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For a pair (X,Y), suppose that P{Y € - | X} = P1{-} if X is outside certain region G C R¢
and P{Y € - | X} = P»{-} if X € G. We call this region a change-set and it could also be called
an “image”. Consider a Maximum estimator (M-estimator) G of G based onn independent pairs
(X4,Y;), under assumption that G belongs to a totally bounded class C of measurable subsets
of R? with the distance d(G,G") = F(GAG') induced by the distribution F of the X;’s. The
classical characteristic of complexity of C is its covering number. However this characteristic is
often not enough and one needs a more delicate characteristic of “local complexity”. This is
the local covering number, which is considered in Section 2 of the paper. Using it we derive an
inequality for P{d(G,G) > e} and obtain the rate of convergence e, of d(G, Q). Then we show
that under broad conditions the deviations of d(é, G) from e, are of order 1/n regardless of what
the rate e, is. We also study local covering numbers in the important case where C is formed
by subgraphs of non-decreasing functions on [0,1]. The results obtained for fixed P; and P» are
carried over to the case when the “change” from P; to P> becomes asymptotically small asn — oo.
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1. Introduction
There are several possible formulations of a spatial change-point problem, which
we prefer to call a change-set problem. We choose here the one which seems to us
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the most basic and transparent. Namely, following, e.g., the pattern of Mammen
and Tsybakov ([1], Section 3), we consider a sequence {(X;,Y;)}} of independent
pairs of random variables, where the X;’s take values in the d-dimensional Euclidean
space R?, d > 1, and are commonly referred to as “locations”, while the Y;’s take
values in some measurable space {E,£} and are called the corresponding “marks”.
In other words, {(X;,Y;)}? is a marked point process in R%. Concerning the X;’s
we assume that they are identically distributed with some distribution F. Strictly
speaking, the requirements that locations are random or i.i.d. are not necessary for
what follows, but will make the presentation more transparent. As to the marks,
they can be of very diverse nature.

For instance, suppose at each location X; we may observe only whether or not
pollution is present, in which case Y; will be simply a {0, 1}-random variable (this
case was studied in Mammen and Tsybakov [1]). In other cases at each location we
may record the wind speed or the concentration of a chemical, or we can measure
the energy of an earthquake at hypocentre X;. In all of these cases, the Y;’s are
presumably continuous random variables. It also may be that at each location we
measure the concentration of several chemicals or measure these concentrations as
functions of depth in a drill bore, in which case Y; is a random vector or a vector-
valued random function (of depth), and {E, £} should be a properly selected space
of trajectories of this random function. In the example with earthquakes Y; can be
an energy spectrum of an earthquake, which is a random function of a relatively
complex behavior and in which case {E,£} must be again a functional space, and
SO on.

In the present context, however, we do not need to know much about {E, &}
assuming only that there are two different distributions P; and P, on £ and a
measurable set G C R% such that the conditional distribution of Y; given X; is

(1.1) P{ | Xi} = Pi{-}ix, g0y + Po{ Hix,eqy = (P{-}) X260 (Po{-}) ixiean,

In other words, we assume in (1.1) that there is a set G such that for all X; outside
G the corresponding mark has some “grey level” distribution P;, while it has a
different distribution P, if X; is in G. The existence of a singular component
of P, with respect to P; and vice versa will only simplify the statistical inference
concerning G, and we assume that P; and P, are equivalent (mutually absolutely
continuous). The set G in (1.1) will be called the change-set and this set is our
parameter of interest. Note that G can also be called an image and the change-set
problem can also be viewed as an image reconstruction problem. We will consider
M-estimators G of this set, see (1.2), and will determine the rate of convergence of
Gto G including the constants.

The likelihood of the pair (X;,Y;) with respect to the reference measure F' x P;
is [dPy/dP;(Y;)]' %16} and the log-likelihood of {(Xj,Y;)}7 is

n
P

Therefore the logarithm of the likelihood ratio is

AP,

dTgl(Yi%

La(G) = Ln(Go) = Y [I1xieq) — Iixiccoy] log
1
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where G stands for the true change-set. This suggests a slightly more general form
of the processes in G which we will use here: choose some “score function” £(y) on
{E, £} and consider

La(G,Go) =Y [I1x.eqy — Iix.cc0|§(Ya)-
1

We define an estimator @n of Gy as

(1.2) G, = Gp(9) := arg max L,(G,Gy),

with 6 = 4§, — 0 as n — co. Then we study asymptotics of d(@n, Go) as n — o0,
where d(G,G") = F(GAG").

To say something fruitful about the rate of convergence one needs to assume
apriori that G belongs to a certain relatively poor class of sets. Namely, let B be
the Borel o-algebra of subsets of R? endowed with the pseudo-distance d(G, G’) and
let C be a totally bounded subclass of the metric space {B,d}. Denote by Ny the
minimal d-net of C. Its cardinality, N5 = card{Njs}, is called the covering number
of C and the function Hs = log Ny is called the metric entropy of C. From now on
we will assume that our unknown change-set G is an element of C.

