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The transmission and refection coefficients of quantum physics are intimately related to the Bogoli-
ubov coefficients governing the creation (and destruction) of excitations by a parametric oscillator.
Being able to place general and rigorous bounds on these quantities provides a tool of considerable
interest for all of quantum physics and quantum field theory. Despite the venerable nature of this
question, relatively little is known concerning the nature and strength of the general bounds that
can be placed on these quantities — most of the related literature being devoted either to specific
examples, to approximation techniques (such as JWKB theory and its variants), or to numerical
simulations. In the current article we shall first review what can be said in a more general setting,
and then provide two new bounds that are stronger than any previously encountered.
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I. INTRODUCTION

The transmission and refection coefficients of quantum physics are intimately related to the Bogoliubov coeffi-
cients governing the creation (and destruction) of excitations by a parametric oscillator. A tremendous amount of
research has gone into studying these quantities, typically by: (1) looking at special cases where exact solutions of
the Schrodinger differential equation are possible, (2) approximation methods such as the JWKB techniques, and (3)
numerical approximations. However very few exact results are known that lead to useful bounds on these coefficients.

Two key articles [1? ] derive nontrivial bounds of the form

T ≥ tanh2
∮

ϑ dx; R ≤ sech2
∮

ϑ dx; and |β|2 ≤ sinh2
∮

ϑ dt. (1)

The art of course lies in finding an appropriate function ϑ, that in some way depends on the potential one is scattering
from, or the external force driving the parametric oscillation.

II. BASIC FRAMEWORK

The transmission and refection coefficients of quantum physics, and the Bogoliubov coefficients governing the
creation (and destruction) of excitations by a parametric oscillator, formally contain completely equivalent physical
information. In the first case one is interested in the properties of a spatial differential equation, and in the second
case one is interested in a formally identical temporal differential equation:

φ′′(x) + k2(x) φ(x) = 0; φ̈(t) + ω2(t) φ(t) = 0. (2)

As long as appropriate limits exist

k±∞ = lim
x→±∞

k(x); ω±∞ = lim
t→±∞

ω(t); (3)

then we can write the asymptotic form of the (unknown) exact solutions as linear combinations of the (properly
normalized) “free-particle” wave-functions

exp{±ik±∞x}√
k±∞

;
exp{±iω±∞t}
√

ω±∞
. (4)
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Each of these second-order differential equations has two independent solutions, [which we may choose to call {φL(x),
φR(x)} and {φF (t), φP (t)} respectively], which to the left and right, or future and past, can be chosen to satisfy the
boundary conditions (sort out the conventions)

exp{±ik−∞x}√
k−∞

+ rL
exp{±ik−∞x}√

k−∞
← φL(x)→ tL

exp{±ik+∞x}√
k+∞

(5)

tR
exp{±ik−∞x}√

k−∞
← φR(x)→ exp{±ik+∞x}√

k+∞
+ rR

exp{±ik+∞x}√
k+∞

(6)

or the equivalent in the temporal domain

exp{±iω−∞t}
√

ω−∞
← φF (t)→ αF

exp{±iω+∞t}
√

ω+∞
+ βF

exp{±iω+∞t}
√

ω+∞
(7)

αP
exp{±iω−∞t}
√

ω−∞
+ βP

exp{±iω−∞t}
√

ω−∞
← φP (t)→ exp{±iω+∞t}

√
ω+∞

(8)

This serves to define the left-moving transmission and reflection amplitudes (tL, rL), and their right-moving partners
(tR, rR). Similarly the usual Bogoliubov coefficients (Bogoliubov amplitudes) are defined by (αF , βF ), which we often
simply abbreviate to (α, β). The quantities (αP , βP ) are “time-reversed” Bogoliubov coefficients corresponding to
reversing the time direction in the parametric oscillator. While we cannot in general deduce complete equlity of these
amplitudes, it is an easy text-book exercise to see that (even for non-symmetric potentials) the absolute values are
equal

|tL| = |tR|; |rL| = |rR|, and |αF | = |αP |; |βF | = |βP |, (9)

Physically, this means that transmission and reflection probabilities are parity invariant, and particle production
probabilities are time-reversal invariant, even if the underlying potential k(x)2 or forced oscillations ω(t)2 are not
invariant.:

T = |tL|2 = |tR|2; R = |rL|2 = |rR|2, and P = |βF |2 = |βP |2. (10)

More importantly, from the above we see that there is a “translation table”

|α|↔ 1
|t| ; |β|↔ |r|

|t| ; that is P ↔ 1− T

T
. (11)

between the two problems in the spatial domain and the temporal domain.

III. FRAGMENTS

1 = |t|2 + |r|2

IV. KNOWN RESULTS
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k∞ = k(+∞) = k(−∞)

Q ≤
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q ≥ sech2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

R = |r|2 = tanh2 Q ≤ tanh2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q

R = |r|2 = tanh2 Q

ω∞ = ω(+∞) = ω(−∞)

Q ≤
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q ≤ sinh2
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q

k(x)2 < 0 ω(t)2 < 0

∫

forbidden
|k(x)| dx

∫

forbidden
|ω(t)| dt

k(x)2 ϕ′(x)2

ϕ′(x)2 > 0

IV. KNOWN RESULTS
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I. INTRODUCTION

The transmission and refection coefficients of quantum physics are intimately related to the Bogoliubov coeffi-
cients governing the creation (and destruction) of excitations by a parametric oscillator. A tremendous amount of
research has gone into studying these quantities, typically by: (1) looking at special cases where exact solutions of
the Schrodinger differential equation are possible, (2) approximation methods such as the JWKB techniques, and (3)
numerical approximations. However very few exact results are known that lead to useful bounds on these coefficients.

