disagreement. This includes the case where we
 need to maintain a phase of the inf cycle, since when w = 1 a set-up for
 a disagreement is just a phase of the inf cycle.

 Qeb, requires attention at s + 1 = 2t + 1 if kt < q ((e, a), s) and kt > (e, a).
 We say that a requirement Qeb, is injured at stage s + 1 if Qeb, is not active at

 stage s + 1 and there is a number x < q((e, a), s) such that f (x, s) :& f (x, s + 1).
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 We say that a requirement Pea, is injured at stage s + 1 if Pea is not active at
 stage s + 1 and there is a number x < p((e, a), s) such that f (x, s) :& f (x, s + 1).

 A requirement's action becomes cancelled by resetting its restraint function to

 be -1. Our priority system for handling requirements in the construction below
 will guarantee that whenever a requirement is injured its action becomes cancelled.

 Construction.

 Stage 0. For x E D((e, a)), set f (x, 0) = r(a) . For x = (y, a), where a E [1, h],
 set f (x,O) = r(a)i. For x = (y, (a,k)), where a e [h + 1,1] and k E {O, 1}, set

 f (x,5O) = r(a, k)I. Set p((e, a), 0) = q((e, a), 0) =-1 for all e E co and a E [1, m].

 Stage s + 1 = 2t. Let R be the highest priority requirement requiring attention

 -at stage s + 1. If there is no such R, then take no action.

 (a) If R = Pe, requires attention through y, then define f (y, s + 1) = r(a)2
 and p((e, a), s + 1) = pe(K(Yna r(a)2 (ia)))

 (b) If R = Qe,, requires attention through z and (a,... , a) to establish a
 set-up for a disagreement, then define fs+ = f (a,) and q((e,a),s + 1)= (Oe(Z).

 (c) If R = Qeb, requires attention to maintain a set-up for a disagreement at z,
 or a phase of the inf cycle for Qeb, then follow the appropriate set of instructions
 given before the construction.

 In either case, for all i > (e,a), define p(i,s + 1) = q(i,s + 1) -1. For all
 < (e, a), define p(i, s + 1) = p(i, s) and q(i, s + 1) = q(i, s). For all y such that

 f (y, s) :& f (y, s + 1), set (e, a)-status of y at s + 1 = ((e, a)-status of y at s) + 1,
 and, for all requirements R' of lower priority than R, announce that y is frozen
 for R'.

 Stage s + 1 = 2t + 1 (t > 0). Let R be the highest priority requirement requiring
 attention at stage s + 1, if one exists. If such a requirement exists, then

 (a) If R Pea,, define f ((kt, a), s + 1) = r(a)2, f (y, s + 1) = f (y, s) for all
 other y.

 (b) If R Qe,,, then follow the appropriate coding instructions for Qet, at s + 1.
 In either case, for all i > (e,a), define p(i,s + 1) = q(i,s + 1) = -1. For all

 i < (e, a), define p(i, s + 1) = p(i, s) and q(i, s + 1) = q (i, s). For all y such that

 f (y, s) :& f (y, s + 1), set (e, a)-status of y at s + 1 = ((e, a)-status of y at s) + 1,
 and, for all requirements R' of lower priority than R, announce that y is frozen
 for R'.

 If no requirement requires attention at stage s + 1, define f ((kt, 1), s + 1) r (1)2
 and f (y, s + 1) = f (y, s) for all other y. For all i > kt, define p(i, s + 1) -1 and
 q(i, s + 1) = -1. For all i < kt, define p(i, s + 1) = p(i, s) and q(i, s + 1) q(i, s).
 For all i and y, the i-status of y at s + 1 = the i-status of y at stage s.

 End of construction.

 LEMMA 1. Suppose that s + 1 = 2t + 1 and (ai,... ,uw) was the set-up for

 a disagreement at z attached to Qe, at stage s and that this set-up has not been
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 injured by stage s. Then there is a subsequence of (ao,... , aw) which is a set-up for
 a difference at z at stage s + 2 = 2t + 2.

 PROOF. If, for some b, 1 < b < w and Ots Ail,,x(ab)](z)J. 1 Des[A i,,,s(cb)](Z)1,,
 then the subsequence (0,,) satisfies the lemma. Otherwise we argue by cases,
 depending on which of (8.1)-(8.4) held for the original ( aw,... ,o). Note that
 if this sequence has ceased being a set-up for a disagreement, but Qe, has not
 been injured, then each convergent computation in the original set-up remains
 unchanged. The only changes will be that divergent computations may become
 convergent.

