Kinematic Singularities of a 3-DoF Planar
Geared Robot Manipulator

S.Vahid Amirinezhad and Peter Donelan

Abstract By incorporating gearing into a planar 3R mechanism, one obtains a fam-
ily of mechanisms in which the gear ratios play a central kinematic role. Special
choices of these parameters result in interesting simplifications of the kinematic
mapping. An explicit expression for the mapping can be derived using the ‘matroid
method’ of Talpasanu et al [6]. We use this relatively simple mechanism to illustrate
singularity analysis for geared mechanisms.
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1 Introduction

The use of gear pairs in a mechanism may confer a number of advantages. For
example, they can enable more efficient placement of the actuators thereby reducing
their mass and inertia. Epicyclic gear trains (EGTs), in which the centre of one gear
wheel revolves around that of another, are the simplest form and therefore play
an important role in geared mechanisms (GMs). By utilising EGTs, we can easily
place actuators close to the base of a GM and rotation of inputs can be efficiently
transmitted to the end-effector. Careful choice of gear ratios can also enable end-
effector motion to be tailored to specific inputs.

The fundamental kinematic equation for an epicyclic gear is due to Willis [10].
Subsequent authors have introduced methods of global analysis for GMs that en-
sure the equations are correctly formulated for a given mechanism topology and
design. Notably, Buchsbaum and Freudenstein [2] introduced combinatoric meth-
ods to represent the topology of the mechanism. This approach was later developed
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by Tsai [8], Hsu and Lam [4]. In order to enhance the computational effective-
ness of the method, Talpasanu et al. [5, 6] refined and to some extent recast the
approach, introducing the ‘incidence and transfer method’ that uses the cycle ma-
troid of the mechanism’s directed graph. A comparison of Talpasanu’s method with
that of Tsai—Tokad was made in [1]. In this paper, we illustrate Talpasanu’s method
for a simple geared version of a planar 3R mechanism in order to determine its
kinematic mapping and thereby its singularities.

2 The Mechanism

A simple planar GM consists of n+ 1 links, Ly,...,L,, and m joints that include ¢
revolute (turning) and/or prismatic pairs, 71, ...,7;, and g gear pairs, Gi,...,Gg, SO
that m = t 4+ g. Note that the number of links, excluding the base Ly, is assumed
equal to the number of simple pairs, i.e. t = n. In effect, the mechanism without
gears contains no closed chains.

By placing three actuator joints at the base and using simple spur-gear pairs to
transmit motion to the end-effector, one obtains a geared mechanism based on a
simple serial planar 3R. One EGT, consisting of three gear wheels and using link Z;
as carrier, transmits motion to the link L7, while a second EGT of five gear wheels
with links L; and L7 as carriers transmits motion to the end-effector. A functional
schematic for the mechanism is illustrated in Figure 1. The inputs, which are at-
tached to the base Ly, are via T;, i = 1,2,3 while link Lg is the output planet gear
or end-effector. Note that the carrier arms L;, L7 that form the first two links in the
underlying planar 3R are also gear wheels. Other links are intermediate gear wheels.
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Fig. 1 Functional schematic of the 3-DoF Geared Planar Manipulator

In its directed graph (digraph) representation, Figure 2, the links (including gear
wheels) are vertices (Lo,...,L9) while joints are edges. Specifically, the revolute
pairs (71,...,To) are solid edges and gear pairs (Gy,...,Gg) are dashed. Note that
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the solid edges form a spanning tree for the graph; put another way, each simple
cycle contains at least one gear pair as an edge.

Lo

Fig. 2 Associated digraph

The direction of an edge connecting vertices (links) L;,L; is L; — L; if the trans-
mission from input to output flows from L; to L;.

Application of the CGK formula shows that the GM has three degrees of freedom
(3 dof), noting that a gear pair has 2 dof. Alternatively, Talpasanu [5] and Tsai [8]
observe that there is a relation between the degrees of freedom f of the GM, the
number of links and the number of gear pairs:

f=n—g 6]
again yielding f = 3.

3 Constraint Analysis via the Matroid Method

To perform the kinematic analysis, we apply the matroid method of Talpasanu [6]
to obtain the Willis kinematic equations for all gear pairs and solve these equations
to express all joint variables in terms of the input (sun) variables. This enables us to
express the kinematic mapping as a product of exponentials in terms of input vari-
ables alone and consequently to undertake the singularity analysis. It is worth noting
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that the Willis equations usually express the relation between angular velocities in a
gear-pair/carrier cycle but since the relations between the joint variables themselves
is linear, the same equations hold between the underlying variables as between their
velocities.

There are essentially three stages to the matroid or incidence—transfer method:
the first stage codifies the topology of the digraph representation of the GM in ma-
trix form. The second stage builds the specific design on to this by introducing
dimensions that can then be interpreted as gear ratios. The method insures that we
obtain a minimal set of linear (Willis) equations and the third stage is to solve these
for the joint variables in terms of the input variables.

