Math 442

Exercise set 5

1. LetE be aomplex inner product space. Prove the deebadlarization identity:
(Vz,y € B) 4lz,y) = (lz+yl* — o —l*) +i(lle + iy — [l - iy[").

2. Deduce from the previous question thatfif  i®a normed space for which the
“Apollonian identity”
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Ve,y € B) o +yll” + [z —ylI” = 2l[=[I” + 2[jy|

holds, then the norm may be derived from a reanpmoduct inF .
[It is easy to guess what the inner product ougHte, but showing that it sdditive in
the first variable requires ingenuity. It is notdtobvious how to do it.]

3. Deduce further from the polarization identitattf £ is acomplex normed space for
which the Apollonian identity holds, then the nomay be derived from a (complex, i.e.
Hermitian) inner product ik

[Exploit — and assume, if necessary — the prevopuestion. You have already defined a
real inner product ot ; has it any properties with eg$po multiplication by i ?]

4. Suppose thaf! is an inner product space. A dimeapping S € L(E;E) is
described askew-adjoint if, for alz,y € E {Sx,y) = —(x, Sy) . Show that, whEn is a
real inner product space, the real-linear mappingill be skew-adjoint if and only if, for all
reFlE, (Sx,z)=0.

If, on the other handZ is a complex inner prodyece andS : E — E is eomplex
linear mapping, prove that it will be skew-adjoihand only if (Sz,z) is purely imaginary
forall z € F.

5. A complex-valued function is described as C offhbits real and its imaginary parts
are C° as real-valued functions. LiEt be the compbmtor space of function® — C
that are C in this sense and periodic with pefzad(the linear operations are to be defined
pointwise). Define an inner product @h by
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(f,9) = i f(t)g(t)dt,

andletD: E — E Dbe the linear operator given by
(VteR) (Df)E) = f(t).

Show that the differentiation operatbr is skewsadj and find its image and its kernel.

6. Prove that the inner-product spdce of the previexercise isot a Hilbert space.
[The easiest proof is probabtgt  one that showsctir¢hat it is metrically incomplete! See
the previous question.]



7. A setQ in any (real or complex) vector spaceois/ex if, whenevera,b € ( and
t €[0,1], then ta+ (1 —t)b € Q too. (What this means geometrically is,thagether
with any two of its pointsi) must contain the whsleight-line segment between them.) An
extreme point of a convex sef) is a point € (  that cannot be arimt point of any line
segment ir) ; formally, this means

Va,be Q)(Vt € (0,1)) z=ta+(1—-t)b=z=a=0.

Now suppose thatH is a Hilbert space. Tlohosed unit ball Hf is
K :={x € H :|z|]| <1}. Show thatKX is convex, and that a point K IS ameexe
point of K if and only if ||z|| =1 .

8. Let (1,C, be two closed convex subsets of a Hilbpace H , and suppose that
x ¢ C1 U, . Prove that there are unique pointse C;  ys,€ C such that

|z —1]|* + ||z — 12|? = inf{||z — 21> + ||lz — 2||*: 21 € C1 & 2z € Cy}.

9. (a) LetA be any subset of the Hilbert spate . Ptoag(A')* is the closure of
the linear span ol [which was, for conveniencenstimes denoted (A) in the notes.]
(b) Prove that a finite-dimensional vector subspdca Hilbert space is necessarily
closed. [The same is true in any Hausdorff top@algvector space, but the proof is long.]

10. LetE be any Banach space. Recall that an imtlenbset{z, : « € A} off is
said to have thanorderedsum =z € £ if, forany > 0 , thereis a finsetD ofA such

that, whenevet’ is a finite subsetof amiC C H:z; =3 x| <e . [Pomtof

this definition is twofold. Firstly, onlyinite sums il make algebraic sense. Secondly if

is not a subset dff , there is no obvious way ahtakhe limit of a sequence of sums.]
Prove that{z, : « € A} has an unordered sum if and only #atisfies the “Cauchy

condition” that, for everye > 0 , there is a finite seb® of A such that, for any finite

subsetB ofA disjoint fromD |, ZQGB z.|| <€ . Show also that, imttitase, the set

Q ={ae€ A:z,#0} is (finite or) countable, and that, if it is ind=kin any way as a

(finite or infinite) sequence{q(1),¢(2),...} , the correspondingries Z:ilscq(n)

converges tor . [*Only if” is fairly easy. For “if'take a specific arrangement @ as a
sequence and show that the Cauchy condition faheeseries to converge to a sum that can
be taken for % ”. The moral is that “unordered surass, except for zeros, sums of series that
have the property of remaining convergent, and withsame sum, no matter how they are

rearranged: the so-called “unconditionally convatfeeries.]




