ON MAINTAINING MATROID 3-CONNECTIVITY
RELATIVE TO A FIXED BASIS

GEOFF WHITTLE AND ALAN WILLIAMS

ABSTRACT. We show that for any 3-connected matroid M on a
ground set of at least four elements such that M does not con-
tain any 4-element fans, and any basis B of M, there exists a set
K C E(M) of four distinct elements such that for all £ € K,
si(M/k) is 3-connected whenever k¥ € B, and co(M\k) is 3-
connected whenever k € E(M) — B. Moreover, we show that if
no other elements of E(M) — K satisfy this property, then M nec-
essarily has path-width 3.

1. INTRODUCTION

If we are given a standard representation of a matroid M over a field,
then we are effectively dealing with a matroid relative to a fixed basis B.
Ideally we would like tools—analogous to Tutte’s Wheels and Whirls
Theorem [4]—that would enable inductive arguments to be made for
such matroids. Valuable information, displayed by the representation,
can be lost by pivoting, so the goal is to either contract elements from
B or delete elements from E(M) — B without losing connectivity.

Recall that a matroid M has path-width 3 if there is an ordering
(é1,...,e,) of E(M) such that {ej,...,e;} is 3-separating for all i €
{1,...,n}. In this paper we prove the following theorem.

Theorem 1.1. Let M be a 3-connected matroid with no 4-element fans
where |E(M)| > 4. Let B be a basis of M. Then there exists a set K
with |K| > 4 such that for all k € K, either

(i) k € B and si(M/k) is 3-connected, or
(ii) k € E(M) — B and co(M\k) is 3-connected.

Moreover, if | K| =4, then M has path-width 3.
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This theorem is related to the following theorem of Oxley, Semple
and Whittle [3].

Theorem 1.2. Let M be a 3-connected matroid with no 4-element fans.
Let B be a basis of M. Then either

(i) B contains an element B such that M /b is 3-connected, or
(i) E(M) — B contains an element b* such that M\b* is 3-
connected.

In one sense our theorem is stronger that Theorem in that we
find at least four elements that can be removed. On the other hand, to
obtain four elements, we do need to weaken the connectivity slightly.
The techniques of this paper are closely related to those in [3].

The paper is structured as follows. The next section deals with the
prerequisite definitions and some necessary results on connectivity. In
Section [3] we begin by showing the existence of key elements which
can removed from a suitable matroid in the appropriate manner whilst
maintaining 3-connectivity. Section [4] then deals with arranging these
elements in such a way as to facilitate the arguments contained in
Section [5] where we work with the notion of path-width; concluding
with our proof of Theorem [I.I] Finally in Section [6] we discuss some
related open problems.

2. PRELIMINARIES

Let M be a matroid with ground set E. The connectivity function
of M; denoted by Ay (or A when there is no ambiguity), is defined on
subsets X of E by

(X)) =r(X)+r(E—-X)—1r(M).

A subset X or a partition (X, E — X) of E is k-separating if Ay (X) <
k—1. A k-separating partition (X, E— X) is a k-separation if | X|, |E —
X| > k. A k-separating set X, or a k-separating partition (X, F — X),
or a k-separation (X, E — X) is exact if \yy(X) = k— 1. M is n-
connected if M has no k-separation for any k£ < n. A k-separation
(X, E — X) is vertical if r(X),r(E — X) > k, while a k-separation
(X, E—X) is cyclicif both X and £—X contain circuits. If (X, {e},Y)
is a partition of £ where both (XU{e},Y) and (X, Y U{e}) are vertical
k-separations of M and e € cl(X)Ncl(Y), we also say that (X, {e},Y)
is a vertical k-separation of M. Similarly, a partition (X, {e},Y") of M
is cyclic if both (X U{e},Y) and (X,Y U {e}) are cyclic k-separations
and e € clI"(X) Nel*(Y).

Lemma 2.1. Let M be a k-connected matroid. A k-separation (X, E—
X) of M is a vertical k-separation of M if and only if it is a cyclic
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k-separation of M*. Thus, a partition (P,{e},Q) of M is a vertical
k-separation of M if and only if it is a cyclic k-separation of M*.

It is easily verified that the connectivity function A of M is submod-
ular, that is, for all X, Y C F,

AMX)+AY) > ANXNY)+AMXUY).

From this, the next lemma is readily deduced.

Lemma 2.2. Let M be a 3-connected matroid, and let X and Y be
3-separating subsets of E(M). Then the following hold.

(i) If [ X NY| > 2, then X UY is 3-separating, and
(i) If [E(M) — (X UY)| > 2, then X NY is 3-separating.

We shall use the phrase “by uncrossing” to refer to an application of
Lemma [2.2]

A path of 3-separations in a matroid M is an ordered partition P =
(Py, P1, ..., P.) of E(M) with the property that A(PyU ... U F;) = 2 for
all © € {0,...,r — 1}. The members of P are called steps of P. Empty
steps are permitted. Note that both vertical and cyclic 3-separations
are examples of paths of 3-separations. The following lemma on paths
of 3-separations is elementary.

