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We consider the following change-set problem in Rd: for a pair (X, Y ) of “location” X ∈ Rd

and “mark” Y , suppose that P {Y ∈ · | X} = P1{·} if X is outside certain region G ⊂ Rd and
P {Y ∈ · | X} = P2{·} if X ∈ G. This region, which we call a change-set and which could also be
called an “image”, is the parameter of interest.

Suppose C is a sub-class of Borel subsets of Rd, totally bounded with respect to the pseudo-

metric d(G, G′) = F (G4G′) induced by the distribution F of Xi’s and let Ĝ be a Maximum
estimator (M -estimator) of G based on n i.i.d. pairs (Xi, Yi)

n
i=1 under assumption that G ∈ C.

In this paper C is a Vapnik–Červonenkis class (V Č-class), or, in particular, a class indexed by

a finite-dimensional parameter. We show that the rate of convergence of d(Ĝ, G) for these classes
is 1/n or log n/n and describe these cases in terms of the local covering numbers.
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1. Introduction
In this paper we study the rate of convergence in the change-set problem when

the possible change-set G belongs, a priori, to a V Č-class or, in particular, a class
indexed by a finite-dimensional parameter.
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More specifically, following the version of this problem given, e.g., in Mammen
and Tsybakov [1], Section 3, we consider an i.i.d. sequence (Xi, Yi), i = 1, . . . , n, of
“locations” Xi and corresponding “marks” Yi and assume that the locations are all
identically distributed random variables in Rd with common distribution F , while
the marks are random variables taking values in some measurable space {E, E}.
Further, suppose on {E, E} there are two distributions P1 and P2 and there is a
Borel subset G in Rd such that the conditional distribution of Yi given Xi is

P {· | Xi} = P1{·}I{Xi 6∈G} + P2{·}I{Xi∈G} = (P1{·})I{Xi 6∈G}(P2{·})I{Xi∈G} .

The set G is the parameter of interest in the change-set problem and we denote Ĝn

its estimator based on the sequence (Xi, Yi), i = 1, . . . , n.
The simplest setting of this problem is that of known distributions P1 and P2.

However, whether or not this is true in any given circumstances is not really impor-
tant for our purposes. Neither is it important what the nature of the space {E, E}
is. What we need for the estimation of G (see (1.1) below) is only the existence of
some bounded “score function” ξ of a mark, such that

α2 :=
∫

ξ(y) dP2(y) > 0 >

∫
ξ(y) dP1(y) := α1.

We equip the class of Borel subsets of Rd with the pseudo-metric d(G, G′) =
F (G4G′) and suppose that C is a totally bounded sub-class of these subsets
with respect to d(·, ·). Denote Nδ the (finite) minimal δ-net of C. Its cardinal-
ity, Nδ = cardNδ, is called the covering number of C. Furthermore, for each G ∈ C
let O(t, G) be the neighborhood of G of radius t and let

Nδ(t, G) = cardNδ ∩ O(t, G).

This function of t and δ (and G) is called the local covering number. As was pointed
out in Khmaladze et al. [2], the local covering number in connection with the
change-set problem was introduced and studied in Khmaladze et al. [3]. However,
this concept appeared much earlier. One can see comments on this, e.g., in the
Introduction of [3]. A comprehensive information is available in the recent paper
of Birgé [4].

With chosen score function ξ consider the process in G′ defined by

Ln(G′, G) :=
n∑
1

[
I{Xi∈G′} − I{Xi∈G}

]
ξ(Yi).

As the M -estimator Ĝn of G we consider

(1.1) Ĝn = Ĝn(δ) := arg max
G′∈Nδ

Ln(G′, G),

with δ = δn → 0 as n → ∞. The rate of convergence of d(Ĝn, G) to 0 when it is
known that G belongs to a V Č-class C is, as we said, the subject of this paper.
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The classes of this type often occurred in the change-point problems on the line
and in space. For example, see Brodsky and Darkhovsky [5], Chapter 2, for the
problems on the real line with multiple change-points. For the rate 1/n for one
change-point see, e.g., Dümbgen [6], Dempfle and Stute [7], and also Hariz and
Wylie [8] for the case of long-range dependent data. Change-sets of the form of
half-spaces in Rd were considered, e.g., in Pollard [9]. Notwithstanding previous
work on the rate of convergence in such problems, we will see, however, that it is
possible to give relatively elementary proof in relatively broad conditions on the
local covering number of these classes. We will also see that the rate of convergence
is often, but not always, 1/n and that it can also be log n/n due to different behavior
of the local covering number.

