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1. Introduction

As we know, the (.0 2 test for testing a simple hypothesis about an unknown
continuous distribution function (d.f.) F(x) of independent identically distributed
random variables (r.v.’s) X1,’’’, X,, is based on the statistic
n

to,

[F,(x)-Fo(x)] 2 dFo(x),

where F,(x) denotes the empirical distribution function (e.d.f.) of the r.v.’s X1,
X2, ’, X,; according to the hypothesis, F(x) Fo(x). Information about the to 2
test can be found, for example, in [1] or [2]. Carrying out the usual substitution

Fo(x), we obtain
o, =n

[F,(t)-t] dt=

v,(t) dr,

where F,(t) denotes the e.d.f, of the independent uniformly distributed r.v.’s
T=Fo(X),..., T=Fo(X), and v(t)=[F(t)-t]. The sequence of distributions P o the processes v(t) converges weakly in L[0, 1] as n m to the
distribution P of the Brownian bridge v(t), and consequently the distribution of
the statistic
converges weakly to the distribution of the r.v.’s.

v(t)dt.
Since P-a.s. has the expansion (see, for example, [1], p. 31, or [3], p. 229)

1

v(t)

V sin kt,

kl

where V, k 1, 2,..., are independent and have a standard normal distribution, then

2 2k2 V.

k=l

The distribution of this quadratic form is called the distribution of w
283
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In the case where a complex parametric hypothesis F(x) {F(x, 0), 0 (R)} is
being tested, we would like to consider the analogous statistic,

[Fn(x)-F(x, )]2 dF (x, if),

oo n

where t denotes the estimate of the unknown value of the parameter 0. Such a
statistic has in fact been considered already (see, for example, [4], [5]); however, a
serious difficulty becomes apparent at once. Let the hypothesis be valid, i.e., let
there exist a value 0o(R) such that F(x)=F(x, 0o). Making the substitution
F(x, 0o), we obtain
w,

[F, (t) G (t, )]2 dG (t, ),

n

where G(t, O)= F[F-a(t, 0o), 0]. It is clear that G(t, 0o)= t. Under the usual
regularity conditions, the sequence of distributions O, of the processes
un(t)=,n[F,(t)-G(t, )] converges weakly in Lz[O, 1] as n ee to the distribution of a Gaussian process u(t) with the expansion

u(t)=

E

tx,Ukak(t).

k=l

The distribution of the statistic
quadratic form

o32,

converges weakly to the distribution of the

,2

k=l

of the independent r.v.’s UI, U,..., with standard normal distribution.
However (and here is the difIiculty mentioned), the coefficients 1, xu,
(like
the ortho-normalized system of functions a(t), a(t),...) depend on the family
{F(x, 0), 0 e O}. Consequently, to obtain the limit distribution of the statistic 3 in

testing each separate hypothesis, we have to recompute each time the coefficients
x,, xa,..., and the distribution of the corresponding quadratic form. This
situation, highly inconvenient in itself, is aggravated by the fact that computing the
coefIicients x is a fairly dicult task as can be seen in testing the normality
hypothesis (for example, [5], [6], [7]).
On the other hand, we attempt to extend the class of quadratic functionals
under consideration; specifically, we turn to integrals of the form

=

II

K(t,s) du (t) du (s).

, ,z,

rain (t, s) du (t) du (s).) These integrals are also represented as
(Note that o3
the quadratic form Yk=a 2Z2 of the independent r.v.’s Z, Zz, ’", with standard normal distribution and coefficients
depending on the kernel

K(t,s).
L. N. Bol’shev posed the question of finding a kernel K(t,s) which
probably depends on a hypothetical family {F(x, 0), 0(R)} for which the
coefficients do not depend on this family of d.f.’s, but coincide with previously
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specified numbers (for example, with 1/zr2k 2, then the distribution of the corresponding double integral will be the distribution of o :) The present paper is an
attempt to examine Bol’shev’s question.
2. Description of the Limit Process for u.(t)

Let the d.f. F(x) of independent identically distributed r.v.’s Xa,..., X,
belong, by hypothesis, to the family o of functions of absolutely continuous
distributions F(x, O) depending on the parameter 0. We assume that 0 is a scalar
parameter which takes on values from a certain open set, say, from an interval
0 (0, 02). Extending the results to the case of a vector parameter presents no
difficulty. About the family {F(x, 0), 01 < 0 < 02} we assume that:
1. The d.f. F(x, O) is differentiable with respect to 0 for all x and 0 6 (R);
moreover, for each value 0 0 there exists a value e > 0 such that
2

and, in addition,

f[( F)(x, ( F) 0)]

2

(x,

0’)

dF (x, 0):o(1) as

10’-00.