Although there are several relatively early papers devoted to statistical prob-
lems of set estimation, like, for example, Ripley and Rasson [2] or Moore [3], these
problems attracted more interest in the last 10-15 years. Some papers, for exam-
ple, Carlstein and Krishnamoorthy [4], Ferger [5], Miiller and Song [6], Rudemo
and Stryhn [7], and others, treat estimation of a set as the estimation problem of
its boundary. Then the smoothness assumptions or other structural assumptions
on the boundary, as in Korostelev et al. [8] or Puri and Ryumgaart [9], though
very natural and clear in the context, are equivalent to the total boundedness as-
sumption on the class C. Many papers, like, e.g., already mentioned Mammen and
Tsybakov [1] and Ferger [5], use the notion of the covering number (but not of the
local covering number) explicitly.

Although Ns as a function of § is a very important characteristic of richness
and complexity of the class C, we will realize below that to determine the true
rate of convergence in some practically important cases and to obtain more refined
statements, see, e.g., Theorems 2.4 and 2.5 below, Nj is not enough and we need a
more delicate characteristic of the “local” richness of the class, which is the covering
number of a neighborhood of a given element of the class. Namely, for each G € C
let O(t, G) be the neighborhood of G in B of radius ¢ and let

(1.3) N;s(t,G) = card N5 N O(t, G).

Then we need to study the local covering number Ns(t,G) as t and 0 tend to 0
simultaneously. This allows us to obtain the correct rate of convergence, in many
cases unattainable otherwise.

The local covering number was introduced and studied, in connection with the
change-set problem, in Khmaladze et al. [10]. However this concept was considered
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and used earlier: Le Cam [11] considered Nj(t) for the neighborhood of a point in R¢
when ¢ = const -0 (see also reference in Section 3), while Birgé [12, 13] considered
log Ns(t)/log(t/d) for the neighborhood of a function also for ¢ = const-§. For
further references and material on the now well established method to study the
rate of convergence one can refer, e.g., to the recent fundamental paper of Birgé [14],
as well as the papers by van de Geer [15], Shen and Wong [16], and Yang and
Barron [17], and to the monograph van de Geer [18]. A concise presentation is
available in Section 3 of van der Vaart and Wellner [19].

However, this method involves relatively complicated chaining technique and
uses conditions, which cannot be met by some practically useful classes. In partic-
ular, Birgé’s condition (Birgé [12] and also Condition 4 of Yang and Barron [17],
cf. also p. 290 of van der Vaart and Wellner [19]), requires that the supremum of
[log N5(t)/log(t/0)] in a neighborhood of § be a positive bounded function U (d) of &
with né? > U(6). Similar conditions are proposed in van de Geer [18] for different
models. Namely, the function U(d) is defined there as

§
U(s) = / [log N, (6)]"* du,
62/c1
and the corresponding rate has to satisfy the condition /né? > cU(§). Although
these conditions proved to be useful in many cases, they cannot be met in the
change-set problem by any Vapnik-Cervonenkis class (VC—class), where ¢ of in-
terest is of order 1/n (see Khmaladze et al. [20]). It is also not satisfied for some
Dudley classes, like, for example, the class of sub-graphs of bounded non-decreasing
functions on [0, 1], see Section 3 below.

We believe the approach of this paper is simpler. At the root of it lies the
fact that we estimate G by an element of a finite approximating class. Indeed, we
cannot think of any situation where one would not estimate the unknown set G by
a representative of one or another approximating class. This allows us to stay with
only relatively simple inequality (2.3), which we modify then to the form (2.8). If,
for fixed n, we were obliged to consider § — 0, these inequalities would become
useless, because the number of summands would increase unboundedly, and we
would be obliged to use the chaining argument. However, this is not necessary:
for a given n, there exists a finite “resolution level” §,,, see Theorem 2.2, and it is
unreasonable to use § smaller than d,,. This leaves us with one geometric object to
study, the distribution function (2.6), and thus provides a tool uniformly applicable
to all classes C.

In (2.11) we introduce the upper bound &, on the rate of convergence using
inequality (2.8). We compare it with the sequence z,, see (2.12), which is natural
to consider as an upper bound on the rate of d(@n, Gy) if one does not use the local
covering number. For some classes, &, is o(z,), but for other classes they may be of
the same order of magnitude. However, under natural conditions, see Theorem 2.4,
the sequence z,, is worse then &, in the sense that

P{d(Gp,Go) > 2z, } — 0.

And finally, still in Section 2, we show that, no matter what the rate of &, is, the
deviations of d(G, Gy) from €, are “typically” on the scale of 1/n in the sense
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that P{d(G,,Go) > en + L/n} can be kept smaller than any given p € (0,1) for
sufficiently large constant L (see Theorem 2.5). Consequently, if 1/n = o(ey,), then
€, has also the correct constant.

