Computability, Definability and Algebraic Structures^∗

Rod Downey School of Mathematical and Computing Sciences Victoria University P. O. Box 600 Wellington, New Zealand

July 18, 1999

1 Introduction

In a later section, we will look at a result of Coles, Downey and Slaman [16] of pure computability theory. The result is that, for any set X, the set

{deg(F )^′ : X is computably enumerable relative to F }

always has a least member. While we now know that this theorem has an easy proof, it is nonetheless quite surprising and has consequences for the theory

∗This paper is an expanded version of an invited lecture “Every Set has a Least Jump Enumeration” given by the author during June, 1999 in Hsi-Tou, Taiwan, as part of the 7th Asian Logic Conference. This work is partially supported by the New Zealand Marsden Fund for Basic Science. I wish to thank the organizers of this conference for their hospitality and beautiful organization. Additional thanks to Reed Solomon, Richard Coles, and Denis Hirschfeldt who supplied comment and corrections.

of abelian groups. In these notes I hope to lead the reader into understanding this connection, and framing this result in the context of computability considerations yielding insight into classical algebra, and, in particular, coding in algebraic structures.

In the first section, we will look at computability questions for algebraic structures, and in particular the sensitivity needed for the presentations of such structures. In the second section we shall examine the question of assigning measures characterizing, at least to some extent, the algorithmic complexity of the relevant structures. The main tool here will be Turing degree, although many other classification tools are possible. In section 3 we will look at presentations of isomorphism types. In section 4 we shall look at jump degrees of isomorphism types, reflecting possible codability. This leads into the problem for torsion free abelian groups. In the 5th section, we will look at the least jump theorem, and its connection with enumeration degrees. In section 6, we turn to analysis, where we will look at some material about presenting real numbers. Finally in the last section we offer some thoughts on what constitutes a good question on effective mathematics, and offer some questions we feel are in this category.

The plan is to highlight a number of themes and open questions. While some of the material is familiar, much is new. I hope that the paper will cohere with and rather complement the material in my earlier survey [19], as well as the the long articles of Remmel [87] and the author [20] and many other articles in the Handbook of Recursive Mathematics [30] and the book by Rosenstein [96].

I assume that the reader is familiar with the rudiments of computability/recursion theory. Hopefully the reader will have met a priority argument, but certainly be familiar with the standard coding tricks that reduce computability theory to the study of partial functions on the N. (And reduces complexity theory to studying langauges in Σ^∗.) ⟨, ⟩ denotes a standard pairing function computably and bijectively mapping N ×N → N. It is monotone in both variables. All uses etc, are bounded by s at stage s. Otherwise, notation is standard and follows, for instance, Soare [103].

2 Presentations

The central classification tool in classical algebra such as group theory or linear algebra is isomorphism. Two structures are regarded as the same if they are isomorphic. This does not seem reasonable if one is concerned with trying to understand the algorithmic content of algebra. That is, if one views algebraic structures through computational eyes, and asks questions such as “if I am given a structure in such an online or computable manner so that I can perform the basic operations computably, then what else can I perform computably?”

A good example is that of linear orderings. What is a reasonable definition of a computable linear ordering? Well, a linear ordering is a pair consisting of a set A and a binary relation ⪯, which obeys the usual ordering axioms. So a reasonable definition for a computable linear ordering would be for the universe to be a computable set, usually identified with N, upon which the order relation is a computable relation: given a, b ∈ N, we can decide which of a ≺ b, b ≺ a, or a = b holds.

Now classically we have students think of an ordering of type ω as being {0, 1, 2, 3, ...}, with the usual order. But this is also isomorphic to an ordering listing 12 ≺ 1 ≺ 1000 ≺ 10^{500} ≺ 2 ≺ .... Any permutation of N gives rise to an ordering of type ω in this way. So there are 2^{ℵ0} differing presentations of orderings of type ω. Here for a given structure A, a presentation will be some structure isomorphic to A. The degree of such a presentation B is simply the degree of its open diagram. In the case of a linear ordering of N, this is simply the degree of the ordering relation. It is obvious that many of the 2^{ℵ0} presentations of ω will have differing computability properties since there are only countably many Turing machines.

However, not completely obvious is the fact that differing computable presentations can have differing computability properties. For instance, the adjacency relation A(x, y) on an ordering A is defined to hold on a pair x, y if x ≺ y and for all z, it is not the case that x ≺ z ≺ y. The following is an easy example, taken from the folklore.

Observation 2.1 There is a computable ordering (A, ≺) of type ω for which the adjacency relation is not computable.

Proof. We begin with A_0 = {2x : x ∈ N} ordered in the usual way. We devote the pair 4e, 4e+2 to the satisfaction of the e-th requirement R_e below.

R_e : φ_e(·, ·) is not an adjacency function for A.

Here φ_e denotes the e-th binary partial computable function. It will have output 0 or 1 with 0 meant to represent nonadjacent, and 1 adjacent. We will add at most one point in the middle of the currently adjacent pair 4e, 4e + 2. To this end we set aside the numbers {⟨e, s⟩ : s ∈ N} for the sake of R_e. The action is that, while R_e is not declared satisfied, if we see a stage s > e where φ_{e,s}(x, y) ↓= 1, we declare R_e as satisfied and put 4⟨e, s⟩ + 1 between 4e and 4e + 2. This clearly makes sure that φ_e cannot be the adjacency function for A, since either we never need to act for it because it never tells us that 4e, 4e + 2 is an adjacency, or it does so tell us, and we make it wrong by adding a point between them. Since we declare it satisfied, we do this at most once. Hence each point has at most finitely many predecessors. Finally the ordering A so constructed is computable since we decide the fate of even points at the beginning and to decide if 4x + 1 is in A, and where, we simply compute the pair e, s such that ⟨e, s⟩ = x. Then if s ≤ e, 4x + 1 ∉ A, otherwise 4x + 1 is in A iff we put it in between 4e and 4e + 2 at stage s, and no other. □

A few comments on the “wait and see”proof above. First it admits many variations. For instance, we could define as, say, Cenzer and Remmel [12], an ordering to be polynomial time if the universe is {0, 1}^∗ (there are other variations) and the relation x ≺ y is polynomial time in the length of x and y. The argument above can easily be modified to show that there is a polynomial time ordering where the adjacency relation is not computable!

Additionally, notice that the argument demonstrates that one can have computable orderings which are isomorphic yet not computably isomorphic (since the computability of the adjacency relation would be preserved by a computable isomorphism). This is not always the case. Define a computable ordering to be computably categorical if every computable ordering isomorphic to it is computably isomorphic to it.

Theorem 2.2 (Remmel [86], Goncharov [40]) A computable linear ordering is computably categorical iff it has a finite number of adjacencies.

A direct proof of the Remmel-Goncharov theorem works by observing that the usual Cantor back and forth categoricity of the rationals can be effectized for the “if” direction, and by a finite injury priority argument based on guessing and killing adjacencies for the hard direction. We remark that the argument is as easy as the one above in the case that we have a computable list of adjacencies. However this is not always the case.

Theorem 2.3 (Downey and Moses [27]) There is a computable linear ordering A such that for any computable linear ordering B isomorphic to A, the adjacency relation on B has Turing degree 0^′, the degree of the halting problem.

So we have seen that for some order types there can be many computable presentations, and for some only one. One might ask what else is needed to specify a structure up to computable isomorphism.

In the case of ω adjacencies are enough.

Theorem 2.4 (essentially a special case of Moses [79]) Suppose that two linear orderings of type ω each have computable adjacency relations. Then the orderings are computably isomorphic.

Proof The proof is fairly easy. Suppose that A and B are the relevant orderings. Without loss of generality, let a_0, b_0 be the least members of each. Using complete search, and the computability of the adjacency relation, one can find the successor of a_0 in A and the successor of b_0 in B, and then map each to the other, etc. □

Ash and Knight (e.g. [1, 65, 66]) have formulated various extensions of the conditions of Theorem 2.4 which give decidability conditions guaranteeing the computable categoricity of classes of computable well orderings or discrete orderings. As one would expect, the conditions connect the finite iterations of the “condensation” operator (two points become identified if they are a finite distance apart) with infinitary decidability conditions. Similar considerations arise in proof theory in connection with uniqueness of paths through Kleene’s O. Turning to general presentability questions, already we can formulate two open questions.

Question 2.5 Classify, by order type, the linear orderings that have computable presentations, or show that this is impossible.

Question 2.6 Does there exist a linear ordering that has presentations of each nonzero Turing degree, but no computable presentation?

We finish this section with some comments about Questions 2.5 and 2.6.

Regarding 2.6, Wehner [111] and Slaman [98] have each constructed examples of relational structures which have presentations in each degree except zero. Hirschfeldt, Khoussainov, Shore and Slinko [48] have found several canonical reductions allowing results on presentability to be transferred to other structures such as groups, rings, integral domains and the like. Thus (for example) they can construct examples of groups that have presentations in each nonzero degree but are not computably presentable. This reflects earlier work on Borel reducibility by, for instance, Friedman and Stanley [37] (see also Kechris [50].) The Hirschfeldt et. al. methods don’t apply to orderings. One notable result here is due to Miller.

Theorem 2.7 (Miller [77]) There is a linear ordering with presentations in each Δ^0_2 degree except 0.

Harizanov suggests that one can define the spectrum of a structure A as the degrees that A has presentations in. Similarly for a class of degrees C, Miller defined the C-spectrum of A to consist of the intersection of the spectrum of A with C. So the Theorem above can be rephrased as the Δ^0_2 spectrum of a linear ordering can be each degree except 0.

Actually this is related to earlier work on the degree spectrum of a relation R on a model A. That is, the possible degrees of R in various computable presentations of A. The notion was coined by Harizanov, who constructed models with, for instance, two element degree spectra. Notice that if we consider the adjacency relation on a linear ordering, then by the Downey- Moses result, we get the following.

Corollary 2.8 There is a computable ordering A such that the degree spectrum of the adjacency relation has a single element 0^′.

Actually, the degree spectrum of the adjacency relation can be fairly rich.

Theorem 2.9 (Downey) There is a computable linear ordering A for which the degree spectrum of the adjacency relation consists of every nonzero computably enumerable degree.