Two key articles [1? ] derive nontrivial bounds of the form

T ≥ tanh2
∮

ϑ dx; R ≤ sech2
∮

ϑ dx; and |β|2 ≤ sinh2
∮

ϑ dt. (1)

The art of course lies in finding an appropriate function ϑ, that in some way depends on the potential one is scattering
from, or the external force driving the parametric oscillation.

II. BASIC FRAMEWORK

The transmission and refection coefficients of quantum physics, and the Bogoliubov coefficients governing the
creation (and destruction) of excitations by a parametric oscillator, formally contain completely equivalent physical
information. In the first case one is interested in the properties of a spatial differential equation, and in the second
case one is interested in a formally identical temporal differential equation:

φ′′(x) + k2(x) φ(x) = 0; φ̈(t) + ω2(t) φ(t) = 0. (2)

As long as appropriate limits exist

k±∞ = lim
x→±∞

k(x); ω±∞ = lim
t→±∞

ω(t); (3)

then we can write the asymptotic form of the (unknown) exact solutions as linear combinations of the (properly
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Q ≤
∮ √

(ϕ′′)2 + [(k2 − (ϕ′)2]2

2|ϕ′| dx

ϕ′(x) essentially arbitrary.

Generalizes previous bound.

ω(t)2 ϕ′(t)2

Need ϕ′(t)2 > 0.

Permit ω−∞ #= ω+∞.

Q ≤
∮ √

(ϕ′′)2 + [(ω2 − (ϕ′)2]2

2|ϕ′| dt

ϕ′(t) essentially arbitrary.

Generalizes previous bound.

IV. KNOWN RESULTS
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Each of these second-order differential equations has two independent solutions, [which we may choose to call {φL(x),
φR(x)} and {φF (t), φP (t)} respectively], which to the left and right, or future and past, can be chosen to satisfy the
boundary conditions (sort out the conventions)

exp{±ik−∞x}√
k−∞

+ rL
exp{±ik−∞x}√

k−∞
← φL(x)→ tL

exp{±ik+∞x}√
k+∞

(5)

tR
exp{±ik−∞x}√

k−∞
← φR(x)→ exp{±ik+∞x}√

k+∞
+ rR

exp{±ik+∞x}√
k+∞

(6)

or the equivalent in the temporal domain

exp{±iω−∞t}
√

ω−∞
← φF (t)→ αF

exp{±iω+∞t}
√

ω+∞
+ βF

exp{±iω+∞t}
√

ω+∞
(7)

αP
exp{±iω−∞t}
√

ω−∞
+ βP

exp{±iω−∞t}
√

ω−∞
← φP (t)→ exp{±iω+∞t}

√
ω+∞

(8)

This serves to define the left-moving transmission and reflection amplitudes (tL, rL), and their right-moving partners
(tR, rR). Similarly the usual Bogoliubov coefficients (Bogoliubov amplitudes) are defined by (αF , βF ), which we often
simply abbreviate to (α, β). The quantities (αP , βP ) are “time-reversed” Bogoliubov coefficients corresponding to
reversing the time direction in the parametric oscillator. While we cannot in general deduce complete equlity of these
amplitudes, it is an easy text-book exercise to see that (even for non-symmetric potentials) the absolute values are
equal

|tL| = |tR|; |rL| = |rR|, and |αF | = |αP |; |βF | = |βP |, (9)

Physically, this means that transmission and reflection probabilities are parity invariant, and particle production
probabilities are time-reversal invariant, even if the underlying potential k(x)2 or forced oscillations ω(t)2 are not
invariant.:

T = |tL|2 = |tR|2; R = |rL|2 = |rR|2, and P = |βF |2 = |βP |2. (10)

More importantly, from the above we see that there is a “translation table”

|α|↔ 1
|t| ; |β|↔ |r|

|t| ; that is P ↔ 1− T

T
. (11)

between the two problems in the spatial domain and the temporal domain.

III. FRAGMENTS

1 = |t|2 + |r|2

α β |α|2 − |β|2 = 1
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Simple case:
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Each of these second-order differential equations has two independent solutions, [which we may choose to call {φL(x),
φR(x)} and {φF (t), φP (t)} respectively], which to the left and right, or future and past, can be chosen to satisfy the
boundary conditions (sort out the conventions)
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This serves to define the left-moving transmission and reflection amplitudes (tL, rL), and their right-moving partners
(tR, rR). Similarly the usual Bogoliubov coefficients (Bogoliubov amplitudes) are defined by (αF , βF ), which we often
simply abbreviate to (α, β). The quantities (αP , βP ) are “time-reversed” Bogoliubov coefficients corresponding to
reversing the time direction in the parametric oscillator. While we cannot in general deduce complete equlity of these
amplitudes, it is an easy text-book exercise to see that (even for non-symmetric potentials) the absolute values are
equal

|tL| = |tR|; |rL| = |rR|, and |αF | = |αP |; |βF | = |βP |, (9)

Physically, this means that transmission and reflection probabilities are parity invariant, and particle production
probabilities are time-reversal invariant, even if the underlying potential k(x)2 or forced oscillations ω(t)2 are not
invariant.:

T = |tL|2 = |tR|2; R = |rL|2 = |rR|2, and P = |βF |2 = |βP |2. (10)