In Section 3 we consider two examples, one of which has been considered in Puri
and Ryumgaart [9] and is of independent interest. While in Sections 2 and 3 we
assume that P; and P, are fixed, in Section 4 we will see that most statements can
be carried over to the case of converging P, and P, with sample size n replaced by
the “effective” sample size.

The Local Covering Number and Inequalities for P{d(G,,Gy) > ¢}

Throughout the paper we denote d(G, Go) = F(GAG)). Let us introduce some
notation for the first two moments of £(Y;) and L, (G, Gy). As a score function &
one can choose any bounded function such that

oz = [€w)dray) > [ ) an() = an.
The reader will notice below that, although the larger oo —a; the better constants

we will have, the rates as such will not be affected. To simplify the notation, we
assume that £ is shifted by (o + «1)/2 and hence

az/{ﬁ(y)—QQ;al}sz(y) >0>/{ﬁ(y)—%;al}dﬂ(y):—a-

Then one obtains

(2.1) (G, Go) = E[(Itx,cay — I{x,cco})E(Yi)] = —ad(G, Gy).

For the variance, with 8; = [&*(y)dP;(y), i = 1,2, and 8 = max(31,52), one
obtains
B(X) :=E[E(Y) | X] = Balixec,) + Bilixecs)

and

7(G. o) = Var((I(x,c) ~ Iix.eanl€(V) < | o, B dF (),
so that
(2.2) o?(G,Gy) < Bd(G, Gy).

Let 6 < e. Denote G’ = {G € Ns: d(G,Gy) > ¢} and let G” € N be such that
d(G",Gp) < §. We have

(2.3) P{d(Gn,Go) > e} < Y P{Li(G',Go) > La(G",Go)}.
G'eg’

We will estimate each probability in the sum using Bennett’s exponential inequality
(see, e.g., Shorack and Wellner [21], p. 852, (d)) and this will lead us to an inequality
for P{d(G,,, Go) > e} which we propose and study in this section.
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Denote

sup Ew)=b and A= R

Lemma 2.1. (i) If ¢ > 26, then
(24) P{Ln(G/, G(]) > Ln(GH, GO)} < exp[—n)\c{d(G’, G()) — (5}],

where ¢ = 0.1 (y) with v = 0.2ba/ B and

2 Yy
v = = /0 log(1 + ) dy.

(ii) If e > 6 + ¢/n and né — oo, then

(2.5)  P{L,(G',Go) > Ln(G",Go)} < exp { A%{d(G’,GO) 51+ 0(1))] .

Remark 2.1. Using Hoeffding’s inequality (see, e.g., Shorack and Wellner [21],
p. 855) one could obtain the following inequality

P{L,(G',Go) > Ln(G",Go)} < exp [ %{d(G’, Go) — 5}2}.

Since d(G,Gp) < 1, this inequality gives in our situation a much less accurate
bound.

Proof of Lemma 2.1. Let us abbreviate
Ly=L,(G, Gy — EL,(G",Gy) and 4 = p(G',Go)
and define L]/, and p” likewise. Then
P{Ln (G, Go) > Ln(G",Go)} = P{Lyo — Lijg > —n(p' — ")}

Apply Bennett’s inequality to this probability:

n( —p")? ol — |
P{Lyo— Ly >—n( —p")} < eXp{ - 952 1/)( o ) )

where o2 denotes the variance of one summand of the sum L/, —L”,. Now use (2.1)
and (2.2) to bound the exponent from above. We have ' — p” > o{d(G’, Gy) — 6},
0? < B{d(G',Gy) + 6}. Since zt)(x) is an increasing function, we can substitute
these bounds in the previous inequality, which gives

A {d(G', Go) — )

P{L,.(G’ L. (G", < _
{Ln(G',Go) > Ly (G",Go)} < exp 3 (G Go) £ 0

UCHIN
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where
,  ba {d(G’,Gyp) — §}

T T8 (@, Go) o}

Since (z — d)/(z + 0) is also an increasing function, we can simplify the exponent
further: for e > (3/2)6 we have

d(G',Go) — 6

Cs 2{d(G/,G0) + 5}w(7,)a

which, after substitution into the previous inequality, gives (2.4), while for ¢ >
d + ¢/n we have

V().

¢ ba ¢ < d(G',Gy) =6
2nd+¢ \ B 2né+c¢) ~ 2{d(G',Gy) + 4}

As nd — oo the left-hand side becomes ¢/2nd(1 4+ o(1)), which leads to inequal-
ity (2.5). O

Using the local covering number (1.3), let us introduce now

Ns(t,G
(26 Vo(t.Go) = Vi(t) = oGo),
5
Clearly Vs is a discrete distribution function with a finite number of jumps, and
this number increases as § — 0. As a result of (2.3) and (2.4) we obtain that, for
3
€>56>0,

1
(2.7) P{d(Gy,Go) >} < N(;/ e A=) Y dt).