Lemma 2.3. A 3-connected matroid M has path-width 3 if and only if
there is a path P = (P, ..., P.) of 3-separations such that |Py| = |P,| =
2, and |P;| =1 for alli € {1,...,r — 1}.

A segment in a matroid M is a subset L of E(M) such that M|L =
U, for some k > 3, while a cosegment of M is a segment of M*. We
shall use the notation I'y to denote the class of matroids whose ground
set can be partitioned (Ly, L}) where L, is a 4-element segment and
L}; is a 4-element cosegment. A 4-element fan of a matroid M is a
subset F' of F(M) with |F| = 4 such that there exists an ordering
(f1, fa, f3, fa) of the elements of F' where {f, f2, f3} is a triangle and
{fe, f3, fa} is a triad. If M is a 3-connected matroid, with some basis
B, and e € E(M), we say that e is removable with respect to B if either:

(i) e € B and si(M/e) is 3-connected, or

(ii) e ¢ B and co(M\e) is 3-connected.
The property of being removable is well behaved under duality. We
omit the obvious proof of the next lemma.

Lemma 2.4. Let M be a 3-connected matroid, and let B be a basis of
M. Then e € E(M) is removable with respect to B if and only if e is
removable with respect to the basis E(M) — B in M*.
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The following eight lemmas will be used throughout the paper. The
first five are elementary, as is the eighth. The sixth appears in [5],
while a proof of the seventh can be found in [3].

Lemma 2.5. Let e be an element of a matroid M, and let X and Y be
disjoint sets whose union is E(M) — {e}. Then e € cl(X) if and only

if e & cI*(Y).

Lemma 2.6. Let X be an exactly 3-separating set in a 3-connected
matroid M, and suppose that e € E(M) — X. Then X U {e} is 3-
separating if and only if e € cl™(X).

Lemma 2.7. Let M be a 3-connected matroid, B a basis of M, and let
K denote the set of elements which are removable with respect to B. If
S is a segment of M with |S| > 4, then |SN(E(M)—B)NK| > |S|—2.

Lemma 2.8. Let M be a 3-connected matroid with r(M) > 4. Suppose
that C* 1s a rank-3 cocircuit of M. If there exists some ¢ € C* such
that r(C* — {c}) = 3, then co(M\c) is 3-connected.

Lemma 2.9. Let M be a 3-connected matroid with a rank-3 cocircuit
C* such that |C*| > 4 and r(M) > 4. Let B be a basis of M. Then there
exists some ¢ € C* N (E(M) — B) such that co(M\c) is 3-connected.

Lemma 2.10. Let C* be a rank-3 cocircuit of a 3-connected matroid
M. If e € C* has the property that cly (C*) — {e} contains a triangle
of M/e, then si(M/e) is 3-connected.

Lemma 2.11. Let M be a 3-connected matroid with e € E(M). If
si(M/e) is not 3-connected, then there exists a vertical 3-separation
(X, {e},Y) of M.

Lemma 2.12. Let M be a 3-connected matroid with e € E(M). If
(X, {e},Y) is a vertical 3-separation of M, then (cl(X)—{e},{e},Y —
cl(X)) is also a vertical 3-separation of M.

Lemmas [2.11] and will be used repeatedly. Use of Lemma [2.11
will be made freely and without reference, while we shall use the phrase
“by closing X” to refer to an application of Lemma followed by a
relabelling whereby (cl(X) — {e},{e}, Y —cl(X)) becomes (X, {e},Y).

We require the next technical result.

Lemma 2.13. Let M be a 3-connected matroid with a triad {a,b,c}
and a circuit {a,b,c,d}. Then at least one of the following holds.
(i) Either co(M\a) or co(M\c) is 3-connected.
(ii) There exists a’,c¢ € E(M) such that both {a,d’,b} and {c,c, b}
are triangles.
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(iii) There exists r € E(M) such that {a,b,c,r} is a cosegment.

Proof. We shall assume that neither (i) nor (ii) holds and show that
this forces (iii). As neither co(M\a) nor co(M\c) are 3-connected, it
follows from the dual of Lemma [2.11] that there are cyclic 2-separations
(P,Q) and (V,W) of M\a and M \c respectively.

Consider (P,Q). We can assume without loss of generality that
d e Q. If {b,c} C Q, then (P,Q U {a}) is a 2-separation of M as
a € cl({b,c,d}). So assume b € P. Then c € cljp,(P) by Lemma [2.5,
and it follows that (P U {c}, @ — {c}) is a cyclic 2-separation of M \a.
Thus, relabelling for clarity, we have a cyclic 2-separation (XU{b, c},Y)
of M\a where d € Y. Similarly, we obtain a cyclic 2-separation (S U
{b,a},T) of M\c where d € T.

