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Abstract
There is a need to test the hypothesis of exponentiality against a wide variety of alternative hypotheses, across many areas
of economics and ﬁnance. Local or contiguous alternatives are the closest alternatives against which it is still possible to
have some power. Hence goodness-of-ﬁt tests should have some power against all, or a huge majority, of local alternatives.
Such tests are often based on nonlinear statistics, with a complicated asymptotic null distribution. Thus a second desirable
property of a goodness-of-ﬁt test is that its statistic will be asymptotically distribution free. We suggest a whole class of
goodness-of-ﬁt tests with both of these properties, by constructing a new version of empirical process that weakly converges
to a standard Brownian motion under the hypothesis of exponentiality. All statistics based on this process will
asymptotically behave as statistics from a standard Brownian motion and so will be asymptotically distribution free. We
show the form of transformation is especially simple in the case of exponentiality. Surprisingly there are only two
asymptotically distribution free versions of empirical process for this problem, and only this one has a convenient limit
distribution. Many tests of exponentiality have been suggested based on asymptotically linear functionals from the empirical
process. We illustrate none of these can be used as goodness-of-ﬁt tests, contrary to some previous recommendations. Of
considerable interest is that a selection of well-known statistics all lead to the same test asymptotically, with negligible
asymptotic power against a great majority of local alternatives. Finally, we present an extension of our approach that solves
the problem of multiple testing, both for exponentiality and for other, more general hypotheses.
r 2007 Elsevier B.V. All rights reserved.
JEL classification: C12; C46; C52
Keywords: Asymptotically linear statistics; Brownian motion; Contiguous alternatives; Distribution free statistics; Goodness-of-ﬁt
statistics; Local alternatives; Rate of convergence to Brownian motion; Transformed empirical process

1. Introduction
Testing exponentiality is a long standing problem in statistics. The exponential distribution is needed and
used at least as often as the time-homogeneous Poisson process. Applications of the exponential distribution
in physics, and more so in survival analysis and reliability theory, are numerous and diverse (e.g., Pham, 2003).
In economics, the assumption of exponentiality has been widely applied. For example, equilibrium search
models of the labour market typically use exponential distributions for the durations of unemployment and
employment within a particular job (e.g., Van den Berg and Ridder, 1998, who also allow for unobserved
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heterogeneity). The exponential distribution of the duration of typical stock market drawdowns (persistent
decreases in price over consecutive days) is motivated and discussed by Sornette (2003, Chapter 3), while
Granger and Ding (1995) suggest and assess the use of an exponential distribution for the absolute value of
mean-corrected stock returns. Evidence has been presented of exponential distributions for wealth and income
in the UK and the US (Dragulescu and Yakovenko, 2001a, b), and Stanley et al. (1996) propose and ﬁt a
model in which (log) annual growth rates of companies have an exponential distribution. Thus there is a clear
need to test the hypothesis of exponentiality against a wide variety of alternative hypotheses, across many
areas of economics and ﬁnance.
Goodness-of-ﬁt tests are typically based on omnibus statistics, designed to detect any deviation from the
hypothesis of interest. Well-known examples include the Kolmogorov–Smirnov statistics (one- and two-sided
versions), the Cramér–von Mises statistic and the Anderson–Darling statistic. All these statistics are nonlinear,
with complicated asymptotic null distributions. Following estimation of any unknown parameters, those
distributions depend on the hypothesised parametric family, the value of the parameter and the estimator used
(Durbin, 1973; Khmaladze, 1979). Hence the test statistics are not asymptotically distribution free.
In this paper we do not advocate any particular distribution-free test. Instead we present a modiﬁcation of
the usual empirical process, from which a variety of distribution-free test statistics can be calculated.
Under the hypothesis of exponentiality, the required transformation of the empirical process is particularly
straightforward. Any test statistic from this process asymptotically behaves as a statistic from a standard
Brownian motion, which makes asymptotic theory convenient and relatively simple (Khmaladze, 1981, 1993).
Despite the prevalence of tests for exponentiality, the process described here is one of only two asymptotically
distribution free empirical processes for this problem, as far as we know; see our discussion of Angus
(1982) and Koul (1977, 1978) in Section 2. Furthermore, our process is the only one with a convenient limit
distribution.
A widely used counterpart of goodness-of-ﬁt statistics is asymptotically linear or directional statistics, many
of which are score tests. These statistics have a nature very different from omnibus statistics: they lead to
asymptotically optimal tests for certain deviations from the hypothetical family, but have very low or no
power against the huge majority of other deviations. It might be expected that in a problem like testing
exponentiality, there exist many directional statistics able to detect deviations from the hypothesised family in
many different directions. It was therefore surprising to discover that a selection of well-known statistics, some
of which have been studied and recommended for goodness-of-ﬁt testing of exponentiality, are so closely
related that practically they lead to the same test. Thus the lack of power against many alternatives will be
shared by all these linear statistics, which clearly questions previous recommendations for goodness-of-ﬁt
testing using any of them.
Whenever two or more test statistics are used for the same problem, the issue of multiple testing arises. In
principle it is the conditional asymptotic distribution of a statistic that is the correct thing to study in such
cases, but in practice marginal asymptotic distributions are commonly used instead. We consider this problem
brieﬂy, and show that a transformed version of the empirical process can be constructed which is still
distribution free but is also asymptotically independent from any linear statistics already used. This approach
obviates the need for any conservative adjustments to test sizes that are commonly used in multiple testing,
such as Bonferroni corrections.
In Section 2 we deﬁne our problem formally and present the transformed version of empirical process which
is distribution free. We demonstrate good ﬁnite sample convergence properties of our modiﬁed process in
Section 3 through convergence properties of several representative test statistics. Section 4 looks at a selection
of well-known directional statistics and demonstrates their asymptotic similarity, along with some examples of
the use of statistics from our modiﬁed empirical process. Finally Section 5 brieﬂy considers a resolution of the
multiple testing problem using our transformed empirical process.
2. Distribution-free tests and a transformed version of empirical process
Given a parametric family of distribution functions P ¼ fPy ; y 2 Y  Rd g indexed by a ﬁnite-dimensional
parameter y, and given a random sample X 1 ; . . . ; X n from some unknown distribution function P, suppose we
want to test the null hypothesis that P 2 P. In the case of exponentiality Py ðxÞ ¼ 1  expðyxÞ and y40 is
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one-dimensional. Goodness-of-ﬁt statistics are often chosen as functionals of omnibus nature from the
parametric, or estimated, empirical process:
p
vn ðx; PÞ ¼ v^n ðxÞ ¼ nfPn ðxÞ  Py^ ðxÞg,
where Pn ðxÞ denotes an empirical distribution function based on the sample and Py^ is the distribution function
from P which ﬁts the sample ‘best’. There is no exact deﬁnition of goodness-of-ﬁt test statistics, yet such
statistics are supposed to be able to detect ‘all sorts of deviations’ from the hypothesis of interest. One can take
the Kolmogorov–Smirnov statistic,
p
sup jv^n ðxÞj ¼ n sup jPn ðxÞ  Py^ ðxÞj,
x

