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Abstract

Many computational problems in biology invelve par-
ameters for which a small range of values cover important
applications. We argue that for many problems in this
Setting, parameterized computational complexity rather
than NP-completeness is the appropriate tool for studying
apparent intractability. At issue in the theory of parameter-
ized complexity is whether a problem can be solved in time
O(n®) for each fixed parameter value, where o is a constant
independent of the parameter. In addition to surveying this
complexity frameworlk, we describe a new result for the
Longest Common Subsequence problem. In particular, we
show that the problem is hard for WT(i] for all t when
parameterized by the number of strings and the size of the
alphabet. Lower bounds on the complexity of this basic
combinatorial problem imply lower bounds on more general
sequence alignment and consensus discovery problems. We
also describe a number of open problems pertaining to the
paramelterized complexity of problems in computational
bivlogy where small parameter values are imporiant.

Introduction

With the recent availability of large amounts of molecular
sequence data, the number of opportunities for applying
various types of sequence-comparison analyses, e.g.,
multiple alignment, consensus discovery, have increased
dramatically. However, the number of sequences that can
be examined at one time is often limited to less than six by
the O(r®) time requirements of the best known algorithms
for these analyses, where k is the number of sequences and
n is the maximum number of symbols in any of the given
sequences (Kruskal and Sankoff, 1983; Carrillo and
Lipman, 1988; Timkovskii, 1990; Irving and Fraser, 1992).
These requirements scem o be inherent in the dynamic
programming paradigm in which many of these algorithms
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have been derived (see Pearson and Miller, 1992, and
references).

Within the last decade, new algorithmic techniques
derived from the work of Robertson and Seymour on
graph minors (see Fellows, 1989, and references) have
allowed some such problems to be solved efficiently, in
particular those whose instances encountered in practice
have small values for one of their parameters. For
example, consider the following two well-known compu-
tational problems concerning graphs. Each of them takes
as input a graph G = (¥, E) and a positive integer k, and
in each case we consider the parameter to be .

curwinTH: Is there a linear ordering of ¥ with cutwidth k,
ie., is there a 1:1 function f: ¥V — {1,2,...,|V]} such
that for all i, 1 <i<|V|, {{w,v}€E: flu) i<
HOLEYY

BaNDWIDTH: Is there a linear ordering of 77 with bandwidth
k, i.e., is there a 1:1 function f: V' — {1,2,...,]V|} such
that for all {u,v} € E, |[f(u) — f(v})] < k?

Both of these problems have applications in VLS circuit
design (Fellows and Langston, 1992}, both are NP-
complete (Garey and Johnson, 1979, problems GT44
and GT40), and both have O(]¥|¥) dynamic programming
algorithms, Yet, despite their superficial similarity, the
first is solvable in linear time for fixed values of k& using the
Robertson-Seymour techniques while the second has
resisted all such attacks.

The above example is not an isolated phenomena; there
does not seem to be any correlation between the general,
e.g., NP/PSPACE-hard, complexity of a problem and
whether or not it will be fixed-parameter tractable. The
theory of parameterized computational complexity intro-
duced in Downey and Fellows (1992) was designed to
address this natural and important qualitative complexity
distinction. For example, within this theory, coTwipTH is
known to be in class FPT, while BANDWIDTH is hard for all
classes W[f, t>1, and hence not fixed-parameter
tractable unless such weli-known problems as CLIQUE or
WEIGHTED BINARY INTEGER PROGRAMMING are aiso fixed
parameter-tractable and certain mathematical conjectures
are proved false (Downey and Fellows, 1993; Cai ef al.,
1994).
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proper (Downey and Fellows, 1993; Cai et al, 1994).
Known results within this hierarchy include:

® GATE MATRIX LAYOUT, VERTEX COVER, STEINER TREE IN
GRrAPHS (in FPT),

® CLIQUE, SHORT NONDETERMINISTIC TURING MACHINE
COMPUTATION, VAPNIK-CHERVONENKIS DIMENSION (F¥[1]-
complete),

® DOMINATING SET, SET COVER, WEIGHTED BINARY INTEGER
PROGRAMMING ( W [2]-complete),

¢ BANDWIDTH, DNA PHYSICAL MAPPING, PERFECT PHYLOGENY
(W[1-hard for ¢ > 1), and

® COMPACT TURING MACHINE COMPUTATION, MINIMUM AXIOM
SET, AND ,-BASED TILING (W[P]-complete).

