Math 442
Exercise set 6, 2008

In various Hilbert spaces, there are standard ondimal bases, which arose in many
cases from important problems.

One of the most famous is the basisZif(—1, 1) formedhieyLegendre polynomials
also calledLegendre coefficientsor zonal harmonicsThey were invented explicitly by
Legendre in 1785, although they had been knownlosteince before, and have applications
in potential theory (solving Laplace’s equationsjpherical polars). Exercises 1-7 introduce
some of their properties. There are several eqemalefinitions; but, whichever you choose,
it is an interesting exercise to deduce the othepegrties. You may find it easier to do the
exercises in a different order, although | havediio suggest a possible path to follow. Some
steps are easy and obvious, whilst others are geitglexing — the theory was developed
over quite a long period by several mathematiciangn era when heavy manipulation was
the norm, so each of the various formulse was aeasment.

1. Define, forn=0,1,2,...

1 d" "
P,(z) = S d:z:”{(xQ —1)"}.

(Rodrigues’ formulg(1816) for the Legendre polynomi&l, .) Clea®; aipolynomial of
degreen , as the th derivative of a polynomial @rde 2n . CalculatePy(x), P (z), Po(x)

2. Show by integration by parts thatt > n > 0

1 1
2
P (z) Py(z)dz =0, P,(z)* dx = :
[ Puta) Pufa) do [ Papde= 52
3. Deduce from the previous exercise t a{/n+ % P,(z):x=0,1,2, } is an

orthonormalbasis inL?([-1,1];\) , whera. is Lebesgue measur inYou (will need to
make an assumption that | also made in 17.16.)

4. Show that
1 0 if 0<m<n-1,
(@) / 2Py () P () do = 2n i _
=n-—1
-1 @nt)en—1 "M
1 .
/ 0 if n<m,
(b) /_1 () Py (z) d = { 1—(=1)™* if n>m;and that
) 0 if n<m,
_1\ym+n P
-1 2n .
if m=n.
2n+1

over——



5. Show that, forn > 1

@ (+1)P(r) = (2n+1)50Pn(3?) Bua(@),
(b) nP,(x) = 2P, () — B (e )

© nb,1(x) = P(z) — 2P, (2),

(d) (x* = 1)P!(x) = nxP,(x ) —nP,_1(z).

[There are many possible proofs of these relafjons.

6. Prove thatP,(z) satisfies the differential equatioegendre’s differential equation
of degreen )
d*y dy
—1)— +2z— — 1 .
(2 )de-l— T n(n+ 1)y =20
7. Show thatP,(z) may equivalently be defined as theffimient of A" in the
expansion as a power serieshin (bf— 2zh + h?)~1/2

8. Suppose(a,b) is a non-degenerate open intenfl formél values+oo  allowed),
and w: (a,b) — R is a positive-valued continuous function(anb) Let. (¢,(z))>, be
a sequence of polynomials it?((a,b); w)  (supposing they g&t)esuch that the degree of
¢ isn (andqy is non-zero) and

b
/ Gm () gn(z) w(z)dz =0 for m #n.
[This implies linear independence éf, : n =0,1,2,...} .] Show tffat.eachn ,

(@) gn(z) has exactly. distinct zeros, all ja,b) ;

(b) for any real constant ¢,.1 — g, has+1 distinct real roofswhich at
leastn liein(a,b) ;

(c) between any two adjacent zerosq@f , there istgxaoe zero ofg,.; (and
vice versa

[Remark:continuity ofw is a stronger condition than is neakeded. It is perhaps easier

to consider “changes of sign” rather than zeros.]

9. Define theHermite polynomialH,,(z) by the identity
exp2zt — t%) = Z:io Hy (@)t

n!

dxn
0 if m+#n,
2”n!ﬁ if m =

Prove the “Rodrigues formulaH,, (z) = (—1)" exp(z?) (exg—=2?)), and show

/ H,(z (z) exp(—2?) dx

Prove the relations
H,1(z) =2xH,(x) — 2nH, () and H(z)=2nH, (z) .

[The Hermite polynomials do form an orthonormalibas LQ(R,e‘”’Q) , but a proof of
this fact is rather non-trivial — not advanced ealty difficult, but far from obvious either.]



