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General Topology

Assignment 1

1. Let  be any set. Prove that the cofinite topology is indeed a topology on .H H

2. Repeat Question 1 for the cocountable topology.

3. Show that , with its usual topology, is second countable.‘

4. Suppose that the topological space  is second countable. Show that, in thatH

case, it has the following property.

 [ ]:  for any family  of open sets in , there is a  subfamily P h H i hcountable ©
such that

. .
Y− Y−i h

Y œ YÞ

[If  is uncountable, most of its members are “redundant” in the union.]h

5. Define a class  of sets in  by the rule that  if and only if there is aZ ‘ ZK −
set , open in the Euclidean topology on , such that  and  is finite orY K © Y Y Ï K‘

countable. Show that  is a topology in , and that it is the coarsest topology that isZ ‘

finer than both the standard topology on  and the cocountable topology on .‘ ‘

6. Prove that the topology  just defined in  is not first countable (  itZ ‘ a fortiori
is not second countable).

7. Prove that the topology  still has the property [ ] of question 4. (Thus [ ]Z P P
is not equivalent to second countability.)

8. Suppose that  are subsets of a topological space  such thatEßF H

cl clÐEÑ ∩ F œ E ∩ ÐFÑ œ g

(one sometimes says that  and  are  in such a case). Prove that thenE F separated

Fr Fr FrÐE ∪ FÑ œ ÐEÑ ∪ ÐFÑ Þ

Here Fr , the  of , is defined to be cl int . [It is sometimes alsoÐEÑ E ÐEÑ Ï ÐEÑfrontier
called the  of . Both names are a little unsatisfactory, since they suggest toboundary E
the mind a “geometrical” interpretation that is quite inappropriate.]

9. Suppose  is a subset of the topological space . Define , theE E ³ EH Ð"Ñ w

derived set of ; inductively, let , the th derived set of .E E ³ ÐE Ñ Ð8 � "Ñ EÐ8�"Ñ Ð8Ñ w

Give examples of subsets  of  (where  has the Euclidean topology) such that\ ‘ ‘

  ;   ; (a) (b)\ œ g \ œ g Á \Ð"Ñ Ð#Ñ Ð"Ñ

   , but  are all different;(c) \ œ g \ ß\ ß\Ð$Ñ Ð#Ñ Ð"Ñ

  all of the sets  are different.(d) \ß\ ß\ ßáÐ"Ñ Ð#Ñ



10. Give an example of a first countable topological space that is not second
countable.
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