Over 100 such results are currently known and listed on-
line {Hallett and Wareham, 1994) (see directory pub/
W_hierarchy via anonymous fip to csr.avic.ca). In this
framework, no W[x]-complete problem is fixed parameter
tractable unless all problems in W[x] are fixed-parameter
tractable. Hence, modulo the results in Downey and
Fellows (1993) and Cai ez al. (1994), a W-hardness result
for a problem suggests that O{n") time algorithms might
indeed be the best that we can do for that problem.

The parameterized complexity of the longest common
subseguence problem

The computational problem of finding the longest
common subsequence of a set of & strings (the LCS
problem) has been studied extensively over the last twenty
years (see Irving and Fraser, 1992, and references). The %-
unrestricted LCS problem is NP-complete even if the
alphabet is of size two (Maier, 1978; see also Timkovskii,
1990), and the best known algorithms require O(#*) time
and space (Irving and Fraser, 1992). Our interest in this
problem comes from the fact that it is a special case of
the problems of consensus subsequence discovery and
multiple sequence alignment under arbitrary alignment
evaluation functions (Pevzner, 1992; Day and McMorris,
1993; Kececioglu, 1993; Bodlaender ef al., 1994a). Thus
complexity lower bounds on the LCS problem imply
complexity lower bounds for these more complex and
realistically formulated problems in biological computing.

Consider the complexity of the following parameterized
versions of LCS.

LONGEST COMMON SUBSEQUENCE

Instance: A set of k strings X7, ..., X} over an alphabet 3,
and a positive integer m.

Parameter I (LCS-1): k&

Parameter 2 (LCS-2). m

Parameter 3 (LCS-3): k,m

Parameter 4 (LCS-4): k&, |%|

Question: Isthere astring X € Z* of length at least m that
is a subsequence of X; fori=1,..,.&k ?

Let LCS-5 denote LCS-1 when the size of the alphabet X is
a fixed constant. The parameterized complexities of these
problems and several of their variants are shown in Table
I. Note that many of these problems become fixed-
parameter tractable when m and |X| are fixed in some
fashion (this is by the trivial algorithm that generates all
|Z|™ possible subsequence strings and checks them against
each X;). Our concern in this section is with LCS-4 and
LCS-5.

All of the k-parameterized versions of LCS are relevant
because conventional O(n*) time algorithms can only
handle instances of up to six strings, while an FPT
algorithm might be able to handle upwards of 20 strings.
The most compelling of these problems is LCS-5, since the
alphabet for biological sequences is often of fixed constant
size, e.g., DNA and protein sequences have alphabets of
size 4 and 20, respectively. Problem LCS-4 can be viewed
as a kind of approximation to LCS-5. Our failure to find a
hardness result for LCS-5 invites hope that it could be
fixed-parameter tractable.

Theorem. LCS-4 is hard for W[ for all 1.
Proof. The proof consists of a reduction from LCS-1 to
LCS-4.

Suppose we have sequences X;, 1 <i<k over an
alphabet of unrestricted size & = {¢[1],...,v[s]}. We may
assume, without loss of generality (by padding) that each
sequence X; has length n. Let m be a positive integer.

We describe how to compute from the above: (1) a set of
sequences (Y;), | < i<k, and Z over a new alphabet I of
size k& + 2, and (2) a positive integer #, such that there is
subsequence of length 7' common to the sequences (¥;)
and the sequence Z if and only if there is a subsequence of
length » commeon to the sequences (X;).

The positive integer m’ is described as follows. Let
I=n{s+2)+ 1. Then ' = (n+ 1)kI + m(s + 2).

Table L The fixed-parameter complexity of the LCS problem

Parameter Alphabet Size {Z|
Unbounded Parameter Constant
LCS-1 1LC5-4 LCS-5

k W(-hardfort>1  W[-hardfort>1 ?
[BDFW34,BFH94]  (below)
LCS-2

m W[2)-hard FPT FPT
[BDFW94]
LCS-3

k,m W[l]-complete FPT FPT
[BDFW9%4]
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unique; many problems in computational biclogy are
known either to be NP-hard or to have only O(x*)
algorithms. To solve such problems in practice, investi-
gators must often settle for suboptimal solutions obtained
by algorithms that are fast but are either approximate or
solution-constrained (Kruskal and Sankofl, 1983; Pevz-
ner, 1992; Gusfield, 1993; Wareham, 1993; Jiang and Li,
1994b). Fixed-parameter algorithms are useful because
they can provide exact solutions to the most commonly
encountered (albeit smallest) instances of these problems.
Moreover, even if we show that such algorithms probably
do not exist by analyses like that given above, these same
analyses establish the contribution that each parameter
makes fo a problem’s complexity, and thus suggest
constraints that may make restricted versions of these
problems practical.

