MATH 452

General Topology

Assignment 1

1. LetQ be any set. Prove that the cofinite toppliegndeed a topology an
2. Repeat Question 1 for the cocountable topology.
3. Show thaRR , with its usual topology, is secoadrtable.

4. Suppose that the topological sp&re is secomdtable. Show that, in that
case, it has the following property.

[P]: for any familyl/ of open sets @1 , there isauntable subfamily V C U

such that
UUGV U= UUeu U.

[If ¢is uncountable, most of its members are “rethmt” in the union.]

5. Define aclas§ of setsih bythe rule tikae G  anid only if there is a
setU , open in the Euclidean topologylen , suchthat U andU \ G is finite or
countable. Show tha is a topologyltn , and tha& the coarsest topology that is
finer than both the standard topologyl®n and te®antable topology oR

6. Prove that the topolodgy just defined®lin isfirst countabled fortiori it
is not second countable).

7. Prove that the topology still has the prop@fjyof question 4. (ThusH ]
is not equivalent to second countability.)

8. Supposethatl, B are subsets of a topological Spateh that
cl(lA)nB=Ancl(B) =10
(one sometimes says that aBd sgmarated in such a ¢asek that then
Fr(AUB) = Fr(A)U F(B).

Here F(A) , thdrontier ofd , is defined to be(4)\ (iA) . [It nsetimes also
called theboundary of4 . Both names are a little unsatisigc since they suggest to
the mind a “geometrical” interpretation that istgunappropriate.]

9. Supposed is a subset of the topological spad@efine A := A’ | the
derived set ofd ; inductively, led" ) := (AM™)  te + 1) th derivamt ofA .
Give examples of subsets Rf (wh&e has the &eeoh topology) such that
@ XU=0; b XO=p£x0:
© XO =¢,butX® XU X are all different;
(d) all of the setsX, XM, X® . are different.

over —



10. Give an example of a first countable topologsm@ace that is not second
countable.
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