In Section 2 we formulate the condition on Nδ(t, G) and the main theorem,
which gives an upper bound for the probability P {nd(Ĝ, G) ≥ x}. In Section 3 we
consider some examples.

We conclude the Introduction with a remark. If the class C is indexed by a
finite-dimensional parameter, as is often the case, then our problem should be
equivalent to the estimation problem of this parameter. If so, from the theory of
estimation in finite-dimensional spaces, see, e.g., Ibragimov and Khas’minskii [10],
for regular parametric families one should expect the rate 1/

√
n, while higher rates

can only be obtained in non-regular families and the corresponding estimators are
usually called super-efficient estimators. For example, for the typically non-regular
family of uniform distributions on the interval [0, θ], θ > 0, the rate of convergence
of the estimator θ̂ is indeed 1/n. The reason why the super-efficient estimation is
possible in our change-set problem can be intuitively explained as follows: although
the conditional distribution of marks P {· | Xi} in many statistical problems, like
regression, may be a continuous function of Xi, for the change-set problem it is
essentially a discontinuos function — actually, it is a step-function with two values
in the set P of distributions on {E, E}. It would be possible and interesting to
consider similarly a function taking several values in P. This would correspond to
several “changes” or several “levels of change” on disjoint “change-sets.” Still, in
these cases the statistical problem will remain non-regular.

2. The Main Theorem
Consider a V Č-class C of subsets of Rd. The definition of the V Č-classes is

of combinatorial nature (they “shatter” at least some collection of v points in
Rd; for the precise definition see, e.g., Pollard [9]). It is well known that this
definition implies that the covering number of a V Č-class in the pseudo-metric
d(G,G′) satisfies, uniformly in F , the inequality

(2.1) Nδ ≤ K(4e)v
(1

δ

)v−1

,

where K is a universal constant and v is the index of the V Č-class. In the present
section it is this last property which is of interest and importance and not the
combinatorial property per se. So, we will consider here classes with the covering
number satisfying inequality (2.1). In Khmaladze et al. [2], Section 2, the quasi-
optimal resolution level is defined as the value δn which minimizes the product
Nδe

nc1δ, where the constant c1 depends on the first two moments of the score
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function ξ. If we have only an upper bound for Nδ, we can use it instead. Although
formally this entails some loss of accuracy, the inequalities below prove quite high
rate of convergence anyway. Using the bound (2.1) for Nδ one can easily find that
the optimal δn is

(2.2) δn =
v − 1
nc1

.

Define the sequence zn through the equation Nδnenc1δne−nc1z = 1. Again using the
upper bound (2.1) we obtain

(2.3) zn =
v − 1
nc1

log
nc1

v − 1
+

1
nc1

K0

with K0 = log K(4e)v + v − 1. One can think intuitively of zn as the upper bound
in probability for d(Ĝn, G) if one does not use local covering numbers. (The most
recent paper we know about, where const ·zn is used as an a.s. bound, is Ferger [11],
see inequality (2.9) there. We repeat this result in Remark 2.1 with const = 1.)

Let us assume now that the local covering number of the class C satisfies the
following inequality: for t ≤ 2zn

(2.4) Nδ(t) ≤ c2
tm

δm1
, 1 ≤ m ≤ m1 ≤ v − 1.

The case of m = m1 = v−1 is certainly most straightforward and describes “usual”
cases when the class C is equally dense at any G. This is the case considered in
Example 1 in Section 3 below. The case, where m = m1 < v−1, corresponds to the
situation when the class is “poorer” or “narrower” than average around given G,
which is illustrated by Example 2. The cases when m < m1 are, in our opinion,
very instructive and are illustrated by Example 3. It is only in these cases that
d(Ĝn, G) becomes of order log n/n.

Now we can formulate the statement concerning the rate of d(Ĝn, G0) in proba-
bility.

Theorem 2.1. Under the assumption (2.4) we have for εn > 3δn/2

(2.5) P
{
d(Ĝn, G0) > εn

} ≤ c2
ev−1

(v − 1)m1
(nc1)m1−m

∫ ∞

nc1εn

e−ττm dτ +
1

Nδn

.