More importantly, from the above we see that there is a “translation table”

|α|↔ 1
|t| ; |β|↔ |r|

|t| ; that is P ↔ 1− T

T
. (11)

between the two problems in the spatial domain and the temporal domain.
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Each of these second-order differential equations has two independent solutions, [which we may choose to call {φL(x),
φR(x)} and {φF (t), φP (t)} respectively], which to the left and right, or future and past, can be chosen to satisfy the
boundary conditions (sort out the conventions)

exp{±ik−∞x}√
k−∞

+ rL
exp{±ik−∞x}√

k−∞
← φL(x)→ tL

exp{±ik+∞x}√
k+∞

(5)

tR
exp{±ik−∞x}√

k−∞
← φR(x)→ exp{±ik+∞x}√

k+∞
+ rR

exp{±ik+∞x}√
k+∞

(6)

or the equivalent in the temporal domain

exp{±iω−∞t}
√

ω−∞
← φF (t)→ αF

exp{±iω+∞t}
√

ω+∞
+ βF

exp{±iω+∞t}
√

ω+∞
(7)

αP
exp{±iω−∞t}
√

ω−∞
+ βP

exp{±iω−∞t}
√

ω−∞
← φP (t)→ exp{±iω+∞t}

√
ω+∞

(8)

This serves to define the left-moving transmission and reflection amplitudes (tL, rL), and their right-moving partners
(tR, rR). Similarly the usual Bogoliubov coefficients (Bogoliubov amplitudes) are defined by (αF , βF ), which we often
simply abbreviate to (α, β). The quantities (αP , βP ) are “time-reversed” Bogoliubov coefficients corresponding to
reversing the time direction in the parametric oscillator. While we cannot in general deduce complete equlity of these
amplitudes, it is an easy text-book exercise to see that (even for non-symmetric potentials) the absolute values are
equal

|tL| = |tR|; |rL| = |rR|, and |αF | = |αP |; |βF | = |βP |, (9)

Physically, this means that transmission and reflection probabilities are parity invariant, and particle production
probabilities are time-reversal invariant, even if the underlying potential k(x)2 or forced oscillations ω(t)2 are not
invariant.:

T = |tL|2 = |tR|2; R = |rL|2 = |rR|2, and P = |βF |2 = |βP |2. (10)

More importantly, from the above we see that there is a “translation table”

|α|↔ 1
|t| ; |β|↔ |r|

|t| ; that is P ↔ 1− T

T
. (11)

between the two problems in the spatial domain and the temporal domain.

III. FRAGMENTS

1 = |t|2 + |r|2

α β |α|2 − |β|2 = 1

|α| = cosh Q |β| = sinhQ |t| = sechQ |r| = tanhQ

Q = Q[k(x)] = Q[ω(t)]

k∞ = k(+∞) = k(−∞)

Q ≤
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

3

k∞ = k(+∞) = k(−∞)

Q ≤
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q ≤ sech2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

R = |r|2 = tanh2 Q ≤ tanh2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

ω∞ = ω(+∞) = ω(−∞)

Q ≤
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β2|2 = sinh2 Q ≤ sinh2
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

IV. KNOWN RESULTS

These bounds 

are limited to situations where the asymptotic 
limits of the potential are equal,  but are 

otherwise very general...

They work perfectly well in the  “classically forbidden” 
region:                         



Two significantly different proofs have been developed 
(arXiv: 0810.0610 [quant-ph],    and quant-ph/9901030).

Many consistency checks against known exact solutions 
are presented in quant-ph/9901030.

I have not seen anything like these bounds anywhere else.

These are   not    JWKB-like bounds.      
JWKB theory would lead to integrals such as:

Comments:

3

k∞ = k(+∞) = k(−∞)

Q ≤
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q ≥ sech2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

R = |r|2 = tanh2 Q ≤ tanh2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q

R = |r|2 = tanh2 Q

ω∞ = ω(+∞) = ω(−∞)

Q ≤
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q ≤ sinh2
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q

k(x)2 < 0 ω(t)2 < 0

∫

forbidden
|k(x)| dx

∫

forbidden
|ω(t)| dt

k(x)2 ϕ′(x)2

ϕ′(x)2 > 0

Need ϕ′(x)2 > 0.

Permit k−∞ %= k+∞.

3

k∞ = k(+∞) = k(−∞)

Q ≤
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q ≥ sech2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

R = |r|2 = tanh2 Q ≤ tanh2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q

R = |r|2 = tanh2 Q

ω∞ = ω(+∞) = ω(−∞)

Q ≤
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q ≤ sinh2
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q

k(x)2 < 0 ω(t)2 < 0

∫

forbidden
|k(x)| dx

∫

forbidden
|ω(t)| dt

k(x)2 ϕ′(x)2

ϕ′(x)2 > 0

Need ϕ′(x)2 > 0.

Permit k−∞ %= k+∞.



3

k∞ = k(+∞) = k(−∞)

Q ≤
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q ≤ sech2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

R = |r|2 = tanh2 Q ≤ tanh2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q

R = |r|2 = tanh2 Q

ω∞ = ω(+∞) = ω(−∞)

Q ≤
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q ≤ sinh2
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q

k(x)2 < 0 ω(t)2 < 0

∫

forbidden
|k(x)| dx

∫

forbidden
|ω(t)| dt

IV. KNOWN RESULTS

3

k∞ = k(+∞) = k(−∞)

Q ≤
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q ≤ sech2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

R = |r|2 = tanh2 Q ≤ tanh2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q

R = |r|2 = tanh2 Q

ω∞ = ω(+∞) = ω(−∞)

Q ≤
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q ≤ sinh2
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q

k(x)2 < 0 ω(t)2 < 0

∫

forbidden
|k(x)| dx

∫

forbidden
|ω(t)| dt

IV. KNOWN RESULTS

3

k∞ = k(+∞) = k(−∞)

Q ≤
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q ≥ sech2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

R = |r|2 = tanh2 Q ≤ tanh2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q

R = |r|2 = tanh2 Q

ω∞ = ω(+∞) = ω(−∞)

Q ≤
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q ≤ sinh2
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q

k(x)2 < 0 ω(t)2 < 0

∫

forbidden
|k(x)| dx

∫

forbidden
|ω(t)| dt

IV. KNOWN RESULTS

Reprise:

There are situations where these bounds are 
arbitrarily close to saturation...