x

as an example of such a statistic.p
The empirical process vn ðxÞ ¼ nfPn ðxÞ  PðxÞg, with ﬁxed hypothetical P, converges in distribution to a
standard Brownian bridge under the hypothesis, after time transformation t ¼ PðxÞ. In contrast, the estimated
empirical process v^n converges to a Gaussian process with distribution that very much depends on the
parametric family P, on the estimator used and, in general, on the particular values of the parameter; see, e.g.,
Durbin (1973) and Khmaladze (1979) and references therein. On the other hand, the process v^n asymptotically
‘preserves all information’ available in the sample to discriminate between the hypothesis and any local
(contiguous) alternatives. The process wn we construct below will have this latter property, but will be
asymptotically distribution free; for a formal proof of this statement see Khmaladze (1981, 1993).
As the class of alternative distributions we consider the class of all ‘local’, or better, converging contiguous
alternatives, which are deﬁned as the class of all sequences of distributions An , for which there exists Py 2 P
and the function hð; yÞ 2 L2 ðPy Þ such that


Z
dAn 1=2
1
ðxÞ ¼ 1 þ p hðx; yÞ þ rn ðxÞ; n r2n ðxÞ dPy ðxÞ ! 0.
(1)
2 n
dPy
The function h describes the ‘direction’ from which alternatives An converge to a particular sub-hypothesis Py .
Hence h is the scoreP
function of the locally most powerful test for testing Py against An . Thus the statistic of
this test is the sum ni¼1 hðX i ; yÞ; cf. the comments on the Moran and Cox–Oakes statistics in Section 4.
From a geometric point of view, it is clear that one should not be concerned to detect alternatives which
approach any particular Py from the direction tangential to P at Py . This direction is given by the score
function under the null hypothesis: q log pðx; yÞ=qy, where fpðx; yÞ; y 2 Yg is the family of density functions
corresponding to P (e.g., see Janssen, 2000). More formally, in (1) the function h must be orthogonal to this
direction, or
Z
q log pðx; yÞ
dPy ðxÞ ¼ 0.
hðx; yÞ
qy
Indeed, any part of An described by the part of h co-linear to q log pð; yÞ=qy can be explained as an
inﬁnitesimal shift in the value of y rather than a deviation from the family P.
Although the Kolmogorov–Smirnov test was mentioned explicitly above, we are not suggesting or
advocating any particular test. Instead we propose a version of parametric empirical process wn , different from
v^n . After the time transformation
t ¼ Py^ ðxÞ,