Proof This proof uses a technique of Downey and Knight [24]. Let Q be a linear ordering. Define γ(Q) = (η+2+η)·Q. That is, we replace each point of Q by a copy of the rationals (η) followed by a single adjacency followed by the rationals. Notice that the collection of adjacencies of γ(Q) is isomorphic to Q. Downey and Knight [24] proved that Q has a presentation of degree a^′ iff γ(Q) has a presentation of degree a. In particular, if Q is chosen to be the linear ordering of Miller’s theorem which has presentations Q_b of each computably enumerable degree b then certainly γ(Q) is a computable linear ordering with no computable presentations ^Q with computable adjacency relation. (To see this suppose that ^Q is a computable presentation of γ(Q) with computable adjacency relation. From this one can construct a computably enumerable subset of ^Q with the same ordering as ^Q isomorphic to Q. This is easily seen to be isomorphic to a computable ordering, a contradiction.)

To finish the proof we need to look into the guts of the proof of the Downey-Knight proof. Let Q be given and suppose that Q is a computably enumerable linear ordering of degree b. Via Cantor’s proof, we can consider Q as a Π^0_1 subset of the rationals with the standard ordering. We will build γ(Q) as a computable ordering so that the the degree of the adjacency relation in γ(Q) is the same as the degree of Q. We can computably embed the standard copy of Q into a computable copy of (Q + 2 + Q) · Q, where we regard Q as being a subset of the last copy of Q. Thus we can regard the x-th rational as being identified with a canonical adjacency in γ(Q). Note that if Q = ∩_sQ_s is a computable approximation to Q, then x ∈ Q iff ∀s(x ∈ Q_s).

The idea is simple. We do nothing for x unless we see a stage s such that x ∉ Q_s. At such a stage s we put a copy of Q in the successivity representing x. (Strictly speaking we would have a infinite list of fresh numbers to represent rationals we add, and we would be doing everything with finite subsets, but this obscures the idea.) Clearly γ(Q) so constructed is computable, and the set of adjacencies of this copy of γ(Q) has, in fact, the same m-degree as Q. This gives the result. □

An interesting question is to look at the possible spectra a linear ordering can have. We know, by a result of Knight [59], that if L has a presentation of degree a then it has one of each degree above a.

Another example of a structure closely related to orderings is that of boolean algebras. while it is possible to prove things directly, it is nice to extract results for boolean algebras from results for linear orderings via the following technical device.

Theorem 2.10 (The Representation Theorem, folklore after Stone) Every countable boolean algebra is isomorphic to an interval algebra Intalg(L) of a linear ordering of the same degree. (Recall that Intalg(L) is the algebra generated by the finite unions of left closed right open intervals of the ordering L.)

Proof. This is just an effective version of Stone’s theorem. We represent a given B as an algebra of sets. Thus let B = ∪_sB_s with B_0 = {0, 1}, and B_{s+1} − B_s = {b_s}. We will define at each stage a subalgebra ^B_s containing B_s.

Define L_0 to be the ordering with two points labelled 0 and 1. (Then Intalg(L_0) consists of the two sets ∅ and [0, 1).) So we have the induced mapping g_0 with 0 → ∅ and 1 → [0, 1). At stage s + 1 we will have a set of Atoms_s = {a_{s1} , ..., a_{sn} } listing the atoms of the subalgebra of ^B_s together with the linear ordering L_s = 0, x_{s1} , ..., x_{sn} = 1 so that g_s(a_{sj} ) → [x_{sj−1} , x_{sj} ) inducing an isomorphism from the subalgebra ^B_s to Intalg(L_s).

At stage s + 1 if b_s is in ^B_s we need to do nothing. Otherwise, for each a = a_{si} such that b_s splits a (i.e. both a ∧ b_s and a ∧ b_s are nontrivial), add a new point y to L_{s+1} between x_{sj−1} and x_{sj} to split the interval [x_{sj−1} , x_{sj} ) into [x_{sj−1} , y) ∪ [y, x_{sj} ). Naturally we map a_{sj} ∧ b_s to one of them, say, [x_{sj−1} , y) and map a_{sj} ∧ b_s to [y, x_{sj} ). Note that this generates two new atoms for ^B_{s+1}, and of Intalg(L_{s+1}). Let c_1, ..., c_m denote the atoms of ^B_{s+1} below b_s. Clearly we have ensured that the induced map g(b_s) = g(c_1) ∪ ... ∪ g(c_m) works. The results follows. □

Notice that in the proof of the Representation Theorem we get a 1 − 1 correspondence between atoms in B and adjacencies in L. One might well expect that one could have similar results concerning the relation A(x) =“x is an atom” and its spectrum, as to the adjacency relation. However, the situation is rather different.

We need the following Lemma.

Theorem 2.11 (Remmel-Vaught [87])^1 (i) Suppose that B is any boolean subalgebra of Q with infinitely many atoms {d_i : i ∈ N}. Let ^B be the subalgebra of Q obtained from B by splitting each atom of B a finite number of times in Q (together with B). (Thus the atoms of ^B would be {e_{i1} , ..., e_{in(i)} : i ∈ N where d_i = e_{i1} ∨ ... ∨ e_{in(i)} }.) Then ^B is isomorphic to B. (ii) (Rephrasing (i) in terms of linear orderings). Suppose that L and ^L are linear orderings with infinitely many adjacencies, and g : L → ^L is an orderpreserving embedding such that (a) if [x, y] is finite in L then [g(x), g(y)] is finite in ^L, and (b) if z ∈ ^L is not in the image of L, then there are x, y in L such that [x, y]

1In his Thesis, Vaught proved this result for atomic boolean algebras and Remmel extended the result to all countable boolean algebras

is finite and z ∈ [g(x), g(y)]. Then Intalg(L) ∼= Intalg( ^L). Remmel used Theorem 2.11 to prove many of his results on boolean algebras. For instance, to prove that if a boolean algebra has infinitely many atoms then it is not computably categorical, one needs to guess atoms and then split them if the range looks like an atom. So long as the splitting is finite, then you don’t leave the isomorphism type. An easier example is to construct a boolean algebra isomorphic to the given one whose atom set has no infinite computably enumerable subset. We refer the reader to Remmel [87] for details.

We have seen that the adjacency relation for a linear ordering can be intrinsically complete, since its spectrum can consist of a single degree 0^′. This is never the case for the atomicity relation of a boolean algebra.

Theorem 2.12 (Downey [18]) Every computable boolean algebra is isomorphic to one where the collection of atoms is Turing incomplete.

This theorem is proven using Theorem 2.11 and a fairly complicated infinite injury priority argument. To demonstrate the technique, we sketch the proof of a much easier result. By the work of Jockusch and Soare [56], we know that there are linear orderings L with presentations of low degree (i.e. L^′ ≡_T ∅^′) not isomorphic to a computable linear ordering. This is not true of boolean algebras.

Theorem 2.13 (Downey and Jockusch [23]) Suppose that B is a low boolean algebra. Then B is isomorphic to a computable boolean algebra.

Proof. Using the proof of Stone’s theorem above we can regard B = Intal(L) with L low, and notice that the adjacency relation for L is computable from ∅^′ since L is low. Hence, by the Limit Lemma we can suppose we have a computable approximation L(x) = lim_s L_s(x) where the fact that a pair is an adjacency or not will be known from some point on. Wlog, we suppose that L has endpoints x_0, x_1. We map x_i → y_i. Now a new point appears between x_0 and x_1. This new point a may or may not be in L, but since L has infinitely many points there is no apparent harm in putting a new point b between y_1 and y_0, and matching. If the point a leaves, then we can find the next least point (by Gödel number) a^′ and rematch a^′ → b. The only problem is if we have some interval (a_1, a_2) currently matched to (b_1, b_2). A new point c appears between a_1 and a_2 and we respond with a new point d between the b_i. The point c leaves, but since our order must be computable, d cannot leave. If the a_i → b_i are good mappings then we don’t want to move them. Here is where we get to use lowness. We know that if (a_1, a_2) looks often enough like an adjacency it is one. So we only respond to the appearence of new points between the a_i if it appears that (a_1, a_2) is not an adjacency. Either it really is not, in which case we are safe with new elements between the b_i, or after a while we will constantly believe that (a_1, a_2) is an adjacency, and hence we will have mapped the interval (a_1, a_2) to (b_1, b_2) where (b_1, b_2) contains a finite number of points not in the range of our mapping. Now we can apply the Remmel-Vaught Theorem to get the isomorphism. □

The theorems above suggest the following open questions.

Question 2.14 What can be said about the possible spectra for the relation “a is an atom” for a boolean algebra B?

Question 2.15 What can be said about the possible degrees of boolean algebras not isomorphic to computable ones?

We remark that, with respect to 2.14, Goncharov modified the coding argument of Feiner [31] to construct a computable boolean algebra whose atoms are intrinsically non-low_n for any n ∈ N. (See Remmel [87].) Thurber [109] extended the Downey-Knight theorem above to show that every low_2 boolean algebra is isomorphic to a computable one, and this has been extended to each low_4 boolean algebra by Knight and Stob [53]. New ideas will be needed to show that, as the author conjectures, every low_n boolean algebra is isomorphic to a computable one.

More generally it is very interesting to wonder as to the possible degree spectra of relations on models. There are many possible versions here. Two are (i) the general spectra problem where we look at the possible degrees in all models, and (ii) the degrees of the relation in computable models.

The current best result for two element degree spectra for computable models is provided by the following result of Hirschfeldt.

Theorem 2.16 (Hirschfeldt [47]) Let a be any nonzero computable enumerable degree. Then there is a computable structure A and a relation R on A whose spectrum is 0, a.

Amazingly, we don’t even know if there is some upper bound on the second degree a in a two element spectrum containing 0. For instance it is completely consistent with our current state of knowledge that there could be a computable structure and a relation with two element spectrum 0, a such that a is not even arithmetical!^2

We remark that Hirschfeldt has more generally proven the following regarding two element spectra.

Theorem 2.17 (Hirschfeldt [47]) Let b, a be any two computable enumerable degrees. Then there is a computable structure A and a relation R on A whose spectrum is b, a.

Theorem 2.17 even works for ω-c.e. degrees. We remark that Ash-Cholak- Knight [3] have shown that, in some sense, the Δ^0_3 degrees are the improtant ones. the almost show that if a relation hits all Δ^0_3 degrees then it then it contains all degrees. More precisely, the show the following.

2We note that because the set of realizations of a given relation is a Σ^1 set, there are partial orderings of c.e. degrees that cannot be degree spectra. Furthermore, we also know that if the degree spectrum contains a nonhyperithmetical degree and a hyperarithmetical degree, it must be uncountable.

Theorem 2.18 (Ash, Cholak, and Knight [3]) For a relation U on a computable structure A, the following are equivalent.

(i) For every Δ^0_3 degree a there is a computable structure B and an isomorphism f : A → B such that both f and f(U) have degree a.

