Math 442

Exercise set 3, 2008 — sketch solutions

1. Certainly the formula makes sense (siffce  @nde cantinuous on[0,1] , the
integral of f¢g is defined) and it is obviously linear f. So it is a linear functional on
C = (C([0,1];K). It only remains to show that it is also boundddwever,

(Vfel) < sup{[f(t)g(®)] - ¢ € [0, 1]} < [IFlllgll

/ g(t) £ (1) dt
[0,1]

so that it is indeed bounded, with a bound not editey ||g|| .

Take anya € [0,1] . The functionab : f — f(a) is also linear and i@atly) bounded,;
indeed, [|[6(f)]| = |f(a)| < ||f|| for everyf € C . Suppose that there exigts C h suc
that ¢(f) = / o) () dt foreveryf e C |

[0,1]

Suppose that0 <b<1 and#a . | claim that(b)=0 . Indeed,gifb) # 0 :

construct f € C' by the formula

F(t) = (1 — E:ZD@ whent € [0,1] and|t —a| < |b—a| ,
0 whent e [0,1] and|t—a|] > |b—a| .

Then f € ¢ and

t—>b
Frgte) = [ @—' Umm%ww
0,1] 0<t<1, [t—a|<[b—al b —al

(asg is continuous ang(b) # 0 , the integrand is positivesome nondegenerate interval
containing a ). But ¢(f) = f(a) =0 , by the construction. This cadiction shows
g(b) = 0. [There are many other possible proofs, of colirse.

Sinceg is zero at every point ¢f, 1] other than ffsahd is continuous, it is zero
throughout, and cannot correspond to the obviaushzero functionap .

2. Fora,beC,

la + b|(1+ |a|)(14 |b]) = |a+ b|] + |a||a + b| + |b]|a + b| + |a||b||a + b
< |a| + |b||al||a + b] + |b||a + b] + |a||b||a + b] + 2|a||b] + 2]a]|b||a + b
= la|(1 +[b[)(1 + |a +b]) + [b](1 + |a|)(1 + [a + b]) .

Hence, dividing by(1 + |a|)(1 + |8))(1 + |a + 0]) ,

|a +b| |al n 0|
L+la+b — 1+]a]  1+b’

and, if f,g,h € C := C(|0, 1];K) , the inequality



[f@) —h@)]  __|f@) —g@)] _|h(z)—g@)]
L+ [f(z) —g(@)] = 1+ [f(2) —g(z)] 1+ [h(x) - g(z)]

holds for eachz € €2 . On integration, this gives thartgle inequality fokl . It is obvious

that d({f},{g}) =0 onlyif f=g a.e.
Suppose thatf, g, h,k € C . Then (1) gives with suitable chanfestation

(f(x) +g(=) = (W(=z) + k@) _ _[f(x) = h(z)] l9(x) — k(2)]
L+ [(f(2) + 9(x)) = (h(z) + k(2))] = 1+ [f(x) —h(2)] 1+ |g(z) = k(2)]

for eachr , and on integration we find that
d(f +g,h+k) <d(f,h)+d(g, k),
which shows that addition is (uniformly) continuomsgh respect tal :

d(f,h) < 3¢ & d(g,k) < 5e = d(f +g,h+k) <e.

1)

That was easy, but scalar multiplication is har@mppose) € K\ {0} ,feC\{ P ,
and ¢ >0 . Choose a natural numbéf such that+ 1< K & ,= 3¢/K and
& :=min(ze/||f|l,1), and then, ifd(f,g) <8 andX— | <é& , (1) gives [notice that
a/(1+ a) increases witlh, , fow >0 ]
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K|f(z) — g(z)]
< ollfll+ 5 + K|f(z) — g(z)|
iy |f(z) — g(z)]

L+ [f(z) — g(=)|
(by induction from (1), sinc& is a natural numb&iw integrate:
d(\f,ng) < 56+ Kd(f,g) = je+3e=€.

The cases where f =0  are similar but simpler, and t @meim. [I don’t claim this is the
only possible argument — far from it.]

3.  Much the same proofs as in the last questiolyapfe show that, fora,b € C ,
min(|ja + b],1) < min(|a|, 1) + min(|b], 1). (2)

Now |a+b| <|a|+10|; if Ja+b/ <1, |a|] <1, || <1, the desired inequality
reduces to this, and ifa| > 1 it becomés+ b| < 1+ min(|b[,1) , which isessltrue.
(Likewise if |b| > 1.) On the other hand, ifla +b| > 1 , theh< |a|+ |b| , d@) holds if
the minima are|al, |b| , whilst if either minimum Is  itlte anyway. Thatd’ is a metric,
and that addition is continuous, follow as bef@khough the proof of continuity of scalar
multiplication is not quite identical, the differegs are in the formulae and not in the ideas.



4. It is clear thatli—a <min(a,1) forany >0 . (e =0 , both sides arelf
0 <a <1, the left-hand side is less than and the riginidhside isa . Ifa > 1 , the left
side is less thag and the rightlis .) But alsein(a,1) < li——aa for, if 0<a<1,
a+a? < 2a,whilstif a >1, 1<2a/(1+a).Thus, foranyf € C

@ i el e —
a0 = [ hs e < [minr@lde = a0
|

@,
<2/ T )] = 20

from which the result follows easily. (Thanks taitiian for a much simplified argument.]