(2)

the process wn converges in distribution under the hypothesis to standard Brownian motion and converges to
standard Brownian motion plus non-zero shift under any sequence of contiguous alternatives (1). Therefore
any statistic that is invariant under the time transformation (2) is asymptotically distribution free, and any
statistic of omnibus nature, like the Kolmogorov–Smirnov statistic or the Cramér–von Mises or
Anderson–Darling statistics, has asymptotic power against any local alternatives.
The process wn differs from v^n in the way one centres the empirical distribution function Pn . This different
centring was ﬁrst presented in Khmaladze (1981) but for convenience we include a brief description here.
Instead of subtracting from Pn its expected value Py with estimated parameter, or, in differential form, instead
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p
of considering v^n ðdxÞ ¼ nfPn ðdxÞ  Py^ ðdxÞg, one can use conditional expected values and consider
p
^
nfPn ðdxÞ  EðPn ðdxÞjPn ðyÞ; ypx; yÞg.
Centring of each increment, Pn ðdxÞ, by the conditional expected value renders wn to be a martingale with
respect to the ﬁltration fFx ; xX0g, where each s-algebra Fx is generated by the ‘past’ of Pn and the maximum
^ i.e., Fx ¼ sfPn ðyÞ; ypx; yg.
^ It may be difﬁcult to calculate this conditional expectation,
likelihood estimator y,
but it is easy to calculate the asymptotically equivalent expression Kðdx; Pn Þ, such that
p
wn ðdxÞ ¼ nfPn ðdxÞ  Kðdx; Pn Þg
(3)
will be a process with uncorrelated increments. As the notation suggests, the centring process Kðx; Pn Þ; xX0;
is a modiﬁcation of Py^ . It is called the compensator of Pn —it ‘compensates’ Pn to a process with uncorrelated
increments. The form of Kðx; Pn Þ is given by the hypothetical family of distribution functions as follows.
Consider the vector function


q log pðx; yÞ
T
qðx; yÞ ¼ 1;
,
(4)
qy
with the ﬁrst coordinate identically equal to 1 and the second coordinate being the score function
q log pðx; yÞ=qy. Using this extended score function construct the matrix
Z 1
Cðz; yÞ ¼
qðx; yÞqðx; yÞT pðx; yÞ dx,
(5)
z

which can be called the incomplete Fisher information matrix. Then the compensator associated with this
parametric family is deﬁned (Khmaladze, 1981) as
Z x
Z 1
Kðx; Pn Þ ¼
qðz; yÞT C 1 ðz; yÞ
qðy; yÞPn ðdyÞPðdzÞ
1
z

Z 1 Z minðx;yÞ
T 1
¼
qðz; yÞ C ðz; yÞPðdzÞ qðy; yÞPn ðdyÞ.
ð6Þ
1

1

To see that Kðx; Pn Þ is really a ‘modiﬁcation’ of Py^ ðxÞ, one can check that Kðx; Py Þ ¼ Py ðxÞ.
As our ﬁrst observation in this section we note that the form of Kðx; Pn Þ in the case of exponential
distributions is quite straightforward:
!
Z 1
^
y
^ minðx; yÞPn ðdyÞ
Kðx; Pn Þ ¼ y^
2 þ minðx; yÞ  yy
2
0
!
!
Z 1
Z x
^
^
2
y
y
^
^
^
2  y yPn ðdyÞ þ y 2 þ x xf1  Pn ðxÞg  y x
yPn ðdyÞ
¼y
2
2
0
x
or
y^ X
y^
Kðx; Pn Þ ¼
2X i  X 2i
n i:X x
2
i

!

!
2
^
y
y^ X
^
X i.
þ y 2 þ x xf1  Pn ðxÞg  x
2
n i:X 4x
i

Secondly we note the rate of convergence of wn to a standard Brownian motion is good; at least, as good as the
convergence of the uniform empirical process to a Brownian bridge in the classical theory. Numerical results
that support this claim are presented in Section 3.
For testing exponentiality there exists one other interesting form of empirical process, which is also
asymptotically distribution free. In particular, using the equality 1  Py ðbxÞ ¼ f1  Py ðxÞgb more fully than via
a single statistic, the latter as used in Deshpande (1983) for example, one can consider the empirical process
p
an ðxÞ ¼  nð1  Pn ðbxÞ  f1  Pn ðxÞgb Þ
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and test if it is asymptotically a zero-mean process. It is easy to see that
p
p
an ðxÞ ¼ nfPn ðbxÞ  PðbxÞg þ n½f1  Pn ðxÞgb  f1  PðxÞgb 
and hence,
an ðxÞ ¼ vn ðbxÞ  bf1  Py ðxÞgb1 vn ðxÞ þ op ð1Þ.