(ii) For every degree b there is a structure B and an isomorphism g : A → B such that both f and f(U) have degree b.

In his thesis, Hirschfeldt has proven that the inclusion of f in the degree constraints is necessary, since he has constructed, for each n, a computable structure and a relation whose spectrum is exactly the Δ^0_n degrees. For more on these issues we refer the reader to Hirschfeldt’s thesis, Khousainov-Shore [53], or [30].

We remark in passing that these issues are closely related to the algorithmic dimension of the structures. The algorithmic dimension is the number of computable isomorphism types of computable models. We have seen that structures such as the rationals can be computably categorical, and hence have dimension 1, and can be like ω which has dimension ∞. Goncharov [39] constructed a computable structure of dimension n for each n with 1 ≤ n ≤ ∞. It is also known that if a structure has a computable copy not computably isomorphic to it but Δ^0_2 isomorphic to it, then the structure has dimension ∞. Therefore if the dimension is 2, the isomorphism between the models must be non-Δ^0_2. All known examples are Δ^0_3. The following question is open.

Question 2.19 (Khoussainov) Are there isomorphic computable structures A, B of dimension 2, such that the isomorphism between them is not Δ^0_3? How complicated can it be? Can it be not arithmetical?

We remark that these issues are related to definability in the structures. For instance, a relation on a structure A is called, following Ash and Nerode [6], intrinsically (e.g.) computable, if it is computable in each computable copy of A. Essentially, if the model has enough decidability, then a relation is intrinsically computable iff it is described by a computable L_{ω1,ω} formula.

And similarly, a structure is computably categorical iff it is described by a computable Scott family, provided that it obeys certain decidability conditions. (The reader is directed to the excellent survey [53] for a thorough discussion of these and related matters.)

Turning to Question 2.5, which asks us to classify, by order type, the linear orderings that have computable presentations, or show that this is impossible. The real question is, what is an acceptable classification of the order types? Computability theory can provide an excellent vehicle for demonstrating that no reasonable classification exists by showing that the relevant class is not Borel.

Two nice examples are the following. Slaman and Woodin examined the following question. Given a partial ordering (P, ⪯), a linear extension is a linear ordering (P, ≤) on the same universe P such that x ⪯ y implies x ≤ y. It is not difficult (Rosenstein [96]) to prove that each computable partial ordering has a computable linear extension. It is even true that each dense computable partial ordering has a dense computable linear extension. We remark that it is also classically known that a scattered partial ordering has a scattered linear extension. (Recall that an ordering is called scattered if it does not embed the rationals.) It is unknown if this result effectivises, a question of Rosenstein.

Theorem 2.20 (Slaman and Woodin [99]) {e : W_e is a computable partial ordering of N without a dense linear extension } is a Σ^1 complete set.

This answers a question of Loś by showing that there is no reasonable classification of the countable partial orderings with dense linear extensions.

A similar example is provided by the theory of difference sets. Recall that a set of integers A is called a difference set iff there is a set B of integers such that A = D(B), where D(B) = {x − y : y < x ∈ B}. Downey, Furedi, Jockusch and Rubel [22] first examined inverting the difference operator effectively. They showed, for instance, that there are computable sets that are the difference set of a co-c.e. set but not the difference set of any computable set. Many other results are proven in [22], including one that has a classical spinoff: every subset of N is the intersection of two difference sets. The underlying motivating question was due to Ruzsa who, in the 70’s, asked for a reasonable classification of the sets that are difference sets. In particular, Rubel reformulated the question to ask if the set was Borel. Again computability theory provides a negative answer.

Theorem 2.21 (Schmerl, [107]) The set of difference sets is Σ^1 complete.

Schmerl’s paper contains many other good things besides, and is beautifully written.

3 Degrees of Isomorphism Types

The natural guess for definition which assigns a degree to an isomorphism type would be the least degree of any presentation in that type. For instance, the degree of dense linear orderings without endpoints is clearly 0 since we can computably represent Q. Linda Jean Richter was the first author to systematically study the degrees of structures. (Richter [90]) It turns out that some types have degrees and some do not. One example of a structure with a degree is a finitely presented group. If G = ⟨x_1, ..., x_n|y_1, ..., y_m⟩ is finitely presented then its degree is simply the degree of its word problem. Note that if H is isomorphic to G then we only need to look at the images of {x_1, ..., x_n} to obtain generators of H and through this, H can compute the open diagram of G. Below are some other examples of structures with nontrivial degrees. We obtain these examples using a preliminary theorem of Richter. This theorem encapsulates the so-called “combination method.”

Theorem 3.1 (Richter [90, 91]) Suppose (i) and (ii) below hold for a degree a and a theory T over a finite language L. Then there is a structure of L whose isomorphism type has degree a.

(i) There is a infinite computable sequence of finite structures {A_i : i ∈ N} such that A_i is not embeddable into A_j for i ≠ j.

(ii) For each S ⊆ ω, there is a structure A_S such that: (iia) A_S is a countable structure of T . (iib) A_S ≤_T S.

(iic) A_i is embeddable into A_S iff i ∈ S.

Proof. Fix a degree a and let D be any set in a. Consider A_{D⊕D}. Evidently A_{D⊕D} ≤_T D. Now suppose that B ∼= A_{D⊕D}. Then i ∈ D iff A_{2i} is embeddable into B, and i ∈ D iff A_{2i+1} is embeddable into B. It follows that D ≤_T B and so the isomorphism type of A_{D⊕D} has degree a. □

Theorem 3.1 has many applications. We list a couple below.

Theorem 3.2 (Richter [90, 91]) Let a be any degree.

(i) There is an abelian group whose isomorphism type has degree a.

(ii) There is a lattice whose isomorphism type has degree a.

(iii) There is a graph whose isomorphism type has degree a.

Proof. They are all basically similar. We do (i). Consider A_i = Z_{pi}, the cyclic group of order p_i, where p_i denotes the i-th prime. The structure A_S is the standard direct sum of the A_i. Now we apply Theorem 3.1. □

At this stage we should point out that, as with many of these results on structures and their degrees, Theorem 3.2 has several consequences in the degrees. In particular Theorem 3.2 was used by Richter to demonstrate that If 0^{′′′} ≤_T a and Ψ is a jump preserving automorphism of the degrees then Ψ(a) = a.

On the other hand, some structures do not have degrees. For instance we have the following.

Theorem 3.3 (Richter [90]) If an order type has a degree, that degree is 0.

Proof Sketch To prove Richter’s Theorem, Theorem 3.3, we will actually sketch the proof that given a linear ordering L then there is an ordering ^L isomorphic to L such that the infimum of the degrees of L and ^L is 0; that is, they form a minimal pair. Basically one uses the finite extension method. So for requirement e, we diagonalize against Φ_e, Γ_e who say that if Φ^L_e = Γ^^L_e = f, total, then f is computable. We will have already specified a finite portion of ^L, and a finite partial isomorphism g_e from an initial segment of L (say, up to and including e) to an initial segment of ^L. Then one asks if there is any way to extend ^L_e so as to cause a disagreement. (The only proviso here is that the extension must be consistent with the order type. This causes a little bit of concern, and we refer the reader to Richter’s paper or Downey [19] for more details.) If we can then we cause a disagreement. If not then one can argue that the common value is computable. □

We remark that the proof of Stone’s theorem in the previous section also shows that isomorphism types of boolean algebras don’t have nontrivial degrees.

Corollary 3.4 (Richter [90]) If the isomorphism type of a Boolean algebra has a degree then that degree is 0.

The proof follows by Richter’s proof of the linear ordering case. As above, she showed that for any noncomputable linear ordering L there is a an ordering ^L isomorphic to L such that the infimum of the degrees of L and ^L is 0. 4 Jump Degrees and a Question on Torsion Free Groups

Since orderings and boolean algebras don’t have isomorphism types with degrees, Jockusch suggested that this might be because of the number of quantifiers needed to code in such structures. With this in mind he suggested the following definition.

Definition 4.1 Let A be any structure. Then the n-th jump degree of A is

min{deg(B^{(n)}) : B ∼= A}.

The idea is that the measure is coarser than the notion of degree. For linear orderings, we don’t seem to get much for n = 1.

Theorem 4.2 (Knight [59]) If a linear ordering has a first jump degree it is 0^′.

Knight’s theorem is proven by a forcing argument. However, once we get to n = 2 all manner of coding is possible.

Theorem 4.3 Let n ≥ 2 be any computable ordinal. Let a > 0^{(n)}.Then there are linear orderings L and J such that

(i) (Ash, Jockusch, Knight [4]) L has n-th jump degree a and no n − 1-st jump degree.

(ii) (Downey-Knight [24]) J has n-jump degree 0^{(n)} and no n − 1-st jump degree.

In the context above, Downey and Jockusch, see [19], began a study of jump degrees of torsion free abelian groups. Recall that G = (G, +) is called torsion free if no element has finite order. Such groups are classically of interest since they are, for instance, precisely the abelian groups that can be ordered. They are of interest computability theoretically as we now see.

We remark that in abelian groups with torsion one can use the Ulm sequence to code a great deal of information. This leads to a well behaved degree and jump degree theory analysed in Lin [71, 72], Smith [108], Goncharov [40], and, for jump degrees, by Oates [82]. However, the structure theory and the computability theory become more subtle if we assume that the group is torsion free.

Khisamiev has studied these objects, and has obtained many fundamental results. Torsion free abelian groups behave very interestingly. For instance, Feiner [31, 32] proved that there are computably enumerably presented linear orderings and boolean algebras not isomorphic to computable ones. This is not true for torsion free abelian groups, although it is true for abelian groups in general.

Theorem 4.4 (Khisamiev [59]) If G = (G, +, =) is a Σ_1 presented torsionfree group then G is isomorphic to a computably presented group.

In the classical language of combinatorial group theory, every recursively presentable torsion free abelian group is isomorphic to one with a solvable word problem. Khisamiev’s Theorem, Theorem 4.4, solves affirmatively a question of Baumslag, Dyer and Miller [7]. This question arose from the study of the integral homology of finitely presented groups, where computably enumerably presented torsion free abelian groups turn out to be the natural objects of study. We also remark that for linear orderings if L is Π^0_1 presented, (that is the ordering relation is Π^0_1) then L is isomorphic to a computably presented ordering.

On the other hand, as we see below, there are Π^0_1 presented torsion free abelian groups not isomorphic to computable ones. This was originally an observation of Khisamiev [59] after Khisamiev and Khisamiev [60]). We give a much simpler proof than the complex Khisamiev and Khisamiev one, and show that G can be chosen to have rank 1. (The rank of a group is defined below.) We then explore the notion of jump degree for rank 1 groups.