In this section, we describe several problems from three
areas of computational biclogy whose parameterized
versions are of inferest,

Multiple sequence alignment

As noted earlier, a longest common subsequence of a given
set S of strings is not only a measure of agreement (or
consensus) among these strings, but is also a guide for
showing how parts of these strings relate to one another
(alignment). In this section, we will consider more
sophisticated types of alignment.

Given a set of strings X = {xy,...,x;} on an alphabet
%, an alignment of X is a set of strings 4 = {a,,...,a.},
|a1| = laz| = ... =lay| = n, on augmented alphabet I" =
Y U {A} such that each string &; is a copy of x; into which
n — |x;| copies of special symbol A have been inserted
(Pevzner, 1992; Kececioglu, 1993). Symbol A is called an
indel and represents the insertion or deletion of a
particular symbol in one string relative to another. Let
a; be the symbol in the j-th position of string a;, and
A;, 1 <j<n, be the k-vector {ay;,...,a} of symbols
appearing in position j of the strings of A. Given a cost
function ¢ : I*—R on Aj, the cost of an alignment A is the
sum of the costs of all 4;. If arbitrary cost functions are
allowed then the problem of finding the minimal cost
alignment of a set of strings is NP-hard, because the LCS
problem can be solved using a particular cost function
(Pevzner, 1992; Kececioglu, 1993). Two of the most
commonly-used cost functions are constructed from a
given I" x T’ symmetric matrix M, where M{x,y), x,y € T,
is the cost of converting symbol x to symbol y.

I. ‘Sum of Pairs’ (8P) cgp(d;, M) =
Dcicisk M(ay, ap).

2. Tree Alignment (TA) Function: Define a tree-alignment
T of X as a tree T =(V,E) such that each ver-
tex is labelled with a different string from T2,

Function:

P = maX, ey |x;|, and each string in X is a subsequence
of a distinct vertex-label string in V. Let /{v), v € V¥, be
the vertex-label string associated with vertex vin 7, and
I{v;) be the j-th character in that vertex-label string.
Note that implicit in 7 is an alignment of the strings in
X; denote this alignment over all vertex-label strings in
T as T4, and let Ty denote the j-th column of T4. Then

CT4 AHJ\&, Ev = M?.&mm EQC@.Y mcm.vv.

This yields the following variants of the general multiple
sequence alignment problem:

MULTIPLE SEQUENCE SP ALIGNMENT (MSA-SP)

Instance: A set X of k strings on alphabet £, a I'x T
symmetric matrix M, and an integer .

Question: Is there an alignment 4 of X such that
csp(d, M) < m?

MULTIPLE SEQUENCE TA ALIGNMENT (MSA-TA)

Instance: A set X of & strings on alphabet &, a T x I
symmetric matrix M, and an integer m.

Question: Is there a tree-alignment T of X such that
cra(T, M) < m?

MULTIPLE SEQUENCE TA ALIGNMENT WITH GIVEN TREE
(MSA-TAG)

Instance: A set X of k strings on alphabet X, a partial tree-
alignment T = (¥, E) such that each string in X is a
subsequence of a distinct vertex-label stringin ¥’ € ¥ and
the vertices in ¥ — ¥’ are unlabelled, a T x T’ symmetric
matrix M, and an integer m.

Question: Is there an assignment of vertex-label strings to
the unlabelled vertices of T, ie., ¥V — V', such that
C14 AN._M M v < m?

Problems MSA-SP and MSA-TA are NP-hard by Wang
and Jang (1994) and Sweedyk and Warnow (1994),
respectively, and MSA-TAG is NP-complete when the
given tree is binary and MAX SNP-hard when the given
tree is a star (Wang and Jiang, 1994). The best known
algorithms for MSA-SP require O(x*) time, and those for
MSA-TA and MSA-TAG require exponential time (see
Wang and Jiang, 1994, and references). The k- and |Z}-
parameterized versions of these problems are useful for
the same reasons as given above for the LCS problem; it
might also be interesting to investigate parameterizations
of properties of the given trees in MSA-TAG, e.g., number
of Steiner vertices, maximum path length between any pair
of leaves.

One approach to sidestepping the complexity of k-

. . k .
sequence alignments is to compute all 5 | pairwise

alignments, select a subset of these alignments,’and merge
these selected alignments into a multiple alignment (see
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known. The k-parameterized versions of each of these
problems are of interest because it is unlikely that
hybridization tests can be carried out quickly and reliably
for complete oligonucleotide sets of length greater than 12
using current technology (Pevzner et al., 1991; Pevzner
and Lipshutz, 1994). Even within this range of k, errors at
various stages in processing can result in oligonucleotides
being added to or deleted from X (Southern ef al., 1992;
Pevzner and Lipshutz, 1994). Hypotheses of such errors
should be suggested only when necessary, and should be
added incrementally so that users can explore the space of
possible reconstructions that these errors allow. The m-
parameterized versions of problems SBH-ADD and SBH-
DEL are useful for adding hypotheses of error in this
manner.