 Suppose that (8.1) or (8.4) is true of (a ,, a). Then ODs[A i( (aw)]( 1Z
 and differs from one Of De,[Ai,s(Ol)](z)1. or es [Ai,,s (al)](z)J,. Let b1 < w be
 the greatest such that either

 (De,s [Aib,,, (ab/l )](Z) 1: (D e,s [A i,,s (a7w) I(Z)

 or

 (De,s [A js~b,, (/ )](Z) J: 7&De,s [Aib,,,s(a7w)](z) I

 Without loss of generality, say Des[Aibl,(017,)](Z) 1J, (Des[Aib,,s(aw)](Z) 1 Then
 it must be that (De(s[Aoj, sb1)](z) T . This is true since it cannot converge and
 be different from Fe,s[Ai ,,s(ab)](z), and if it converged and were the same as
 es [A i,,,s (o7))](z), this would violate either the maximality of b1 among { 1,... , w
 or (al, .. ., aw) being a sequence of interpolants (condition (10)).

 Let b2 > b, be the least such that

 'Fe,s[Ai,s (ob)](Z)J,# (Des[Ai,s(0)](Z)

 or

 De,s [A i, s (b )](Z) se,s [Aj, , (b)] (Z)

 Such a b2 must exist because b2 w will work. Since b2 is the least > bl, it must
 be that either Des [Ai,,s(ab,)](z)t or Des[A js(ab,)](z) T and, for all b such that
 bI < b < b2, Ds [Ai,,s(0(ab)](z)T and Des [A~i,,s(ab)I(Z)

 Note that condition (7) still holds for (0,, . .. ., YU,) because QeIs set-up was not
 injured, only changed by the appearance of new convergent computations. So the
 sequence (bl, , ... , a,,) satisfies the lemma.

 The verification for cases (8.2) and (8.3) is quite similar. It is included in detail
 in the proof of Lemma 2. C
 LEMMA 2. Suppose that s + 1 = 2t + 1 and (al, . . . , awc) is a set-up for a difference

 at z at stage s attached to Qe, which has not been injured by stage s and (al, . ..W
 is defined as follows:
 For b such that 1 < b < w, define a' = eb @ (kt,(a,1)) E (kt,(a,2)).
 If (8.1) holds then define a' = al e (kt, (a,2)) and a' = awE (kt, (a,2)).
 If (8.2) holds then define a' = al e (kt, (a, 1)) and a' = awE (kt, (a, 1)).
 If (8.3) holds then define a' = al e (kt,(a,2)) and a' = aw (E (kt,(a,1)).
 If (8.4) holds then define a' = al e (kt,(a,1)) and a' = aw (E (kt,(a,2)).
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 Then there is a subsequence of ( a',... ,aw), (i... , zp) which is a set-up for a
 disagreement at z for Qe, -

 PROOF. If, for some b, 1 < b < w and Fes [Aib, (s(') j)](z) l 74 (e,s[Aj,,,s((7')](z)Jl
 then p = 1 and (Ti) = (v,)j. Otherwise, we argue by cases, depending on which
 of (8.1)-(8.4) holds.

 Suppose that (8.1) or (8.4) is true of (a,, aw). Then Fes[Ai,,s(o,, )](z) J
 and differs from one Of (e,s[Ai ,js ((7)](Z) l or 'Fe,s[Aj,,s ((7')](z) 1J. Let b1 < w be
 the greatest such that either

 (De,s [Aib,,,s (7,l )(Z) 7' (De,s [A i,,,s (a/(z)])

 or

 (De,s [A jb,,,s (a7/ ](Z) 7' sDe, s [A ib,,,s (aJ )(Z) -

 Without loss of generality, say Des [Aib,,s ()](Z) Jl # 'e,s [Aiz,,s (a/)](z) l. Then it
 must be that Fe,s [A j,s (a, )](z) T, since (al,... ,aW) is a sequence of interpolants,
 and there is no actual difference, and b, was maximal.