In certain cases n; = nA becomes a natural quantity (see Section 4). For the
present, however, it is better to keep n. Besides, denote ¢; = Ac.

The probability P{d(ém Go) > e} and its upper bound depend on 4, and it is
natural to make this upper bound as small in § as we can for every . One can
argue that unlike Ny the distribution function Vj is “stable” in §. With this in
mind we summarize the construction in the following statement.

Theorem 2.2. Fore > %6 >0

1
(2.8) méinIP’{d(Gn, Go) > e} < N(;neml‘s" / e "t Vs (dt),
where
(2.9) Op := arg méin Nseer,

The proof follows from (2.3) and (2.4) and the definition of d,,. The choice of oy,
as (2.9) could be interpreted as a (quasi-) optimal resolution level. It is uniform in ¢,
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which is quite convenient. The choice of § as a solution of the equation né = log Ny
is very closely related to (2.9) and was systematically used, e.g., in Yang and Barron
[17]. We now state some asymptotic properties of d,,, n > 1.

Lemma 2.3. (i) §,, — 0 and Nj, e"1% = o(e"?) for any A >0, n — oc;

(ii) if N5 — 0o as & — 0, then Ns, e™°1%" — 00 as n — oo;

(iii) nd, — 1, 0 < n < 00, as n — oo iff the metric entropy Hs = log Ns satisfies
the condition: there is a constant p, which may depend on H, but not on 8, such
that

(2.10) Hg—%x§H5+$, S<r <16

Proof. (i) Let &/, be such that
N(S;L = 6”615;.

Then §;, — 0 as n — oo, because if for some subsequence ¢/, — A > 0, then
exp(ncid;,) — oo, while Ny — Na < oo, which contradicts the definition of 4;,.

Then for §,, we obtain
Nénenclén S N(%encléfﬂ _ 627‘01‘% _ O(enc1A)

for any A > 0 and d,, — 0.
(ii) Follows from the fact that d,, — 0 and the condition that N5 — oo as § — 0.
(iii) Suppose (2.10) is satisfied. Take &, = p(nc;)”". Then

Hs, —nci(6 — 0,) < Hs, 0<46<1,

or
Hs, +nci6, < Hs +neid, 0<6<1,

which is equivalent to (2.9). Now suppose the last inequality is satisfied and
nd, — n. Then

d—dp
S H5 or H(;n - %x S H(S"Jrz. O

n n

H§ — nclén

n

We introduce now two sequences, which will be systematically used in this paper.
Let €,,(p), n > 1, be a sequence such that

1
(2.11) lim Nj, / e met=0)ye (dt) = p, 0<p<l,

and let z,(p), n > 1, be a sequence such that

(2.12) lim Ng e "eilen®=tnt —p 5 <,

n—oo
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A frequently used bound for the sum in (2.3) would be

Nj H%%XP{L"(G/,G(J) > L,(G",Go)},
which would lead to the inequality
(2.13) P{d(G,Go) > e} < NsemAele=9),

Therefore, as follows from (2.13), z,(p), n > 1, would provide the upper bound for
the rate of convergence of d((/jn7 Go) to 0, if we do not exploit the local covering
number. If we do, the upper bound will be given by &, (p).

From Lemma 2.3 (i), (ii) one can deduce that if N5 — oo as § — 0, then

(2.14) zn(p) — 0 but nzn(p) — 00

for any p > 0. From (2.14) we see that in no case can z,(p) be of order 1/n. We will
find later that in some cases €,(p) = o(zn(p)), n — co. However, more interesting
is that even if ,(p) and z,(p) are of the same order of magnitude, the inequalities
(2.8) and (2.13) lead to entirely different bounds.

Theorem 2.4. Assume 6, — 0. If either V5 (2) — 0 for z — 0 or V5 (z +
T/n)=Vs, (z) — 0 for any T > 0 and all sufficiently small z, then for any 0 < p <1

P{d(Gy,Go) > za(p)} — 0.

Remark 2.3. The condition of Theorem 2.4 requires that either Vs (t) does
not concentrate around Gg or the increment of Vs (¢) is small on 1/n scale. In
Example 3.1 one can see that this is still true even in the extreme case of classes C
having only one limit point.