A more general version of the sequence reconstruction
problem is: given a set of fragments of a sequence and a
measure of sequence overlap between each pair of
fragments in this set, reconstruct the order of these
fragments in the original sequence. This problem has
occurred at several levels (proteins, gene sequences,
chromosome sequences) in DNA physical mapping over
the last fifty years (Jungck er al., 1982, p. 259). Let the
fragments correspond to the vertices of a graph @, and let
each overlap be represented by an edge between the
corresponding pair of vertices in . If the overlap data
is error-free and complete, then G is an interval
graph, and there are polynomial-time algorithms for
reconstructing the original fragment order (see Golumbic
(1980) and references). However, for a variety of reasons
(Michiels et al., 1987, pp. 205-208), there may be errors
in the data. Hence, the following problems may be
useful.

GRAPH INTERVALIZATION BY 4DDITIONS (GI-ADD)
Instance: A graph G = (¥, E) and an integer k.
Question. Is there an interval graph G = (¥, E') such that
ECE and|E—E|<K?

(GRAPH INTERVALIZATION BY DELETIONS (GI-DEL)
Instance: A graph G = (V, E) and an integer k.
Question: Is there an interval graph G’ = (¥, E') such that
E CEand |[E-E|<K?

GRAPH INTERVALIZATION BY DELETIONS AND ADDITIONS
(GI-DEL/ADD)

Instance: A graph G = (V, E) and an integer k.
Question: Is there an interval graph G' = (V,E’) such
that the symmetric difference of E and E' < k?

Problems GI-ADD and GI-DEL are NP-complete by
Garey and Johnson (1979) (Problem GT35) and Goldberg
et al. (1993), respectively; the complexity of problem

GI-DEL/ADD is unknown. As with the SBH problems
above, the k-parameterized versions of these problems are
useful for the gradual addition of hypotheses of error.
Various NP-completeness and W-hardness results have
recently been derived for versions of these problems that
have been restricted to fragments of unit length, fragments
that are not allowed to be properly included inside
each other, and solution interval graphs of bounded clique
size (Goldberg et al., 1993; Kaplan and Shamir, 1993;
Golumbic ef al., 1994; Kaplan ef al., 1994). Note that these
problems can also be stated on colored graphs, yielding
alternate (and more biclogically useful) versions of the
problem INTERVALIZING COLORED GRAPHS studied in
Fellows et al. (1993) and Bodlaender et al. (1994b).

3-D Biopolymer folding

All known approaches to determining the 3-D structure
of biopolymers from their sequences seem fo require
exponential time {(Reeke, 1988). A potentially more
tractable approximate model, the lattice model, has been
studied extensively over the last seven years, both via
statistical mechanics and computational simulations
{(Chan and Dill, 1991, 1993; Frauenfelder and Wolynes,
1994). In such models, polymers are folded such that their
basic units, e.g., nucleotides, amino acids, are restricted to
intersection points on a 2-D grid or 3-D cubic lattice.
Given a sequence over an alphabet X and a |Z| x |Z| base-
interaction sirength matrix M, the optimal (and presumed
natural) fold of the sequence is that configuration of the
sequence on the lattice such that the sum of interaction
strengths between all positions in the sequence is
maximized. A particularly simple version of this model
studied by Dill and his colleagues (see Chan and Dill,
1993, and references) considers only those interactions
between bases that are adjacent on the lattice but not
adjacent in the sequence. For a base s; in a sequence § and
a fold f of s on a lattice, let A(s;, f) be the set of bases in s
that can interact with s;.

d-LATTICE PROTEIN FOLDING (4LPF)

Instance: A sequence s on alphabet I, a |E| x || matrix
M, an integer /.

Question: Is there a fold f of s on the d-dimensional
lattice such that M_MH_H > oxea(s) M(x,8) 2 1

INVERSE d-LATTICE PROTEIN FOLDING (IdLPF)

Instance: A fold f of length # on a d-dimensional lattice,
an alphabet %, a |3| x || matrix M.

Question: Is there a sequence s € £" such that f is an
optimal-cost fold for s under M?

The first problem is useful in determining the fold of a
particular sequence, while the second is useful for
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