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Abstract The Denavit–Hartenberg (DH) notation for kinematic chains makes use of
a set of parameters that determine the relative positions of and between successive
joints. The corresponding matrix representation of a chain’s kinematics is a prod-
uct of two exponentials in the homogeneous representation of the Euclidean group.
While the DH notation is based on sound kinematic intuition, it is not obviously
natural in mathematical terms. In this paper, we use the principle of transference
to determine fundamental algebraic (polynomial) invariants of the Euclidean group
SE(3) acting on sets of twists, elements of the group’s Lie algebra, se(3), repre-
senting joints, and show that the DH parameters are algebraic functions of these
invariants. We make use of the fact that for a set of three twists, there is an algebraic–
geometric duality with the corresponding set of Lie brackets, so that link lengths of
one correspond to offsets of the other.

Key words: Euclidean group, Denavit–Hartenberg parameters, polynomial invari-
ants, dual numbers

1 Introduction

The kinematics of serial chains are usually modelled either by the Denavit–Hartenberg
notation [5] or by the product of exponentials notation. In fact, Brockett [1] showed
how the two are related to one another. The key idea in both cases is that the motion
of a link with respect to its neighbour in the chain is described by an exponen-
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tial matrix in terms of the joint parameter. This arises from the fact that the one
degree-of-freedom joints—revolute, helical or prismatic—can be represented by a
twist (or motor or screw). In mathematical terms, a twist is an element of the Lie
algebra se(3) of the Euclidean group SE(3) of rigid-body transformations.

Twists can be represented in a variety of ways, but the most succinct is using
Plücker coordinates [17]. We shall write a twist S as a pair of 3-vectors: S = (ω,v).
These coordinates rely on a choice of spatial coordinate frame, so we would expect
kinematic properties to be invariant under changes of coordinate. Mathematically,
they should be invariants of the adjoint action Ad of the Euclidean group on its Lie
algebra. The most fundamental of these is the pitch of a twist, which in terms of
Plücker coordinates is the ratio:

h =
ω.v
ω.ω

(1)

of the Klein form ω.v=ω1v1+ω2v2+ω3v3 and Killing form ω.ω =ω2
1 +ω2

2 +ω2
3 .

Each of these is in fact an invariant polynomial f (ω,v) in the sense that for any
g ∈ SE(3):

f (Ad(g)(ω,v)) = f (ω,v). (2)

For a serial chain, we have more than one joint, and hence are interested in the in-
variants of a set of twists S1, . . . ,Sk. Since the Euclidean group is algebraic, that
is it can be represented as the zero set of polynomials, its polynomial invariants
are of particular significance. Other invariant quantities, such as the pitch, may be
expressed as rational or algebraic in terms of them. Our primary goal is to deter-
mine fundamental polynomial invariants for sets of twists and to show that the DH
parameters can indeed be written in terms of them.

Our guide is the principle of transference, whose origins are in the work of Clif-
ford and whose value was recognised by Kotelnikov [7] and, especially, Study [18]—
see, for example, Chevallier [2], Rico and Duffy [12], Rooney, [13], Selig [17]. An
algebraic version of the principle states that on replacing real coordinates by dual
coordinates, valid statements about vectors in R3 become valid statements about
twists, written as dual vectors ω+εv, where ε is a quantity such that ε2 = 0. Cheval-
lier notes that this should not be regarded as a theorem, as there are exceptions to its
application: it is a valuable generic guide.

We follow Study [18], Section 23, in making use of the principle by starting with
invariants and syzygies of the rotation group SO(3), acting on m copies of R3 [20],
which we refer to as m-fold invariants. Dualisation in SO(3) leads to dual invariant
polynomials, whose real and dual parts are real invariants of the Euclidean group.
A number of authors [6, 11, 15, 19] have explored invariants of the adjoint and co-
adjoint action (the latter of importance in theoretical physics). Selig [17] also makes
use of the principle of transference to derive invariants that correspond to those we
obtain. In [3], the algebraic method of SAGBI bases is employed to find some of
these invariants. The work of Takiff [19] has been extended by Panyushev [10], but
in a theoretical algebraic–geometry setting, and he too obtains the dualised form of
2-fold invariants.