2. For all 0 0 the Fisher information is
2

where (x, 0) denotes the density of the distribution F(x, 0).
Let 0o be the value (unknown) of the parameter for which F(x)= F(x, 0o).
About the r.v.
(X,..., X), an estimate of the value 0o, we assume that:
3. For a certain function l(x, 0) satisfying the conditions

-

l(x, O) dF (x, O) 0 and
the representation

4(-- 00)

1

J 12(x, O) dF (x, O) <

l(Xi, Oo)+Op(1) as n
i=1

is valid.
The assertions stated below are presented without the words "theorem",
"lemma" or "corollary", and are numbered with Roman numerals.
I. Let r (x, ) be given by the equation

(1)

/-[F,(x)-F(x, )]= #-[F(x)-F(x, 0o)]
1
(X,
(OF)
-’ O0)-

(Xi, Oo) + r, (x,
/=1

).
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Conditions 1 and 3 are satisfied, then, as n

,

dF (x, 0o)= oe(1).

PROOF. The result follows easily from the equation

r,(x, t)=

[(0 F)(x, 0’)- (0- F)(x, 0o)]/(t
1

where 0’ lies between t and 0o.
We now carry out the substitution

F-X(t, 0)

0o)

0o)],

F(x, 0o) in (1). In so doing, assume that

sup {x: F(x, O)

t},

and also that
are mutually absolutely
4. Any two distributions from the family
continuous.
F(x, 0o). Therefore
Then, as is easy to verify, F[F-(t, 0o), O] F(x, O) if
in (1) we can replace x by F-X(t, 0o). Using the notation presented in the
Introduction, we obtain

u.(t)

(2)

4-[F.(t)-G(t, t)]
4-[F,, (t)- t]- g(t)

where g(t)

1

."= I(T,) + r,(t,

(OG/O0) (t, 0o), l(t)= l[F-a(t, 0o)0o] and, according to Assertion I,

I
I

(3)

r](t, ) dt=Ol,(1)

We note that, from Condition 3,
(4)

I(t) dt O and

I

as n o.

I2(t)dt<o,

and that, from Condition 2,

(5)

g’(t)

i

(t, 0o)=

log

(x, 0o), i.e.

[g’(t)] dt <

.

Now let P, as in the Introduction, denote a Gaussian distribution in L[0, 1]
(see, for example, [3], p. 349, or [8], p. 28) with mean 0 and correlation function

Re(t, s)= min (t, s) ts
let v(t) denote a process with distribution P (the so-called Brownian bridge).
Below, we consider the stochastic Wiener integral

(6)

(g,, v)=

f g,’(t) dv (t),
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defined, as we know (see, for example, [8], pp. 87, 188), for any function ff from
the class C1 of functions whose first derivative belongs to L2[0, 1]. This integral is a
bilinear functional on C1 x L2[0, 1], where, for O(t) from the class C2(C2 C) of
functions whose second derivative belongs to L2[0, 1], the integral (, v) is a
continuous linear functional on L2[0, 1]. On C x C the functional (6) is a scalar
product.
For finite n, the sums

.

4’(T)/x/,

where 4(t) C1 and

i=1

f O’(t)dt

O,

can be conveniently assumed to be linear functionals of the process v, (t), and can
be denoted by (, v,). In this notation Condition 3 can be rewritten in the form
3’. For a given function l(t) satisfying (4), the representation

/-(-Oo)=(e,v,)+op(1), nc,

wheree(t)=

l(t)dt

is valid.

We now consider the process
(7)
u(t) v(t) g(t)(e, v).
As follows from (4) and (5), the functions g(t) and e(t) belong to Cx.
II. The process u(t) is the proiection of the process v(t) i]’ and only i[ (e, g) 1.
At the same time u (t) is a profection parallel to the tunction g(t) on a subspace that is
orthogonal (relative to (6)) to the [unction e(t).
Indeed, the equation 1-IIIx 1-Ixx, where IIx x(t)-g(t)(e, x), is an
operator defined for P-a.s. functions x(t)L[O, 1], which is equivalent to the
equation (e, g)= 1. If this last equation is satisfied then (e, 1-Ix)= 0 and IIg 0.
Thus the statement is proved.
If e(t)=(g,g)-g(t), i.e., l(x,O)=u-(Olog[/O0) (x,O), then u(t) is an
orthoprojection of the process v(t) relative to (6). We note a characteristic
property of an orthoprojeetion:
III. The r.v. (, u) and the r.v. (e, v) are independent [or any [unction
(t) Cx i]’ and only i[ e(t) (g, g)-Xg(t).
It is worth recalling that the Brownian bridge v(t) is also an orthoprojeetion,
relative to (6), of a standard Wiener process w(t) parallel to the function
(t) t: v(t) w(t)- t(L w). Thus u(t) is a projection o a Wiener process parallel
to the functions i(t) and e(t):

u(t) IIw(t)= w(t)-i(t)(L w)-g(t)(e, w).
The condition in Assertion II before the substitution of variables has the orm
(8)

{e, g)=

l(x, 0o)

log

(x, 0o) dF (x, 0o)= 1.

