Math 442

Exercise set 1

1. If (Q,dy),(Q,dy) are metric spacesy € 7, anfl: O — Qs a map, prove
that f is continuous at: € 2; in the sense of 1.5 if anly if, for any metrically open set
U containing f(x) , there is a metrically open Bet coimg x and such thayf (V) C U

Deduce thatf is metrically continuous at every poih(; if and only if f~1(WW) is
metrically open in(2; for every metrically open $gtof €2, .

2. (@ Let f:Q2— ¥ be a continuous map between metric spauas,suppose
that K is a sequentially compact subset)of . Proee £ is uniformly continuous od
[Hint: if not, then there is a sequencedn  for ethia convergensub sequence vyields a
contradiction.]

(b) Prove similarly that, ifF is a family of map® — ¥  aths equicontinuous at
each point of) , therF is uniformly equicontinuous/o.

3. Prove Theorem 1.15.

4. Let(f,) be asequence of functions between meqtdces, f,, : 2 — ¥ . Say that
it convergesubuniformly tof : Q2 — ¥ if

(Ve > 0)(Vx € Q)(36 > 0)(AN € N) do(z,y) <d & n> N = dy(fu(y), f(y)) <e€.

[Notice thatd andV depend, in principle, bothaomd ane .] Prove that in that case, if each
fn is continuous atw € 2 , thefi is continuous at

dy

5. Show that the differential equatiog{; = ¢??  with ini@@ndition y(0) = 0 has

many solutions. (Hint: they are defined by diffarearmulae on different intervals @& . But

there is more than one way of seeing this.) Hotlisgsfact compatible with Theorem 2.7?
[This is not entirely a piece of formal nonsende/olu assume that a spherical raindrop

accretes water at a rate proportional to its serf@®a, then its volume should satisfy the

. d : . ,
equation d_: — kv*3  for some constaht , which may be soleeith ghe question. It would

be silly to say that this constitutes an “explaowtiof raindrop formation, but at least it
shows that a very simple-minded mathematical m@debt entirely unrealistic.]

6. Let Q2 be a topological space, and: Q) — R . We say thats upper
semicontinuous at a € 2 if, for any € > 0 , the set{z € Q : f(x) < f(a) + €} is a neigh-
bourhood otz iM2 . Iff is upper semicontinuous atrepoint of the subset  6f , we say
IS upper semicontinuouson A.

Suppose thad is compact and non-empty, and fthat upper semicontinuous ot
Prove thatf(A) is bounded above, and there exists A h that f(a) = supA . [This
result is true in the general form stated; butdwdt be satisfied with a proof wheén is a
metric space and is sequentially compad?in .]

over —



7. Suppose thaf is a non-empty family of continuometions 2 — [0, 00) , where
Q) is a topological space. Prove that Q@ — R : z — inf{f(z): f € F} iS upper semi-
continuous onf) .

8. Let(Q2,d) be a metric space. Prove thiat 2 x Q@ — R is unifgroointinuous
(when 2 x © is given the product metric defined in 3.18)

9. (a) Give an example of a mapping: 2 — Q such fhat ismpact metric
space (with metrid ) and

(Vo,y € Q) d(f(x), f(y)) < d(z,y),

but f has no fixed point.

(b) Similarly, give an example of a mappigg of a paet metric spac&€ into
itself such that, whenever,y € Q@ and#y , théfy(x),g(y)) < d(z,y) (thay is,
“distance-decreasing”), byt met a contraction niagp

(c) Prove that, nevertheless, a distance-decreaseqgpimg of a compact metric
space into itself has a unique fixed point. (Hiot dne possible proof: consider the function
function x — d(z, f(z)) : @ — R . But there are other possibilities.)