The group and dualisation are described in Sections 2, while its application to in-
variants is in Section 3. In Section 4, the Denavit–Hartenberg parameters are derived
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in terms of Plücker coordinates. Since three joints are required to define the offset,
the expectation is that it can be written in terms of 3-vector polynomial invariants of
the Euclidean group (using Weyl’s term). To achieve such as expression we intro-
duce in Section 5 the algebraic-geometric duality between a set of three screws and
its associated set of Lie brackets.

2 The Euclidean group and dualisation

Let D denote the ring of dual numbers a+εb, a,b ∈R and ε2 = 0 with component-
wise addition, and multiplication defined in the obvious way. Note that D is not a
field, as there are zero divisors and not every non-zero quantity has a multiplicative
inverse, but is a 2-dimensional real associative algebra. In a dual number a+ εb, a
is referred to as the primal part and b, the dual part. Modules of various sorts can
be constructed by taking vectors and matrices of dual numbers; these can also be
written as a sum of primal and dual parts.

The position of a link in a serial chain with respect to some reference position,
in a given coordinate frame, is represented by an element of the Euclidean group
SE(3). The group is a (semi-direct) product of the orientation-preserving rotations
SO(3) and translations R3, and is a 6–dimensional Lie group [9, 17]. The rotation
group SO(3) is characterised by the following conditions on a 3×3 (real) matrix A:

AAt = I, detA = 1. (3)

Replacing entries in A by dual numbers gives rise to a dual matrix Â = A0 + εA1
where A0,A1 are real 3× 3 matrices, the primal and dual parts respectively. The
same equations (3) determine a group SO(3,D) [8]. Equating primal and dual parts
we obtain:

A0At
0 = I, (A1At

0)
t =−A1At

0, det(A0) = 1, (4)

so that A0 ∈ SO(3) and A1At
0 is skew symmetric. Identifying this skew-symmetric

matrix with a translation vector in R3 gives rise to an isomorphism between
SO(3,D) and SE(3) that is at the heart of the principle of transference.

Correspondingly, the Lie algebra se(3) of the Euclidean group is the sum of
so(3), the infinitesimal rotations and t(3), infinitesimal translations. The algebra
so(3) can be represented by 3×3 skew-symmetric matrices but these in turn can be
identified with elements of R3 in a standard way [9]. Dualising works here too, in
that twists inse(3) can be written as dual vectors S = ω + εv, where the primal and
dual parts ω,v are the Plücker coordinates. Geometrically, a twist S = ω + εv can
be interpreted as a vector field on R3 whose integral curves—the motion generated
by the twist—are helices of pitch h = ω.v/ω.ω about an axis with direction vector
ω and moment ω×q = v−hω about 0 (where q = (v×ω)/ω.ω is a point on the
axis [17]). Note that if h = 0 then the the motion is revolute—the integral curves are
circles centred on the axis and lying in planes orthogonal to it. If, on the other hand,
ω = 0, then the motion is translational and the integral curves are lines parallel to v.
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A change of coordinate frame corresponds to conjugation in the group and this
gives rise to the Lie bracket, a bilinear, skew-symmetric product, in its Lie alge-
bra [9]. Writing elements of so(3) as 3-vectors ω1,ω2 ∈ R3, the Lie bracket is the
standard vector product on R3, [ω1,ω2] = ω1×ω2 Dualising, so writing elements
of se(3) as dual vectors Si = ω i + εvi, i = 1,2, the Lie bracket is the dual vector
product:

[S1,S2] = (ω1 + εv1)× (ω2 + εv2) = ω1×ω2 + ε(ω1×v2 +v1×ω2). (5)

The geometric interpretation of the Lie bracket [S1,S2], in the generic case ω1×
ω2 6= 0, is as a twist whose axis is the common perpendicular to the axes of S1,S2
with twist h12 a function of the pitches hi of Si and the relative placement of the
twists [16].

