Math 442

Exercise set 4

1. Let ¢y be the vector space B -valued sequen@g$ uch that ¢, — 0 as
n — oo, With termwise operations. Show that it is a Bamsygace under the norm

1€)== sup{[&n] : n € N} . @)
2. Given (n,) €' , definep : cg — K by

(V&) € o) d((&)) =D

Prove that this definition makes sense, that ¢, , thatl the mapping(n,,) — ¢ is an
isometric isomorphism betwedh  (with its usual npamd ¢ (with the norm dual to (1)).
[One customarily says that the dualqfis , or astiesnaturally identified with, ' ]

>~ i - )

n=1

3. Use the identification ot with' to present a@mmple of a continuous linear
functionaly onc¢y, suchthalp(z)| < ||¢||/|z|] for any non-zetoc ¢y . (Pane 12.2.)

4. Show that the dual df  may be isometrically tiferd with [ by the formula (2).
Deduce thaty, is not reflexive.

5. LetF be a closed vector subspace of the normades” . Use the Hahn-Banach
theorem to show thaf” s naturally identified (isdrically) with a quotient space of’
Similarly, show that(E/F)’ is naturally identified (isetnically) with a closed subspace of
E’. Deduce that any closed vector subspace of aredl@anach space is itself reflexive.

6. A closed vector subspaé¢é of a Banach spacedesesribed asomplemented  if
there is a second closed vector subspdce Eof soah F'n F; ={0} and
F + Fy, = E. Prove that in this case the mappidg® F — E : (f, fi)— f+ f1 is a
continuous linear isomorphism with continuous irseer

7. Show that the vector subspdce of the Banaatedpas closed and complemented
if and only if there is a bounded linear map: £ — F stiwlt 72 =T (U is then
described aslempotent or@ojection ) anf(E) = F

8. Isi! reflexive? I~ reflexive? (Give reasons.)

9*. LetE be a Banach space, and Jet £/ — E"’ be the bidagl of £’ . Show
that J(E’) is a complemented subspace W . (HINT: isufficient — why? — to
construct 7' € L(E",E’) such thaf'J is the identity @’ . Thisaidovely piece of
“abstract nonsense” that is far less subtle théraatens.)

10. Let £ be a Banach space. Defing E) to be the mbrepace ofFE -valued
sequences tending ®; , with the notft€,,)|| = sup{||&.||z : n € N} . Show treatitial
of ¢o(E) may be naturally isometrically identified withsequence spadé(E’) which is
defined in a similar fashion.