 Let b2 > b, be the least such that

 (De,s [A i., s (u / I )]I(Z) 1 7' (De,s [A i,,,s (u7v )(Z)

 or

 (De,s [A i,,,s (u7t I](Z) 1 74 (De,s [A j,,,s (u1Jr](Z) J

 Such a b2 must exist because b2 w will work. Since b2 is the least > bI, it must
 be that either Fe,s[Aib,,s (jl,)](z)1 or Fe,s [Ajb,,s (ul ,)](z)T, and Fe,s[Aib,,s(u1)](Z)T
 and Fe,s[Aj,,,s(ul)](z)T for all b such that b, < b < b2.

 Next we verify that condition (7) holds for the sequence ( ,l... ., ). If x
 (k1, (a, i)), then the argument is just as in the proof of Lemma 1. Qe,,'s initial
 set-up has not been injured, so the i-status of x has remained the same and no
 new freezing of numbers used by Qe,, has occurred.

 Now suppose x = (kt, (a, i)). Condition (7.1) is clear. (7.2) holds because Qe, is
 the requirement which received attention at this stage. If x < R ((e, a), s), then the
 coding of kt injures some higher priority requirement, and so that requirement
 should have been the one to receive attention. (7.3) holds by the definition of
 requires attention. (7.4) and (7. 5) hold because kt is being coded for the first
 time; hence its i-status for i < (e, a) cannot have been changed yet and it cannot
 be frozen. Thus p - bI + 1, and (Ti, ,Tc) I (,... ,I ,) satisfies the
 lemma.

 Next, supposethat (8.2) or (8.3) is true of ( , w).Then Des[Ajails(o ()](z)J
 and differs from one of (De,s[Aib,,s (uil)](z) J or Fe,s [Aj,,,s(ul)](z) J'. Let b, be the
 greatest < w such that either

 (De,s [Ai,,,s (7lvl )](Z) 1: (D e,s [A j,,,s (ulw )](Z)

 or

 len , [A y j,,s F))eAs [j )]()) JT

 Without loss of generality, say (De,s [Ai,,,s (u7l )]Z) 1: (D e~s [Aj,,,s (ul )](z) 1. Then it
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 must be that 'Fs [A jas (oj/ )](z) 1n since (a/,... , a/) is a sequence of interpolants,
 and there is no actual difference, and b1 was maximum.

 Let b9 > bI be the least such that

 (De,s [Aib,,, (ahl](^) 7' (Dec ,[Aib,,,s(7r]X

 or

 (Des [Ai,,,s (O/l )](Z) J7# Des [Ajs,,s (aO/)](z)

 Such a b2 must exist because b2 =w will work. Since b2 is the least > bl, it must

 be that either Des [Aib,,s( (l)](z)1T or e,4s[Ajb,,,(U1,)](z)T, and (De,s[Aib,,x(j/)](z)1'
 and (De,s [Ajy, (O5)](Z) T for all b such that b1 < b < b2. Condition (7) holds for

 a/,'b) for the same reasons that it did in the cases (8.1) or (8.4). Thus
 p = b2 - bi + 1, and (Ti,... ,T = (o ,... /,o) satisfies the lemma.

 LEMMA 3. (a) lims f (x, s) exists.
 (b) A, <wtt K.
 (c) AO is recursive.

 (d) pi < pj > Ai <wtt Aj.
 (e) pi V Pj Pk = Ai e Aj1-wtt Ak.
 (f) K <wtt A,
 PROOF. (a) We prove parts (a) and (b) together by showing that there is a

 recursive function g such that for all x, Ifs f (x, s) :& f (x, s + 1)}I < g(x). This
 guarantees that lims f (x, s) exists, and, by the proof of the limit lemma, since
 F(x) lims f (x, s), F <wtt K. Since A, <wtt F, we get A, <wtt K. We show that
 g(x) - (d + 5)(p(x) + 1) serves as a bound on the number of changes in f (x, s),
 where p(x) gives the priority of x, i.e.,

 (e, a) if x E D ((e, a))

 { y if x E W(y).

 p(x) is the number of requirements whose action could cause f (x, s) : f (x, s + 1).
 Once a requirement of priority i causes f (x, s) :& f (x, s + 1), x is frozen for all
 requirements of lower priority. Thus it suffices to check that each requirement of
 priority higher than p(x) + 1 can cause at most d + 5 changes in F(x).