(7)

Following, e.g., Angus (1982) and Nikitin and Tchirina (1996), choose b ¼ 2. After the time transformation
t ¼ 1  Py^ ðxÞ the process an will converge in distribution to the process b,
bðtÞ ¼ uðt2 Þ  2tuðtÞ,

(8)

where u is a standard Brownian bridge on ½0; 1. Hence we obtain a standard, or distribution free, process as
the limit.
A more general version of this last process was studied by Koul (1977, 1978). Starting with the equality
1  Py ðx þ yÞ ¼ f1  Py ðxÞgf1  Py ðyÞg, Koul considered the process
p
an ðx; yÞ ¼  n½1  Pn ðx þ yÞ  f1  Pn ðxÞgf1  Pn ðyÞg.
The asymptotic form of Koul’s process is
an ðx; yÞ ¼ vn ðx þ yÞ  f1  Pðx; yÞgvn ðyÞ  f1  Pðy; yÞgvn ðxÞ þ op ð1Þ
and therefore, after the time transformation t ¼ 1  Py^ ðxÞ; s ¼ 1  Py^ ðyÞ, it converges in distribution to b ,
b ðt; sÞ ¼ uðtsÞ  tuðsÞ  suðtÞ,

(9)

which is again a distribution free process in t and s. We note that the process (9) is of a very appealing
structure: it can be written as Pu where, for a function f ðt; sÞ; ðt; sÞ 2 ½0; 12 ,
Pf ðt; sÞ ¼ f ðt; sÞ  tf ð1; sÞ  sf ðt; 1Þ þ tsf ð1; 1Þ
is the projection of f on the class of functions (on ½0; 12 ) equal to zero everywhere on the boundary of the unit
square. This does not imply as yet that Pu does not deﬁne u uniquely, because in (9) P is applied to a very
narrow class of functions of t and s given by f ðt; sÞ ¼ uðtsÞ. However, the transformation (9) annihilates
functions ct log t where c is constant and therefore, one cannot reconstruct u from b .
We also remark that although the process an looks like a non-parametric object, unconnected with and free
from any estimation of the parameter y, asymptotically it is actually a one-to-one transformation of v^n .
Indeed, the relationship between v^n and vn is given by
Z
p ^
d
d
1 1
v^n ðxÞ ¼ vn ðxÞ  Py ðxÞ nðy  yÞ þ op ð1Þ ¼ vn ðxÞ þ Py ðxÞ
xvn ðdxÞ þ op ð1Þ
dy
dy
y 0
if y^ ¼ 1=X̄ . The main term on the right-hand side above is an orthogonal projection of vn (see Khmaladze,
1979 and Khmaladze and Koul, 2004). At the same time the functions ldPy ðxÞ=dy ¼ lx expðyxÞ are
annihilated by the right-hand side of (7), for any l independent of x. These are the only functions which are
annihilated by this transformation. Therefore in (7) we can replace vn by v^n , but this time the relationship
between an and v^n is (asymptotically) one-to-one.
Angus (1982) and Koul (1977) calculated limiting critical values of Kolmogorov–Smirnov statistics from
an ðxÞ and an ðx; yÞ, respectively. However, the distribution of (8) and (9) is certainly more complicated than the
distribution of a standard Brownian motion.
We note that certain asymptotically distribution free goodness-of-ﬁt statistics can be produced, based on the
empirical likelihood principle. This was demonstrated by Einmahl and McKeague (2003), who showed that
asymptotically their statistics behave as certain weighted quadratic functionals from a standard Brownian
motion or Brownian bridge. That is quite different, however, to the production of an asymptotically
distribution free empirical process such as wn , from which any chosen statistics can be constructed.
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3. Assessment of convergence of the new process wn
It is not entirely clear how to best evaluate the convergence of distribution of a sequence of processes to the
limiting process. For wn we considered several statistics with different behaviour: one-sided and two-sided
Kolmogorov–Smirnov statistics,
dþ
n ¼ sup wn ðxÞ;
0pxo1

d
n ¼  inf

0pxo1

wn ðxÞ;


d n ¼ maxðd þ
n ; d n Þ ¼ sup jwn ðxÞj,
0pxo1

the Cramér–von Mises statistic,
Z 1
o2n ¼
w2n ðxÞ dPy ðxÞ,
0

and the Anderson–Darling statistic,
Z 1 2
wn ðxÞ
2
An ¼
dPy ðxÞ.
Py ðxÞ
0
We evaluated the distribution functions of all ﬁve statistics for ﬁnite n and compared these distribution
functions with their limits in a simulation study.

The limit distribution function of d þ
n and d n is 2FðzÞ  1, with F the standard normal distribution function,
which follows from the reﬂection principle; e.g., Feller (1971, p. 175). The limit distribution of d n is given, e.g.,
in Shiryaev (1999, p. 251) and Borodin and Salminen (2002), and was calculated by Shinjikashvili using the
numerical method of Khmaladze and Shinjikashvili (2001). For tables of the limit distribution of o2n see Orlov
(1972) or Martynov (1977), while for A2n see Deheuvels and Martynov (2003). In fact, we have now made all
these limiting distributions, and others, available on the web site of the School of Mathematics, Statistics and
Computer Science, VUW:
http://www.mcs.vuw.ac.nz/ ray/Brownian/
Random samples of sizes 50, 100 and 200 were generated from the exponential distribution with parameter
y ¼ 1, such that PðxÞ ¼ 1  expðxÞ. We considered two situations: y assumed known and y estimated, using
the maximum likelihood estimator, y^ ¼ 1=X̄ . Table 1 reports the empirical sizes of statistics d n , o2n and A2n
^
obtained from 50,000 replications, for nominal sizes of 5% and 10%, for both y ¼ 1 and y.
It is clear from Table 1 that the statistics have accurate empirical sizes, both when y is assumed known and,
more realistically, when it is estimated. Fig. 1 illustrates the good convergence of the entire empirical
Table 1
Convergence properties of representative test statistics from wn
Test statistic

