
Math 442

Exercise set 2

1.  Prove Lemma 2.12: if  is a continuous map between topological(a) 0 À H Ò H" #

spaces, then, for any , cl cl .E © 0Ð EÑ © Ð0ÐEÑÑH"
  Prove that, if  and  are continuous maps between(b) 0 À 1 ÀH Ò H H Ò H" # # $

topological spaces, then  is also continuous.1 ‰ 0 À H Ò H" $

2. Let  be a topological space. A class  of subsets of  is called a Ð ß ÑH g U H base for the
topology of  if, firstly, , and, secondly, every member of  is a union of [possiblyH U g g©
very infinitely many] members of . Prove that, if  is a base for the topology of  andU U H
E © E EH U H, and any cover of  by members of  has a finite subcover, then  is compact in .

3. Show that, if  is a base for the topology of , a function  isU H G Ò H0 À
continuous (where  is a second topological space) if and only if  is open in  forH G0 ÐFÑ�"

every .F − U

4. If  is a metric space, prove that the mapping  is itselfÐ ß .Ñ . À ‚H H H Ò ‘
continuous when  is given the product topology.H H‚

5. The  is the subset  of  defined as , where the subsets Cantor set I Ò!ß "Ó I I+
8œ!
∞

8 8

of  are defined inductively.  is to be . If  has been defined, and is a unionÒ!ß "Ó I Ò!ß "Ó I! 8

of finitely many disjoint nondegenerate closed intervals,  (whereI ³ Ò+ ß , Ó8 58 585œ"
:Ð8Ñ-

 for ,   for ), + � , " Ÿ 5 Ÿ :Ð8Ñ , � + " Ÿ 5 � :Ð8Ñ58 58 58 5 "ß8

then . That is, we remove theI ³ Ò+ ß +  , Ó ∪ Ò +  , ß , Ó8 " 58 58 58 58 58 585œ"
:Ð8Ñ # " " #

$ $ $ $
- ˆ ‰

(open) “middle third” of each constituent subinterval of  to obtain . [  is sometimesI I I8 8 "

called the Cantor “middle third” set, because one could, in principle, also change the fraction
removed from the subintervals at each stage.]

  Show that  is compact in .(a) I ‘
  Show that  is nowhere dense in .(b) I ‘
  Show that  is , by which I mean that every point of  is the limit(c) dense in itselfI I

of a sequence in  without repeats, i.e. is an accumulation point of .I I
  Show that  is uncountable. [Thus nowhere dense sets can easily be “large” in a(d) I

purely set-theoretic sense.]

6. Show that the  is continuous if  is adiagonal mapping H Ò H H H‚ À B È ÐBß BÑ
topological space and  is given the product topology.H H‚

7. Give counterexamples to show that Dini’s theorem fails if the assumption that the
sequence be pointwise monotonic is omitted, if the functions of the sequence are not required
to be continuous, or if the limit function is not required to be continuous.

8. Prove, along the same general lines as the argument of 3.2, that there is a sequence of
polynomials  which converges monotonically (and therefore uniformly) on the interval: ÐBÑ8

Ò!ß "Ó B to the function . (HINT: there are certainly many possible proofs, but the one thatÈ



2

is usually quoted proceeds by studying the function  instead. For , letÈ" � B ! Ÿ ? Ÿ "
9 9Ð?Ñ ³ ÐB  ? Ñ " � B � Ð" � ?Ñ " � B � Ð" � Ð?ÑÑ"

#
# # #, and show that, if , then  and

9Ð?Ñ % ? .)

9. Prove that, for any continuous function , any point , and0 À Ò!ß "Ó - − Ò!ß "ÓÒ ‚
any , there is a polynomial function  such that  and% % ! TÐBÑ T Ð-Ñ œ T Ð-Ñ œ !w ww

supÖ 0ÐBÑ � TÐBÑ À B − Ò!ß "Ó× �k k % .

10. Prove that, for any continuous function  and any , there is a0 À Ò"ß #Ó % !Ò ‚ %
polynomial function  consisting entirely of terms of even degree greater than  such thatT &

supÖ 0ÐBÑ � TÐBÑ À B − Ò"ß #Ó× �k k % .

11. Let  be the class of  continuous bounded functions . Show thatG uniformly ‘ Ò ‘
G  is a Banach space with respect to pointwise linear operations and the norm
l l k k0 ³ Ö 0Ð>Ñ À > − ×sup ‘ , and an algebra with respect to pointwise multiplication.

12. Let  be as in the previous question. Suppose that  is a subalgebra of  thatG E G
contains the constant functions and separates the points of . Does the analogue of Stone’s‘
theorem hold in this case — that is, can any function in  be uniformly approximated byG
elements of ? Justify your answer.E