Corollary 2.1. Suppose εn > 3δn/2 and condition (2.4) is satisfied.
(i) If m = m1, then

(2.6) P
{

d(Ĝn, G0) >
L

nc1

}
≤ c2

ev−1m!
(v − 1)m

{
1− Fm+1(L)

}
,

where Fm is Gamma distribution function with the shape parameter m.
(ii) If m < m1, then

(2.7) P
{
d(Ĝn, G0) > εn(p)

} ≤ p
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for

(2.8) εn(p) =
1

nc1

{
(m1 −m) log nc1 + m log log nc1 + L + o(1)

}
,

where the constant L = L(p) satisfies the equation

c2
ev−1

(v − 1)m1
(m1 −m)me−L = p.

Remark 2.1. Clearly, from (2.5) it follows that

P
{
d(Ĝn, G0) ≥ zn

} → 0, n →∞.

However, one can say more:

P
{

lim sup
n→∞

[d(Ĝn, G0)/zn] > 1
}

= 0.

Remark 2.2. Although for m < m1 the upper bound zn is of the same order of
magnitude as εn(1), the difference is still essential: whereas d(Ĝn, G0) exceeds zn

only with probability tending to 0, it may exceed εn(1) + L/nc1 with sufficiently
large probability.

Proof of Theorem 2.1. By Theorem 2.2 of Khmaladze et al. [2] we have the
inequality: if εn > 3

2δn > 0, then

(2.9) P
{
d(Ĝn, G0) > εn

} ≤
∫ 1

εn

e−nc1(t−δn)Nδn(dt),

for any behavior of the covering number Nδn(t). Integration by parts in the right-
hand side of (2.9) yields

[
Nδn −Nδn(ε)

]
e−nc1(1−δn) + nc1

∫ 1

εn

e−nc1(t−δn)
[
Nδn(t)−Nδn(εn)

]
dt.

Here the first summand is of order O((nc1)v−1e−nc1), while using the definition
of zn one finds that

nc1

∫ 1

2zn

e−nc1(t−δn)
[
Nδn(t)−Nδn(εn)

]
dt ≤ Nδne−nc1(2zn−δn)

≤ e−nc1zn = (
v − 1
nc1

)v−1e−(v−1)−log(K(4e)v) ≤ 1
Nδn

.

At the same time, using condition (2.4) one obtains

nc1

∫ 2zn

εn

e−nc1(t−δn)
[
Nδn(t)−Nδn(εn)

]
dt

≤ c2(nc1)m1−m ev−1

(v − 1)m1

∫ ∞

nc1εn

e−τ τm dτ.

The last two inequalities combined prove (2.5). ¤
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Proof of Corollary 2.1. (i) For m = m1 the leading term on the right-hand side
of (2.5) becomes

c2
ev−1 m!
(v − 1)m

{
1− Fm+1(nc1εn)

}
.

Then the choice εn = L/nc1 ≥ (3/2)δn gives inequality (2.6).
(ii) If m < m1, we have τn = nc1εn →∞. Then

1− Fm+1(τn) ∼ 1
m!

τm
n e−τn

and the solution of the equation

c2
ev−1

(v − 1)m1
τm
n e−τn =

p

(nc1)m1−m

has asymptotic representation

τn = (m1 −m) log nc1 + m log log nc1 + L + o(1),

which yields (2.7). ¤
3. Some Examples
Example 1. Let Xi ∈ Rd and for θ ∈ Rd let G = [θ,∞) = {x : x ≥ θ}. Let us

take C = {[θ,∞), θ ∈ Rd} as the collection of possible change-sets (cf. Brodsky and
Darkhovsky [5], Chapter 6). The covering number of this C in the pseudo-metric
d(G,G′) = F (G4G′) is never larger than const ·δ−d, though for specific F it can be
essentially smaller. To insure that δ−d is the right order, suppose F is absolutely
continuous with positive density. Then there is no loss of generality in reducing
the rectangles above to [θ,1], 1 = (1, . . . , 1), θ ∈ [0, 1]d, and assuming that F has
uniform marginal distributions. Let us assume, mostly for notational convenience,
that F is simply uniform on [0, 1]d and put d = 2. Then, since

d
(
[θ,1], [θ′,1]

) ≤ |θ1 − θ′1|+ |θ2 − θ′2|

and
d
(
[θ,1], [θ′,1]

) ≥ |θ1 − θ′1|max(θ2, θ
′
2) + |θ2 − θ′2|max(θ1, θ

′
1),

the δ-net for the class of rectangles C = {[θ,1], θ ∈ [0, 1]2} is formed by the collec-
tion Nδ = {[zij ,1], zij = (iδ − δ/2, jδ − δ/2), i, j = 1, . . . , 1/δ} (assume 1/δ is an
integer). It is then clear that Nδ ∼ 1/δ2, so that v− 1 = 2. It is also clear that the
area of those θ′, for which d([θ,1], [θ′,1]) ≤ t, is no greater than t2. Therefore we
have the following inequality for the local covering number:

Nδ(t) ≤
[ t2

δ2

]
+ 1 ∼ t2

δ2
,

which is the case with m = m1 = v − 1 = 2. So that from (2.6) we derive the rate
εn(1) = L/nc1 with L = 3.789046 (the (1− 2/e2)-quantile of F3).
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Another, and, perhaps, more natural example of the two-dimensional change-
point problem with possible change-sets being half-spaces (see, e.g., Pollard [9],
Chapter 10) can be obtained in a similar way.