We remind the reader of some definitions, etc. from Fuchs [38]. Every countable (X–presentable) torsion free abelian group is isomorphic to an additive (X–presented) subgroup of V_∞, where V_∞ denotes the vector space over Q with basis {e_i : i ∈ N} (e_i is the vector that is everywhere zero except for 1 in position i).

If G is isomorphic to a subgroup of Q^n , then the least such n is called the rank of the group. The simplest and best understood of the torsion free abelian groups are those of rank 1. These are effectively isomorphic to subgroups of (Q, +, =).

Consequently we really need only consider subgroups of (Q , +, =). Let p_1, p_2, . . . be the primes in increasing order. The p–height h_p(a) of a ∈ G, a subgroup of Q , is defined via

h_p(a) = k if k is greatest with p^k | a (in G) and h_p(a) = ∞ if p^k | a for all k.

For a ∈ G we define the characteristic a, χ(a) via χ(a) = (h_{p1} (a), h_{p2} (a), . . .). It is not difficult to see that as G has rank 1, if a, b ∈ G with a, b ≠ 0 then χ(a) and χ(b) are equivalent in the sense that they differ only finitely often. We write χ(a) =^∗ χ(b). We can thus define the type of χ(G) to be the =^∗ equivalence class of χ(a) for any a ≠ 0 in G. The classical theorem of Baer is Theorem 4.5 (Baer, see e.g. Fuchs [38])) If G and H have rank 1 then G ∼= H iff G and H have the same type.

Proof. The proof of Theorem 4.5 is easy. In the nontrivial direction take g ∈ G and h ∈ H with χ(g) =^∗ χ(h). From this it follows that mx = ng is solvable in G iff my = nh is solvable in H. The isomorphism is given by x → y. □ We remark that, since, for all x ∈ G, such m, n exist, the isomorphism given by the proof above is effective relative to the presentations. We also note that this means torsion free abelian groups of rank 1 are computably categorical in the sense that G ∼= H implies G ∼=_c H, where ∼=_c denotes computable isomorphism. The same is in fact true of finite rank torsion free abelian groups: The work of (e.g.) Goncharov [40], Ash–Nerode [6] or direct constructions show the following.

Theorem 4.6 A computable torsion free abelian group is computably categorical iff it has finite rank.

Let G be a subgroup of (Q, +, =). Define the standard type of G S(G) via S(G) = {⟨i, j⟩ : j ≤ the i–th member of χ(G)}

for some fixed a ∈ G. Note that if G is X–presented, then S(G) is Σ^X_1 . Let A be Σ^X_2 . Let ^A = {⟨x, 0⟩, ⟨y, 1⟩ : x ∈ N, y ∈ A}. Note that A ≡_m ^A. Then it is easy to construct an X–presentable G with S(G) = ^A. (In fact given any finite type sequence T = (a_0, a_1, ...), with a_i < ∞ for all i, which is given by a function which is Σ^X_1 there is an X-presentable group G(T ) with this type sequence.) It is now easy to see

Theorem 4.7 There is a rank 1 Π^0_{n+1}–presented torsion free abelian group G not isomorphic to a Π^0_n–presented group.

Proof. We do the case n = 0 and then relativize. Choose A to be Σ^0_2−complete and construct a ∅^′–presentable G with S(G) = ^A. Then by our earlier work we can suppose G is Π_1 and as S(G) is Σ^0_2 −Σ^0_1, by Baer’s theorem, G cannot be computably presentable lest S(G) be Σ^0_1. □

We remark that Khisamiev and Khisamiev [60] construct a Π^0_1 computable torsion free abelian group F with a computable basis and a maximal divisible subgroup N of F with F/N in Π^0_1 − Δ^0_1. Their construction is much more intricate. We also remark that there is related work by Friedman, Simpson and Smith [35].

What about the degrees of isomorphism types? Using a fairly simple argument, Julia Knight [unpubl.] showed that there exist torsion free abelian groups of arbitrary degree. Downey [19] improved this to rank one groups:

Theorem 4.8 (Downey, after Knight) Let a be any degree. Then there exists a torsion free abelian group G of rank one with degree a.

Proof. Let S be any set of degree a. Note that if A is any set with S⊕S ∈ Σ^A_1 then S ⊕ S ≤_T A. Let G = G(S) be the rank one group defined via the type sequence (a_n)_{n∈N} such that a_n = 1 if n ∈ S ⊕ S and a_n = 0 otherwise.

Clearly there is a presentation of G computable in S. Conversely, suppose H ∼= G. Then H has a type sequence (a_n)_{n∈N}. The type sequence of H is Σ^H_1 , and hence S ⊕ S is Σ^H_1 . But then S ≤_T H. □

Do all torsion free abelian groups possess degrees? This is not the case, even for rank one groups.

Theorem 4.9 (Downey and Jockusch) (i) There is a rank 1 G (of finite type) with proper 1–degree 0^{′3} (ii) More generally, for every degree a ≥ 0^′ there is a torsion free abelian group of proper 1-degree a.

(iii) Similarly, for all degrees b ≥ 0^{′′} there is a torsion free abelian group of rank 1 with proper 2-degree b.

For a proof, see Downey [19].

The situation becomes very interesting for jump degrees and rank one groups. This is a beautiful example of classical mathematics providing stimulus to classical computability theory.

We say that a group G to have finite type if for all i, |N^{(i)} ∩ S(G)| < ∞. So for instance, the group of Theorem 4.8 has finite type. That is, G has no elements of infinite height. The following is the key nexus between Baer’s theorem and jump degrees.

Observation 4.10 (Downey and Jockusch) Every torsion free abelian group of finite type and of rank 1 has 1-degree iff the following question has a positive solution.

• Question. Is it true that for all sets M, the collection of degrees {deg(B^′) :

M is computably enumerable in B} has a least element?

3Here an n-degree, or rather n-th jump degree, is called proper, and there is no n − 1-st jump degree.

A proof of Observation 4.10 can be found in full detail in Coles, Downey, and Jockusch [16]. It is not difficult.

There is a similar version saying that every torsion free abelian group of rank 1 has 2-jump degree iff for all sets X, the set of degrees below has a least member.

{deg(B)^{′′} : X is Σ^B_2 }

Downey and Jockusch conjectured that the question above has a negative solution. Furthermore they spent much effort trying to find counterexamples. As we will see in the next section, there is a reason for this.

5 Every Set Has a Least Jump Enumeration

The above leads us to consider the sets

C(A) = {X | A ∈ Σ^X_1 }, and,

c(A) = {deg(X) | A ∈ Σ^X_1 }.

This is the sets that A can be enumerated from, and their degrees. More generally, we have seen that there is some interest in the sets

c^{(n)}_μ (A) = min{deg(X)^{(n)} | A ∈ Σ^X_n }.

The question of Downey and Jockusch was open for several years, until it was found that it has a positive solution. This is a very surprising result. The original proof was a complicated priority argument. This was later simplified to the forcing argument from Coles-Downey-Slaman [16].

Theorem 5.1 (Coles, Downey, Slaman [16]) For all X, c^′_μ(X) exists.

Proof. Given a set A we want to construct a set F such that A is Σ^F_1 and F^′ ≤_T X^′ for all sets X with A ∈∈ Σ^X_1 .

Definition 5.2 Let X ⊆ N.

• The partial order P^X_1 is the set of finite enumerations of subsets of X ordered by extension.

So an element of P^X_1 is a function, p say, from {0, 1, . . . , k} into X, for some k ∈ ω. • For p and q in P^X_1 , we say p extends q in P^X_1 and write p >^X_1 q, if the graph of p is contained in the graph of q.

• We use 1 to denote the empty function, and of course 1 ∈ P^X_1 .

We fix a P^A_1 generic enumeration G_1 of A. Clearly A is Σ^{G1}_1 since y ∈ A if and only if there is an x such that (x, y) ∈ G_1.

Let F be the forcing relation for Π^0_1(G_1) sentences. That is,

F = {(p, φ) | p ∉ P^A_1 or (φ ∈ Π^0_1(G_1) and p ⊮ φ)}.

We first observe that A ≤_T F as follows. Let e be an index such that Φ_e(Y )(x) ↑ for all oracles Y and all x ∈ N. Let φ be the Π^0_1(G_1) sentence ∀x(Φ_e(G_1)(x) ↑). Then (p, φ) ∈ F if and only if p is not a forcing condition. Now, let q_n be the constant function from the set {0} to n. Then q_n is a forcing condition if and only if n ∈ A. Hence n ∈ A if and only if (q_n, φ) ∉ F.

Lemma 5.3 F ≤_T X^′ for all X ∈ Σ^A_1 .

Proof For any p and φ, (p, φ) ∈ F if and only if either

5.1. p ∉ P^A_1 , or

5.2. there is a proper extension q of p in P^A_1 such that q ⊮ φ.

Since P^A_1 ≤_T A, in the first case we have that p ∈ P^A_1 is computable in X^′ for any set X for which A is Σ^X_1 . In the second case, we have an existential condition that refers to a finite amount of positive information about A. This condition is Σ^X_1 for sets X for which A is Σ^X_1 , and hence, for such an X, case 2 is computable in X^′. Therefore F ≤_T X^′ for any X such that A is Σ^X_1 . □

Lemma 5.4 There is a set G such that A is Σ^0_1(G) and G^′ ≤_T F.

Proof. We construct G ≤_T F so that every fact about G^′ is forced in the sense of P^A_1 .

Step 0: Let p_0 = 1. Step s + 1 = 2e :

• If (p_s, φ) ∈ F, then let p_{s+1} be the least extension of p_s in P^A_1 such that p_{s+1} ⊩ ¬φ. • Otherwise, (p_s, φ) ∉ F. Let p_{s+1} = p_s since p_s ⊩ φ.

Step s + 1 = 2e + 1 :

Let x be the least number in A not in the range of p_s. Let p_{s+1} be the least extension of p_s with x in its range.

At the end of the construction define G = ⋃ s∈ω p_s. Now clearly A is Σ^G_1 . Observe that for case 1 of the even stages of the construction, we can find p_{s+1} computably in A. Hence A ⊕ F is an oracle that can decide every Π^0_1 condition about G. Therefore G^′ ≤_T A ⊕ F.

We have already seen that A ≤_T F and hence, G^′ ≤_T F. Consequently there is a set G such that A is Σ^0_1(G) and G^′ ≤_T F. □ We remark that Coles, Downey, and Slaman [16] also used induction to prove a generalization of the theorem for all n ≥ 1.