 A requirement of the form Pea, causes at most one change, for its diagonalization
 action. A requirement of the form Qe,, may cause changes in several ways. If Qe,,
 causes changes to f (x, s), then it is because of a specific set-up for a disagreement

 attached to Qe,,. (If the set-up is destroyed, a new set-up will make use of new
 numbers.) Call this set-up (a, ... I, a). By definition, w < d + 1. Qe,, may act to
 maintain its set-up (either in response to coding or in response to new information
 about computations converging). The action taken here is to look at a modified
 set-up which is a subsequence of (a, ... , ax), potentially modified by coding as
 well. The effect of the action will be to change fx to fs (Ub) for some b such that
 1 < b < w. The modified sequence will be the same as the original, except possibly
 coding a new value kt. Since w < d + 1, at most d + 1 such changes can be made.
 Coding action may also cause us to enter the inf cycle. By construction, each x
 can be involved in at most one inf cycle, so changes caused by passage through
 the inf cycle are at most 4 in number. Hence Q,,, can cause at most d + 5 changes.
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 (c) Since Po < pi for all i G [0, n], we may assume that Cr (0) = 0 for all r E [0, d].
 Thus AO = {(X, Of(,XyO)(0)) X CO } U {(XIaF( )(0)) X E w} = {(X,0): X E 0}
 and is recursive.

 (d) Suppose pi ? pp. We give a wtt (in fact tt) reduction for computing Ai
 from Aj. To determine Ai (z), first determine if z is of the form z = (x, u) for
 some u E [0, d]. If not, then z f As. Otherwise, let y1,.. .,Yb, b < d, be all of

 the values of y such that (x, a -(j)) E A1. If for some y E {yi,.I. ,Yb} we have
 u = 0l?,(i), then z E Ai. Otherwise, z X Ai.

 (e) Suppose pi V pj = Pk. By (b), Ai <wtt Ak and A1 <wtt Ak, so A (ED
 Aj <wtt Ak, so it suffices to check that Ak <wtt Ai @ Aj. As in the proof of
 (b), if z is not of the form z - (x, u), where u < d, then z 0 Ak. So assume
 z (x, u). By definition of Ak, (x, u) E Ak <` u = co/( ,O) (k) or (u 5$ cjf(xo)(k)
 and u = cl/f(-) (k), where F(x) = lim, f (x, s)). If aj, (ao) (k) 5$ a./, (y) (k), then by
 the lattice representation of 2 either ajf (x O) (i) #& ajf (A) (i) or ?tf'(xO) (V) 7# af(x) (I)I
 so we get (x,u) E Ak +-> u = a (xo)(k) or ]r < d[u - car(k) and (x,ar(i)) e Ai

 and (x, cAI (j)) E AX and Vz < d (((x, z) E Ai Z = ar (i) or z = af'(,,o) (i)) and
 ((x, z) E A1 -X z = a,(j) or z = C1.f (Xo)(j)))]. This gives the desired wtt-reduction
 from A i i Ap.

 (f) To see that K <wtt An, we need only verify that our coding was successful.
 Whenever a number kt was enumerated in K our construction acted to code it
 into A,. The rearrangements made by the Qe,, strategies all maintained the coding
 invariant; thus, for any x, x C K 4=== By C W(x) (3r < d) [r -7 f (y, O) and
 (y, ce,(n)) E An]* Since W(x) is a finite set, this is indeed a wtt reduction.

 LEMMA 4. Each requirement R = Pe,, or R = QeO, is active at most finitely often,
 and for each i, lim, R(i, s) exists.

 PROOF. We use induction on the priority ordering. Fix a requirement of priority
 i. We assume that each requirement of priority higher than i is active at most

 finitely often, and for all i ' < i, lim., R (i' + 1, s) exists. Let so be a stage such that
 no requirement of priority higher than i is active at any stage s > so and Vs > so,
 R(i,s) = R(i,so).

 Suppose first that the requirement of priority i is Perl Pe, acts at at most one
 even stage s > so. If such a stage exists, call it si. Otherwise let s, = so. Then
 for all s > si, R((e,a) + 1,s) = R((e,a) + 1,sl). Let 52 ? si be such that
 K I R ((el a) + 1, si) =Ks, I R((e, a) + 1, si) and K I (el a) + I = Ks) I (el a) + 1
 Then Pe, will not be active at any stage s > S2, since coding after stage S2 will
 not affect A below Pe,'s restraint.