Supplementing II, we can say that if this condition is not fulfilled, then the
operator II is one-to-one.
The process u(t), as a linear transformation of a Gaussian process, is
obviously a Gaussian process. Moreover:
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I. If (e, g) 1, then the Gaussian distribution O of the process u(t) in L2[0, 1]
has mean 0 and correlation function

Ro(t, s) min (t, s)- ts g(t)e(s) e(t)g(s) + (e, e)g(t)g(s).
If e(t)

(g, g)-lg(t), the correlation function Ro(t, s) assumes the form

Ro(t, s)= min (t, s)- ts -(g, g)-Ig(t)g(s).

(9)

For the proof of Assertion IV we have to compute the mean and the
correlation of the continuous linear functionals
qi(t)u(t) dt =--(l[i, U), where qi(t)

O’(t) L2[0, 1], i=1,2.

But
(//i, U)--- (I/, IIw)-- (II*i, w),
where H* denotes the projector

rl*4,(t) $(t)-j(t)(d/, ])-e(t)(, g).
Now it is sufficient to recall (see, for example, [8], p. 88) that the mean of the r.v.’s
1, 2, is 0, while their correlation is (:, :2), so that the mean of
(:i, w), i e C,
the r.v.’s (4’i, u),
1, 2, is 0, while the correlation equals (II* O, II* z). By direct
computation it is easy to show that

ff

qa(t)q2(t)Ro(t, s) dt ds

<l-I*l/tl, I-I*2),

and, consequently, Ro(t, s) is indeed the correlation function of the distribution

O.
An expression of type (9) for the correlation function Ro(t, s) appeared in the

very first papers devoted to the given category of problems, for the case of both
scalar and vector parameters (see, for example, [5], or references in [1] and [2]),
and the expression "Gaussian process" was applied, moreover, to the process
u (t). The exact formulation and proof of weak convergence of the processes un (t)
to u(t) were given by J. Durbin considerably later, (in 1973; see [9]), for the space
C[0, 1] of continuous functions and for the space D[0, 1] of functions without
discontinuities of the second kind. The proof of weak convergence in L2[0, 1],
which is necessary to us, looks very simple.
V. If the relations (3)-(5) are fulfilled, then, as n-c, the sequence of
distributions Q, of the processes un(t) converges weakly in L2[0, 1] to the distribution
Q of the process u (t).
In view of relation (3) it is sufficient to prove weak convergence for a
sequence of processes FIlv (t)= v(t)-g(t)(e, v,) (see, for example, [10], p. 25).
Since the conditions of Assertion VI presented in Section 3 below are fulfilled, the
sequence of the distributions of the processes IIl V,(t) is weakly compact. It
remains for us to prove the weak convergence of the distributions of the
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,

continuous linear functionals (, Hlvn), (t) C2 to the normal distribution with
mean 0 and variance (H* II*O). But it is easy to see that

(10)

(, IllV-)

1

[’(T/)- l(T/)(p, g)-(,/’)].

nn/__

Since T1,’", Tn are independent and identically (uniformly) distributed,
expression (10) is a sum of independent identically distributed r.v.’s with mean 0
and variance (H* II*); convergence to a normal distribution follows from the
classical central limit theorem. Thus the statement is proved.
It is clear that the estimates themselves which satisfy Condition 3 converge
weakly to the corresponding stochastic integrals

,

4 (-0)= (e, v)+Op(1)(e, v),

(11)

n o.

Thus Assertions II and VI show that substitution for the unknown value of
the parameter of the estimate which satisfies Conditions 3 and (8), is asymptotically equivalent to the projection of the process v(t). Estimates satisfying
Conditions 3 and (8) will be called projecting estimates. A particular case is
presented by asymptotically efficient estimates (for example, estimates of maximum likelihood) for which the function

1 0 logf(x, 0)

Z(x,O)=-

leads, as already mentioned, to an orthogonal projection of the process v(t). We
must point out that an interesting discussion of such an orthogonal projection has
been given by Yu. N. Tyurin (see [11], and also [9], [12]). Other estimates which
are "not at all efficient" can also lead to projections, but not orthogonal ones. For
example, for the estimate obtained by the method of moments, i.e., from the
equation

(Xi) k, where ink(O)=

nmk(O)i=1

f xkf(x, O)dx,

we have, under the usual regularity conditions,

4 (d- 00)

1

-

IX/ --mk(O)]+Op(1),
/-m(O) 2
i=1

n o,

where m’(O) is the derivative of the function mk(O) with respect to 0, so that

m’(o)

x

(x, o) dx-

m’(O)

(x, O)dx

1

i.e., Condition (8) is fulfilled. Another example of projecting estimates is
furnished by the so called M-estimates of Huber (see, for example, 13]); these are
determined, in the case of a shift parameter, from the equation

(x, o*)
i=1

o,
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J

where the function sO(x) satisfies the equation sO(x) dF (x)= 0, and is otherwise
selected as a compromise between efficiency and stability (robustness) of the
estimates 0". (We recall that the stability requirement usually leads to a decrease
of efficiency of estimates.) For M-estimates, under the usual regularity conditions,
the representation

ax

(o*- Oo)