6

∆ =

∫

∆2−k2>0

∆2 − k2 dx

1 + ∆ L∆

L∆

∫

∆2−k2>0

∆2 − k2 dx" 1

L∆ =
∫

∆2−k2>0

1 dx

∆ ≤
∫

k2<0

|k2(x)| dx

∆ !
∫

k2<0

|k2(x)| dx

∆ ≥
∫

k2<0

|k2(x)| dx−∆2(L∆ − L0)

∆ =
∫

k2<0

|k2(x)| dx

Texact =
1

1 + k2
∞W 2/4

Tbound = sech2(k∞W/2)

∆L∆ + (∆L∆)2 = L∆

∫

∆2−k2>0

∆2 − k2 dx

TJWKB = 1

Texact < 1

T2(a) =
T 2

1

1 + 2R1 cos[2k∞a− φ(t)] + R2
1

T2(a) ∈
[

T 2
1

(1 + R1)2
, 1

]

6

∆ =

∫

∆2−k2>0

∆2 − k2 dx

1 + ∆ L∆

L∆

∫

∆2−k2>0

∆2 − k2 dx" 1

L∆ =
∫

∆2−k2>0

1 dx

∆ ≤
∫

k2<0

|k2(x)| dx

∆ !
∫

k2<0

|k2(x)| dx

∆ ≥
∫

k2<0

|k2(x)| dx−∆2(L∆ − L0)

∆ =
∫

k2<0

|k2(x)| dx

Texact =
1

1 + k2
∞W 2/4

Tbound = sech2(k∞W/2)

∆L∆ + (∆L∆)2 = L∆

∫

∆2−k2>0

∆2 − k2 dx

TJWKB = 1

Texact < 1

T2(a) =
T 2

1

1 + 2R1 cos[2k∞a− φ(t)] + R2
1

T2(a) ∈
[

T 2
1

(1 + R1)2
, 1

]

Arbitrarily close for 
narrow wells 
(W ==> 0).

W



*******
******
*****
****
***
*

Compare
JWKB:

F

3

k∞ = k(+∞) = k(−∞)

Q ≤
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q ≥ sech2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

R = |r|2 = tanh2 Q ≤ tanh2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q

R = |r|2 = tanh2 Q

ω∞ = ω(+∞) = ω(−∞)

Q ≤
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q ≤ sinh2
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q

k(x)2 < 0 ω(t)2 < 0

∫

forbidden
|k(x)| dx

∫

forbidden
|ω(t)| dt

T ≈ exp
{
−2

∫

forbidden
|k(x)| dx

}
& 1

N ≈ exp
{

+2
∫

forbidden
|ω(t)| dt

}
' 1

k(x)2 ϕ′(x)2

3

k∞ = k(+∞) = k(−∞)

Q ≤
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q ≥ sech2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

R = |r|2 = tanh2 Q ≤ tanh2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q

R = |r|2 = tanh2 Q

ω∞ = ω(+∞) = ω(−∞)

Q ≤
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q ≤ sinh2
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q

k(x)2 < 0 ω(t)2 < 0

∫

forbidden
|k(x)| dx

∫

forbidden
|ω(t)| dt

T ≈ exp
{
−2

∫

forbidden
|k(x)| dx

}
& 1

N ≈ exp
{

+2
∫

forbidden
|ω(t)| dt

}
' 1

k(x)2 ϕ′(x)2



More general
bound:

3

k∞ = k(+∞) = k(−∞)

Q ≤
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q ≥ sech2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

R = |r|2 = tanh2 Q ≤ tanh2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q

R = |r|2 = tanh2 Q

ω∞ = ω(+∞) = ω(−∞)

Q ≤
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q ≤ sinh2
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q

k(x)2 < 0 ω(t)2 < 0

∫

forbidden
|k(x)| dx

∫

forbidden
|ω(t)| dt

k(x)2 ϕ′(x)2

ϕ′(x)2 > 0

IV. KNOWN RESULTS

3

k∞ = k(+∞) = k(−∞)

Q ≤
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q ≥ sech2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

R = |r|2 = tanh2 Q ≤ tanh2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q

R = |r|2 = tanh2 Q

ω∞ = ω(+∞) = ω(−∞)

Q ≤
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q ≤ sinh2
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q

k(x)2 < 0 ω(t)2 < 0

∫

forbidden
|k(x)| dx

∫

forbidden
|ω(t)| dt

k(x)2 ϕ′(x)2

ϕ′(x)2 > 0

IV. KNOWN RESULTS

3

k∞ = k(+∞) = k(−∞)

Q ≤
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q ≥ sech2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

R = |r|2 = tanh2 Q ≤ tanh2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q

R = |r|2 = tanh2 Q

ω∞ = ω(+∞) = ω(−∞)

Q ≤
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q ≤ sinh2
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q

k(x)2 < 0 ω(t)2 < 0

∫

forbidden
|k(x)| dx

∫

forbidden
|ω(t)| dt

k(x)2 ϕ′(x)2

ϕ′(x)2 > 0

Need ϕ′(x)2 > 0.

Permit k−∞ %= k+∞.

IV. KNOWN RESULTS

3

k∞ = k(+∞) = k(−∞)

Q ≤
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q ≥ sech2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

R = |r|2 = tanh2 Q ≤ tanh2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q

R = |r|2 = tanh2 Q

ω∞ = ω(+∞) = ω(−∞)

Q ≤
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q ≤ sinh2
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q

k(x)2 < 0 ω(t)2 < 0

∫

forbidden
|k(x)| dx

∫

forbidden
|ω(t)| dt

k(x)2 ϕ′(x)2

ϕ′(x)2 > 0

Need ϕ′(x)2 > 0.