If we consider as the class of change-sets the class C of rectangles [θ, η] = {x ∈
[0, 1]2 : θ ≤ x ≤ η} we will obtain that Nδ ∼ 1/δ4 and

Nδ(t) ≤
[ t4

δ4

]
+ 1 ∼ t4

δ4
,

which again is the case with m = m1 = v − 1. Similarly, we obtain the rate
εn(1) = L/nc1 with L = 6.76661.

Example 2. Let C be the class of rectangles [θ, η] = {x ∈ [0, 1]2 : θ ≤ x ≤ η},
which is “locally restricted” in a neighborhood of rectangles of the form [0, η]: for
r > 1 and some “small” ∆ > 0

C = {[θ, η], θ, η ∈ [0, 1]2 and if 0 ≤ θ1 ≤ ∆, then 0 ≤ θ2 ≤ θ1
r}.

This is a simple form of restrictions which may occur in real practice. Suppose, for
example, we analyse data on a marked point process (like possibly polluted sites or
locations of bush fires) on a certain territory (see, e.g., Baddeley and Turner [12]
for analysis of bush fires in New Brunswick, Canada) and suppose we choose a
“window” of a given shape (as rectangles [θ, η] above) as a sufficiently good ap-
proximation of a change-set. Then the possible locations for this window can be
restricted by topography of the territory.

As we mentioned in Example 1, the class C is a V Č-class with index v = 5.
Moreover, in a neighborhood of any rectangle [θ, η] with θ1 > 2∆ one obtains for
the local covering number

Nδ(t, [θ, η]) ∼ const
t4

δ4

as δ → 0. However, in a neighborhood of [0, η] the class is thinner: for t ≤ 2δ log 1
δ

Nδ(t, [0, η]) ≤
([ t

δ

]
+ 1

)3

∼ t3

δ3
.

Indeed, for r > 1 and θ1 ≤ 2δ log 1
δ we have θ2 ≤ (2δ log 1

δ )r = o(δ). Therefore,
in the δ-net around [0, η] we need only rectangles [x, y] with the lower vertices
x = (iδ/4, 0), i = 1, 2, . . . , [4t/δ], while the upper vertices y = (jδ/4, kδ/4) remain
unrestricted. In this case εn(1) = L/nc1 with L = 5.556604. A more obvious
version of the example can be obtained by letting θ2 = 0 if θ1 ≤ ∆.

Example 3. Let C be the class of the unions of k rectangles (which is, of course,
the same as the unions of no more than k rectangles),

C =
{ k⋃

i=1

[θ(i), η(i)], θ(i) < η(i), θ(i), η(i) ∈ [0, 1]d
}

.
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We can restrict ourselves to the case of k = 2 and to d = 2 or even d = 1. So, let
us assume that we may have a change on a union of two subintervals of [0, 1]. This
is certainly a V Č-class with v = 5. If G0 = [θ(1), η(1)] ∪ [θ(2), η(2)] with η(1) < θ(2),
then Nδ(t, G0) will be locally again of order (t/2δ)4. However, suppose G0 = [θ, η].
Since for [x, y] “close” to G0 and z > max(η, y) or u < min(θ, x) we have

d(G0, [x, y] ∪ [z, u]) = |θ − x|+ |η − y|+ |z − u|,
we see that there are no more than t/δ points x and y and, for each choice of z, we
have also no more than t/δ points u, but the number of different z’s is of order 1/δ
rather than t/δ. Hence

Nδ(t, G0) ∼ c2
t3

δ4
.

We see that this effect of different m and m1 is created by one small “freelance”
interval. With two or more such small intervals and with d > 1 this difference will
be greater. Since in the last example m = 3, m1 = v − 1 = 4, we conclude from
(2.8) that

εn(1) = {log(nc1) + 3 log log(nc1) + L + o(1)}/nc1

with L = 4 log((e · c2)/4).
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