5. Firstly, let (£, ||||) be a normed space, and suppfijse- 0  E.iRor anye >0 ,
there is somé&' suchthat> N = ||f.|| <e .Thuspuf> N

‘fn+1+fn+2+---+f2n o Ml + -+ [ foull _

n n
Thus g, — 0 , where, foreach e N g, = _ ot fae o 4 fon
n
Now define a sequencgf,) @ as follows s the tioncthat is constantly . If

keN and 28! <n < 2F ' sayn =21+ | therf, isdefinedforc [0,1] by

(1) = 0 if |t — 217k > 21k,
U 2k — 28t — 217K])  otherwise.
Finally, define fyi(t) = 2F"1(1 — 281¢) if 0 <t < 2'F | fou(t) = 281 (1 — 28 1(1 — 1))
if 1-2"%"<t<1,and fu(t) =0 otherwise. [Think of this graphically;etterms for

2kl < n < 2F give 2871 — 1 teeth of heighe*~! and widt?*—* , and the term= 2*
is a pair of half-teeth at the ends.] Hence,

k—1
Zi (@) =281 forall ¢ € [0,1].

[Adjacent teeth add up exactly to a constant hdightt this implies that the means

21\ 1
ok~ 12 i

are all the same af , and do not tend to . [Thisasubsequence, indexed by powers of
2, of the sequencéy,,) of all the means. But of coygsé cannot tend t0 either.]

On the other handd'(f,,0) < 2.2'"%  foe*~! <n <2 | becauge takes value
except on an interval, or on the union of two inéds, of total lengtr2?>~* | and the integrand
in the definition of d cannot exceed (and is lesss@ne points of the intervals in
question). Thus, in factd’(f,,0) < 4/n  forall ,soth#t — 0

6. Define (as usualy, to be the sequenceyjn tsbH terms zero except the th,
which is1. If one has a linear relation amongst¢he

ijl )\7'en(7') =0

(where the indicesi(r) are all distinct), then ti{e) tettm of the sequence on the left is



Ar, and it follows thatA, = 0 for each . Thus the gef,e.,...} linsarly independent.
On the other hand, it = (&,&,&3,...) €Ecp ,ang. =0 for> R , then clearly

R
T = Zr:l &en.

So {e1,e9,€e3,... } is an algebraic basis fog,

7. Supposex,y€ E andc#y .Thep—xz#0 . A9} is closed, there is an
opensel/' suchthaie U arid¢ y—x+U .By7.3,thereis a bathapen sét’ such
that 0 €V (any non-empty balanced set must contain ¢ an+V C U . Now
x+V,y+V are open sets containingz,y respectively, and | rasgbat
(+V)Ny+V)=0.

Indeed, suppose thate (z+V)N(y+V) .Then—zeV and-y €V, which
implies z — z € V, sincd/ is balanced; so—y=(y—2)+ (z—z) eV +V €U, and

O=@y—a)+(z—y ey—z+U.

This contradicts the definition @f . We concludattiiz + V) N (y + V') = 0 . This shows
that F satisfies the definition of a Hausdorff space

8. LetK denote the intersection of all the opes sentaining the origin; lef, i € K
and z,y € K . Take any open sBf  containing ./As is alogpcal vector space, there
is an open setV’  containiflg such that the mapping

¢: (&)= A+un: ExXE—E

carries W/ x W' intoW . Butz,y e K CW' ,so\z+uyeW ;and @  could be any
open set containing , this shows + uy € K .&0 is a vestibspace.

Supposex ¢ K . Then there exists an openlset containswrch thatz ¢ U , and
(again by continuity) there is anothéf, , suchthatV :={a—b:a,b€V} CU. (You
could refer here to Lemma 6.3.) Butthén+ V)NV =0 (for othse there would exist
vi,v2 €V such thatz + vy =v, ande =vy—v; €U ). Hencéx +V)NK =0 .As
x + V is an open set containing , this shows that amytponot in K is contained in an
open set disjoint fronk’ ; s& is closed.

If £ is Hausdorff, andz # 0 , there is an open @t dairtg 0 such thatz ¢ @@ . So
x ¢ K;and K can consist only of the single elemént .\w@csely, if K = {0} , and if
y#z inE,theny — 2z ¢ K and, taking: :=y — z in the argument of thevjmnes para-
graph, there is an open dét  contairing such that z + V)NV = (), or, equivalently,
(y+V)N(z+V)=0.ThusE is Hausdorff.

9. Suppose that there is an openiget Kin  whicteither() norK . Ifa € U , then
U — a is an open set containiigy and not equdlto ..BytBere is a balanced open Bet
suchthat0 e V CU —a .Takeany ¢ V. ,andany V' \ {0} .ThenVas is baethn

{pb:|p| >13NnV =0, V2O{ic:|\ <1},

which clearly says thaB3(0; |c|) CV C B(0;|b|) . SinceV s also an opéraetaining

0, for any « > 0 , it follows that all the ball$(0; x|b|)  with et to the modulus i
contain an open set containiig , and that all le#ldropen sets containillg also contain a
ball aboutd with respect to the modulus. This djeareans that the given topology is in fact
the usual topology.