Permit k−∞ %= k+∞.

IV. KNOWN RESULTS

(spatial)

3

k∞ = k(+∞) = k(−∞)

Q ≤
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q ≥ sech2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

R = |r|2 = tanh2 Q ≤ tanh2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q

R = |r|2 = tanh2 Q

ω∞ = ω(+∞) = ω(−∞)

Q ≤
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q ≤ sinh2
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q

k(x)2 < 0 ω(t)2 < 0

∫

forbidden
|k(x)| dx

∫

forbidden
|ω(t)| dt

k(x)2 ϕ′(x)2

ϕ′(x)2 > 0

Need ϕ′(x)2 > 0.

Permit k−∞ %= k+∞.

Q ≤
∮ √

(ϕ′′)2 + [(k2 − (ϕ′)2]2

2|ϕ′| dx

ϕ′(x) essentially arbitrary.

Generalizes previous bound.

IV. KNOWN RESULTS

3

k∞ = k(+∞) = k(−∞)

Q ≤
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q ≥ sech2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

R = |r|2 = tanh2 Q ≤ tanh2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q

R = |r|2 = tanh2 Q

ω∞ = ω(+∞) = ω(−∞)

Q ≤
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q ≤ sinh2
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q

k(x)2 < 0 ω(t)2 < 0

∫

forbidden
|k(x)| dx

∫

forbidden
|ω(t)| dt

k(x)2 ϕ′(x)2

ϕ′(x)2 > 0

Need ϕ′(x)2 > 0.

Permit k−∞ %= k+∞.

Q ≤
∮ √

(ϕ′′)2 + [(k2 − (ϕ′)2]2

2|ϕ′| dx

ϕ′(x) essentially arbitrary.

Generalizes previous bound.

IV. KNOWN RESULTS

3

k∞ = k(+∞) = k(−∞)

Q ≤
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q ≤ sech2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

R = |r|2 = tanh2 Q ≤ tanh2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q

R = |r|2 = tanh2 Q

ω∞ = ω(+∞) = ω(−∞)

Q ≤
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q ≤ sinh2
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

k(x)2 < 0 ω(t)2 < 0

∫

forbidden
|k(x)| dx

∫

forbidden
|ω(t)| dt

IV. KNOWN RESULTS

Theorem:

4

N ≈ exp
{

+2
∫

forbidden
|ω(t)| dt

}
" 1
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Special case of 
this more 

general bound:

(Thus no “classically forbidden” region allowed.)
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0 + c2 k2

cp(k) =
ω

k
=

√
ω2

0 + c2 k2
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These bounds are saturated 
by a “sudden” step...

Sharp corners are guaranteed 
to be the best for reflection 

and particle production...



These are some very unexpected results...

How on earth did I (discover/ derive/ prove) these bounds?

Ultimately it was a side-effect of trying to understand 
the Birrell and Davies discussion of the 

adiabatic vacuum and 
cosmological particle production... 

(Though the connection is somewhat tenuous.)

Discussion:

(And I’m still not sure I fully understand Birrell and Davies;
there’s got to be more you can say...)



r =
β

α
; t =

1

α
. (9)

These conventions correspond to an incoming flux of
right-moving particles (incident from the left) being par-
tially transmitted and partially scattered. The left-
moving Bogolubov coefficients are just the complex con-
jugates of the right-moving coefficients, however it should
be borne in mind that the phases of β and β∗ are physi-
cally meaningless in that they can be arbitrarily changed
simply by moving the origin of coordinates. The phases
of α and α∗ on the other hand do contain real physical
information.

In this article I will derive some very general bounds
on |α| and |β|, which also lead to general bounds on the
reflection and transmission probabilities

R = |r|2; T = |t|2. (10)

The key idea is to re-write the second-order Schrodinger
equation as a particular type of Shabat-Zakharov [17]
system: a particular set of two coupled first-order dif-
ferential equations for which bounds can be easily estab-
lished. A similar representation of the Schrodinger equa-
tion is briefly discussed by Peirls [18] and related repre-
sentations are well-known, often being used used without
giving an explicit reference (see e.g. [19]). However an ex-
haustive search has not uncovered prior use of the partic-
ular representation of this article, nor the idea of using
the representation to place bounds on one-dimensional
scattering.

I start by introducing an arbitrary auxiliary function
ϕ(x) which may be either real or complex, though I do
demand that ϕ′(x) != 0, and then defining

ψ(x) = a(x)
exp(+iϕ)√

ϕ′
+ b(x)

exp(−iϕ)√
ϕ′

. (11)

This representation effectively seeks to use quantities re-
sembling the “phase integral” wavefunctions as a basis
for the true wavefunction [20]. This representation is of
course highly redundant, since one complex number ψ(x)
has been traded for two complex numbers a(x) and b(x)
plus an essentially arbitrary auxiliary function ϕ(x). In
order for this representation to be most useful it is best
to arrange things so that a(x) and b(x) asymptote to con-
stants at spatial infinity, which we shall soon see implies
that we should pick the auxiliary function to satisfy

ϕ′(x) → k±∞ as x → ±∞. (12)

To trim down the number of degrees of freedom it is
useful to impose a “gauge condition”

d

dx

(

a√
ϕ′

)

e+iϕ +
d

dx

(

b√
ϕ′

)

e−iϕ = 0. (13)

Subject to this gauge condition,

dψ

dx
= i

√

ϕ′ {a(x) exp(+iϕ) − b(x) exp(−iϕ)} . (14)

I now re-write the Schrodinger equation in terms of
two coupled first-order differential equations for these
position-dependent Bogolubov coefficients. To do this
note that

d2ψ

dx2
=

d

dx

(

i
ϕ′

√
ϕ′

{

ae+iϕ − be−iϕ
}

)