Theorem 5.5 (Coles, Downey, Slaman [16]) For all n ≥ 1, and for all X, c^{(n)}_μ (X) exists.

We get the corollaries we are after.

Corollary 5.6 (Coles, Downey, Slaman [16]) Suppose that G is a rank 1 torsion free abelian group. Then G has second jump degree. Furthermore, if G has finite type, G has first jump degree.

Subsequently, Soskov (private communication) found an elegant proof of the above based on the theory of enumeration degrees. (Actually, if one looks closely, the proofs are essentially the same.)

Recall that A ≤_e B iff there is a computably enumerable set W such that for all x, x ∈ A iff ∃u[⟨x, u⟩ ∈ W ∧ D_u ⊆ B]. Here D_u denotes the u-th canonical finite set. It is known that enumeration reducibility can be strongly connected with algebra.

For instance, Charles Miller III (see [46]) proved that given two finitely generated groups G_1 and G_2, G_2 can be embedded into a group finitely presented relative to G_1 iff G_2 is enumeration reducible to G_1. Enumeration reducibility is also the key here.

There is a canonical embedding of the semi-lattice of the Turing degrees into the semi-lattice of the enumeration degrees. The Turing degree of a set A is identified with the enumeration degree of the set A ⊕ Ā, d_e(A ⊕ Ā).

For any set A define A^+ = A ⊕ Ā. A set A is called total if A ≡_e A^+. An enumeration degree is total if it contains a total set. So the Turing degrees are the total enumeration degrees. Notice that A is computably enumerable in B iff A ≤_e B^+ and A ≤_T B iff A^+ ≤_e B^+. So we can define C(A) as

C(A) = {X : X is total and A ≤_e X}

Lemma 5.7 (Soskov) C(A) has an element of least degree iff d_e(A) is total.

Proof. Clearly if d_e(A) is total, then d_e(A) is the desired least degree. Assume that there exists a X_0 ∈ C(A), s.t. X_0 ≤_e X for all X ∈ C(A). Then we have for all total X, A ≤_e X ⇒ X_0 ≤_e X. Therefore, by Selman’s Theorem (see [104]), X_0 ≤_e A and hence A ≡_e X_0. □ The enumeration jump was defined by Cooper and further studied by K.

McEvoy. (See, for example, [73].) It is defined as follows. Given a set A, define K^A_0 = {⟨x, z⟩ : x ∈ Ψ_z(A)}, where Ψ_z denotes the z-th enumeration operator. Set the enumeration jump of A to be the set A^′_e = (K^A_0 )^+.

MacEvoy [73] studies the basic properties of the enumeration jump. Notice that A^′_e is a total set and for total sets the e-jump is enumeration equivalent to the Turing jump.

Lemma 5.8 (Soskov) For every set A, d_e(A^′_e) is the least among the degrees of the elements of

C^′(A) = {X^′ : X is total and A ≤_e X}.

Proof. By the monotonicity of the e-jump operation, A^′_e ≤ X^′ for all X ∈ C(A). It remains to show that there exists a total X such that A ≤_e X and A^′_e ≡_e X^′. This follows directly from from [104], Theorem 1.2. □

Soskov also provided a proof of the case for more general n > 1. Consider n sets A_0, . . . , A_{n−1}. Define by means of induction the set P (A_0, . . . , A_{n−1}): 1) P (A_0) = A_0; 2) P (A_0, . . . , A_{k+1}) = P (A_0, . . . , A_k)^′_e ⊕ A_{k+1}. Let C^′(A_0, . . . , A_{n−1}) = {X^{(n)} : A_0 is Σ_1(X), . . . , A_{n−1} is Σ_n(X)}.

Theorem 5.9 (Soskov) d_e(P (A_0, . . . , A_{n−1})^′_e) is the least among the degrees of the elements of the set C^′(A_0, . . . , A_{n−1}).

Proof. Let P = P (A_0, . . . , A_{n−1}). It is sufficient to show that there exists a total X such that X^{(n)} ≡_e P^′_e and A_i is Σ_{i+1}(X). Take a total Q such that P ≤_e Q and P^′_e ≡ Q^′. By [104], Theorem 1.2, there exists a total X such that X^{(n−1)} ≡_e Q and A_i is Σ^X_{i+1}, i = 0, . . . , n − 1. Clearly X^{(n)} ≡_e P^′_e.

Take A_0 = . . . = A_{n−2} = ∅ and A_{n−1} = A. Then P (A_0, . . . , A_{n−1}) = ∅^{(n−1)} ⊕ A. Hence d_e((∅^{(n−1)} ⊕ A)^′_e) is the least among the degrees of the elements of C^{(n)}(A). □

Soskov observed that his techniques solved a couple of the questions listed at the end of a prelininary version of [16]. One left open was question 2 there, which he interpreted to mean the following.

Question 5.10 Characterize the sets X for which the enumeration jump is equivalent to the Turing jump.

6 Computably Enumerable Reals

The results at the end of the previous section demonstrated how reducibilities other than Turing reducibility can yield significant insight into the effective content of classical mathematics. Another example of this phenomenon is the use of Ziegler reducibility, a variation of quasi-reducibility ( see Downey, Laforte, Nies [26]), to characterize relative algebraic closure in groups. (See [46].) Yet another example is provided by the degrees of computably enumerable bases for subspaces of V_∞, characterized precisely as the weak truth table degrees below that of the given space. (See Downey and Remmel [28])

In this section we will see yet another example of this phenomenom, and additionally see how this methodology applies to classical analysis.

We begin with a simple question, asked for centuries, what is a real?

There are several definitions^4, and we list several below. (We consider reals in (0, 1).)

• a has an infinite (e.g.) decimal expansion, a = .a_1a_2....

• a = Σ_{n∈A}2^{−n}, where A ⊂ N.

• a = Σ_{n∈A}2^{−|n|}, where A ⊂ Σ^∗.

• a is the limit of an increasing sequence of rationals.

Now a computable real would presumbly be a computable limit of a computable sequence of rationals, using the Dedekind cut definition. More precisely, there is a computable sequence q_i, i = 1, 2, ... of rationals such that for any n we can compute an m such that |a − q_m| < 2^{−n}. Now it is not difficult to show that this definition coincides with a having a computable decimal espansion, or a = Σ_{n∈A}2^{−n} for a computable subset A of N. (See Rice [88].) However, we would get a little stuck if we also claimed that this is the same as a = Σ_{n∈A}2^{−|n|} for some computable A ⊆ {0, 1}^∗, as we now see.

Define a computably enumerable real to be the limit of a computable sequence of rationals. That is, we have a = lim_s q_s such that we can compute q_i for all i. But note that although we know that the sequence converges, we don’t computably know how fast, at least in general. The following theorem is from Calude, Hertling, Khoussainov and Wang [10]. A set A is called prefix free iff for all σ ∈ A, and all τ with σ an initial segment of τ, τ ∉ A.^5

Theorem 6.1 (Calude et. al. [10]) The following are equivalent.

(i) a is computably enumerable.

4These definitions define the relevant real up to equivalence.

5Prefix free sets are considered for technical reasons since if a set A is prefix free then, by Kraft’s inequality, we know that Σ_{n∈A}2^{−|n|} converges. Prefix-free sets are crucial in a proper treatment of (e.g.) randomness, and other complexity issues, for c.e. reals, a fact first realized by Chaitin [11].

(ii) The set L(a) = {q ∈ Q : q < a} is computably enumerable.

(iii) There is an infinite computably enumerable prefix free set A with a = Σ_{n∈A}2^{−|n|}. (iv) There is a computable prefix free set A such that a = Σ_{n∈A}2^{−|n|}.

(iv) There is a computable function f(x, y) of two variables, such that

(iva) If, for some k, s we have f(k, s + 1) = 0 yet f(k, s) = 1 then there is some k^′ < k such that f(k^′, s) = 0 and f(k^′, s + 1) = 1.

(ivb) a = ·a_1a_2... is a dyadic expansion of a with a_i = lim_s f(i, s).

(v) There is a computable increasing sequence of rationals with limit a^6.

The reader should note that (iii) implies (iv) because we always have many strings we can potentially add at some stage. The reader should also note that although things coincide for computable reals, there are computably enumerable reals b which are not, what we shall call, strongly computably enumerable.

Definition 6.2 A real a is called strongly computably enumerable if there exists a computably enumerable B ⊆ N such that a = Σ_{n∈B} 2^{−n}.

The fact that there are c.e. reals that are not strongly c.e. was first noted by Soare [102]. Here is a very quick proof.

To defeat W_e, the e-th c.e. set, we make our real have 1 in the 4e-th place, and 0 in places around it. We need do nothing unless 4e enters W_e. At that stage, we can make the 4e’th place of our real become 0 by making the 4e − 1-st place become 1.

6If one only asks for a limit of a computable sequence of computable reals, then instead of getting the computably enumerable reals one gets reals whose dyadic expansion is computable from the halting problem. ([49])

The motivating question for most of the rest of the section is the following. How can we present our c.e. real? Part of the answer is provided by Calude, Coles, Hertling and Khoussainov [9].

Those authors examined the cut definition of real, and its effective content. They defined a representation A of a (c.e.) real a as an increasing sequence of rationals q_i for i ∈ A with limit a. They asked what types of degrees can A have. Already we have seen thet A can be computable. It is not difficult to prove the following.

Lemma 6.3 (Soare [102], Calude et. al. [9]) Let L(a) denote the lower cut of a real a. That is, L(a) is the collection of rationals less than a. Then if A is a representation of a, A ≤_T L(a).

Lemma 6.3 extends earlier work of Soare who examined, in particular, the relationship between L(a) and deg(B) for a = Σ_{n∈B} 2^{−n}. In [102], Soare observed that L(a) ≤_T B and B ≤_{tt} L(a). However, he also proved that there are strongly c.e. a, as above, with L(a) ≰_{tt} B.

We remark that c.e. reals play an important part in the theory of randomness. There one studies c.e. reals under a modified form of weak truth table reducibility, called in [15], Solovay reducibility. It would take us a little far to motivate and examine this material in detail, but as an example, for strongly c.e. reals Solovay reducibility becomes the following. We say a = Σ_{n∈A}2^{−n} reduces to b = Σ_{n∈B} 2^{−n} iff there is a constant c and a weak truth table procedure Φ with use φ, such that

• Φ^B = A and • for all n, φ(n) ≤ c · n. The general case is similar but operates on cuts. In an unpublished manuscript, Solovay proposed the reducibility above, and demonstrated that it preserves the “degree of randomness.” It is interesting to examine the degree structure, which has a version of the halting problem called Ω, the

“halting probability,” of Chaitin, that is naturally wtt-complete but not ttcomplete. It is also illuminating that again the relevant reducibility turns out to be stronger that T -reducibility. We refer the reader to Calude et. al. [10, 15, 9] for more details.