Proof of Theorem 2.4. Since z,(p) > z,(1), it is sufficient to consider z,(1).
First use integration by parts for the integral in the right-hand side of (2.8). With
€ = z,(1) we obtain

1
e "L = V5, (20 (1))] + nex / e " V5, (8) = Vs, (2n(1))] dt.
zn (1)
According to (2.14) the first summand here is o(e~"1#»(1)). Moreover,
1
ney / e " Vs, (1) — Vs, (2a(1))] dt < e meren(D-T,
z2n(1)+T/ncq
At the same time
zn (1)+T /ncy
nex / e [V, (8) — Vb, (z0(1)] dt

(1)

< [V (30004 1 ) = Vo e emmeren0) — ofemnerset),

Since e~ "¢1#n(1) = (Nj emc19)~1 this completes the proof. [
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Under the conditions of this theorem the behavior of the é-net beyond shrinking
the z,(1)-neighborhood of Gy has no influence on d(G,, Go).
In the next theorem we consider how far can €, (p) lie from (1).

Theorem 2.5. With §,, defined in (2.9), let €,(1), n > 1, be a sequence defined
in (2.11). If the sequence of distributions

e7TdVs, (75 +en(1)) o
fooo e~7dVs, (L —Q—gn(l))’ -

ncy

(2.15) AV, (1) =
is weakly compact, then for any p € (0,1) there is a constant L = L(p) such that

]P’{d(@n,Go) > en(1) + L(p)} <p

ncy -

In particular, if £,(1) > const /ncy, then d(Gy, Go) = Op(en(1)).
Proof. According to the definition of €, (1) = €,, n > 1,

lenencl(énfen)wn(gn) -1, n — 0o,

where )
wn(en) = / e~ merlt=en) qys (1),
€

n

The weak compactness condition of V,,, n > 1, implies that for el =éen+ L/ncy

(€n)

P{d(an, Go) > e} < N5ne"cl(‘s"_€;)wn(5;) ~ g1 (en—en) 1

wn(an)
B /1 efncl(tfsn)vn(dt) B /oo e_Tan(nLcl +5n)
el wn (€n) L wn (€n)

and the right-hand side can be made arbitrarily small. O

Observe that the sequence €,(p), n > 1, required by definition (2.11) does not
always exist as well as the weak compactness condition for the sequence of distri-
butions (2.15) is not always satisfied as the following lemma shows. However, the
situations when this occurs are rather exceptional.

Lemma 2.6. If G is an isolated element of C, that is, if

inf _
G1£Go d(G7 Go) to > 0,

then
2.16 P{d @n’GO > 0} < Ny e"c10n=to) — p(e=nt), n — 00,
(2.16) .

for any t < tg.
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Proof. For any €, such that ty > &, > (3/2)d,, the inequality
P{d(Gn,Go) > e} < Ng, "=ty o0,

follows from (2.7). Its right-hand side is o(e™"!) as follows from Lemma 2.3 (i).
However, since G is an isolated point, it is clear that P{d(G,,Go) > e,} =
P{d(G,,Go) > 0}. O

Theorem 2.5 shows that under a mild assumption d(@n, Go) can exceed €, (1)
only by a quantity of order 1/nc;. However, it is very interesting to learn how far
can €, (1) itself lie from 4,,. The next theorem describes conditions for €, (1) also to
be not further than const /ne; from (3/2)6,. In practice one usually obtains upper
bounds for Ns(t), and therefore the conditions of the next theorem are given in
terms of Ns(t) rather than of Nj(dt).

Theorem 2.7. Let b, := z,(1) — 6, = (nc1)” ' log Ny, . If

bn
(2.17) lim sup ncl/ e~ et [N(;n (t + gn) — Ns,, (qn)] dt < ¢(L),
n—oo 0
3 L
dn = 75n + /)
2 ney

for every L > 0 and ¢(L)e™* — 0 as L — oo, then for any p € (0,1] there ewists
L = L(p) such that

P{d(énaGO) > §n+L(p)/ncl} Sp{1+0(1)}a n — 00,
and if there exists €,(p), n > 1, satisfying (2.11), then
en(p) < max (0, + L(p)/nc1 (3)8,).

Conversely, if there exists a constant L such that £,(p) < 0, + L/ncy, then
w(L) < oo for this L.

Remark 2.4. Examples show that if p(L) exists, then the requirement
e Lo(L) -0 as L — o0

is not strong one. In many cases (L) remains simply bounded. However, in
Khmaladze et al. [20] one can see that the upper limit in (2.17) can be infinity (see,
e.g., Corollary 2.1 (ii) and Example 3 in that paper) and the difference £,(1) — 0,
is indeed larger than 1/n.