2.13.1. Neither {b,c} nor {b,a} is contained in a triangle.

Proof. Suppose {b, ¢, '} is a triangle. Then by our original assumption,
{b,a} is not contained in a triangle. Consider the 2-separation (S U
{b,a},T) of M\c. As S U{a,b} contains a circuit and {b,a} is not in
a triangle, we have |S| > 2. If ¢ € S, then ¢ € cl)(SU{b,a}), so that
(SU{a,b,c},T)is a 2-separation of M. Thus ¢ € T. Now we have

Anve/o(T) = ranesn(T) + Tanesp(S U {a}) — r(M\c/b)
= rwne(T) + rane(SU{a,b}) —r(M)
= T(M\C) +1 —T(M) =1

Note that ran.({a,b,c,d}) = 3, hence rypepn({a,c’,d}) = 2. Also,
ranen({¢,d}) = 2, 50 a € clanen({¢,d}) C claness(T). Therefore it
must be that Aype(T U {a}) = 1. From this, we can deduce that
Amne(T U {a,b}) = 1. But then c € cl({a,b,d}) implying that Ay (T U
{a,b,c}) = 1; contradicting the fact that M is 3-connected. Therefore
{b, ¢}, and similarly {b,a} cannot be contained in a triangle. O

From the fact that neither {b, a} nor {b,c} is contained in a triangle
and the fact that both X U {b,c} and S U {b,a} contain circuits, we
deduce that |X| > 2 and |S| > 2. Let M' = M\{a,b,c}.

2.13.2. c € cl(X U{b}) and a € cl(S U {b}).

Proof. Suppose that ¢ & cl(X U {b}). Then r(X) = r(X U{b,c}) — 2.
But r(M') = r(M) — 1. We have r(X U {b,c}) +r(Y) < r(M) + 1,
meaning that r(X) + r(Y) < r(M’) so that (X,Y) is a separation of
M'. But r(Y U{a,b,c}) <r(Y)+ 2 so that r(X) +r(Y U{a,b,c}) <
r(M)-+1, giving (X, Y U{a,b,c}) a 2-separating partition of M; which
is contradictory as | X| > 2. Similarly a € cl(S U {b}). O
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2.13.3. A\ (X) = A (YY) = M (S) = A (T) = 1.
Proof. Using [2.13.2]
A (X)) =ra(X) + 1 (Y) —r(M) + 1
= rana(X UA{b}) + rana(Y) — r(M)
= rana(X U{b, c}) + oY) —r(M) =1= A (Y).
The result that Ay (S) = A\ (T) = 1 follows similarly. O
2.134. If ZC X or Z C S, then \y(Z) < Ay (Z) + 1.

Proof. Suppose Z C X. Let Z/ = E(M’') — Z. Note that d € Z' so
r(Z'U{a,b,c}) <r(Z') 4+ 2. Then

A(Z) =ry(Z) +r(Z' U{a,b,c}) —r(M') =1
<rulZ)+ryp(Z") —r(M) +1 =y (Z2) + 1,
and similarly, if Z C S, then Ay (Z2) < My (Z) + 1. O
2.13.5. If ZCY —{d} or Z C T —{d}, then \yy(Z) = Ay (2).

Proof. Suppose Z CY —{d}. Let Z' = E(M') — Z. Note that d € Z’
and X C Z'. By[2132 ¢ € cl(Z' U {b}), but a € cl(Z' U {b,c})
so r(Z"U{a,b,c}) = r(Z') + 1. Therefore A\y(Z) = r(Z) +r(Z' U
{a,b,c}) = r(M) = r(Z) +r(Z') — r(M') = Ap(Z). as required.
Similarly, if Z C T — {d}, then Ay (Z) = A (Z2).. O

2.13.6. TNX #0, and SNY # 0.

Proof. f TNX = (), then X C S, and by [2.13.2] {a,c} C cl(SU{b}), so
that (SU{a,b,c},T) is a 2-separation of M. Similarly SNY # (. O

Applying submodularity of the connectivity function together
with , we have )\M/(T U X) + )\M/(T N X) S )\M/(T) + )\M/(X),
so that Ay (SNY) + A\ (TN X) < 2.

But by [2.13.5] Ay (SNY) = Ay (SNY) and A (TNX) = Ay (TNX).
This result combined with implies that we must have |SNY| =
TNX|=1. As (X U{b,c},Y) is cyclic, it follows that |Y NT| > 2.

2.13.7. My (TNY) > 2.

Proof. By {a,c} Ccl(SUX U{b}), sor(SUXU{a,b,c}) =
r(SUX)+1. Hence Ay (TNY, SUXU{a,b,c}) = A (TNY,SUX). O

Now )\M/(SQX)—F)\MI(TOY) < )\MI(S)+>\M/(X) <= 2. So by,
A (SNX) = 0. By[2.13.4] we deduce that |[SNX| = 1. Let SNX = {r}
and A = {a,b,c}. As )\M/(TUY) = 0, T’M(TUY) = T’M/(TUY) =
r(M')—1=r(M)—2. Thus \y(TUY) =r(AU{r}) —2 <2, and
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(TUY,AU{r}) is a 3-separation of M. If r € cl(A), then M must
contain a 2-separation. So r & cl(A) and by Lemma [2.6] r € cl*(4),
which implies that {a, b, c,r} is a cosegment, which gives (iii). O

3. THE EXISTENCE OF REMOVABLE ELEMENTS

Lemma 3.1. Let M be a 3-connected matroid with no 4-element fans.
Let B be a basis of M, and let K denote the set of elements which are
removable with respect to B. Suppose b € B — K. Let (X,{b},Y) be
a vertical 3-separation of M. If XN BN K =0, then |X N (E(M) —
B)NK|>2.