0o)+

n -,

i=1

holds, so that Condition (8) again is fulfilled and, consequently, the M-estimates
are projecting estimates.
We note, in connection with (11), that stable estimates can be conceived as
those which converge to continuous functionals of v(t), i.e., for which e(t) C2;
asymptotically efficient estimates usually converge to measurable but not
continuous linear functionals of v(t), for which e(t) C1\C2.
3. Weak Convergence in the Case of Alternatives

We now consider the limit behavior of the process un(t) in the case of
alternatives. Namely, we consider a certain sequence of d.f.’s Bn (x), n 1, 2,
and let, for each n, XI,,
X,n be independent r.v.’s with d.f.’s Bn(x). It is again
convenient for us to use the r.v.’s Tn F(Xin, 0o), where the value 00 is determined by Condition 5 (see below). The d.f. of the r.v. Tin is An(t) Bn[F-l(t, 0o)].
Let FA (t) denote the d.f.’s of the r.v.’s Tn,"
Tnn, and let

,

,

,

a

vn (t) x/ [F, (t)- t].
About the estimate O(Xln,"
Xnn) and the sequence of d.f.’s Bn(x) we assume
A

,

that a condition analogous to 3 is fulfilled:
5. There exists a value of the parameter 0o and a function l(t) satisfying the
condition in (4), such that, as n

x/- (-Oo)=(e, vA)+o,(1),n

wheree(t)=

l(t) dt.

We now consider the process
(12)

uA,(t)=4-[FA, (t)--G(t,)]=vA,(t)--g(t)(e, vA,)+rn(t,).

Below, we note that the remainder rn(t, ) can be neglected as before.
Consequently, when considering weak convergence of the distributions of processes uA(t),n we have to establish weak compactness of the sequence of distributions of the processes
IIlvA (t)= vnA (t) g(t)(e, v,A ),
and the convergence of linear functionals of these processes.
We consider first the process

IIaVn,A(t)= Vn.a(t)--g(t)(e, Vn.A), where Vn.A(t)= x/- [FA (t)-An(t)].
Relative to weak compactness of a family of distributions of centered processes
II1 Vn,A, the following assertion is valid"
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VI. Let the family At of d.f.’s on the segment [0, 1] and the function
l(t) L2[0, 1] be such that lZ(t) dA (t) <-_ c < o for all A(t) At. Then, ]:or any
sequence A, (t) At, the sequence o) distributions of the processes

IIxv.,A v.,a(t)- g(t)(e, l.)n,A
is weakly compact in L2[0, 1].
Let us write out the trace of the correlation operator RA Of the process II1V,,A
for some base bk(t), k 1, 2,.

TrRA

k.l= E(

bk(t)IIxV.,a(t) d

t)

2

For the proof of weak compactness (see, for example, [3], Chap. V, 2) it is
sufficient to prove that this series converges uniformly with respect to A and n. We
have

Since

E(I bkl)n,a)2=I cda-(I Ckda)2<-I cda,

where Ck(t)=

Io

bk(t) dt,

choosing, say, sin rkt, as bk(t), we find that
2

This implies that as N, the remainder k=NE( bkl)n,A) 2 converges to 0,
uniformly with respect to A and n. Since, in addition,
2

the second remainder in the right side of the inequality also converges to 0
uniformly with respect to A and n. Consequently, the series Tr Ra also converges
uniformly with respect to A and n. The statement is proved.
From the uniform convergence of the series k--1E(I bkv,,a) 2, we note the
weak compactness of the sequence of distributions of the processes v,,,a(t) for any
sequence of d.f.’s A, (t). We note, in addition, that the correlation operators of the
processes v,,a(t) and IIv,a(t) do not depend on the value of the index n but only
on the d.f.’s A,(t) and coincide with the correlation operators of the processes
v(A,(t)) and IIv(A,(t)), respectively, where v(t) is the Brownian bridge.
Consequently, Assertion VI is equivalent to the following: i[ ( l(t) dA (t)l c <
o
A(t)eA, then the family o[ distributions of the processes IIv(A(t)),
A(t) e A, is weakly compact; the amily of distributions of the processes v(A(t)),
A(t)eA, where A is the set of all d.f.’s on the segment [0, 1], is weakly compact.

or
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Since vA,(t)=v,.a(t)+/-[A,(t)--t], for the weak compactness of the
sequence of distributions of the processes v (t) it is necessary and sufficient that
the sequence of functions / [A,(t)-t] be compact in Lz[0, 1], while for weak
convergence of the distributions, as Assertion VI shows, it is necessary and
sufficient that this sequence of functions converge in Lz[O, 1]:

A"

f [/-(a,(t)-t)-a(t)]2

(13)

dt-->O,

As D. M. Chibisov informed the author, this Assertion is a consequence of the
more general result of [14].
In order to reach weak convergence of distributions of the processes HlV A. (t),
we consider conditions under which the sequence of distributions of the r.v.
(e, v) weakly converges to a normal distribution. In contrast to the case of
measurable linear functionals of the processes v,(t), the convergence of measurable linear functionals of the processes v(t) does not follow from weak
convergence of the processes. Additional assumptions are necessary for such

convergence.