(15)

=
(iϕ′)2√

ϕ′

{

ae+iϕ + be−iϕ
}

+ iϕ′

{

d

dx

(

a√
ϕ′

)

e+iϕ −
d

dx

(

b√
ϕ′

)

e−iϕ

}

+ i
ϕ′′

√
ϕ′

{

ae+iϕ − be−iϕ
}

(16)

= −
ϕ′2

√
ϕ′

{

ae+iϕ + be−iϕ
}

+
2iϕ′

√
ϕ′

da

dx
e+iϕ − i

ϕ′′

√
ϕ′

be−iϕ (17)

= −
ϕ′2

√
ϕ′

{

ae+iϕ + be−iϕ
}

−
2iϕ′

√
ϕ′

db

dx
e−iϕ + i

ϕ′′

√
ϕ′

ae+iϕ. (18)

(The last two relations use the “gauge condition”.) Now
insert these formulae into the Schrodinger equation writ-
ten in the form

d2ψ

dx2
= −k(x)2 ψ ≡ −

2m(E − V (x))

h̄2 ψ, (19)

to deduce

da

dx
= +

1

2ϕ′

{

ϕ′′ b exp(−2iϕ)

+i
[

k2(x) − (ϕ′)2
]

(a + b exp(−2iϕ))

}

, (20)

db

dx
= +

1

2ϕ′

{

ϕ′′ a exp(+2iϕ)

−i
[

k2(x) − (ϕ′)2
]

(b + a exp(+2iϕ))

}

. (21)

It is easy to verify that this first-order system is compati-
ble with the “gauge condition” (13), and that by iterating
the system twice (subject to this gauge condition) one re-
covers exactly the original Schrodinger equation. These
equations hold for arbitrary ϕ, real or complex, and when
written in matrix form, exhibit a deep connection with
the transfer matrix formalism [21].

B. Bounds

To obtain our bounds on the Bogolubov coefficients
we start by restricting attention to the case that ϕ(x)
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information.

In this article I will derive some very general bounds
on |α| and |β|, which also lead to general bounds on the
reflection and transmission probabilities

R = |r|2; T = |t|2. (10)

The key idea is to re-write the second-order Schrodinger
equation as a particular type of Shabat-Zakharov [17]
system: a particular set of two coupled first-order dif-
ferential equations for which bounds can be easily estab-
lished. A similar representation of the Schrodinger equa-
tion is briefly discussed by Peirls [18] and related repre-
sentations are well-known, often being used used without
giving an explicit reference (see e.g. [19]). However an ex-
haustive search has not uncovered prior use of the partic-
ular representation of this article, nor the idea of using
the representation to place bounds on one-dimensional
scattering.

I start by introducing an arbitrary auxiliary function
ϕ(x) which may be either real or complex, though I do
demand that ϕ′(x) != 0, and then defining

ψ(x) = a(x)
exp(+iϕ)√

ϕ′
+ b(x)

exp(−iϕ)√
ϕ′

. (11)

This representation effectively seeks to use quantities re-
sembling the “phase integral” wavefunctions as a basis
for the true wavefunction [20]. This representation is of
course highly redundant, since one complex number ψ(x)
has been traded for two complex numbers a(x) and b(x)
plus an essentially arbitrary auxiliary function ϕ(x). In
order for this representation to be most useful it is best
to arrange things so that a(x) and b(x) asymptote to con-
stants at spatial infinity, which we shall soon see implies
that we should pick the auxiliary function to satisfy

ϕ′(x) → k±∞ as x → ±∞. (12)

To trim down the number of degrees of freedom it is
useful to impose a “gauge condition”
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(
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dx

(
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ϕ′
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e−iϕ = 0. (13)

Subject to this gauge condition,
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= i
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ϕ′ {a(x) exp(+iϕ) − b(x) exp(−iϕ)} . (14)

I now re-write the Schrodinger equation in terms of
two coupled first-order differential equations for these
position-dependent Bogolubov coefficients. To do this
note that
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ae+iϕ − be−iϕ
}

(16)

= −
ϕ′2

√
ϕ′

{

ae+iϕ + be−iϕ
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e+iϕ − i

ϕ′′

√
ϕ′

be−iϕ (17)

= −
ϕ′2

√
ϕ′

{

ae+iϕ + be−iϕ
}

−
2iϕ′

√
ϕ′

db

dx
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(The last two relations use the “gauge condition”.) Now
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k2(x) − (ϕ′)2
]

(a + b exp(−2iϕ))
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It is easy to verify that this first-order system is compati-
ble with the “gauge condition” (13), and that by iterating
the system twice (subject to this gauge condition) one re-
covers exactly the original Schrodinger equation. These
equations hold for arbitrary ϕ, real or complex, and when
written in matrix form, exhibit a deep connection with
the transfer matrix formalism [21].
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B. Bounds

To obtain our bounds on the Bogolubov coefficients
we start by restricting attention to the case that ϕ(x)

2

Strategy:



is a real function of x. (Since ϕ is an essentially arbi-
trary auxiliary function this is not a particularly restric-
tive condition). Under this assumption the probability
current is

J = Im

{

ψ∗ dψ

dx

}

=
{

|a|2 − |b|2
}

. (22)

Now at x ∼ +∞ the wavefunction is purely right-moving
and normalized to 1, because we are considering one-
dimensional Jost solutions [16]. Then for all x we have a
conserved quantity

|a|2 − |b|2 = 1. (23)

It is this result that makes it useful to interpret a(x) and
b(x) as position-dependent Bogolubov coefficients relative
to the auxiliary function ϕ(x). Now use the fact that

d|a|
dx

=
1

2|a|

(

a∗ da

dx
+ a

da∗

dx

)

, (24)

and use equation (20) to obtain

d|a|
dx

=
1

2|a|
1

2ϕ′

(

ϕ′′ [a∗b exp(−2iϕ) + ab∗ exp(+2iϕ)]

+i[k2 − (ϕ′)2] [a∗b exp(−2iϕ) − ab∗ exp(+2iϕ)]
)

.