Proof. Recall that when we use the phrase “by closing Y” we refer to an
application of Lemmal[2.12|followed by an appropriate labelling. Firstly,
we may assume; by closing Y, that Y U {b} is closed. Note also that
X N B # () as Y is non-spanning. Suppose that X N BN K = (). Then
for each b, € X N B, there exists a vertical 3-separation (X,,, {b,}, Ys,)
of M. If, for some b, € X N B, there is such a vertical 3-separation
where either X, or Y} is contained in X U {b}, then, by switching
Xy, and Y, if necessary, and closing Y}, , there exists such a vertical
3-separation where X,, C X U {b} and Y, U {b,} is closed. Then
Xy, € (X — {b.}) U {b}. If equality holds here, then Y, =Y, but
then b, € cl(Y;,) = cl(Y); a contradiction. Hence X, C (X — {b,}) U
{b}. Now relabel so that (X;,, {b.},Ys,) becomes (X, {b},Y). By an
iteration of this procedure, we eventually obtain a vertical 3-separation
(X,{b},Y) of M with Y U {b} closed such that if (X, ,{b.},Y;,) is a
vertical 3-separation of M with b, € X N B, then neither X, nor Y},
is contained in X U {b}. Moreover, we maintain the property that
XNBNK=40.

Let b, be an element of X N B, and let (P,{b.},Q) be a vertical
3-separation of M. Without loss of generality, b € (). Moreover, by we
may assume that Q U {b,} is closed by closing Q.

3.1.1. XNPXNQ,YNP and Y NQ are all non-empty.

Proof. It XN P or X NQ is empty, then P or ) is contained in Y U {b}
and so b, € cl(Y U {b}); which contradicts the fact that Y U {b} is
closed. If Y NP or Y NQ is empty, then P or () is contained in
X U {b}; contradicting our construction of (X, {b},Y). O

3.1.2. X N P is 3-separating with r((X N P)U{b.}) = 2.

Proof. As E(M)—(XUP) = (YNQ)U{b}, we have |E(M)—(XUP)| >
2, and thus, by uncrossing, A(X N P) < 2. If | X N P| = 1, the second
claim is immediate. So assume |X N P| > 2. Now |E(M) — (X U (PU
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{b:1))] = |(YNQ)U{b}| > 2, so that, by uncrossing, A(XN(PU{b,})) <
2. We deduce that A(X N P) = A\(XNP)U{b,}) = 2. By Lemma 2.6
b, € ¥ (XNP). If b, € cI*(XNP), then by Lemma[2.5, b, & cl(Y UQ);
a contradiction. So b, € c(X N P). If r((X N P)U{b,}) > 3, then
(X NP {b,},YUQ) is a vertical 3-separation of M; a contradiction to
our earlier construction of (X, {b},Y). Sor((XNP)U{b,})=2. O

Suppose |[YNP| = 1. If [ XNP| =2, then P is a triad, which implies
that PU{b,} is a contradictory 4-element fan by [3.1.2] So |X NP| > 3,
and (X N P)U{b,} is a segment containing at least four elements. By
Lemmal[2.7|X N(E(M)—B)NK| > 2 and the lemma holds. So assume
that |Y N P| > 2.

3.1.3. r((X N Q) U {b,b,}) = 2.

Proof. Since |[E— (X U{b})U(QU{b.}))| =|Y NP|> 2, it follows by
uncrossing that A((XNQ)U{b,b,}) < 2. But |(XNQ)U{b,b,}| > 3 and
so A((XNQ)U{b,b,}) = 2. Noting that P C E—((XNQ)U{b,b,}), we
have b, € cl(E — ((X N Q) U {b,b,})), and it follows from Lemmas
and [2.5 that b, € (X U{b}) N Q). If r(X N Q) U{b,b,}) > 3, then
(Xu{bh)nQ,{b.},E—((XNQ)U{b,b,})) is a vertical 3-separation
of M; a contradiction. Therefore, r((X N Q) U {b,b,}) = 2. O

Now let Ly = (X NQ)U{b} and Ly, = (X N P)U{b,}. By
and (3.1.3, |cl(Ly)| > 3. If |cl(L1)| > 4, then the result holds by
Lemma So assume |cl(Ly)| = 3 and let cl(Ly) — {b,b,} = {a}.
If (Ly — {b,}) N B = {V'}, then, as {a,b,b,} is a triangle of M /¥, it
follows by Lemma that si(M/b') is 3-connected: a contradiction.
So (Ly—{b,})NB = 0. If |L,| > 4, then Lemma[2.7 again implies that
I XN(E(M)—B)NK| > 2 as required. So assume |Ly| € {2,3}. Since
Y U {b} is closed and M contains no 4-element fans, it must be that
|Ly—{b,}| = 2. Let Ly —{b,} = {x1, 22} C E(M)— B. An application
of Lemma [2.8| now reveals that {z1,2,} C X N(E(M)—-B)NnK. O