VII. Assume that
uniformly with respect to n,
(a) 1/1>/2(t) dA, (t) 0 as c
dt as n
(b)
da.
(c) ff l(t) d[a,(t)-t converges as n
Then (e, v
(e, v) + (e, a ), where (e, a) denotes the limit of the sequence

from

.

a.
Condition (c).

Indeed (e, vff)=(e, V,.a)+(e,A,--f), where according to Condition (c)
the second term on the right has the limit (e, a). But the r.v. (e, V.A) is the normed
sum

(l(Tin)-fldAn)

.

of independent r.v.’s with mean 0 and variance 2 dA, ( IdA,) For the proof
of convergence of distributions of these sums to the normal distribution we test
whether the Lindeberg condition is satisfied. We have"

where M

{t: l(t)- dA, > e#}. Here, for any e > O,

.

from Condition (a); hence it follows from the inequality presented above that the
Lindeberg condition is fulfilled. Therefore distributions of the r.v. (e, v.a} weakly
converge to a normal distribution with mean 0 and variance, in view of Conditions
(b) and (c), equal to f a dr-( dr) This coincides with the variance of the r.v.
(e, v}, and the assertion is proved.
Relative to the set ot functions l(t) from L[O, 1], for which the conditions of
Assertion VII are fulfilled for a given sequence of alternatives A (t), we can easily
prove the ollowing assertion"
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III. A set offunctions (t) from L2[0, 1 ], for which the conditions of Assertion
VII are fulfilled, forms a linear manifold. If the convergence (13) is valid, then this

manifold contains the class Cx.
If Conditions (a), (b) and (c) of Assertion VII are fulfilled for the function l(t),
then, obviously, they are fulfilled for a function yl(t) for any 3’. If Conditions (b)
and (c) are fulfilled for the functions l(t) and I2(t), then it is also obvious that they
are fulfilled for the function l(t) +/2(t). We consider Condition (a). We have:

[I/1+/21>

(/1 + 12)2

dan] 1/2 [Ill+12l>cl dAn]l/2-+-[Ill+lz,>c l dA,] 1/2.

I

ldA,<=

In turn,
lx+12l>c

I

,dA,+
ll>c/2

lll>C/2

Using an analogous estimate for 111+121>c
a/z

I

l1<c/2<1121

ldA

121>c/2

I dA, we obtain"
I

[Ii+tzl>c(l dA.] 2[It1>/2 dA,+Itl>/21 dA,,]
+ 12) z

--<

1/2

whence it follows that if Condition (a) is fulfilled for ll(t) and/2(t), then it is also
fulfilled for l(t) + lz(t).
We shall show now that Conditions (a), (b) and (c) are fulfilled for any
function l(t) C if the convergence (13) holds. Since l(t) is bounded on [0, 1],
Condition (a) is fulfilled for any sequence of d.f.’s A, (t). Since lz(t) C if l(t) C1,
then using integration by parts (see, for example, [15], p. 148) we find that (b) and
(c) follow from (13). The assertion is proved.
IX. If Conditions 1, 2, 5, (13) and the conditions of Assertion VII are fulfilled,
then the sequence of distributions QA of the processes
(t) weakly converges in
L2[0, 1], as n o, to the Gaussian distribution QA of the process

uA

u A (t)= u(t)+a(t)-g(t)(e,

a).

Indeed, from Conditions 1 and 5 and the estimate (e, v a) Op(1) (which
follows from Assertion VII) we conclude that as n c the remainder r, (t, 0) in
formula (12) satisfies the relation
2
r,(t,)dt=ov(1),

Therefore it is again sufficient to consider the processes vA(t)--g(e, VA). The
convergence of distributions of continuous linear functionals of these processes"
A
A
(4,,v,)-(4,,g)(e,v,)

to a Gaussian distribution with mean (, 1-[la) and variance (II*4,, II*O) follows
from Assertions VII and VIII. Weak compactness of the sequence of distributions
of these processes follows from Assertion VI, Condition (13) and Condition (c) of
Assertion VII. The proof is completed.
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We return to the interpretation of stable estimates, mentioned at the end of
Section 2, as those estimates, satisfying Condition 5, which converge in probability to continuous functionals (e, v A). of the processes v Then in connection
with Assertion IX we may note that if the process uA (t) is obtained by means of a
stable estimate, then weak convergence to the distribution QA takes place for any
sequence of alternatives satisfying Condition (13).

a.