Size of sample

Nominal size 5%

Nominal size 10%

y¼1

y ¼ y^

y¼1

y ¼ y^

dn

50
100
200

5.56
5.50
5.50

4.54
4.79
5.09

9.81
9.89
10.06

8.90
9.09
9.70

o2n

50
100
200

4.95
5.01
5.06

4.60
4.66
4.87

9.77
9.92
9.96

9.62
9.50
9.71

A2n

50
100
200

4.98
5.13
5.15

4.79
4.75
4.85

9.89
10.06
10.05

9.77
9.65
9.78

Empirical sizes (%) for named test statistics at various sample sizes, with exponential parameter y either known or estimated. Fifty
thousand replications for each sample size.
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Fig. 1. Comparison of empirical distribution function (solid line) and corresponding limit distribution (dashed line) for two goodness-ofﬁt test statistics based on the process wn , calculated in each case from 50,000 standard exponential samples of sizes 50 or 100 with estimated
parameters: (a) size 50, d n ; (b) size 100, d n ; (c) size 50, o2n ; (d) size 100, o2n .

distribution functions of two of the test statistics to their limits: we present graphical comparisons for each of
^ Convergence was comparable for the other three
d n and o2n , for 50,000 samples of sizes 50 and 100, with y ¼ y.
test statistics considered, and slightly better with y ¼ 1 assumed known.
Thus we conclude that the sequence of processes wn converges in distribution quickly to the limiting
Brownian motion. Given this good convergence, the asymptotic theory for any statistic from wn can be used
with conﬁdence; we therefore leave open the choice of particular statistics. However, we note that a chosen
statistic need only be calculated once, rather than the more computationally intensive requirements of
permutation tests, for example.

We remark that for testing exponentiality, calculation of Kolmogorov–Smirnov statistics d þ
n , d n and d n is
easy and quick, yet exact. In each interval ðX ðjÞ ; X ðjþ1Þ Þ, formed by adjacent order statistics, the compensator
Kðx; Pn Þ is simply a quadratic function in x that attains its minimum at the point
P
P
2
i:X i 4X ðjÞ X i
i:X i 4X ðjÞ X i
0
xj ¼
 ¼
 2X̄ ,
nj
nj
y^
while Pn ðxÞ is constant. So the maximum or minimum of Pn ðxÞ  Kðx; Pn Þ on each interval is attained at the
end-points or at x0j , if x0j 2 ðX ðjÞ ; X ðjþ1Þ Þ; i.e., d þ
n ¼ maxðan ; bn Þ with
 

 

j
j
0
and bn ¼
max
an ¼ max
 KðX ðjÞ ; Pn Þ
 Kðxj ; Pn Þ ,
j
n
n
j:x0j 2ðX ðjÞ ;X ðjþ1Þ Þ
while
d
n


¼  min
j



j1
 KðX ðjÞ ; Pn Þ .
n
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To close this section, we note that a simulation study of local power would require a vast number of
alternatives, the choice of which is somewhat arbitrary, so we do not pursue that here. We suspect, however,
that the ﬁndings from an extensive simulation study using local alternatives would be quite different to those
from a study with ﬁxed alternatives, such as Henze and Meintanis (2005), for example.
4. Comments on some well-known statistics
A widely used counterpart of goodness-of-ﬁt statistics is formed by asymptotically linear statistics of
the form