 Next suppose that the requirement of priority i is Qe,,. Qea, will be active at
 at most finitely many even stages s > so. This is the case since Qe, acts at most

 once (after injury to Qe,, has stopped) to establish a set-up, and at later times only
 to maintain the established set-up. The actions to maintain a set-up occur only
 in response to divergent computations in the set-up becoming convergent. This
 can happen at most w times, where w is the length of the sequence comprising
 the set-up. Qua, could also become active to maintain a phase of the inf cycle
 in response to divergent computations becoming convergent with time. This can

 happen at most twice-we could move from phase B to phase C to phase A,
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 or from phase B directly to phase A. Let si > so be the stage at which Qe,,
 becomes active to establish a set-up, if such a stage exists; otherwise let sI = so.
 Then for all s > si, R((e,a) + 1,s) = R((e,a) + 1,si). Let s2 > s, be such that
 K r R Qe, a) + 1, si) = Qs (e, a) + 1, si) and K r (e, a) + 1=K (e, a) + 1
 Then Qe,, will not be active at any odd stages s > _2 QeS , will be active at at
 most finitely many even stages s > s2 (as discussed above)-until finitely many
 computations become (potentially) convergent.

 LEMMA 5. Each requirement Peck is satisfied.

 PROOF. Let so be a stage after which neither Peal nor any requirement of priority

 higher than Pet acts and Vs > so R((e, a) + 1, s) = R((e, a) + 1, so). Note that for

 x E D ((e, a)), and s > so if f (x, s) 7& f (x, so), then Pe, or some higher priority
 requirement must have been active at some stage s' with so < s/ < s. Since each
 such requirement is active at most finitely often, and D ((e, a)) is infinite, there

 is an xo e D((e,a)) such that xo > R((e,a) + 1,so) and for all s, f (xo,s)
 f(xo, 0). Assume for a contradiction that De[Aj]= A i,. Then it must be that
 De [Aj, ] ((xO ar ()(i))) 0 since (xOclr(a))ia)) A ,. Let si > so be such that
 (De,si [Aj,,,sl ]((xo, ar()2('a)))J = 0. Then either Pe, will become active at stage sI + 1,
 contrary to our hypothesis, or p((e, a), sl) > 0. In this case, let 52 < si be the

 stage at which Pets was active and p((e, a), s ) was set. Then Pe, acted at stage 52
 and caused (Des4Ajs]((WXr(a)2(ia))) 7& Aij,,s((XOr(a)2(ia))). This computation
 was not injured between stages s2 and si (since p((e, a), s1) = p((e,a), 52) > -1),
 and so (De[AJ ,] & Ai,.

 LEMMA 6. Each requirement Qe, is satisfied.

 PROOF. Suppose that (eF[Ai,] = (eF[Aj, ] = Y is total. We compute Y <wtt An,,
 Let so be a stage such that no requirement of priority higher than Qe,, is active
 at any stage s > so, and R ((e, a) + 1, s) = R ((e, a) + 1, so) for all s > so, and
 Ks0 [ R((e, a) + 1, s) = K [ R((e, a) + 1, s). To compute Y(z), let si > so be such

 that Am,,s, [ c)e(Z) =Am, [ We(Z) and (Desi [Ai,,,,,](z) J es [Aj,,sl](z) 1 Then
 Y(z) = (e[Ai,,,sJ](Z). We verify this below.

 Claim 6.1. 'Desl [Ai,,asl ](Z) J = (De[Ai,](Z).

 Proof Let 52 > s, be such that Ai,, s r We (Z) = Ajils We(Z) and j,,s .r Wpe(z) =
 Aj,,s We (z) and Ansr (Pe (Z) = Am,,s (pe (Z) for all s > 52. Then Des4 [Ai,,,s ](Z) =
 (De [A i(z), so it suffices to show that Fes, [Aids, ](Z ) = (es, [A i,,, ](z ).

 Suppose not, for a contradiction. Define a = fsK I (e(Z) and -c f fsr IWe(Z).
 Note that, since An7,,,sl [ We(Z) = An[,,,srI (pe(Z), aa(,)(ma) = a-r(x)(ma) for all
 x < Ij. So there is a w < d + 1 such that for each x < IaI such that there exist
 r-, .. ., rX such that for b < w, and b odd,