Lemma 3.2. Let M be a 3-connected matroid with no 4-element fans.
Let B be a basis of M, and let K denote the set of elements which are

removable with respect to B. Suppose b € B — K. Let (X,{b},Y) be a
vertical 3-separation of M. Then either:

i) I XNBNK|>2, or
(i) [ XN (E(M)—-B)NK|>2, or

(ili)  XNBNK|>1<|XN(EM)—-B)NK]|, or

(iv) X U{b} is a circuit and there exists by, 1,72 € E(M) such that
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Proof. We shall assume that (i) does not hold. If X N BN K = (), then
(i) holds by Lemma[3.1} So we may assume that [ X N BN K| = 1. Let
XNBNK = {b;}. Suppose firstly that (X NB)—{bx} # 0. Now if, for
any b, € (XN B)—{by}, there is a vertical 3-separation (X, {b,}, Ys,)
of M such that X, C (X U{b}) — {bx}, then by Lemma [3.1 we can
deduce that (ii) holds in addition to si(M/b;) being 3-connected. So,
taking some b, € (X N B) — {bx}, and letting (P, {b.}, Q) be a vertical
3-separation of M, we may assume that neither P nor () is contained
in (X U{b}) — {bx}. Without loss of generality, we may also assume
that b € @ and Q U {b,} is closed. Now observe that B.1.2
and |3.1.3| of Lemma [3.1] all hold. We deduce that b, € X N P. Letting
Li = (XNQ)U{b} and Ly = (X N P) U {b,} as per the argument
following [3.1.3) we again deduce that |cI(L1)| = |Ls| = 3. Letting
Ly — {by,b.} = {x1}, it follows by an application of Lemma that
co(M\zy) is 3-connected. Thus (iii) is satisfied.

The final possibility to consider is when (X N B) — {b,} = 0. In this
case, X is a cocircuit of rank 3. If | X| > 4, then Lemma [2.9| gives (iii).
So assuming |X| = 3, X is a triad, and as M does not contain any
4-element fans, X U {b} must be a circuit. Let X — {bx} = {711,72}. If
co(M\7y1) or co(M\ys) is 3-connected, then (iii) holds. Otherwise, we
have (iv). We conclude that the lemma holds. O

Lemma 3.3. Let M be a 3-connected matroid with no 4-element fans.
Let B be a basis of M, and let K denote the set of elements which are
removable with respect to B. Suppose b € B — K. Let (X,{b},Y) be a
vertical 3-separation of M. Then either:
(i) | XNK|>2, or
(i) | X N K| = 1, and there exists v € Y such that X U {v} is a
4-element cosegment.

Proof. Assume that (i) does not hold. Then by Lemma there
exists bg, V1,72 € E(M) such that X = {bg, 71,72} is a triad with
XNK = XnNB = {b}, while X U {b} is a circuit. Now apply
Lemma [2.13] As neither co(M\v;) nor co(M\72) are 3-connected and
M contains no 4-element fans, we are left to deduce the existence of
some v € Y such that X U {v} is a 4-element cosegment. O

Lemma 3.4. Let M be a 3-connected matroid with no 4-element fans.
Let B be a basis of M, and let K denote the set of elements which are
removable with respect to B. For any b € B — K, there exists a path of
3-separations (X,{b},Y) such that | X N K| > 2 < |Y N K|. Moreover,
if |K| =4, then (X,{b},Y) is a vertical 3-separation unless M € T'y;
in which case X is a 4-element cosegment.
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Proof. Take any b € B—K and let (P, {b}, Q) be a vertical 3-separation
of M. If |[PN K| < 2, then by Lemma , there exists v € @ such
that P U {v} is a 4-element cosegment. Now [(P U {y}) N K| > 2
by the dual of Lemma [2.7] If b € cI"(X U {v}), then X U {b,~} is a
5-element cosegment, which; by Lemma 2.7} would imply that si(M/b)
is 3-connected. So, by Lemma 2.5 it must be that b € cl(Y — {7}).
Now suppose r(Q — {v}) = 2. If |Q — {7}| = 2, then @ is a triad; so
that Q U {b} is a contradictory 4-element fan. So |Q — {7}| > 3, hence
(@ — {3}) N K| > 2 by Lemma 2] Here (P U {7}, (b}, @ - {7}) is
a path of 3-separations which satisfies the requirements of the Lemma;
in particular, if |K| = 4, then M € I'y. Therefore we may assume
that r(Q — {v}) > 3, so that (P U {v},{b},Q@ — {7}) is a vertical 3-
separation of M. If |[(Q—{v})NK| > 2, the result is immediate, or else,
by Lemmal3.3] there exists some 7/ € PU{~v} such that (Q—{7})U{+'}
is a 4-element cosegment. Certainly, E(M)—{b} cannot be a 7-element
cosegment by Lemma so it must be that PU {v} and (Q — {7}) U
{7’} are two 4-element cosegments; each containing two basis elements,
which intersect at exactly one point 4" € B; which is absurd. Similarly
if |@ N K| < 2. Otherwise, by Lemma 3.3 [PN K| >2 < |Q N K] as
taken is a suitable path of 3-separations. U

Theorem 3.5. Let M be a 3-connected matroid with no 4-element
fans. Let B be a basis of M. Let K denote the set of elements which
are removable with respect to B. If |E(M)| > 4, then |K| > 4.