Z
Z
n 
X
^ vn ðdxÞ þ op ð1Þ ¼ p1ﬃﬃﬃ
^  gðx; yÞP
^ ^ ðdxÞ þ op ð1Þ
gðx; yÞ^
gðX i ; yÞ
(10)
y
n i¼1
for some deterministic function g, usually with certain square integrability requirements. These statistics
have a nature very different from omnibus statistics: they lead to asymptotically optimal tests for certain
deviations from P, but have very low or no power against the huge majority of other deviations from the
hypothetical family.
Indeed, under the hypothesis, i.e., under any Py 2 P, Rasymptotically linear statistics (10) converge to a
Gaussian random variable with zero-mean and variance g2 ðx; yÞPy^ ðdxÞ. However, under any sequence of
contiguous alternatives An satisfying (1), these statistics converge to the same Gaussian random variable plus
the shift
Z
hðx; yÞgðx; yÞ dPy ðxÞ,
(11)
e.g., see Khmaladze (1979), Janssen (2000). Clearly, (11) is the inner product between functions hð; yÞ
and gð; yÞ in L2 ðPy Þ. Although for hðx; yÞ ¼ cgðx; yÞ, with c constant, the shift (11) can be quite large, for
hð; yÞ ? gð; yÞ this shift is simply zero. Hence any asymptotically linear statistic under all alternatives
orthogonal to gð; yÞ will have the same limiting distribution as under the hypothesis.
R
However, tests based on several asymptotically linear statistics, such as gj ðxÞ^vn ðdxÞ; j ¼ 1; . . . ; k, can be
considered and perceived as goodness-of-ﬁt tests. The chi-square test is probably the most prominent such
example. If each linear statistic, with particular kernel gj , is sensitive to particular alternatives, their
combination may be sensitive to ‘sufﬁciently many’ different alternatives, and therefore will be of ‘sufﬁciently’
omnibus nature.
It is remarkable though that many papers explicitly or implicitly devoted to goodness-of-ﬁt testing of
exponentiality are actually based on a single asymptotically linear statistic. Quite unexpectedly, we also
realised that some well-known statistics lead asymptotically to basically the same test and no combination of
these statistics can be used for goodness-of-ﬁt testing; at least, not for local alternatives.
Before we consider examples of such usage below, we need to make one observation. Suppose g? ð; yÞ is the
part of gð; yÞ orthogonal to the hypothetical score function q log pðx; yÞ=qy. Since all functions hð; yÞ are
orthogonal to it we have
Z
Z
hðx; yÞgðx; yÞ dPy ðxÞ ¼ hðx; yÞg? ðx; yÞ dPy ðxÞ.
Therefore
it will be inefﬁcient to use the asymptotically linear statistics with gð; yÞag? ð; yÞ: the part of it equal
R
^  g ðx; yÞg
^ v^n ðdxÞ will contribute to its asymptotic variance but not to its asymptotic shift.
to fgðx; yÞ
?
Asymptotically linear statistics, centred as in (10), are asymptotically equivalent to those with the kernel g? .
Indeed, using the asymptotic representation for y^  y (see, e.g., (19) in Section 5), it is not difﬁcult to obtain
Z
Z
Z
^
gðx; yÞ^vn ðdxÞ ¼ g? ðx; yÞvn ðdxÞ þ op ð1Þ ¼ g? ðx; yÞ^vn ðdxÞ þ op ð1Þ.
(12)
Now let us consider several well-known statistics, which are all scale invariant. Hence in what follows we set
y ¼ 1 and we also denote by P the exponential distribution function Py , Py ðxÞ ¼ 1  expðyxÞ, with y ¼ 1.
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The papers of Deshpande (1983) and Bandyopadhyay and Basu (1989) are based on testing whether
1  PðbxÞ ¼ f1  PðxÞgb , and the test statistic can be written as the integral
Z 1
X
1
IfX j 4bX i g ¼
f1  Pn ðbxþÞgPn ðdxÞ,
(13)
nðn  1Þ iaj
0
where Ifg denotes the indicator function. For any ﬁxed b, (13) is asymptotically linear:
Z 1

Z 1
p
n
f1  Pn ðbxþÞgPn ðdxÞ 
f1  PðbxÞg dPðxÞ
0
0
Z 1
Z 1
¼
fexpðbxÞ  expðx=bÞgvn ðdxÞ þ op ð1Þ ¼
g?;D ðxÞvn ðdxÞ þ op ð1Þ,
0

ð14Þ

0

where
g?;D ðxÞ ¼ expðbxÞ  expðx=bÞ  ð1  bÞ=ð1 þ bÞ.
Deshpande (1983) and Bandyopadhyay and Basu (1989) each suggest different choices of b, but it is one ﬁxed
value of b in both cases. The right-hand side of (14) may be studied as a process in b. Based on the
combination of the Laplace transform of the empirical process v^n , this process in b will converge to a zeromean Gaussian process under the hypothesis, and will have non-zero shift under all contiguous alternatives
An . Basically such an approach was taken and extended in Baringhaus and Henze (1991, 2000) and Henze
(1993), where quadratic functionals from not only the Laplace transform but also from the Fourier transform
of v^n were studied. Epps and Pulley (1986) previously investigated ‘smooth’ functionals from the empirical
characteristic function.
A statistic known as the Gini index,
P
iaj jX i  X j j
,
Gn ¼
2nðn  1ÞX̄
received a thorough treatment in Gail and Gastwirth (1978). G n can be rewritten as
ZZ
n
1
jx  yj dPn ðxÞ dPn ðyÞ.
Gn ¼
ðn  1Þ 2X̄
After normalisation, it becomes evident that G n is also an asymptotically linear statistic:
ZZ
p ZZ
p 
n
n 1
n
jx  yjfdPn ðxÞdPn ðyÞ  dPðxÞdPðyÞg þ
jx  yj dPðxÞ dPðyÞ
1
2 X̄
ðn  1ÞX̄ 2