Returning to our story, we note that Calude et. al. proved the following very interesting generalization of Lemma 6.3.

Lemma 6.4 (Calude et. al. [9]) Suppose that A represents a. Then A is an infinite half of a splitting of L(a).

Proof. Clearly, if A represents a then A must be an infinite c.e. subset of L(a). The thing to note is that L(a) − A is also c.e.. Given rational q, if q occurs in L(a), we need only wait till either q occurs in A or some rational bigger than q does. □

Note that this means that if a is computable then every representation of a is computable. Also note that the proof actually gives that if A represents a, A ≤_{wtt} L(a). The following is easy to show using the technique of the proof above.

Lemma 6.5 (Calude et. al. [9]) Let A be a representation of a. For subsets B of A, the following are equivalent.

• B represents a.

• B is half of a splitting of A.

It would be nice to be able to reverse the above. That is, prove that every splitting of L(a) is a representation of a. Clearly this is false since some splittings won’t even be representations.

Calude et. al. [9] did however prove that (i) a has a representation of degree deg(L(a)), and (ii) every representation can be extended to one of degree deg(L(a)). Here is their proof.

Let q_i → a, be a given c.e. sequence of rationals converging to a. We build the splitting of L(a) and the representation of a of degree deg(L(a)) in stages. At stage 0, let r_0 = q_0. Suppose that at stage s we have r_0, ..., r_{n(s)} with q_i = r_{n(i)} for each i ≤ s. At stage s let g_s be the largest Gödel number seen so far. Consider the rationals q with q_s < q ≤ q_{s+1} and such that the Gödel number of q is less than or equal to the maximum of g_s and the Gödel number of q_{s+1}. Suppose that there are m such q. Then we let n(s + 1) = n(s) + m, and let r_{n(s)+k} be those q in increasing order for k = 1, ..., m.

The sequence r_i is increasing and converges to a. Hence {r_i} ≤_{wtt} L(a). Conversely, to decide if q ∈ L(a), compute a stage s where g_s exceeds the Gödel number of q. Assuming that q is not yet in L(a), then since q > r_{n(s)}, q ∈ L(a) iff q ∈ {r_i}. Note that this is in fact an m-reduction.

Actually, with a little care, we can improve the Calude et. al. [9] result, and get a complete characterization of the representations of a in terms of the weak truth table degrees, and later m-degrees, of splittings of L(a).

Theorem 6.6 (Downey) The following are equivalent

• b is the weak truth table degree of a splitting of L(a).

• b is the weak truth table degree of a representation of a.

Proof. To prove Theorem 6.6, we need only show that if L(a) = C ⊔ D is any c.e. splitting of L(a) then there is a representation ^C = {c_i} of a of wtt degree that of C. (Without loss of generality, we suppose that C is noncomputable.) We do this in stages. At each stage s, we assume that we have enumerated C_s and D_s so that L(a)_s = C_s ⊔ D_s, where L(a)_s is the collection of rationals in L(a) by stage s, including all those of Gödel number ≤ s. Additionally we will have a parameter m(s). At stage s + 1 compute C_{s+1} and D_{s+1}. Find the least rational, q ∈ C_{s+1}, by Gödel number, if any, such that q > m(s).

If no such q exists, set m(s + 1) = m(s), and do nothing else.

If one exists, put q into ^C_{s+1} and reset m(s + 1) to be the maximum rational in L(a)_{s+1}.

To verify the construction, first note that ^C is an increasing sequence of rationals. Its limit will be a provided that it is infinite, because of the use of m(s). First we claim that m(s) → ∞. Suppose not, so that there is an s such that, for all t ≥ s, m(s) = m(t). Then we claim that C is computable, this being a contradiction. To decide if z ∈ C, go first to stage s^′ = s + g(z), where g(z) denotes the Gödel number of z. If z ∉ C_s′ , then either z > m(s), or z ∈ D_s′ . In either case, z ∉ C. Hence m(s) → ∞.

Note that ^C ≤_{wtt} C because only numbers entering C enter ^C and can do so only at the same stage.

Finally we see that C ≤_{wtt} ^C. To decide if q ∈ C, find the least stage s such that s > g(q) and ^C_s ↾ g(q) + 1 = ^C ↾ g(q) + 1.

If q ≤ m(s) then as above we can decide if q ∈ C. Otherwise, q > m(s). Suppose that q ∉ C_{s+1}. We claim that q ∉ C. Otherwise, consider the stage s_1 where q enters C. Now, if q > m(s_1 − 1) then either q or some even smaller number must enter ^C. Thus it can only be that q ≤ m(s_1 − 1). As a consequence, there is some least stage t where s ≤ t < s_1 where m(t) < q and m(t + 1) ≥ q.

Consider any stage t^′ ≥ s where m(t^′) ≠ m(t^′ + 1). For an induction, we suppose that q ∉ C_t′ . We only reset m(t^′) because we saw some q^′ enter C_t′ ⊔ D_t′ with q^′ > m(t^′) ≥ m(s). We put q^′ into ^C_t′_{+1}. Since ^C_s ↾ g(q) + 1 = ^C ↾ g(q) + 1, we can only have that the Gödel number of q^′ exceeds q + 1. Therefore, it cannot be that q enters C at stage t^′. If it did, then either q or some number with Gödel number less than or equal to q would enter ^C in place of q^′. (Remember here, we are considering in C_u ⊔ D_u all rationals in the associated lower cut with Gödel number ≤ u.)

Thus, in particular, at stage t = t^′, q ∉ C_t. But if q, or some number with Gödel number below q does not enter ^C at stage t + 1, which it cannot, then q is not in C. Hence C ≤_{wtt} ^C. □

The proof above can be improved to give the following.

Theorem 6.7 (Downey) a is the m-degree of a c.e. splitting of L(a) iff a is the m-degree of a representation of a.

Proof. The modification is the following. At stage s, when we increase m(s), we put into ^C not just the least q but, in rational increasing order, all q entering C with Gödel number less than s. Now as we have seen, since m(s) → ∞, ^C is a representation of a. Moreover, the same argument shows that C ≡_{wtt} ^C. We claim the reductions are m-reductions.

First ^C ≤_m C. Given q go to a stage s bigger than the Gödel number of q. If q is below m(s) then, as before, we can decide computably if q ∈ C. Else, note that q ∈ C iff q ∈ ^C. The same argument shows that C ≤_m ^C. □

We remark that many of the theorems of Calude et. al. [9] now come out as corollaries to the characterization above, and known results on splittings and wtt degrees. We refer the reader to, for instance, Downey and Stob [29]. For instance, we get the following.

Corollary 6.8 There exist computably enumerable reals a_i such that the collection of T -degrees of representations R(a_i) have the following properties.

(i) R(a_1) consists of every c.e. (m-) degree

(ii) R(a_2) forms an atomless boolean algebra, which is nowhere dense in the c.e. degrees.

(iii) There is a c.e. degree b with 0 < b < deg(L(a_3)) such that if x is the degree of a representation above b then x = deg(L(a_3)), and if x is below b then x = 0.

Proof. See Downey and Stob [29]. □

We also remark that the above has a number of other consequences regarding known limits to splittings. For instance;

Corollary 6.9 If a c.e. real a has representations in each T -degree below that of L(a) then either L(a) is Turing complete or low_2.

Proof See Downey [21]. □

As our final topic we look at the other form of representing reals. To avoid confusion we have the following definition.

Definition 6.10 Let A ⊂ {0, 1}^∗.

(i) We say that A is a presentation of a c.e. real a if A is a prefix free c.e.

set with a = Σ_{n∈A}2^{−|n|}. (ii) We say that a c.e. set A is a strong presentation of a if a = Σ_{σ∈A} · χ_σ. (Here, the ·χ_σ denotes the binary expansion.)

Previously we have seen that a has representations of degree L(a). However, presentations can behave quite differently.

Theorem 6.11 There is a c.e. real a which is not computable, but such that if A presents a then A is computable.

Proof Sketch We briefly sketch the proof, details being found in Coles, Downey and Laforte [15]. We only mention the case (i) above. We must meet the requirements below.

R_e : W_e presents a implies W_e computable.

We build a presentation of A, via the nearly c.e. definition. That is, we have an approximation a = ·a_{0,s}... and obey the conditions that if a_{i,s} = 1 and a_{i,s+1} = 0 then a_{j,s+1} becomes 1 for some j < i. To make a noncomputable, we must lso meet the requirements:

P_e : For some i, i ∈ W_e iff a_i = 0.

The strategy for P_e is simple. We must pick some i to follow it, and initially make it 1. At some stage s, if we see i enter W_e, then we must make a_{i,t} = 0 for some t ≥ s.

To make this cohere with the R_e we need a little work. First, we need to surround i with some 0’s so that we can make it 0 by making the one before, say, 1. However, more importantly, we need to also make sure that for those R_k of higher priority if W_k presents a then W_k is computable.

Associated with R_k will be a current “length of agreement”. This is a number m(k, s) such that a_s − Σ_{n∈Wk,s} 2^{−|n|} < 2^{−m(k,s)}. We can assume that a_s ≥ Σ_{n∈Wk,s} 2^{−|n|}, for otherwise, we can win by withholding numbers from a.

We promise that once m(k, s) > d, then no number of length ≤ d can enter W_k.

Now the idea is that when we see some P_e require attention for e bigger than k, if i is smaller than m(k, s), the interesting case, then we wish to put a relatively big number into a, by changing position i for the sake of P_e, yet we wish to not allow numbers of low length to enter W_k.

The idea is to slowly work backwards. So first we will make position m(k, s) + 1 = 1 by adding something of length 2^{−m(k,s)+1} into A_{s+1}.

We then do nothing until W_k responds by giving us a stage t > s with a_t − Σ_{n∈Wk,t} 2^{−|n|} < 2^{−m(k,s)+1}. Note that W_k can only change on strings of long length, since we only changed A slightly. Now we repeat, adding another string of the same length 2^{−m(k,s)+1} into A_{s+1}. Again we wait for another expansion stage. Note that this next addition changes things at position m(k, s) or earlier. We can continue in this way at most 2^{m(k,s)−i} many times till we get to change position i.

Now there are two outcomes. Either at some stage, we don’t get recovery, so that W_k does not present A, or W_k responds at each stage and we get a change only on long strings. This means that we can compute W_k.