4. Linear Transformations and Linear Functionais of the Process u (t)

As was mentioned in the Introduction, the process u(t) admits the expansion

E

u(t)=

tXkUkak(t),

k=l

where ak(t), k 1, 2,"’, are normalized eigenfunctions,/x, k 1, 2,..., are
are
eigenvalues of the correlation function Ro(t, s), and Uk, k 1, 2,
independent r.v.’s having a standard normal distribution. Finding k and ak (t) is,
as was mentioned, a difficult task. Furthermore, /Zk and ak(t), k 1, 2, "",
depend on g(t), so that they have to be determined anew for different hypothetical
families
(if not for different subhypotheses F(x, O) from the same family).
Consequently, the distribution of the quadratic form

...,

I u(t)

dt=

2
Z txU
2

must also be computed anew for different hypotheses. Therefore it is difficult to
use the statistic u2(t)dr. On the other hand, Assertion II indicates how to
construct the quadratic form

K(t, s) du (t) du (s)=

(14)

.

2 Z

,

with given coefficients A of the independent r.v. Z, k 1, 2,
with standard
normal distribution. It is obvious that the construction of such a quadratic form is
equivalent to the construction of a linear transformation

(15)
such that

z(t)

I z2(t) dt

I

H(t, s) du (s),

Y. h 2kZk.2

As we know (see, for example, [3], p. 237), the linear transformation (15)
is defined P-a.s. for all Hilbert-Schmidt kernels H(t,s) (i.e., such that
H2(t, s) dt ds < oo). Let denote a class of Hilbert-Schmidt kernels H(t, s) for
which

I H(t,s)g’(s)ds=f

H(t,s) ds=O.

When considering linear transformations of the process u (t), it is sufficient to deal
with kernels of the class Yg. Indeed, as follows from Assertion II, for any
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Hilbert-Schmidt kernel H (t, s) we have

H(t, s) du (s)
(16)

final, s,- I H(t,s)ds-(g, g)-lg’(s)I H(t,s)g’(s)ds] du (s),

and the kernel in the right side belongs to
Let now hk(t), k 1, 2,..., be a normalized system of functions from
L2[0, 1], each of which is orthogonal to j’(t)- 1 and g’(t), i.e.,

I

(17)

f

hk(t)hr(t)dt=kr,

hk(t)dt=O,

f

hk(t)g’(t)dt=O,

or, in the notation adopted above,

(18)

.

{e, er)=

,

II*e

e, where e(t)

If the functions h(t), k 1, 2,...,

h(t) dr.

satisfy conditions (17), then the

r.v.’$

Zk

f

hk(t) du (t),

k

1, 2,’",

form a sequence of independent r.v.’s having standard normal distribution.
Indeed, since u(t)= IIw(t),

(ek, U

(II*ek, W

in view of (18), while, in view of the first condition in (17), any linear combination

AkZk ( Akek, W

;

has normal distribution with mean 0 and the variance Y. A this in fact proves X.
such
XI. For any correlation function R (t, s) there exists a kernel H(t, s)
that the process z(t)= H(t, s) du (s) will have the correlation function R(t, s).
be a normalized sequence of eigenIndeed, let rag(t) and A k 1, 2,.
functions and a sequence of eigenvalues of the correlation function R (t, s), and let
be any sequence of functions from L2[0, 1], which satisfies
hk(t), k 1, 2,.
(17). We put

,

,

.,

H(t, s)= Y. Akmk(t)hk(S).
Then the process

(19)

z(t)

I

H(t, s) du (s)

Y hkZkmk(t)

will have the correlation function R (t, s).
It is clear that here

(20)

z2(t) dt Y. h 2Z2k.
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Turning to linear transformations of the process uA(t), we assume that a(t) Cx.
We recall that this condition and the condition g(t) C1 together are necessary
and sufficient for mutual absolute continuity of the distributions Q and QA. Here
the r.v. is

(ek, uA) zk + k, where ck

I

hk(t)a’(t) dt,

and the process is
a

z (t)=

H(t, s)a’(s) ds

where c(t)

I,

H(t, s) duA(s) z(t)+c(t),
Agakmk(t),

SO

that

[zA(t)] 2 dt E 2(Zk + Ok

(21)

For finite n, according to (12),
(eg, u,A

(22)

(ek, V,A + (e,

with

I

(23)

hk(t) dvA (t)

1

hk (X,, 0o).
i=1

Consequently, in order to establish the weak convergence

(ek,

(24)

Ua,

Zk +k,

we need, in addition to the conditions of Assertion VII, conditions under which

hk(t) drn (t,

d)= Op(1),

This of course does not yet follow from the estimate
We strengthen Condition 1 in the following way:
6. For all 0 (R),

f[(0 f)(x, 0’)-(0- f)(X, 0)]
log

log

r2n(t, O) dt= Op(1), n -o.

:

dF (X, 0)=O(1) as [0’- 01-+ O.

