Math 442

Exercise set 3

1. Letge C([0,1];K) . Show that the mapping

C([0,1;K) — K: f— o g(t)f(t)dt

is a continuous linear functional afi(]0, 1]; K)

Give (with proof) an example of a continuous lindanctional on C([0,1];K) that
cannot be described by an integral of this kind.

2. Show thatd(f,g) ::/0 1 ff;()x; g(;c()lsﬂ

and that the linear operations are continuous reipect to this metric.

dr defines a metric afi([0, 1];K)

1
3. Similarly, show thatd'(f, g) ::/ min(| f(z) — g(z)|,1) dz defines a metric on
0

C'([0,1]; K), and that the linear operations are continuous mispect to this metric.

4*. Show that the metrics of questions 2 and 3 defie same topology. [It will suffice
to show that any opeh -ball about the origin ineldn oped '-ball and vice versa.]

5. Is thetopology defined by the metri¢  of question 3rdddle by a norm? [This is
not trivial. One way of doing it is to find a seque (z,) such thatz, — 0 with respect to
n+1 + Tn42 + -+ Ton

n
from a norm, they would have to — why?]

6. Find armalgebraic basis for the spacg over the fi€ldiv) 6f the list in 8.6).

7. A topological spac€ idausdorff if, for any two pointsy of 2 (with x # vy,
there are open setg,V  suchthae U ye¢V ,ana vV =10

Let £ be a topological vector space. Show thathéf set{0} is a closed subsetiof |,
thenFE is Hausdorff. [Use QI8 ]

8. LetFE be atopological vector space. Show thairkersection of all the open sets in
E that contain the origin is a closed vector subsgacof £, and thaty is Hausdorff if and
only if K = {0}.[Again, 9.3 is helpful.]

9. Show that the only possible topologies underctvi is a topological vector space
over itself are the “indiscrete” topology (in whitte only open sets afe akd itself) and
the usual topology dK . [HINT: considbalanced  open smistaining the origin; show they
must be “balls” in the usual sensedn . This isastlifficult as it may look at first.]

d, but the arithmetic meang

do not tend to . Ifthmology came