Proof. Suppose |K| < 3. Then by Lemma [3.4] together with its dual,
B—K=(E(M)—B)-K =9 O

4. ARRANGING REMOVABLE ELEMENTS

For clarity of exposition, we begin this section by proving a weaker
version of Proposition 4.2

Proposition 4.1. Let M be a 3-connected matroid with no 4-element
fans. Let B be a basis of M, and let K denote the set of elements which
are removable with respect to B. Suppose |K| = 4. If M contains a
4-element segment, then there exists a set {ay,aa} C K such that for
every e € E(M) — K, there exists a path of 3-separations (X, {e},Y)
with X N K = {aq, as}.

Proof. Let L be a 4-element segment and o, as € LN K. We begin by
showing that the result holds for any element of the basis which is not
removable with respect to B. Taking any b € B — K, by Lemma [3.4]
there exists a path of 3-separations (P, {b}, @) such that |P N K| =
|QNK|=2. If M € Iy, then Lemma[3.4]implies that QNK = {as, as}
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as required. So we may assume that M ¢ I'y, hence that (P, {b}, Q) is
a vertical 3-separation of M. Without loss of generality, |P N L| > 2
and PN LNK = {ar}. Now (PU {as},{b},Q — {az}) is a vertical
3-separation of M by Lemma Letting (PN K) —{a1, e} = {7},
Lemma implies that (Q — {az2}) U {7} is a 4-element cosegment.
As b & I, b & cI"((Q —{a2}) U{}), s0 b € cl((P U {az}) — {7}), and
(PU{aa}) — {7}, {0}, (Q — {a2}) U {~}) is a path of 3-separations

which satisfies the requirements of the lemma.

Now let ¢ be any element of (E(M) — B) — K. By Lemma [3.4]
there exists a path of 3-separations (V,{c}, W) such that |V N K| =
(W NK|=2 If M €Ty, the result is again immediate. So we may
assume that (V,{c}, W) is a cyclic 3-separation of M. Without loss of
generality, [V NL| >2and VNLNK = {a}. If |W—-A{a}]| =2,
then, as (W — {a}) U {c} is 3-separating by Lemma[2.6] it follows that
(W —{a}) U{c} is a triad, whereas W is a triangle; however M does
not contain any 4-element fans. So |W — {a}| > 3. Lemma now
implies that (V U {az},{c},W — {aa}) is a cyclic 3-separation of M
unless W — {as} is independent; in which case (W — {as}) U{c} is a
cosegment of M containing at least 4-elements; which, by Lemma
contradicts the fact that |WNK| = 2. Therefore W —{as} must contain
a circuit, and by the dual of Lemmal[3.3] there exists ¢ € (VU{az})NK
such that (W — {ag}) U {(} is a 4-element segment. If { € {ay, as},
then either (V N L) U is a 6-element segment containing exactly
three elements which are removable with respect to B, or L and W
are distinct 4-element segments, each containing two elements of B,
whose intersection is {(} € E(M)— B; both possibilities being entirely
incongruous. So ¢ ¢ {1, as}. With appropriate use of Lemma ,
and by letting X = (V — {(}) U{az}, and Y = (W — {az}) U{(}, we
arrive at a suitable path of 3-separations. 0

Proposition 4.2. Let M be a 3-connected matroid with no 4-element
fans. Let B be a basis of M, and let K denote the set of elements which
are removable with respect to B. Suppose |K| = 4. Then there exists
a set {a1, a0} C K such that for every e € E(M) — K, there exists a
path of 3-separations (X, {e},Y) with X N K = {ay, as}.

Proof. If M contains a 4-element segment or a 4-element cosegment,
then the result follows immediately from Proposition and its dual.
So assume that M holds no such substructures. By Lemma [3.4] for
each e € E(M) — K, there exists a path of 3-separations (X, {e},Y)
with | X N K| = |Y N K| = 2 which is either a vertical or a cyclic
3-separation according to whether or not e € B. We shall proceed to
show that in this case, for each element of E(M) — K, the paths of
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3-separations obtained from Lemma 3.4/ and its dual do indeed already
satisfy the requirements of the current proposition.

Take any distinct ey, e; € F(M) — K with corresponding paths of 3-
separations (X, {e1},Y) and (P, {es}, Q) as stated. To prove the result,
it suffices to show that X N K € {P N K,Q N K}, so suppose this is
not the case. Then [ XNP|=|XNQ|=|YNP|=]YNQ| =1, and
without loss of generality, e; € @, e € X.