This is the basic module for a standard Π_2 priority argument, akin to the embedding of 1-3-1. Details can be found in Coles, Downey, Laforte [15]. □

We remark that the proof above is very similar to the embedding of 1-3-1 in the c.e. Turing degrees. The result is related to lattice embeddings since Coles, Downey and Laforte did show the following.

Theorem 6.12 (Coles, Downey, Laforte [15]) If L(a) has promptly simple degree, then a has a noncomputable presentation.

We remark that all of this is related to wtt degrees. As our final results we offer the following.

Theorem 6.13 (Coles, Downey, Laforte [15]) Suppose that A presents a c.e. real a. Let B ≤_{wtt} A. Then there is a presentation of a of wtt degree B.

Proof Sketch Suppose that Γ^A = B is a wtt reduction with use γ and A is a presentation of a. We suppose that every stage is expansionary.

We build a presentation C ≡_{wtt} B. We suppose that 0 ∉ B. For each i ≤ γ(n), and each σ with |σ_i| = i, choose a length m ≥ n, and strings τ_k(σ_i) of length m for k ≤ p(σ_i, n) large enough, so that the set of τ’s can be chosen to keep C prefix free, and such that there are 2^m − 2^i many τ_k(σ_i) of length^7 m. At stage s assume that there is a unique element n in B_{s+1} − B_s. For each i ≤ γ(n), |σ_i| = i, if σ_i ∈ A_{s+1} − A_s, put 2^{m(σi,n)−i} coding markers τ_k(σ_i, n) of length m = m(σ_i, n) into C_{s+1}, causing i to enter Σ_{τ ∈Cs+1} 2^{−|τ |}.

7The idea here is that we can use the τ’s collectively to add something of length i to the C-sum.

If j > γ(n) and σ_j of length j enters A_{s+1}, put 2^{−⟨σj ,0⟩} into C.

It is not difficult to argue that the set C works.

First C ≤_{wtt} B. To see this, to decide if β enters C compute ⟨τ, n⟩ with β = ⟨τ, n⟩. If n = 0 compute a stage s where B ↾ |τ| = B_s ↾ |τ|. Then β ∈ C iff β ∈ C_{s+1}. If n ≠ 0 then since β can only enter at C the stage n enters B we get C ≤_{wtt} B.

Conversely, to see that B ≤_{wtt} C, to decide if n enters B simply compute a stage s where C_s ↾ τ_k(σ_i, n) = C ↾ τ_k(σ_i, n) for all i ≤ γ(n), and k ≤ p(σ_i, n).

It is clear that C presents the real since when i enters the A-sum, it is because some σ_i enters A. At such a stage, we will put enough τ(σ_i, n) into C to cause i to enter the C-sum. □

Corollary 6.14 Suppose that a is strongly c.e. with a = ·χ_A. Then B is the wtt degree of a presentation of a iff B ≤_{wtt} A.

Proof Put 0^{i−1}1 ∈ B iff i ∈ A. This is a presentation with m-degree that of A. Now apply the theorem. □

7 Epilog: What are good questions in computable mathematics?

Some of the first questions asked in effective mathematics must be those of Hilbert and of Dehn. Focusing on Dehn, he asked the famous word, conjugacy, and isomorphism problems for finitely presented groups. These questions gave rise to combinatorial group theory, and are primarily of interest because they give enormous insight into the structure of groups. This is the key. Good questions should give insight into either computability (as in our torsion free result) or need considerable algebraic or analytic insight to solve. We offer with some trepidation a couple below which we feel will fall into this category.

Question 7.1 A structure is called Σ_n-decidable if one can decide all nquantifier statements. For each n, is there a finitely presented group which is n but not n + 1 decidable? Is there a finitely presented group which is not decidable, but is n decidable for each n?

Question 7.2 (Downey and Kurtz) For each Π^1_0 class C is there a compuably presented torsion free group with the orderings (up to reversal) in 1-1 correspondence with the members of C?

Reed Solomon has observed that the answer is no if the group must be abelian. Incidentally, Solomon [100, 101] proved that a computably presented group is isomorphic to a quotient of a computably ordered version of a free group by a computable convex normal subgroup. This theorem has a remarkably difficult proof, going through a classical group ring construction and needing small cancellation theory. It would be interesting to know why this so, and whether this must be the case. Perhaps proof theory can provide the answer. Note that there is no known simple proof that the two generator free group can be ordered.

Question 7.3 (Friedman, Simpson, Smith [35]^8) Given a Π^0_1 C is there a commutive ring with 1 whose set of prime ideals is in 1-1 correspondence with the member of C?

Question 7.4 For each n, classify, by order type, the computable linear orderings with a nontrivial Π^0_n automorphism.

The answer is known for n = 0 (Schwartz), but open for n = 1. See Downey [19] for more on this question.

Question 7.5 (Rosenstein) It is known that a scattered linear partial ordering has a scattered linear extension. Is this computably true? What is its proof theoretical strength?

References

[1] Ash, C. J., Categoricity in the hyperarithmetical degrees, Ann. Pure and Appl. Logic, vol. 34 (1987), 1–34.

[2] Ash, C. J., Labelling systems and r.e. structures, Ann. Pure and Appl.

Logic, vol. 47 (1990), 99–120.

[3] Ash, C., P. Cholak, and J. Knight, Permitting, forcing, and copying of a given recursive relation, Annals of Pure and Applied Logic, Vol. 87 (1997), 219-236.

[4] Ash, C. J., C. Jockusch and J. F. Knight, Jumps of orderings, Trans.

Amer. Math. Soc. Vol. 319, (1990), 573-599.

[5] Ash, C. J., J. F. Knight, M. Manasse, and T. Slaman, Generic copies of countable structures, Ann. Pure and Appl. Logic, vol. 42 (1989), 195–206.

[6] Ash, C. J. and A. Nerode, Intrinsically recursive relations, in Crossley [17], 26–41.

[7] Baumslag, G., E. Dyer, and C. Miller III, On the integral homology of finitely presented groups, Topology, Vol. 22 (1983), 27-46.

[8] Boone, W. W., Certain simple unsolvable problems in group theory, I–VI Nederlakad. Wentenschappen, Proc. Ser. A, vol. 57 (1954), 231– 237, 492–497, vol. 58 (1955), 252–256, 571–577, vol. 60 (1957), 22–27, 227–232.

[9] Calude, C., R. Coles, P. Hertling, and B. Khoussainov, Degreetheoretical aspects of computably enumerable reals, to appear.

[10] Calude, C., P. Hertling, B. Khoussainov, and Y. Wang, Recursively enumerable reals and Chaitin’s Ω number, in STACS’98, Springer Lecture Notes in Computer Science, Vol. 1373, 1998, 596-606.

[11] Chaitin, G. A theory of program size formally identical to information theory, J. Assoc. Comput. Mach., Vol. 13 (1966), 547-569.

[12] Cenzer, D. and J. B. Remmel, Polynomial time vs recursive models, Ann. Pure and Applied Logic, Vol. 54 (1991), 17-58.

[13] Chisholm J., and M. Moses, Undecidable linear orderings that are n-recursive for each n, in preparation.

[14] Coles, R., R. Downey, and B. Khoussainov, Initial segments of computable linear orderings. Order, Vol. 14 (1997-1998), 107-124

[15] Coles, R., R. Downey and G. Laforte, Solovay reducibility, randomness, and presentations of reals, (tentative title) in preparation.

[16] Coles, R., R. Downey, and T. Slaman, Every set has a minimal jump enumeration, to appear, Bulletin London Math. Soc.

[17] Crossley, J. N., (ed) Aspects of Effective Algebra, (Ed) Upside Down A Book Co., Varra Glen, Vic. Australia (1981).

[18] Downey, R., Every recursive boolean algebra is isomorphic to one with incomplete atoms, Ann. Pure and Appl. Logic, Vol. 60 (1990), 193-206.

[19] Downey, R. On presentations of algebraic structures, in Complexity, Logic and Recursion Theory, (A. Sorbi, ed.), Marcel Dekker, Lecture Notes in Pure and Applied Mathematics, Vol. 197 (1997), 157-206.

[20] Downey, R., Computability theory and linear orderings, Handbook of Recursive Mathematics, Vol 2, (Ed. Ershov, Goncharov, Nerode, Remmel, Marek), Studies in Logic Vol. 139, North Holland, 1998, 823-976.

[21] Downey, R. G., On the universal splitting property, Mathematical Logic Quarterly, 43 (1997) 311-320.

[22] Downey, R., Z. Feuredi, C. Jockusch, and L. Rubel, Difference sets and computability theory, Annals Pure and Applied Logic. Vol. 93 (1998), 63-72.

[23] Downey, R. and C. Jockusch, Every low boolean algebra is isomorphic to a recursive one, Proc. Amer. Math. Soc., Vol. 122, (1994), 871-880.

[24] Downey, R. G. and J. F. Knight, Orderings with α–th jump degree 0^{(α)}, Proc. Amer. Math. Soc., vol. 14 (1992), 545–552.

[25] Downey, R. G. and S. A. Kurtz, Recursion theory and ordered groups, Ann. Pure and Appl. Logic, vol. 52 (1986), 137–451.

[26] Downey, R. G., G. Laforte, and A. Nies, Enumerable sets and quasireducibility, Annals of Pure and Applied Logic, Vol. 95 (1998), 1-35.

[27] Downey, R. G. and M. F. Moses, Recursive linear orderings with incomplete successivities, Trans. Amer. Math. Soc., vol. 320 (1991), 653–668.

[28] Downey, R. G. and J. B. Remmel, Classification of degree classes associated with r.e. subspaces, Ann. Pure and Appl. Logic, 42 (1989) 105-125

[29] Downey, R., and M. Stob, Splitting theorems in recursion theory, Annals Pure and Applied Logic, 65 (1)((1993) 1-106).

[30] Ershov, Y., S. Goncharov, A. Nerode, and J. Remmel, (eds) Handbook of Recursive Mathematics, (V. Marek, associate editor), Studies in Logic Vol. 139, North Holland, 1998.

[31] Feiner, L. J., Orderings and Boolean Algebras not isomoprhic to recursive ones, Thesis, MIT (1967).

[32] Feiner, L. J., Hierarchies of boolean algebras, J. Symb. Logic, vol. 35 (1970), 365–373.

[33] Feiner, L. J., The strong homogeneity conjecture, J. Symb. Logic, vol.

35 (1970), 373–377.

[34] Feiner, L. J., Degrees of non–recursive presentability, Proc. Amer.

Math. Soc., vol. 38 (1973), 621–624.