Proof. Remark first that for the given choice of b,

1
ney / e """ Ns, (t + 6, + L/ne1) — Ns, (b, + L/ncy)] dt
b

n

1
< Ngnncl/ et gt < Ns, e "bn =1,
b'",
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In inequality (2.7) put ¢ = ¢,, and choose L = L(p) such that e "2 {p(L)+1} =p < 1.
Then integration by parts yields

1
N(Sefncl(qnfﬁn) / efncl(itfqn)‘/(S (dt)

n

1—qn

_ e*anl/ p—neit [Nén (t+ qn) — Ns, (qn)} dt
0

<e (L) +1} +o(1) =p+o(l), n— oo

Since the right-hand side of (2.7) is a decreasing function of ¢, then if there exists
a sequence £, (p), n > 1, satisfying (2.11), it must be such that €, (p) < max (6n +
L(p)/ncy 1.56n) for all sufficiently large n. Now suppose the last requirement on
€n = €n(p), n > 1, is true. Then

b’”/
e_anl/ e nert [N5n (t+¢n) — Ns, (Qn)] dt
0
1—qn
< e*anl/ p—neit [Nén (t+ qn) — Ns, (qn)} dt
0

1
:N5 e_ncl(Qn_én)/ e_"cl(t_Qn)V;s (dt)

n

1
SNdne_ncl(E"_én)/ e—ncl(t—en)%n(dw

En

because of monotonicity in €. The last expression converges to p by definition of
en(p), n > 1. Hence

b
nq/ e " [Ns, (t+qn) — N5, (qn)] dt <e" +0(1),  n— oo O
0

3. Two Examples

We start with an example, which may look artificial and which indeed carries no
practical importance. However, it illustrates a point of some theoretic value.

One can think that the difference between the application of local covering num-
ber and of the covering number will be unimportant at least for the classes which
are “highly concentrated” around few elements. One can argue that in such classes
everything is already so very much “local” that the use of local covering number
will hardly bring anything better. We will see, however, that this is not generally
true.

Example 3.1. Consider the situation when for arbitrarily small but fixed ¢
N5(t)/N5 —1 as 0 — 0.
Namely, suppose C is a closed monotone sequence, C = {Gy, k > 1, Go}, and either

Gy DGy D ..., Gy = ﬂiozle, or Gy C Gy C ..., Gy = Uiozle. Denote
xr = d(Gk,Go). Then the problem reduces to estimation of N5 and Nj(¢) for
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a positive sequence zy — 0. Denote yr = xr — xp4+1 and to avoid unnecessary
complications suppose that y; form a monotone sequence. For any § > 0 let

k(6) =inf{k: y; < ¢ for alli >k}
and take

Tk (8)
20

Nézk(5)+[ ]+1,

where [z] stands for the integer part of z. This N5 corresponds to the d-net con-
structed as follows: include in N all elements with x; > Tp(s) and for the rest
of the sequence, starting from x(s), take the d-net of uniformly spaced G’s, not
necessarily in C, located at distance § from each other. There will be no more than
[Tr(5)/20] + 1 of such G’s. Below we neglect the difference between [z,(5)/20] + 1
and xy,(5)/20 for simplicity of notation.

Denote 7 1(t) = inf{k: 2, <t}. Then for Ns(t) we obtain

k’(5) — l‘_l(t) + l‘k(5)/25, t> Tr(5)>
t/20, t < Tps)-

Ns(t) = {

It is more interesting to consider “quickly” converging sequences. Let xj, = a”,

0 < a < 1, form a geometrically converging sequence. Then, y = (1 — a)a® = 6
leads to k() = log(d/(1 — a))/loga and x5y = 6/(1 — a). Hence

log 6 — log(1 — 1
_ logd —log(l —a)

N,
o loga 2(1—a)’

so that it increases quite slowly with 6 — 0. The optimal d,, of (2.9), the upper
bound z,(1), and the bound b,, of Theorem 2.7 are

1 O( 10g10g2n01 )’ an(1) ~ by = log neq n O(loglogncl).
necy logney necy log” ney ney ncy

We have g, = 6, + L/nci > g, , while r71(t) = logt/loga and the integrability
condition (2.17) of

1 t
Ns (t+¢n) — Ns (gn) = —log |1+ ———————
o (1 ) = No, () = 1o~ og | +5n+L/ml}

for all L > 0 becomes apparent:

b [e%s)
n t
limnc e"cltlo |:1+7:|dt<[// €T 10 1+7 d7—§0L,
1/0 g 5n [/77,01 = 0 g( ) ( )

n—oo

which actually is a decreasing function in L. Consequently if e “{¢(L) + 1} =1,
then
3 L

Snlogn | nl} <e =D 40(1)},  n— oo

P{d(@n,Go) >
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F1GURE 1. Depicts G3 of the sequence.

One possible example of {Gy, k > 1, Gy} forming a geometrically converging se-
quence is illustrated by the Serpinski star (Figure 1).

Here a = 4/9 and for k > 2 we have d(Gy, Gi11) = (3v/3/4)4%+1(a/3F+1)2. The
figure clearly shows that the “regularity” of the boundary of the change set per se
is irrelevant to our problem.