4.2.1. For all S e {X NP, XNQ,YNP}H AS) <2.

Proof. As |[E — (Y U P)| > 2, by uncrossing, Y N P is 3-separating.
Similarly, A(X N@Q) < 2. Suppose |Y N Q| = 1. Then |Y N P| > 2 and
so A(Y N P)=A(YNP)U{er}) = 2, which, by Lemma means
that e; € (Y N P). If [Y NP| > 3 and e; € cl(Y N P), then as
M does not contain any 4-element segments, (Y N P) > 3. But then
(XUQ, {e1},YNP)is a vertical 3-separation of M with [YNPNK| = 1;
which by Lemma [3.3] implies the contradictory existence of a 4-element
cosegment. Similarly it cannot be that YN P| > 3 and e; € cI"(YNP).
So |[Y N P| = 2. Now either (X,{e;1},Y) is a vertical 3-separation of
M, meaning that (Y N P) U {e;} is a triangle and Y is a triad, or
(X,{e1},Y) is a cyclic 3-separation, giving (Y N P) U {e;} as a triad
and Y as a triangle. Each case revealing a 4-element fan in M. We
conclude that |Y N Q| = |E — (X U P)| > 2, so that by uncrossing,
X N P is 3-separating. U

We shall use implicitly in what follows. Suppose now that
e1,ea € B so that (X,{e1},Y) and (P, {e2},Q) are vertical 3-
separations of M. If r(X N P) > 3, then as e; € cl(X N P) by Lem-
mas [2.6) and [2.5] it must be the case that (X N P, {e1}, Y UQU{ex}) is
a vertical 3-separation of M. This then contradicts Lemma [3.3, as M
contains no 4-element cosegments. So (X N P) = 2. If | X N P| > 2,
then {e1, e2} € cl(X N P) again by Lemmas [2.6] and 2.5 but such a 4-
point segment cannot exist. Hence |[X N P| =1, and (X N P)U{ey, e}
is a triangle. If Y N P is then a singleton, P is a triad, giving a 4-
element fan P U {ex} in M. So |[Y NP| > 2. If r(Y NP) > 3, we
again obtain a vertical 3-separation (X U@, {e;}, Y N P) which contra-
dicts Lemma So (Y N P) =2, and to avoid a 4-element segment,
Y N P| = 2; so that (Y N P)U{e;} is a triangle. Let X N P = {k}
and Y N P = {21, 20}. By Lemma [2.8] both co(M\z1) and co(M\z,)
are 3-connected. But |Y N PN K| =1, so we may assume that z; € B.
But then {ei, e, k} is a triangle of M/z, so that; by Lemma [2.10]
si(M/z) is 3-connected; a contradiction. By duality, we arrive at the
same contradiction if e, es € E(M) — B.
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We now examine the case where e; € B and e; € E(M) — B, so
that (X, {e1},Y) is a vertical 3-separation and (P, {es}, Q) is cyclic.
Provided [ X N P| > 2, ¢; € (X NP) and ex € cI"(X NP). If
| X N P| >3, then n(X N P) =2orelse (XNP{e},YUQU{ex})
is a vertical 3-separation of M with | X N PN K| = 1, contradicting
Lemma |3.3] But then X N P must be also be independent, otherwise
(X NP {e}, Y UQU{er}) is a cyclic 3-separation of M which again
contradicts Lemma [3.3] Hence |X N P| € {1,2}. If | X N P| = 2, then
(XNP)U{e, } is a triangle, whereas (X NP)U{ey} is a triad, giving a 4-
element fan. Finally, if | X N P| =1 with X NP = {¢}, then {ey, es, ¢}
is 3-separating so is either a triad or a triangle. Using Lemma the
first possibility contradicts the fact that e; € cl(Y'), and the second,
the fact that es € cI*(Q). The case where ey € E(M) — B and ey € B
is essentially identical. We conclude that X N K € {PNK,QNK }
and the result holds.

5. REMOVABLE ELEMENTS AND PATH WIDTH

We begin this section by noting a simple result on paths of 3-
separations.

Lemma 5.1. Let P = (Fy, ..., B,) be a path of 3-separations in a ma-
troid M. If, for somei € {1,...,r — 1}, |P;| = 1 with P, = {e;}, then
either

(i) e; €ecl(PpU...UP_1)Ncl(Py1U...UP,), or

(ii) e; € cI"(PpU...UP_1)Ncl* (P U...UP,).

Lemma 5.2. Let P = (Fy, ..., P,) be a path of 3-separations in a ma-
troid M. Suppose i € {1,...,r — 1}, e € P;, and that there exists
a path of 3-separations (X,{e},Y) of M with Py C X, P. CY and
e € cl(X)Necl(Y'). Then there exists a path of 3-separations (X', {e},Y")
with BhbU...UP_ 1 C X', PyU..UP, CY' ande € cl(X')Necl(Y’).

Proof. Let S=FyU..UP,_jand T =P, 1 U..UP,.