(25)

That is

d|a|
dx

=
1

2|a|
1

2ϕ′
Re

(

[

ϕ′′ + i[k2 − (ϕ′)2]
]

[a∗b exp(−2iϕ)]

)

.

(26)

The right hand side can now be bounded from above, by
systematically using Re(A B) ≤ |A| |B|. This leads to

d|a|
dx

≤

√

(ϕ′′)2 + [k2 − (ϕ′)2]2

2|ϕ′|
|b|. (27)

It is essential that ϕ be real to have | exp(−2iϕ)| = 1
which is the other key ingredient above. Now define the
non-negative quantity

ϑ[ϕ(x), k(x)] ≡

√

(ϕ′′)2 + [k2(x) − (ϕ′)2]2

2|ϕ′|
, (28)

and use the conservation law (23) to write

d|a|
dx

≤ ϑ
√

|a|2 − 1. (29)

Integrate this inequality

{

cosh−1 |a|
}
∣

∣

xf

xi
≤

∫ xf

xi

ϑ dx. (30)

Taking limits as xi → −∞ and xf → +∞

cosh−1 |α| ≤
∫ +∞

−∞

ϑ dx. (31)

That is

|α| ≤ cosh

(
∫ +∞

−∞

ϑ dx

)

. (32)

Which automatically implies

|β| ≤ sinh

(
∫ +∞

−∞

ϑ dx

)

. (33)

Since this result holds for all real choices of the auxiliary
function ϕ(x), (subject only to ϕ′ '= 0 and ϕ′ → k±∞

as x → ±∞), it encodes an enormously wide class of
bounds on the Bogolubov coefficients. When translated
to reflection and transmission coefficients the equivalent
statements are

T ≥ sech2

(
∫ +∞

−∞

ϑ dx

)

, (34)

and

R ≤ tanh2

(
∫ +∞

−∞

ϑ dx

)

. (35)

I shall soon turn this general result into more specific
theorems.

C. Transfer matrix representation

The system of equations (20)–(21) can also be written
in matrix form. It is convenient to define

ρ ≡ ϕ′′ + i[k2(x) − (ϕ′)2]. (36)

Then

d

dx

[

a
b

]

=
1

2ϕ′

[

iIm[ρ] ρ exp(−2iϕ)
ρ∗ exp(+2iϕ) −iIm[ρ]

] [

a
b

]

.

(37)

This has the formal solution
[

a(xf )
b(xf )

]

= E(xf , xi)

[

a(xi)
b(xi)

]

, (38)

in terms of a generalized position-dependent “transfer
matrix” [21]

E(xf , xi) =

P exp

(
∫ xf

xi

1

2ϕ′

[

iIm[ρ] ρ exp(−2iϕ)
ρ∗ exp(+2iϕ) −iIm[ρ]

]

dx

)

,

(39)
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ϕ′

{

ae+iϕ + be−iϕ
}

+
2iϕ′

√
ϕ′

da

dx
e+iϕ − i

ϕ′′

√
ϕ′

be−iϕ (17)

= −
ϕ′2

√
ϕ′

{

ae+iϕ + be−iϕ
}

−
2iϕ′

√
ϕ′

db

dx
e−iϕ + i

ϕ′′

√
ϕ′

ae+iϕ. (18)

(The last two relations use the “gauge condition”.) Now
insert these formulae into the Schrodinger equation writ-
ten in the form

d2ψ

dx2
= −k(x)2 ψ ≡ −

2m(E − V (x))

h̄2 ψ, (19)

to deduce

da

dx
= +

1

2ϕ′

{

ϕ′′ b exp(−2iϕ)

+i
[

k2(x) − (ϕ′)2
]

(a + b exp(−2iϕ))

}

, (20)

db

dx
= +

1

2ϕ′

{

ϕ′′ a exp(+2iϕ)

−i
[

k2(x) − (ϕ′)2
]

(b + a exp(+2iϕ))

}

. (21)

It is easy to verify that this first-order system is compati-
ble with the “gauge condition” (13), and that by iterating
the system twice (subject to this gauge condition) one re-
covers exactly the original Schrodinger equation. These
equations hold for arbitrary ϕ, real or complex, and when
written in matrix form, exhibit a deep connection with
the transfer matrix formalism [21].

B. Bounds

To obtain our bounds on the Bogolubov coefficients
we start by restricting attention to the case that ϕ(x)

2

The first derivative is simple...

As long as phi(x) is real (some generalizations possible):

So then:



r =
β

α
; t =

1

α
. (9)

These conventions correspond to an incoming flux of
right-moving particles (incident from the left) being par-
tially transmitted and partially scattered. The left-
moving Bogolubov coefficients are just the complex con-
jugates of the right-moving coefficients, however it should
be borne in mind that the phases of β and β∗ are physi-
cally meaningless in that they can be arbitrarily changed
simply by moving the origin of coordinates. The phases
of α and α∗ on the other hand do contain real physical
information.

In this article I will derive some very general bounds
on |α| and |β|, which also lead to general bounds on the
reflection and transmission probabilities

R = |r|2; T = |t|2. (10)

The key idea is to re-write the second-order Schrodinger
equation as a particular type of Shabat-Zakharov [17]
system: a particular set of two coupled first-order dif-
ferential equations for which bounds can be easily estab-
lished. A similar representation of the Schrodinger equa-
tion is briefly discussed by Peirls [18] and related repre-
sentations are well-known, often being used used without
giving an explicit reference (see e.g. [19]). However an ex-
haustive search has not uncovered prior use of the partic-
ular representation of this article, nor the idea of using
the representation to place bounds on one-dimensional
scattering.