 ary (it) = a,.., (ia) and s,.., (Ija) = a,..+, (Ij),

 and r% = av(x) and rjx = -(x).
 Define a sequence ( la, ,ow) by ab(x) rid if v(x) 7- T(X), cxb(X) = T(X)
 otherwise. Note that since a, = a and u, -c, any subsequence of (l,. , ao)
 satisfies (5), (6), and (10). Next we check that for every b < w, acb satisfies
 (7.2)-(7.5) at stage S2 + 1. Note that if Ub (x) & f (x,s2), then it must be the
 case that f (x, si) 7& f (x, S2) So there must be some s, s, < S < S2, such that
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 some requirement R was active at stage s + 1 and caused f (x, s) 7& f (x, s + 1).
 Since s > s, > so, it must be that R has priority lower than (e, a) (say i), and
 R(i, s) > R((e, a) + 1, s) = R((e, a) + 1, 52) > R((e, a), s). If R was active at
 s + 1, then it must be that x > R (i, s), so (7.2) holds. Also, p (x) > i > (e, a),

 so (7. 3) holds. Also, for all i' < i, the i'-status of x at s + 1 must be 0. Since

 the i'-status cannot change unless the requirement of priority i' is active and no

 requirement of priority above (e, a) is active after s + 1, we get that the i'-status

 is still 0 at stage S2, if i' < (e, a). Likewise, the (e, a)-status is also 0 at 52* Now
 consider condition (7.5). We know that x was not frozen for Qe, at stage sl. If

 x is frozen for QL', at stage S2, then it must be the case that some requirement of
 priority higher than Qe,, was active at some stage s with si + 1 <2. But we have
 assumed that no requirement of priority higher than Q,,, is active at any stage
 s > so, and so < si. Hence (7.5) is satisfied.

 Now there are two cases to consider. First, for some b < di

 (De.S1 [Ai,, , (Uh]Z ) 1 7' (De,.s, [AJ; s, (at )(Z ) I

 We would like to claim that defining f x+ 1= f , (ub) would allow us to enter the inf
 cycle for Qe,, thus causing Qe, to require attention at stage S2 + 1, a contradiction.
 There are two obstacles to this. The first is that q((e, a), s2) might be greater than

 -1. This means that Qe,, was active at some stage prior to S2, say s3 < S2, and
 was not injured between stages s3 and S2. But in this case Qe, has a set-up for a
 disagreement attached which is never injured. If (De[A i, ] and (De [AJ, ] are total, then

 Qe,, will continue to require attention until an actual disagreement is established,
 and so (De[A1] , 7'(De[A/j,]

 The other obstacle is that cb might not maintain the coding invariant at S2. The
 instructions for the inf cycle allow us to correct this. Let C = {x f (y, S2) #

 f(y',0) for some y' W(x), but f(U)(Y) = f(y,0) for all y e W(x)}. For
 each x e C in turn, follow the instructions of the inf cycle to code x to define a

 string z, and sets Add-it, Remove-j,, Add-j,, or Remove-it, for t = 1,... I, 10
 so that fs. (rl) maintains the coding invariant for the first t elements of C, and
 takes us to some phase of the inf cycle for Qe, at z. Then (r-c 1) is a set-up for a
 difference at z for Qe at stage S2 + 1, SO Qe', will become active at stage s + 1, a
 contradiction. Note that defining f +I = f (zt) causes the (e, a)-status of any x
 to increase by at most one.

 Otherwise, for all b, 1 < b < w, it is not the case that (De,si [A i (cxb)](z) I (
 es, 4[Aj, (9a)](z) 4. Then there must be some subsequence of (ai, ... ., ow), call
 it ( a',... , o ), such that (8) holds for a' and a'. This is true because the original
 sequence was a sequence of interpolants, and

 (De,sJ Ai,,,sr (a1T )](1 7' (De~sJr[bi"', r(UwT]Z)1-

 The proof of Lemma 1 shows that there is some subsequence of (a',... , a') which
 satisfies (8) and (9). We have already established that this subsequence must satisfy
 (5), (6), (7.2)-(7.4), and (10). We next need to modify this sequence so that it will
 maintain the coding invariant. Define C = {x: f (y, S2) 7 f (y, 0) for some y' c
 W(x), but for some b < w, fx (ab)(y) = f (y, 0) for all y e W(x)}. For each x e C
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 in turn, follow the instructions of Lemma 2 for coding x with respect to Qe and the
 current subsequence of (', ... . , a' ). If at some point we enter the inf cycle, then
 we follow the appropriate instructions. The result will be a set-up for a difference

 at z for Qe, at s2 + 1, which will cause Qe, to become active at stage s2 + 1, a
 contradiction.

 Therefore, it must be that De ,s[Ai,(s)]) desAj (rc)](zz)j = "kAieA](z)
 = Y(Z).
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