Many formulations of the classical change-point problem are connected with
change-sets forming VC-classes. We consider this situation in more detail in Khmal-
adze et al. [20]. As our next example in this section consider the class of subgraphs
of bounded monotone functions on a compact set. The change-set problem for this
class was studied earlier by Puri and Ryumgaart [9]. The covering number of this
class, shown in Lemma 3.1, is essentially larger than any power of § (cf. (3.2)).

Example 3.2. Let ¢’ = {f: [0,1] — [0,1], '} and let

C={fow: fECYT with fou ={(z,9) €[0,1)*: f(z) > y}.

Let A denote the Lebesgue measure on [0,1]* and take

(3.1) d( fsub, gsub) = A2(fsubAgsub) = / |f(z) — g(z)| de.

Hence C’ with L;-distance is isometric to C with the distance As(fsubAgsub)-

Below we present asymptotics for the covering number and local covering num-
bers at two different elements of C. As a corollary, this will show that the conditions
of Theorem 2.4 are satisfied for this case. It will also reveal (Theorem 3.2) that
the behavior of local covering numbers is uneven in f: different f have Ns(t, f) of
different rate in ¢ and 4.

First consider a é-net of C. Assume m = 1/¢ an integer number for simplicity of
notation and let x; = j/m, yy =k/m, j=0,...,m, k=0,...,m. Let

Ns={fs: fs € {yx}y', fsis constant on each [z;,z;41), /}.
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Lemma 3.1. (i) Ns is a é-net for C.
(ii) With m = 1/6

(2m)! 9 1
3.2 N5 = ~ Q2m
(32) 07 ()2 Jrm %o
while
v2log?2 v2log?2
Op ~ ——— and 2n(l) ~2—F— — 00.

N Jnei

The proof of (i) is left to reader, while the proof of (ii) can be obtained in a way
similar to the proof of (i) in Theorem 3.2 below.

We see that the rate of convergence for this class is at least 1/,/nci. As far as we
understand it, the rate of convergence shown in Puri and Ryumgaart [9] depended
on the way the bounding function was estimated and was slower than 1/,/nc;.

We also see that the difference between 0, and z, (1) ~ 24, is what can be called
“practically unimportant”. However, there is certain refinement of the “rate of
convergence” statement if we realize that actually P{d(G,,, Go) > 2, (1)} — 0.

To show this we need to consider Nj(t). First consider the sup-metric on C
instead of Li-metric, and denote N, (t) := Ns. (¢, f) the number of elements of
N satisfying the inequality

sup |fs(z) — f(2)| < t.

0<z<1
Denote

(+1)--(+k)

(3.3) er(l) = i )

l=0,1,...,m,

and let g = 1 be the m + 1-dimensional vector with all coordinates equal to 1.
Theorem 3.2. Let t = L and assume L is an integer.
(i) Let fi(x) = const, with t < const < 1 —t. Then

(2L + m)!

Noult: 11) = "5

and for L = O(y/m)
2L82L2/m

m

Nsu(t, f1) ~ D

, m — Q.

(i) Let fa(z) =2, 0 < ax < 1. Then
2L
om0+ (j ) o (2L) — i (L)
j=1

2L m
< Nsult, f2) < (j )wmj+1(2L) +or(L)

Jj=0
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and for L = O(y/m)

Ns.ult, f2) ~ (2772) om_or(2L) ~ (gz;)z

Proof. (i) Direct counting shows that
2L is i
Nowlt, f1) =D -y > 1.
im=0  i1=04i0=0
This can be rewritten as
Nsu(t, f1) = (11, S7 '),

where 17, = (1,...,1)T € R2:+1 and the operator Sy, has (2L+1) x (2L + 1) matrix
of the form

1 00 0
1 1 0 0
Sp=11 11 0
1 1 1 1

For the factorial moments ¢y defined by (3.3) and restricted to 1,2,...,2L + 1 we
have (cf., e.g., Gelfond [23], p. 31) that Sp¢r = @r+1. Therefore

(2L +1)--- (2L + m)

N(S,u(tafl) = <1L790m—1> = (Pm(2L) = ml

The asymptotics of Ns (¢, f1) can now be obtained by the Stirling formula.

(ii) It can also be seen that the number Ny (¢, f2) of step-functions fs in the
uniform Ld-neighborhood of fo which are allowed to start at x = 0 from a value
> —Lj and finish at = 1 at a value 1 4+ Lo differs from Nj , (¢, f2), for fixed L,
only by a quantity depending on L but not on m:

1
0< Né,u(tva) - Ng’u(t, f2) < iwL(L)v

while Nj (¢, f2) itself is equal to
2L JaA2L j1A2L
Nowltifo)= 3 30 Do L.
Jm=0 j1=0  jo=0

The expression on the right-hand side can be rewritten as

Nj o (t, f2) = (1, M™ 1), 1, =(1,...,1)T e REFL
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where M is the operator with the (2L 4+ 1) x (2L + 1)-matrix