3 Invariants and dualisation

The standard action of the rotation group SO(3) on R3 is the same as its adjoint
action on so(3). Weyl [20] gives a complete account of its vector polynomial invari-
ants. They are of two types: given ω1, . . . ,ωm ∈ R3 ∼= so(3), every m-fold polyno-
mial invariant is generated by (i.e. is a polynomial function of) the quadratic and
cubic invariants

Ii j = ω i.ω j, 1≤ i, j ≤ m; Ii jk = [ω i,ω j,ωk], 1≤ i < j < k ≤ m (6)

The latter is termed a bracket and is the determinant of the matrix whose columns
are the three vectors. Note that these invariants are not algebraically independent but
are linked by several types of syzygies, that is, polynomial relations. We shall only
be concerned with m ≤ 3 and in these cases the only syzygy occurs when m = 3.
There are 7 invariants of type connected by a single syzygy

I2
123 = det(Ii j). (7)

If f (ω1, . . . ,ωm) is a polynomial in the coordinates of the m vectors, then replac-
ing the real vectors by the dual vectors ω i + εvi, i = 1, . . . ,m and expanding by the
binomial theorem gives the dual polynomial in differential form:

f̂ (ω1, . . . ,ωm,v1, . . . ,vm) = f (ω1, . . . ,ωm)+ ε ·
m

∑
r=1

3

∑
j=1

vr j
∂ f

∂ωr j
(ω1, . . . ,ωm). (8)

It is straightforward to show that if f is an m-fold polynomial invariant of SO(3),
then the primal and dual parts of f̂ are indeed m-fold invariants of the adjoint action
of SE(3). For the adjoint action itself, SO(3) has the single generating invariant
I11 = ω.ω which dualises to give:
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(ω + εv).(ω + εv) = ω.ω +2εω.v. (9)

Up to a multiple, the primal and dual parts I11 and Î11 = ω.v are the familiar Killing
and Klein forms whose ratio is the pitch of the twist S = (ω,v). For m = 2, there
are 6 quadratic invariants arising from dualisation of the SO(3) invariants [3]. In
the case m = 3, there are 14 invariants arising from the primal and dual parts of the
dualisations of the 7 generating 3-fold invariants for SO(3):

Iii = ω i·ω i, Îii = ω i·vi, i = 1,2,3

Ii j = ω i·ω j Îi j = ω i·v j +vi·ω j, 1≤ i < j ≤ 3

I123 = [ω1,ω2,ω3], Î123 = [v1,ω2,ω3]+ [ω1,v2,ω3]+ [ω1,ω2,v3]

(10)

The syzygy (7) can also be dualised and therefore gives rise to a pair of syzygies,
the primal part being (7) and the dual part:

I123 Î123 =Î11I22I33− Î11I2
23− Î22I2

13 + Î22I11I33 + Î33I11I22− Î33I2
12 (11)

− Î12I12I33 + Î12I13I23− Î13I13I22 + Î13I12I23 + Î23I12I13− Î23I11I23.

4 Link length and offset

The link length—the length of the common perpendicular between the axis-lines of
two twists—is one of the DH parameters determined by a successive pair of joints.
Let us assume they have finite pitch and the axes of screws are non-parallel. To
calculate the link length d between twists S1 and S2 in terms of Plücker coordinates
(ω i,vi), i = 1,2. Let plane πi be the plane that contains the axis for Si and is normal
to the common perpendicular; the planes have common normal ω1×ω2. The normal
vector meets the axes at points:

xi =
vi×ω i

ω i ·ω i
. (12)

The planes have the form (ω1×ω2) · x = ki, i = 1,2 and the link length is given
by a = (|k2− k1|)‖ω1×ω2‖. Substituting xi from (12) into the plane equations to
determine ki and applying Lagrange’s identity:

a =
ω1·ω2

‖ω1×ω2‖

(
v1·ω1

ω1·ω1
+

v2·ω2

ω2·ω2

)
− ω1·v2 +v1·ω2

‖ω1×ω2‖
(13)

We observe from (13) that if either ω1, ω2, or ω1×ω2 is equal to zero, then the
link length will be undefined. It is a lengthy but essentially straightforward exercise
to verify that the link length is invariant under the adjoint action of SE(3). Indeed,
clearly link length can be expressed in terms of 2-fold invariants:
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Fig. 1 (a) Link length and (b) offset in Plücker coordinates

a =
I12√

I11I22− I2
12

(
Î11

I11
+

Î22

I22

)
− Î12√

I11I22− I2
12

(14)

The offset is the distance between the feet of successive common perpendiculars
along the axis of the middle of three twists. In Figure (??), the offset d2 is the
distance between x2, x′2, the feet of successive common perpendiculars from the
axes of S1,S3 to the axis of S2, so:

d2 = ‖x2−x′2‖=
∥∥∥∥v2×ω2

ω2 ·ω2
+ t2ω2−

v2×ω2

ω2 ·ω2
+ t ′2ω2

∥∥∥∥= |t2− t ′2|‖ω2‖. (15)