Then:

XII. If for the/’unctions hk(t), l(t) and the sequence o[ d.f.’s An(t), the
conditions of Assertion VII and Condition 6 are fulfilled, then the weak convergence
(24) holds. Consequently,

zA(t)zA(t)n

(25)

An

where z (t)

and

I H(t, s) du An (s),

[zA (t)] 2 dt=>E,Z(z +a)

,
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For the proof it is sufficient to note that if l(t) satisfies the conditions of
Op(t), n o, which together with Condition 6 gives
Assertion VII, then (e, v

An

-

[r’(t,

dt=op(1),

n o.

Consequently, (24) follows from (22).
In connection with XII we can say that for hk(t)eC1 with ak
h’k(t)a(t) dt, the convergence (24) holds from Assertion IX even without the
assumption that a(t) C1. That is, when the limit distributions O and QA are
orthogonal, the tests based on continuous (linear) functionals at all levels less than
unity also have an asymptotic power less than unity. For hk(t) L2[O, 1]\C1 the
condition a(t) C1 is necessary but not sufficient for (24), so that tests based on
linear measurable functionals can also have a power tending to unity when the
limit distributions O and QA are mutually absolutely continuous.
Assertions X, XI and XII, in the context of the problem under consideration,
signify that if a system of functions hk(t), k 1, 2,.
satisfying (17) exists, we
are essentially free to choose the normalized functions ink(t) and the numbers
For example, if we choose
provided only that Y A <

.,

.

mk(t) x/ sin 7rkt,

Ak

1/Trk,

then zn(t) will converge to the Brownian bridge, while if

-

mk(t) x/ sin rr(k + 1/2)t,
A 1/Tr(k + 1/2),
then z(t) will converge to a Wiener process. For the construction of quadratic
forms the form of the functions mk(t) is not important: the choice of the numbers
k 1, 2,.
completely determines the limit distribution of the statistic

,

(26)

,

[Zn(t)] 2 dt 2 A 2k

2 hk(Ti) + oe(1),

n ->

for the hypothesis case. That is, the distribution of the quadratic form (20), is such
that, for example, for A k 1 !rk we obtain the to 2 distribution, while for h k 1,
k <-r, and hk 0, k > r, we obtain a chi-square distribution with r degrees of
freedom, and so forth.
For the hypothesis case it is also not important exactly how the functions hk (t)
satisfying (17) are chosen" As (24) shows, however, the power of the test based on
the r.v.’s (23), (for example, on the quadratic statistic (26)), depends substantially
on the choice of the functions hk(t), specifically, on how fast the Fourier
coefficients ak of the function

,

a’(t)-g’(t)(e,a)

tend to zero as k
for some sequence of alternatives. Recall that we encounter
the same situation when we use the usual to 2 test its power depends on how fast
the Fourier coefficients

I

x/- a’(t) cos rckt dt
decrease.
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F(x, 0o), Conditions (17) can be rewritten in the form

Using the equation

OI dF

O -O,

dF

where h(x, O) h(F(x, 0)), and hence 0 0o. We now turn our attention to the
fact that the functions h (x, 0) depend on an unknown value of the parameter 0,
and, consequently, the r.v.’s (23) cannot be constructed. However, it can be shown
in a standard way that for the r.v.’s

=. h (X, ),

(e, u )=

(28)

k

1, 2,

,

the relation (24) again is valid. For example, let the following condition be
fulfilled.
7. For each O O the function
0

sup

hk(x, 0 ,)

Mk(x, O, e)

O--e <_O’<_O+e

satisfies the relation

-

Mk(X, O, e) dBn (x)=o(1) as e

,.

uniformly with respect to n.
Then it is easy to see that"
XlII. I]’ Condition 7 is fulfilled and

1

x/---

hk (Xin’ O

1

x/(- 0)

Op(1) as n

hk (Xin, 0o) "31- Op(1)

as n -->

i=

oo, then

.

From XIII it follows that, for any finite r,
k=l

i=1

k=l

If in addition to XlII we can assert that Xi=I hk(Xin, )/x/’-Op(1), n
uniformly with respect to k, then an analogous relation will be true also for infinite
sums, provided only that A < c. Incidentally this is in fact not important: as we
can be very
know (see [1]), the distribution of infinite quadratic form A
form
of
finite
a
a
distribution
quadratic
accurately approximated by
"k
2
2
replacing the remainder k=r+ A EkZEk of the r.v. "OrZ r+ by some
rlrZ,.+,
multiplier of r/r or even simply by a constant.