1 1 0 0
1 11 0
M:111 0
1 1 1 1
1 11 1

Let us represent M as the sum M = S + N, where the operator N is, obviousely,
nilpotent: N2L+1 = 0 (see, e.g., Glazman and Ljubi¢ [24], p. 123, or Hirsch and
Smale [25], p. 116). As a consequence, we have

2L
1 L
(1, M™ 1) = Z <m : )<1L7S7L" ITINT1L).
=0~/
Since N17, = (1,...,1,0,.. O)T is a vector with the last j coordinates equal to
zero, we obtain e; = (1,0,...,0)7 < N71; < 1. Therefore

Szn—j—lel S SZL_j_lelL S Szn_j_llL.
Note also that Szzfjflel = Szn*jleL and <1L7ST7j711L> = ¢©m—;(2L). Thus
om—j(2L) < (11, 87/ N711) < om—j11(2L).

Therefore

2L o
em(2L) + Z (j ><Pm—j—1(2L) —r(L)

< Nsul(t, f2) <Z(])<pm ;(2L).

Using the asymptotic relation

k2L 42

|

e

k — oo,

we find that the summands with j = 2L on both sides of the inequalities are the
leading terms and are both of the same order. Hence

Ne,u(t, f2) ~ (Z-/)‘Pm2L(2L> ~ ((7721;;)2 O

Hence we see that due to the geometry of our compact set C the neighborhood
of the same width ¢t = Lé of the increasing function fo is much richer than that of
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the constant function f;. However, both neighborhoods are just VC-classes, while
the whole compact set is a Dudley class.
Let us turn back to the metric (3.1) and consider Ns(¢, f). Since

sup [f(e) ~ g(@)| <t = [ 17(2) ~ gla)|do < ¢

0<z<1

it follows that
Ns,u(t, f) < Ns(t, ) < Ns.u (V2L f).

If we choose now t = L'§ with constant L, we get v/2t = v/L§ and the asymptotic
expressions of Theorem 3.2 can be used. Therefore we immediately obtain that

Ns(t, f)/Ns — 0 for both f=f; and f=/fo

and the condition of Theorem 2.4 is satisfied.

4. On Asymptotically Small Changes

In this section we consider what happens if the possible change of distribution
of marks on Gy is getting smaller as the sample size n increases, that is, if Py
and P; converge to each other as n — oo. This question of clear practical as well
as theoretical importance was in special situations considered earlier. For instance,
the case of converging P; and P, in the change-point problem on the real line (with
one change-point) was considered in Diimbgen [26].

The basic observation is that nothing essentially changes in the framework of
previous sections apart from the fact that the sample size n should be replaced by
smaller “effective” sample size ny = n\ as soon as n; — oo. What we need to
clarify is the asymptotic behavior of the constants «, 3;, j = 1,2, involved in the
basic inequality (2.8), which will now vary with n.

Suppose the distribution P, of the marks on the change-set converges to P;:

1/2

m=m(n) > 0o as n— oo,

and suppose there is no “complete mismatch” between the score function £ and the
“direction” h,,(y) along which P tend to P:

timint [ €0l () dP1(5) = a0 > 0,

Theorem 4.1. If n/m — oo, then under the above conditions all previous
statements remain valid with n replaced by n1 = nA ~ n/m.

Remark 4.1. For n; — oo we need that m = o(n) rather than
m = o(n/(loglogn)?)

as can be found in the literature.
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Proof. Under the assumptions above

- l/g(y) H1+ \1ﬁhm(y)}2 - 1} dP1(y)
z\ﬁ/g y) dPy(y )+O(%),

while 8, = [ €%(y)d P (y) remains constant. Since the score function ¢ is bounded
and P, converges to P1, we get B2 — (1. Therefore

2

4ﬁ1

while the parameter v — 0 and ¢ — 0.1. Inequality (2.5) is then still true. The
rest of the proof follows from the formulations of the statements above since we
everywhere indicated the rates in terms of nc; rather than just n. O

1
12 > limsupmA > liminf mA\ > —

Example 4.1. Mammen and Tsybakov [1] consider the MLE and the score
function ¢ chosen as & = log(dP2/dP;), while the marks Y;, i = 1,...,n, are
Bernoulli random variables with Po{Y; = 1} = p2 and Pi{Y; = 1} = p;. The
authors assume in addition that p; = % —pand py = % + p, p < 1/2, which leads
to the equality —a; = as.

According to Theorem 4.1 this equality is asymptotically true, i.e., —ay/as — 1,
whenever pa, p1 — po, 0 < pg < 1. The “effective” sample size is of order n|p; —pz|*.
In the other interesting case when p; — 0 and ps = pp1, p = const, the limit for
—ay /ag is different from 1,

ar ~ pi(logp+1—p), az ~pi(plogp+1—p),

and a1 /ay can converge to any number depending on p. The “effective” sample
size in this case is clearly of order pin.
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