Associated to the digraph are two matrices. The incidence matrix B has rows
labelled by the vertices and columns by edges and its entries B;; are —1, 1 according
as edge j leaves or enters vertex i, or else is 0. In this setting, the base L is fixed and
its row (containing only —1,0) is linearly dependent on the other rows. Omitting it,
we arrive at the reduced incidence matrix:

nnLhh Ih T5 Tt T s Th | Gt G G3 Gy Gs Gs
Lf010-1-1-1-10 0|0 0 0 0 0 07
L{1000 O O OO O|]-10O0O0O0OO
L/0OOI O 0 0OOO O|O0-10000
L0001 0 0 0O O O]1 O0-10 00

m=:5{0000 1 0 0 0 0] 0 1 0-10 0 )

,{[0OOOO O 1 0 0 0O|]O O 1 O0-10
L/00OOO O O 1 -1-1,0 0 0 1 0 O
k{0000 0 0 01 00 OO0 O 1 —1
LL0O0OOO 0 0 0 0 1|0 0 O0OO0OO0 1]

Further, this is partitioned as indicated into submatrices: IT,,x, = [Pprx; |IA’,,X ol

A cycle basis matrix T for a digraph consists of a maximally independent set of
rows, each corresponding to a cycle, whose m entries are —1, 1 according as edge j
appears in that cycle directed with or opposed to a given vertex order for the cycle,
or otherwise 0. The cycle space is in fact the nullspace of the incidence matrix so,
according to Euler’s formula, its dimension is m — n. Given the special structure of
the digraph for a GM, we have m —n = g and a basis for the cycle space can be
indexed by the gear pairs, Gy,...,Gg . For the given GM, with the vertex order as
indicated by arrows in each basis cycle, we have:

nh 13Ty s Ts 5 Tt Ty |G G Gy Gy Gs Gg
Gf1-10-10 0 0 0 0|1 00000
G|0-110-10 0 0 0]0100O00O0
r— GG{|0 001 0-10 0 0001000 3)
T 60000 1 0-10 0000100
Gs|0 00O 0 1 -1-10]000O0T1O0
GLOOOO O O0 0 1 —-1]00O0O0O0° 1

Again, this can be partitioned into submatrices: gy = [Cgx;|Igxg] Where the sec-
ond block is the identity matrix. Note that Cy; is matrix form of a spanning tree
for the diagraph, which one can obtain by deleting the dashed lines in Figure 2.
In any graph with edge set E, the collection / of subsets of E that do not include a
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cycle form a matroid, mathematical objects that capture the abstract idea of indepen-
dence. Spanning trees are maximally independent while simple cycles are minimally
dependent objects.

The second step is to introduce design parameters into the matrices. For an ori-
ented gear pair G; connecting link L; to Ly, denote the corresponding gear ratio
pi = —rj/r, where rj,ry are the radii of the corresponding gear wheels. The con-
straint imposed by the cycles on the motion of the GM is captured by the joint
position matrix R whose entries are r;; = c¢;;d;; where c;; are components of the
(reduced) cycle basis matrix C and d;; is the distance of the axis of joint of gear pair
G; from that of 7;. These distances are the radii of the various gear wheels so that:

n L 3 Ty T T T
G| —r 0 — r4 0 0 0
G| 0 r3—r3 0 —rs 0 O

cocooco&
coococos

_ G 0 0 O —r4 0 —re 0
R= Gy 0 0 0 0 —Is 0 —ry (4)
Gs 0 0 O 0 0 —re Te —I%
GLO 00 0 0 0 0 —rg—ro

The rows of the matrix represent equations that hold between the joint variables
at each revolute pair (or equivalently their angular velocities) so that each row can
be independently scaled by one of the radii to realise the gear ratio matrix:

n L L T Tkt T, Tz T
G[-prpt 0O -1 0O O O O
G| 0 pp—pp 0 -1 0 0 O

0

0

el 0 0 0 —p3 0 -1 0 0 0
A=l 0o 00 0 —ps 0 -1 0 0 )

G| 00 0 0 0 —psps —1 0

GLO 0 0 0 0 0 0 —pg-—1

To arrive finally at a complete set of Willis equations for the GM, it is necessary
to incorporate the component P of the reduced incidence matrix that provides the
connection between the angles of rotation 6; for each link L; and the joint variables
¢; at each revolute pair 7}, i, j = 1,...,9. Specifically, set:

2"g><t :AgXt'Pthta (6)
then the Willis equations have the matrix form:
£6=0 (M

where 0 is the vector of link rotations.
We can partition @ between input variables of which, following Eq. (1), there
should be three and passive variables. Explicitly:

0=1[0;]6,]" = 016,650, 05 6 6; 6 6] @®)

Partitioning ¥ in a similar way, and expanding the product gives:
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L L I3 Ly Ls Ly Ly Ly Lo
Gp+l-p 0 -1 0 0 0 0 0
6| p+1 0 —pp| 0 =1 0 0 0 0
Glps41 0 0 |=ps 0 =1 0 0 0
L=[2r12]= §i+1 0 0 I IS ps 0 -1 0 0 ©)
G| 0 0 0] 0 0 —psps+1 -1 0
Gl 0 0 0] 0 0 0 petl—ps—1