[35] Friedman, H., S. Simpson and R. Smith, Countable algebra and set existence axioms, Ann. Pure and Appl. Logic, vol. 25 (1983), 141–181.

[36] Friedman, H., S. Simpson and R. Smith, Addendum to “ Countable algebra and set existence axioms,” Ann. Pure and Appl. Logic, vol. 28 (1985), 319-320.

[37] Friedman, H. and L. Stanley, A Borel reducibility for countable models, J. Symb. Logic, Vol. 54. (1989), 894-914.

[38] Fuchs, L., Infinite Abelian Groups, Vol. II, Academic Press, 1973.

[39] Goncharov, S. S., On the number of nonautoequivalent constructivizations, Algebra and Logic, Vol. 16 (1977), 169-185.

[40] Goncharov, S. S., Autostability of models and abelian groups, Algebra and Logic, Vol. 19 (1980), 13-27.

[41] Grigoreiff, S., Every recursive linear ordering has a copy in DTIME– SPACE (n, log(n)), J. Symb. Logic, vol. 55 (1990), 260–276.

[42] Harizanov, V., Some effects of Ash–Nerode and other decidability conditions on degree spectra, Ann. Pure Appl. Logic. vol. 54 (1991), 51-65.

[43] Harizanov, V., Uncountable degree spectra, Ann. Pure Appl. Logic.

vol. 54 (1991), 255-263.

[44] Harizanov, V., Turing degree of the non-zero member in a two element degree spectrum, Ann. Pure and Appl. Logic, vol. 60 (1993), 1-30.

[45] Higman, G., Subgroups of finitely presented groups, Proc. Royal Soc.

London, Vol. 262 (1961), 455-475.

[46] Higman, G. and E. Scott, Existentially Closed Groups, Oxford University Press, 1988.

[47] Hirschfeldt, D., Degree Spectra of Relations on Computable Structures, PhD Thesis, Cornell University, 1999.

[48] Hirschfeldt, D., B. Khoussainov, R. Shore and A. Slinko, Degree spectra and computable dimension in algebraic structures, in preparation.

[49] Ho, Chun-Kuen, Relatively recursive reals and real functions, Theoretical Computer Science, Vol. 219 (1999), 99-120.

[50] Kechris, A. S., New directions in descriptive set theory, Bull. Symbolic Logic, vol. 5 (1999), 161-174.

[51] Khoussainov, B. and A. Nerode, On automata representable structures, in preparation.

[52] Khoussainov, B. and A. Nerode, Automatic Model Theory, monograph in preparation.

[53] Khoussainov, B. and R. Shore, Effective model theory: the number of models and their complexity, to appear.

[54] Hird, G., Recursive properties of relations on models, Ph.D. Thesis, Monash University (1983).

[55] Jockusch, C. G., Ramsey’s theorem and recursion theory, J. Symb.

Logic, vol. 37 (1972), 268–279.

[56] Jockusch, C. G. and R. I. Soare, Degrees of orderings not isomorphic to recursive linear orderings, Ann. Pure and Appl. Logic., Vol. 52 (1991), 39-64.

[57] Jockusch, C. and R. Soare, Boolean algebras, Stone spaces, and the iterated Turing jump, Journal of Symbolic Logic, Vol. 59 (1994), 1121- 1138.

[58] Khisamiev, N., Connections between constructivizability and nonconstructivizability for different classes of abelian groups, Algebra and Logic, Vol. 23 (1984), 220-233.

[59] Khisamiev, N., Hierarchies of torsion free abelian groups, Algebra and Logic, Vol. 25 (1986), 128-142.

[60] Khisamiev, N., and Z. Khisamiev, Nonconstructavizability of the reduced part of a strongly constructive torsion-free abelian group, Algebra and Logic, Vol. 24 (1985), 69-76.

[61] Kierstead, H., Recursive ordered sets, in I. Rival (ed) Combinatorics and Ordered Sets, Contemporary Math., vol 57, Amer. Math. Soc. (1986).

[62] Kierstead, H., G. McNulty and W. Trotter, Recursive dimension for partially ordered sets, Order, vol. 1( (1984), 67–82.

[63] Knight, J. F., Effective constructions of models, in Logic Colloquium (ed. Paris, Wilkie and Wilmers) North–Holland, Amsterdam (1986).

[64] Knight, J. F., Degrees coded into jumps of orderings, J. Symb. Logic, vol. 51 (1986), 1034–1042.

[65] Knight, J. F., A metatheorem for finitely many workers, J. Symbolic Logic, vol. 55 (199), 787–804.

[66] Knight, J. F., Constructions for transfinitely many workers, Ann. Pure and Appl. Logic, vol. 48 (1990), 237–259.

[67] Kopytov, A., and V. Kokorin, Fully Ordered Groups, John Wiley and Sons, 1974.

[68] Lerman, M., On recursive linear orderings, in Lerman, Schmerl and Soare [1981], 132–142.

[69] Lerman, M., Degrees of Unsolvability, Springer–Verlag, New York (1983).

[70] Lerman, M. and J. Rosenstein, Recursive linear orderings, in Metakides [1982], 123–136.

[71] Lin, C., Recursion theory on countable abelian groups, Ph. D. Thesis, Cornell University, 1977.

[72] Lin, C., The effective content of Ulm’s theorem, in Crossley [17], 147- 160.

[73] McEvoy, K, Jumps of quasi-minimal enumeration degrees, J. Symb.

Logic, Vol. 50 (1985), 839-848.

[74] McNulty, G., Infinite ordered sets, a recursive perspective, in I. Rival (ed) Proc. of Symp. on Ordered Sets, D. Reidel, Dortrecht (1982).

[75] Metakides, G. and A. Nerode, Recursion theory and algebra, in Algebra and Logic (ed. J. N. Crossley), Lecture notes in Math., vol. 450, New York (1975), 209–219.

[76] Metakides, G. and A. Nerode, Effective content of field theory, Ann.

Math. Logic, vol. 17 (1979), 289–320.

[77] Miller, R., The Δ^0_2 spectrum of a linear ordering, to appear.

[78] Moses, M. F., Recursive Properties of Isomorphism Types, Thesis, Monash University, Melb. Australia (1983).

[79] Moses, M. F., Recursive linear orders with recursive successivities, Ann. Pure and Appl. Logic, vol. 27 (1984), 253–264.

[80] Moses, M. F., Relations intrinsically recursive in linear orderings, Z.

Math. Logik Grundlagen. Math., vol. 32 (5), 467–472.

[81] Moses, M. F., Decidable discrete linear orderings, J. Symb. Logic, vol.

53 (1988), 531–539.

[82] Oates, S., Jump Degrees of Groups, Ph. D. Thesis, University of Notre Dame, 1989.

[83] Odifreddi, P., Classical Recursion Theory, Vol. I, North–Holland (1989).

[84] Peretyat’kin, M., Every recursively enumerable extension of a theory of linear orderings has a constructive model, Algebra i Logik, vol. 12 (1973), 211–219. ‘

[85] Pinus, A., Effective linear orderings, Siberian Math. J., vol. 16 (1975), 956–962.

[86] Remmel, J. B., Recursively categorical linear orderings, Proc. Amer.

Math. Soc., vol. 83 (1981), 379–386.

[87] Remmel, J. B., Recursive Boolean algebras, in Handbook of Boolean Algebras, Vol 3 (ed. D. Monk) North Holland (1990), 1097-1166.

[88] Rice, H., Recursive real numbers, Proc. Amer. Math. Soc., Vol. 5 (1954), 784-791.

[89] Rice, H., Recursive and recursively enumerable orders, Trans. Amer.

Math. Soc., vol. 83 (1956), 277–300.

[90] Richter, L, Degrees of Structures, Ph. D. Thesis, University of Illinois at Urbana-Champaign, 1979.

[91] Richter, L. J., Degrees of structures, J. Symb. Logic, vol. 46 (1981), 723–731.

[92] Rival, I., Ordered Sets (ed.) Nato Advanced Study Inst. Series 83, D.

Reidel Co., Dordrecht (1981).

[93] Rival, I., Graphs and Order (ed.) Nato Advanced Study Inst. Series, vol. 147, D. Reidel Co., Dordrecht (1984).

[94] Rival, I., Combinatorics and Ordered Sets (ed.), Contemporary Math., vol. 57, Amer. Math. Soc. (1986).

[95] Rogers, H. J., Theory of Recursive Functions and Effective Computability, McGraw–Hill, New York (1967).

[96] Rosenstein, J., Linear Orderings, Academic Press, New York (1982).

[97] Rosenstein, J., Recursive linear orderings, in Orders: Descriptions and Roles (M. Pouzet and D. Richard, eds.), Ann. Discrete Math., vol. 23, North–Holland (1982), 465–476.

[98] Slaman, T., Relative to any nonrecursive set, Proc. Amer. Math. Soc, Vol 126 (1998), 2117-2122.

[99] Slaman, T. and H. Woodin, Extending partial orders to dense linear orders, Ann. Pure and Appl. Logic, Vol. 94 (1998), 253-261.

[100] Solomon, R., Reverse Mathematics and Ordered Groups, PhD. Thesis, Cornell University, 1998.

[101] Solomon, R., Ordered groups: a case study in reverse mathematics, Bull. Symb. Logic, Vol. 5 (1999), 45-58.

[102] Soare, R. I., Recursion theory and Dedekind cuts, Trans. Amer. Math.

Soc., vol. 140 (1969), 271–294.

[103] Soare, R. I., Recursively Enumerable Sets and Degrees, Springer– Verlag, New York (1987).

[104] Soskov, I., A jump inversion theorem for the enumeration jump, to appear, Archive for Math. Logic.

[105] Szpilrajin, S., Sur les tension de l’orde partial, Fund. Math., vol. 45 (1958), 213–216.

[106] Schmerl, J., Recursion theoretical aspects of graphs and orders, in I.

Rival [1984], 467–486.

[107] Schmerl, J., What’s the difference?, Annals Pure and Applied Logic, Vol. 93 (1998), 255-261.

[108] Smith, R., Two theorems on autostability in p-groups, in logic Year 1979-80, Lerman, Schmerl, Soare, Springer, LNM, 859, (1981) 302- 311.

[109] Thurber, J., Degrees of Boolean Algebras, Ph. D. Thesis, University of Notre Dame, 1994.

[110] Watnik, R., Recursive and constructive linear orderings, Thesis, Rutgers University (1980).

[111] Wehner, S., Enumerations, countable structures and Turing degrees, Proc. Amer. Math. Soc., Vol 126 (1998), 2131-2139.