Z

5. Some Remarks

We make a few concluding observations.
(1) The functions hk(x, O) satisfying conditions (27) can be obtained by
means of the process of orthogonalization. If hk(t), k 1, 2,.. is a normalized

,
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system in L2[0, 1], then the unctions hk[F(x, 0)] satisfy the first two conditions in
(27). In order to satisfy the third, we carry out an orthogonalization process. It
is clear that this process must be repeated or each hypothesis (or even or each
simple subhypothesis), but this, as may be imagined, is considerably simpler than
to compute the eigenvalues/z and then the d.L’s of the corresponding quadratic
form.
We point out, (as mentioned in a similar connection in 16]), that to compute
statistics of the orm (28) it is not necessary to order the observations according to
magnitude, as in the computation of the statistics uE,(t) dt and v2(t) dt.
(2) Statistics of the form (28) are o course quite analogous to the
"components" of tO E statistics, i.e., the r.v.’s

f

x/ v (t) sin zrkt dt

and

f

u,(t)ak(t) dt,

considered in [16] and [17]. When constructing the statistics in (28), only one
additional circumstance is taken into account, namely, that it is not absolutely
necessary to use the above mentioned "eigen" components and that to obtain the
statistics in (28) with the functions hx(x, O) we have chosen is both much easier and
more meaningful for the actual purposes of hypothesis verification. Specifically, it
is easy to see that or any intentional choice o the functions hk (X, 0) (i.e., such that
the coefficients for the "expected" alternatives a(t) are "not too small"), two or
three, or even one statistic of the form (28), will lead to a test with "sufficiently
good" power; this power as a rule, is greater than the power of the tests based on
the statistics u2 (t) dt and v2 (t) dt. Tables 3 and 4 in [16] and Tables 3, 4, 5 and 8
in [17] can serve as illustrations.
Thus the choice of the functions hk(X, O) and o the number of statistics (28)
can be used to construct tests which are consistent for a fairly broad class of
alternatives (although not or all), and which have a greater power with respect to
the expected alternatives. Finally, the choice of the unctions hk (X, O) can also be
subordinated, to other goals, or example, to the condition o stability (robustness)
of the test.
(3) In view of the third condition in (27), the asymptotic properties of the
statistics in (28) (both in the case of a hypothesis and in the case of a sequence of
alternatives), do not depend on whether the estimate used in the construction of
the process u, (t), is projecting or not, or on how "efficient" it is (more precisely,
what its asymptotic variance is). In essence, it is only important that x/ (- 0o)
Op(1) as n oo.
For the linear statistic (, un), where (t#, g) 0, the use of some projecting
estimate is important: when the conditions of Assertion VII are fulfilled, the
asymptotic mean of this statistic in the case of alternatives is (, Ha), while in the
case of a hypothesis it is 0; the asymptotic variance in both cases is (H* H* ).
Here it is easy to see that the use of a projecting estimate instead of an exact (say,
unknown) value of the parameter 00 can lead to an increase of the power of the
test. Thus, the asymptotic mean of the statistic (, vn) in the case of alternatives is
(, a), while in the case of a hypothesis it is 0, the asymptotic variance in both cases
being (, ) which, for example, is greater than (II*, II*) if one uses an
orthogonally projecting estimate. Therefore, for alternatives for which a Ha

,

-

,
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the power of a test based on the statistic (6, un) is greater than that of a test based
on the statistic 6,
(4) Although for a specified statistic of an empirical process the choice of
projecting estimate to use is important, for the problem of "overall" verification
of a given parametric hypothesis the choice in essence does not matter. In
particular, for any given sequence of alternatives we can use an orthogonally
projecting estimate, with, as was noted, the least asymptotic variance, to achieve
the same asymptotic power as any other projecting estimate.
Indeed, let u 1, (t) and UEn (t) be sequences of processes obtained by means of
the projecting estimates 01 and 02, respectively, which weakly converge to the
processes HlV (t) and H2v (t), where the operator Hi projects onto a subspace that
is orthogonal to the function ej(t), f 1, 2. Then

vn.

I2u

,

(t) u a (t) (t)(z, U ln) I-2(t),
where (t)= (G/OO)(t,. ) /2(t)= 12[F-(t, 0o), t], 2(t)= /2(t) dt, and for we
can use either 01 or 02 (or any other consistent estimate). Consequently, a test
based on a (P-a.s. continuous) statistic T(uzn(t)) of the process uzn(t) is asymptotically equivalent to a test based on the statistic T[I-Izu,(t)] of the process
Ul,(t).
ln

The circumstance mentioned above may be noted also in a simpler context.
X,)7- be a random vector with independent coordinates having
normal distribution and variance 1. We denote by the symbol 1 an n-dimensional
vector (1,
1) 7-. We consider a hypothesis consisting of the fact that the means
of
the
r.v.
1,
n, are equal, i.e., that for a certain number the vector
Xi,
0i
X- 01 has the mean 0. Let the n-dimensional vector 1 be such that 17"1 1. Then
the r.v. IT"X is the projecting estimate 0. For example, if I (1/n)l, the estimate

,

Let X (X1,

,

,

17"X Y X/n
i=1
is the nonbiased estimate with the least variance equal to l/n, while in the case
0)7" the estimate 17"X X1 has variance 1. However, it is obvious
I- (1, 0,.
that for all I the projection Y X-llT"X is the maximum invariant relative to
shifts, and the tests based on Y for different I are equivalent.

.,
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