5.2.1. There exists a path of 3-separations (Xo, {e}, Yo) of M such that
S C Xo, P, CYp, and e € cl(Xp) Ncl(Yp).

Proof. We have \(Y U {e}) = AM(P,UT) = 2. Note that By C X NS,
and F, contains at least two elements. Now
[E(M) — (Y U{e}) U(PUT))| =[XNS| >[R[ =2

and it follows by uncrossing that A((Y U {e}) N (P, UT)) < 2. So
(XUS, (YU{e})N(P,UT)) is a 3-separating partition of M. We know
that |Py| > 2 and |P,| > 2. Also, P, C XU S and P. C (Y U{e})N
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(P, UT). Therefore (X US, (Y U{e})N(P,UT)) is a 3-separation of
M. But e € cl(X) C cl(X UYS), and it follows from Lemma that
eec((YU{e})n(P,UT))—{e}) and that (X US,{e},Y N (P UT))
is a path of 3-separations. Letting Xo=XUS and Yo =Y N (P UT),
the result follows. O

Now A(XoU{e}) = MNP, US) = 2, and |[E(M) — ((Xo U {e}) U
(PUS)| = [YonT| > |P| > 2, so that, by uncrossing, A((X, U
{ehH)N(PUS)) <2. As By C (XoU{e}) N (P, UY), it must be that
AM(XoU{e})N(PUS)) =2. Therefore (XoU{e})N(PUS),YoUT)
is an exact 3-separation of M. As e € cl(Yp UT), it then follows
from Lemma that e € cl(((Xo U {e}) N (P, US)) — {e}) and that
(XoN (P;US),{e},YoUT) is a path of 3-separations. Observing that
S C XoN(PUS)and T C Yy UT, we conclude that the lemma
holds. U

The next result is an immediate consequence of Lemmas 5.1 and [5.2

Corollary 5.3. Let P = (P, ..., P;) be a path of 3-separations in a
matroid M. Suppose i € {1,....7 — 1}, e € P;, and that there exists a
path of 3-separations (X, {e},Y) of M with Py C X and P, CY. Then
P refines to a path (Py, ..., Pi_1, P/, {e}, P!, P11, ..., P.) of 3-separations
where P/ U{e} U P/ = P,.

Lemma 5.4. Let M be a 3-connected matroid with disjoint sets
{a1,a0} € E(M) and {z1,2} C E(M). Suppose that for every e €
E(M) —{ay,as, 21, 22}, there exists a path of 3-separations (X, {e},Y)
in M such that {a1,as} € X and {z1,2} CY. Then M has path-width
3.

Proof. As M is 3-connected, ({a1, a2}, E(M) —{a1, a2, 21,22}, {21, 22})
is a path of 3-separations. If E(M) = {ay, as, 21, 22}, the result is im-
mediate. So suppose that e € E(M) — {ay, as, 21, 22}. Applying Corol-
lary [5.3] we obtain a refinement of our original path of 3-separations.
Now successively applying Corollary to each of the other elements
of E(M) — {ay,az, z1,29}; each time with respect to our new refined
path of 3-separations, we eventually obtain a path of 3-separations
P = ({a1,a2}, P, ..., Py, {71, 22}) where, for all i € {1,...,q}, the step
P, is either a singleton or empty. Removing all empty steps from P, we
then obtain a path of 3-separations ' = ({ay,as}, P{, ..., P.,{z1, 22})
in which P; is a singleton for all i € {1,...,n}. By Lemma M has
path-width 3. U

Now we are ready to prove our main result.
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Proof of Theorem[1.1l Let K denote the set of elements which are re-
movable with respect to B. By Theorem , |K| > 4. Suppose now
that |K| = 4. By Proposition , there exists ki, ks € K such that for
each e; € E(M) — K, there exists a path of 3-separations (X;, {e;},Y;)
of M with {ki,k:} C X; and K — {k1,k2} C Y;. By Lemma[5.4 M
has path-width 3. U

6. FUTURE DIRECTIONS FOR RESEARCH

Let M be a 3-connected matroid with no 4-element fans. For the
sake of this discussion, we shall say that M has minimal removability
if there exists a basis B of M such that there exists exactly four ele-
ments of F(M) which are removable with respect to B. In the present
paper, we have shown that if M has minimal removability, then M
necessarily has path-width 3. However, the class of matroids with min-
imal removability is certainly a proper subclass of the class of matroids
with path-width 3. This knowledge, together with the fact that the
class of matroids with path-width 3 is very well understood (see [1]
and [2]), implies that one should be able to give a stronger and more
explicit description of the class of matroids with minimal removability.
For now, we leave this as an open problem.

An intriguing aspect of Theorem is the fact that while the notion
of being removable with respect to a basis is one which is relative to the
choice of basis one makes, we are still able to deduce global structural
information about the matroid itself. It is certainly possible that if M
is a matroid and B is a basis of M which reveals that M has minimal
removability, then upon switching to a different basis B’ of M, we
obtain more than four elements which are removable with respect to
B’. We pose the following question. Does there exist a 3-connected
matroid M with no 4-element fans such that for every basis B of M,
there exists exactly four elements of F (M) which are removable with
respect to B? If so, what additional structure much such an M have?

Finally, while we have provided a new analogue of the Wheels and
Whirls Theorem, we would very much like to see it extended to an
analogue of the Splitter Theorem. We make the following conjecture:

Conjecture 6.1. Let M be a 3-connected matroid with no 4-element
fans, and let B be a basis of M. Let N be a 3-connected minor of M.
If there exists some b € B such that M /b has an N-minor, or there
exists some ¢ € E(M) — B such that M\c has an N-minor, then there
exists distinct ki, ko € E(M) such that fori € {1,2}, either

(i) k; € B and si(M/k;) is 3-connected with an N -minor, or

(i) k; € E(M)— B and co(M\k;) is 3-connected with an N-minor.
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