Now, we can rewrite Eq. (7) in the form of [Z; | Z,].[6 | 6,]" = 0,. from which
it follows that, provided Z, is non-singular which is easily verified in this case:

[0,] = —[Z,]".1Z/].10/] (10)

Solving Eq. (10), gives passive variables in terms of input variables as follows:

04 p1+1 —p1 0
05 p2+1 0 —p2 0,
3 L—pip3 p1p3 0

= le 11
& 1—paps 0 P2p4 L,j] b
63 p1p3ps — p2pa(1+ps) +1 —p1p3ps  p2pa(l+ps) )
6o —P1P3P5P6 + P2P4(PsPs — 1)+ 1 p1p3psps  —p2pa(psps — 1)

4 Kinematic and Singularity Analysis

The forward kinematic map of the mechanism can be written in terms of the revolute
pair rotations as the product of exponentials in the relevant Euclidean group, in this
case SE(2), as follows:

T(¢) = X191X797 X% (0) (12)

where T(0) is the transformation between base and end-effector frames at the
rest position ¢ = 0 and X; denote the infinitesimal rotations of revolute joints 7;,
i =1,7,9 about their centres of rotation. Explicitly, we can use homogeneous rep-
resentations as follows:

0-1 0
X;= |10 —§ (13)
00 0

where (with respect to appropriate choices of body coordinates) & = 0, & = [,
& =1y +1; withly = ry +2r4 +r¢ = r3+2rs +r7, I7 = r¢ + 2rg + r9 the lengths of
the carrier arms L, L7; and:

10L4+1h
T0)=[01 0 (14)
00 1
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Then the homogeneous form of the forward kinematic map is

cos(@1 + @7+ ¢9) —sin(@1 + @7 + o) 11 cos @ + 17 cos(P1 + ¢7)
T(0)= |sin(¢;+ @7+ ¢o) cos(¢1+¢7+¢o) [ising +Il7sin(¢;+¢7) | (15)
0 0 1

This can be more simply expressed in terms of link rotation variables using
6, = @1 + @7, B = ¢1 + @7 + @9. Moreover, for purposes of singularity analysis
it is preferable to work with a local representation of the kinematic mapping T that
simply uses the angle 6y to parametrise the rotation matrix that constitutes the top
left 2 x 2 block of the homogeneous transformation. That is:

9
(9],97,99)*—) 1 cos 01 + 7 cos 67 (16)
1 sin ) + l78in 67

In this form, we have made use of passive variables. These can be expressed
using Eq. (11) in terms of input variables. Hence, the kinematic mapping can be
expressed as a function .% : R® — R3, where:

B161 + B262 + 365
F(01,6,,03) = l1cos 0y + 17 cos(a 61 + a365) 17
[1sin@) + Iy sin(oc1 0, —|—O£393)

and o = 1 — paps, @3 = paps, P = —P1P3PsPe + P2pa(Pspe — 1) + 1, fo =
P1P3P5P6, and B3 = —papa(pspe — 1). It is worth noting that by judicious choice of
gear ratios the rotation of the end-effector can be made independent of one or more
input variables. For example, setting p;p3 = pspe = 1 ensures the rotation is inde-
pendent of 0y, 65 and is directly equal to 6,. This is nicely illustrated by Thang [7].

Finally, to find singularities we need to investigate the Jacobian of the kinematic
mapping % . From Equation (17) we obtain:

Bi B2 Bs
/ = | —I;sin 6, —(X]l7Sin(Ot1 0, +O£393) 0 —Ot3l7Sil’l(O£1 6 —|—Ot393) (18)
licos0) — aylycos(0 0 +0303) 0 azlycos(og 0 + 0363)
For a singularity, we require:

det(/) = (X3ﬁ21]l7 sin(91 — 00 — 05393) =0. (19)

The design parameters a3, 32,1,l7 are assumed non-zero so the GM is singular if
and only if sin(6; — a;0; — 0363) = 0 and hence:

nw
0, — 63 = ——, for any integer n.
P2pP4 Y g
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Thus, the singular configurations of mechanism in Figure 1 are strictly contingent on
the difference between input variables 6, and 6s. It can be concluded that increasing
the product of gear ratios p,p4 connecting gear wheels L3 and L7 can cause more
singular points in the joint space, while keeping it close to zero will reduce singular-
ities. It must be noticed that having p>ps4 < 1 may have dynamic consequences. The
images of the singularity set in the workspace of course correspond to the expected
singular configurations in which carrier arms L; and L; are collinear.

5 Conclusion

We have illustrated the constraint analysis of a geared mechanism involving two
epicyclic gear trains using the matroid method of Talpasanu. The aim is to provide
a straightforward approach to the kinematic analysis of GMs and determination of
their singularities. While the example presented is straightforward, it provides a
model for extending singularity analysis of GMs to more complex cases including
those which are genuinely spatial in their kinematics and to parallel mechanisms
incorporating gearing.
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