Z Z
p X̄  1
¼
jx  yjPðdyÞ vn ðdxÞ  n
þ op ð1Þ
2
Z
Z
x1
vn ðdxÞ þ op ð1Þ
¼ fx  1 þ 2 expðxÞgvn ðdxÞ 
2
Z
¼ g?;G ðxÞvn ðdxÞ þ op ð1Þ,

ð15Þ

where
x1
 1 þ 2 expðxÞ.
2
R
RR
Here we made use of X̄ ! 1, jx  yj expðyÞ dy ¼ x  1 þ 2 expðxÞ and jx  yj expðxÞ expðyÞ
dx dy ¼ 1. It is obvious that G n is asymptotically normal, but Gail and Gastwirth (1978) also show the
exact distribution of Gn and demonstrate that convergence to the normal distribution is quick.
The so-called Moran statistic, introduced in Moran (1951), has the form
g?;G ðxÞ ¼

Mn ¼

n
1X
Xi
log .
n i¼1
X̄
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This is the score test statistic for testing a ¼ 1 assuming an underlying Gamma density aðxÞ ¼ ya G1 ðaÞxa1
expðx=yÞ. Indeed, the score function in this case is q log aðxÞ=qa ¼ logðx=yÞ  G0 ð1Þ=Gð1Þ. Recently Tchirina
(2003) studied large deviations of a test based on the Moran statistic and some of its local properties. For the
normalised form of this statistic with y ¼ 1, we obtain
Z
 Z
Z
p
x
n
log dPn ðxÞ  log x dPðxÞ ¼ g?;M ðxÞvn ðdxÞ þ op ð1Þ,
(16)
X̄
where
g?;M ðxÞ ¼ log x  g  ðx  1Þ
R
and g ¼ G0 ð1Þ=Gð1Þ ¼ log x expðxÞdx, so that g is Euler’s constant. This statistic is suggested as an
‘‘omnibus’’ goodness-of-ﬁt test by Stephens (1986), although he adds the caveat that its use can be ‘‘risky’’,
due to problems if the data include ties or zeros. For an omnibus test, Stephens in fact restricts attention to
alternatives with monotone failure rate.
One more statistic for testing exponentiality was suggested in Cox and Oakes (1984),

n 
X
Xi
Xi
T n ¼ n1
1
log .
(17)
X̄
X̄
i¼1
Its representation as an asymptotically linear statistic when y ¼ 1 is
Z
g?;CO ðxÞvn ðdxÞ þ op ð1Þ where g?;CO ðxÞ ¼ ð1  xÞðlog x þ 1  gÞ.

(18)

Statistic (17) was introduced explicitly as the score test statistic for testing a ¼ 1 assuming a Weibull
distribution AðxÞ ¼ 1  expfðx=yÞa g. Indeed, the function ð1  x=yÞ logðx=yÞ þ 1 is the score function of the
Weibull density aðxÞ ¼ ðaxa1 =ya Þ expfðx=yÞa g with respect to parameter a at a ¼ 1. Later, however, the
Cox–Oakes statistic has been studied and recommended for goodness-of-ﬁt testing (e.g., Ascher, 1990; Henze
and Meintanis, 2005).
The four asymptotically linear statistics above appear different, each capable of detecting deviations from
exponentiality in different directions. Thus it might seem important to compare their asymptotic behaviour
against various alternatives. Yet for local alternatives all four statistics are extremely similar. Though formally
the corresponding kernel functions g? are different they all have similar graphs, as shown in Fig. 2, and all
four statistics are very highly correlated. In particular, the correlations between statistic (18) and (14), (15),
(16) are 0:909; 0:936; 0:971; between statistic (16) and (14), (15) are 0:909; 0:833; and between statistic (15)
and (14) 0:865. So while these statistics are optimal for different alternatives, asymptotically they are very
similar and it is not important to study their relative power, at least for local alternatives. Note, following
Bandyopadhyay and Basu (1989), we use a value of b ¼ 0:44 in Deshpande’s (1983) statistic (13).
Furthermore, as noted above, no single asymptotically linear statistic can provide a goodness-of-ﬁt test with
asymptotic power against every sequence of contiguous alternatives (1). To illustrate this we give an explicit
example of a local alternative for which these four statistics have very low power, while the power of an
omnibus test, calculated on the transformed empirical process wn , is essentially higher. Perhaps unexpectedly,
for such an example we make use of the uniform distribution on ½0; 1, against which the Cox–Oakes statistic,
for example, was reported to have high power (Ascher, 1990; Henze and Meintanis, 2005). We convert this
uniform distribution into a local alternative by using the mixture


