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Math 442

Exercise set 6, 2008

In various Hilbert spaces, there are standard orthonormal bases, which arose in many
cases from important problems.

One of the most famous is the basis in  formed by the ,P Ð�"ß "Ñ# Legendre polynomials
also called  or . They were invented explicitly byLegendre coefficients zonal harmonics
Legendre in 1785, although they had been known in substance before, and have applications
in potential theory (solving Laplace’s equation in spherical polars). Exercises 1–7 introduce
some of their properties. There are several equivalent definitions; but, whichever you choose,
it is an interesting exercise to deduce the other properties. You may find it easier to do the
exercises in a different order, although I have tried to suggest a possible path to follow. Some
steps are easy and obvious, whilst others are quite perplexing — the theory was developed
over quite a long period by several mathematicians, in an era when heavy manipulation was
the norm, so each of the various formulæ was an achievement.
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3. Deduce from the previous exercise that  is anš ›É8 � T ÐBÑ À B œ !ß "ß #ßá"
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orthonormal  in , where  is Lebesgue measure in . (You will need tobasis P ÐÒ�"ß "Óà Ñ# - - ‘

make an assumption that I also made in 17.16.)
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5. Show that, for ,8 � "
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[There are many possible proofs of these relations.]

6. Prove that  satisfies the differential equation (Legendre’s differential equationT ÐBÑ8

of degree )8
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7. Show that  may equivalently be defined as the coefficient of  in theT ÐBÑ 28
8

expansion as a power series in  of .2 Ð" � #B2 � 2 Ñ# �"Î#

8. Suppose  is a non-degenerate open interval in  (formal values  allowed),Ð+ß ,Ñ „∞‘

and  is a positive-valued continuous function on . Let  beA À Ð+ß ,Ñ Ð+ß ,Ñ Ð; ÐBÑÑÒ ‘ 8 8œ!
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a sequence of polynomials in  (supposing they can exist) such that the degree ofP ÐÐ+ß ,Ñà AÑ#

; 8 ;8 ! is  (and  is non-zero) and

(
+

,

7 8; ÐBÑ ; ÐBÑ AÐBÑ .B œ ! 7 Á 8for . 

[This implies linear independence of .] Show that, for each ,Ö; À 8 œ !ß "ß #ßá× 88

   has exactly  distinct zeros, all in ;(a) ; ÐBÑ 8 Ð+ß ,Ñ8

  for any real constant ,  has  distinct real roots, of which at(b) α α; � ; 8 � "8�" 8

least  lie in ;8 Ð+ß ,Ñ
  between any two adjacent zeros of , there is exactly one zero of  (and(c) ; ;8 8�"

vice versa).
[Remark:  of  is a stronger condition than is really needed. It is perhaps easiercontinuity A

to consider “changes of sign” rather than zeros.]

9. Define the   by the identityHermite polynomialL ÐBÑ8
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Prove the relations

L ÐBÑ œ #BL ÐBÑ � #8L ÐBÑ L ÐBÑ œ #8L ÐBÑ8�" 8 8�" 8�"8
wand .

[The Hermite polynomials do form an orthonormal basis in , but a proof ofP Ð ß / Ñ# �B‘
#

this fact is rather non-trivial — not advanced or really difficult, but far from obvious either.]