We must determine t2, t ′2. If x1,x2 are the feet of the perpendicular between axes

of S1,S2 then xi =
vi×ω i

ω i ·ω i
+ tiω i for some ti, i = 1,2; the fact that x2− x1 is per-

pendicular to axes of screws S1 and S2 gives us two equations and eliminating t1
gives:

t2 =
((v2×ω2) ·ω1)(ω1 ·ω2)+((v1×ω1) ·ω2)(ω2 ·ω2)

‖ω2‖2‖ω1×ω2‖2 . (16)

A similar formula applies for t ′2, from which we establish by (15), writing scalar
triple products as 3×3 matrix determinants:

d2 =

((
|v2 ω2 ω1|(ω1 ·ω2)+ |v1 ω1 ω2|‖ω2‖2

)
‖ω3×ω2‖2

−
(
|v2 ω2 ω3|(ω3 ·ω2)+ |v3 ω3 ω2|‖ω2‖2

)
‖ω1×ω2‖2

)
‖ω2‖‖ω3×ω2‖2 ‖ω1×ω2‖2 (17)

Once again it is possible to show that this is invariant under the action of SE(3). In
practice we used Maple show that it is invariant under the adjoint action of the Lie
algebra on itself. However it is not immediately clear whether the numerator Ω2 of
this expression can be written in terms of the 14 invariants (10).
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5 Algebro–geometric dual of three twists

Given a set S of three twists S1,S2,S3, there are in fact three offsets determined by
the three pairwise common perpendiculars, one associated with each twist. Recall
from Section 2 that associated to each pair of twists Si,S j, their Lie bracket [Si,S j] in
the generic situation corresponds to a twist whose axis is the common perpendicular
to the given pair. Thus we can associate with the given set a new dual 3-twist set
S ′ consisting of the brackets S′1 = [S2,S3],S′2 = [S3,S1],S′3 = [S1,S2], which has
the property that the link lengths of S are the offsets of S ′ and vice versa. We can
therefore determine an expression for the offset (17) in terms of the 3-fold invariants
(10) by determining forms for the invariants of the dual set. By way of example, for
I11 = ω1 ·ω1, we replace ω1 by ω ′1 = ω2×ω3 and then, using Lagrange’s identity:

I′11 = (ω2×ω3) · (ω2×ω3) = (ω2 ·ω2)(ω3 ·ω3)− (ω2 ·ω3)
2 = I22I33− I2

23. (18)

In the same way, we can determine expressions for the dual versions of all the in-
variants. For example, I′123 = I2

123 and Î′123 = 2I123 Î123.
We are now able to combine (14) with these expressions for the link lengths

of S ′ to obtain an expression for the offset in terms of the basic invariants (10).
Explicitly:

d2 =
Î123I22(I12I23− I13I22)+ I123

(
Î22(I12I23 + I13I22)+ I22(Î13I22− I12 Î23− Î12I23)

)
√

I22(I11I22− I2
12)(I22I33− I2

23)
. (19)

Finally, note that the duality between S and S ′ is not an exact involution as,
although the axes of the twists interchange, applying the process twice affects the
pitches h′′i of the double duals S′′i , i = 1,2,3. We obtain the following relation be-

tween the pitches: h′′i =
Î123

I123
+hi.

6 Conclusion

By applying the principle of transference to the well-known invariants of the ro-
tation group, we have obtained basic invariants for sets of twists under Euclidean
change of coordinates. Although the question has not been explored here, it can be
shown [4] that any m-fold polynomial invariant for m ≤ 3 can be expressed as a
rational function of these invariants. Ideally one would like to establish that they
provide a generating set for the subalgebra of invariant polynomials. This appears
to be a deep problem for m ≥ 3. The virtue of these simple formulae is that they
are defined for all sets of twists, unrestricted by special geometry, in contrast to
Denavit–Hartenberg parameters. Indeed, we can find explicit algebraic expressions
for the DH parameters in terms of them. A further issue is that our invariants are de-
fined for a static set of twists. If the twists are regarded as defining joints in a serial
chain, then the twists vary as the chain moves. So a second open question is whether
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the polynomials remain invariant under this intrinsic motion of the chain—DH pa-
rameters are invariant in this sense. A potential application for a set of polynomials,
invariant in this full sense, would be to provide a firm basis for a classification of
serial chains.
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