c
c
c
an ðxÞ ¼ 1  p pðxÞ þ p qðxÞ ¼ pðxÞ þ p fqðxÞ  pðxÞg,
n
n
n
where c is a scalar, pðxÞ isR the exponential density with parameter y ¼ 1 and qðxÞ is the uniform density on
½0; 1. Denote kg?;CO k ¼ ð g2?;CO ðxÞex dxÞ1=2 . The value of the integral
Z
Z 1
1
1
g?;CO ðxÞfqðxÞ  pðxÞg dx ¼
g
ðxÞ dx ¼ 0:0138
kg?;CO k
kg?;CO k 0 ?;CO
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Fig. 2. Kernel functions of four asymptotically linear statistics: (a) Deshpande; (b) Moran; (c) Gini; (d) Cox–Oakes.
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Fig. 3. The change in distribution of (a) the Cox–Oakes statistic and (b) the Kolmogorov–Smirnov statistic d n from the transformed
empirical process wn , calculated from 20,000 samples of size 900. Distributions are shown under the hypothesis of exponentiality (dashed
line) and under the local alternative mixture discussed in the text (solid line).

is quite small. Hence the asymptotic shift of the standardised Cox–Oakes statistic under alternatives an , being
0:0138c, is also small for moderate c, which means that its power against an will be very low.
Fig. 3 compares the distributions of the Cox–Oakes statistic and the Kolmogorov–Smirnov statistic d n
calculated from the transformed empirical process wn given in (3). The statistics are compared under the
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Fig. 4. Empirical distribution function of durations of rule of Chinese Emperors (steps) with an exponential approximation (solid) and the
compensator Kðx; Pn Þ (dashed).

hypothesis and under the alternative an above, using 20,000 replications of size n ¼ 900 with c ¼ 5. That is,
under the alternative, 150 of the 900 observations in each replicate sample come from the uniform distribution.
It is clear that the change in distribution of the Kolmogorov–Smirnov statistic is essentially sharper, and the
power of the Kolmogorov–Smirnov test based on the transformed version of the empirical process is larger.
Another example was found in our research on certain historical data (Khmaladze et al., 2007). Fig. 4 shows
the empirical distribution function of the durations of rule for Chinese Emperors, as given in Encyclopaedia
Britannica (2002), along with an exponential approximation. The approximation looks very good and the
value of the standardised Cox–Oakes statistic is 0:08, which is obviously close to the median of the standard
normal distribution. However, the value of the Kolmogorov–Smirnov statistic from the transformed empirical
process is equal to d n ¼ 2:46, which corresponds to a p-value of 0:028. Hence the hypothesis of exponentiality
should be rejected, which agrees with the more detailed analysis reported in Khmaladze et al. (2007).
5. The process wn and the problem of multiple testing
Goodness-of-ﬁt test statistics are often used along with asymptotically linear, or directed statistics. It is quite
common to apply a goodness-of-ﬁt test to the sample ﬁrst, to see if there is any disagreement with the
hypothesis. If there is, one or two asymptotically linear statistics may then be used, to see if the disagreement
can be attributed to deviations in particular directions. Alternatively, asymptotically linear statistics may be
used to test whether there are deviations in one or more of a few particular directions initially, then a
goodness-of-ﬁt test is used to see if there are any other sorts of deviations from the hypothesis. In both these
situations, but especially the latter, we should be interested in the conditional asymptotic distribution of the
goodness-of-ﬁt statistic, given the values of the asymptotically linear statistics already used, rather than the
marginal asymptotic distribution.
While in principle the conditional asymptotic distribution of a statistic is the correct thing to study, in
practice marginal asymptotic distributions are commonly used because the conditional distribution seems too
difﬁcult to use, or too computationally intensive. However, the approach based on the transformation (3),
using (6), allows the resolution of this multiple testing problem in a simple and natural way. That is, it allows
the derivation of a version of the transformed process wn which, under the hypothesis is not only a standard
Brownian motion, but is also asymptotically independent from any linear statistics already used. In this way
there is no need for any conservative adjustments to test sizes, e.g., as used in Bonferroni corrections.
Indeed, suppose the maximum likelihood estimator y^ of the parameter y has the asymptotic representation
Z
p ^
q log pðx; yÞ
1
dvn ðxÞ þ op ð1Þ,
nðy  yÞ ¼ B ðyÞ
(19)
qy
where BðyÞ is the Fisher information, or Fisher information matrix if y is a vector. Further, suppose that tests
based on asymptotically linear statistics (12) were used. Then the corresponding kernels are added as
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coordinates to the vector function (4) and the compensator is still deﬁned as (6). If y is one-dimensional and if
a single statistic of the form (12) was used, then we put


q log pðx; yÞ
T
; gðx; yÞ
qðx; yÞ ¼ 1;
qy
and construct Cðz; yÞ of (5), which now becomes a 3 3 matrix. Then following, e.g., Khmaladze
(1993) or
R
Khmaladze and Koul (2004, Sections 2 and 3), the obtained process wn and the statistic g dvn will be
asymptotically independent, while wn will still converge to Brownian motion.
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