I start by introducing an arbitrary auxiliary function
ϕ(x) which may be either real or complex, though I do
demand that ϕ′(x) != 0, and then defining

ψ(x) = a(x)
exp(+iϕ)√

ϕ′
+ b(x)

exp(−iϕ)√
ϕ′

. (11)

This representation effectively seeks to use quantities re-
sembling the “phase integral” wavefunctions as a basis
for the true wavefunction [20]. This representation is of
course highly redundant, since one complex number ψ(x)
has been traded for two complex numbers a(x) and b(x)
plus an essentially arbitrary auxiliary function ϕ(x). In
order for this representation to be most useful it is best
to arrange things so that a(x) and b(x) asymptote to con-
stants at spatial infinity, which we shall soon see implies
that we should pick the auxiliary function to satisfy

ϕ′(x) → k±∞ as x → ±∞. (12)

To trim down the number of degrees of freedom it is
useful to impose a “gauge condition”

d

dx

(

a√
ϕ′

)

e+iϕ +
d

dx

(

b√
ϕ′

)

e−iϕ = 0. (13)

Subject to this gauge condition,

dψ

dx
= i

√

ϕ′ {a(x) exp(+iϕ) − b(x) exp(−iϕ)} . (14)

I now re-write the Schrodinger equation in terms of
two coupled first-order differential equations for these
position-dependent Bogolubov coefficients. To do this
note that
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{
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}
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}

(16)

= −
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ϕ′
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}

+
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ϕ′
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ϕ′′
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ϕ′

be−iϕ (17)

= −
ϕ′2

√
ϕ′
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ae+iϕ + be−iϕ
}

−
2iϕ′

√
ϕ′

db

dx
e−iϕ + i

ϕ′′

√
ϕ′

ae+iϕ. (18)

(The last two relations use the “gauge condition”.) Now
insert these formulae into the Schrodinger equation writ-
ten in the form

d2ψ

dx2
= −k(x)2 ψ ≡ −

2m(E − V (x))

h̄2 ψ, (19)

to deduce

da

dx
= +

1

2ϕ′

{

ϕ′′ b exp(−2iϕ)

+i
[

k2(x) − (ϕ′)2
]

(a + b exp(−2iϕ))

}

, (20)

db

dx
= +

1

2ϕ′

{

ϕ′′ a exp(+2iϕ)

−i
[

k2(x) − (ϕ′)2
]

(b + a exp(+2iϕ))

}

. (21)

It is easy to verify that this first-order system is compati-
ble with the “gauge condition” (13), and that by iterating
the system twice (subject to this gauge condition) one re-
covers exactly the original Schrodinger equation. These
equations hold for arbitrary ϕ, real or complex, and when
written in matrix form, exhibit a deep connection with
the transfer matrix formalism [21].

B. Bounds

To obtain our bounds on the Bogolubov coefficients
we start by restricting attention to the case that ϕ(x)
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β

α
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1

α
. (9)

These conventions correspond to an incoming flux of
right-moving particles (incident from the left) being par-
tially transmitted and partially scattered. The left-
moving Bogolubov coefficients are just the complex con-
jugates of the right-moving coefficients, however it should
be borne in mind that the phases of β and β∗ are physi-
cally meaningless in that they can be arbitrarily changed
simply by moving the origin of coordinates. The phases
of α and α∗ on the other hand do contain real physical
information.

In this article I will derive some very general bounds
on |α| and |β|, which also lead to general bounds on the
reflection and transmission probabilities

R = |r|2; T = |t|2. (10)

The key idea is to re-write the second-order Schrodinger
equation as a particular type of Shabat-Zakharov [17]
system: a particular set of two coupled first-order dif-
ferential equations for which bounds can be easily estab-
lished. A similar representation of the Schrodinger equa-
tion is briefly discussed by Peirls [18] and related repre-
sentations are well-known, often being used used without
giving an explicit reference (see e.g. [19]). However an ex-
haustive search has not uncovered prior use of the partic-
ular representation of this article, nor the idea of using
the representation to place bounds on one-dimensional
scattering.

I start by introducing an arbitrary auxiliary function
ϕ(x) which may be either real or complex, though I do
demand that ϕ′(x) != 0, and then defining

ψ(x) = a(x)
exp(+iϕ)√

ϕ′
+ b(x)

exp(−iϕ)√
ϕ′

. (11)

This representation effectively seeks to use quantities re-
sembling the “phase integral” wavefunctions as a basis
for the true wavefunction [20]. This representation is of
course highly redundant, since one complex number ψ(x)
has been traded for two complex numbers a(x) and b(x)
plus an essentially arbitrary auxiliary function ϕ(x). In
order for this representation to be most useful it is best
to arrange things so that a(x) and b(x) asymptote to con-
stants at spatial infinity, which we shall soon see implies
that we should pick the auxiliary function to satisfy

ϕ′(x) → k±∞ as x → ±∞. (12)

To trim down the number of degrees of freedom it is
useful to impose a “gauge condition”

d

dx

(

a√
ϕ′

)

e+iϕ +
d

dx

(

b√
ϕ′

)

e−iϕ = 0. (13)

Subject to this gauge condition,

dψ

dx
= i

√

ϕ′ {a(x) exp(+iϕ) − b(x) exp(−iϕ)} . (14)

I now re-write the Schrodinger equation in terms of
two coupled first-order differential equations for these
position-dependent Bogolubov coefficients. To do this
note that

d2ψ

dx2
=

d

dx

(

i
ϕ′

√
ϕ′

{

ae+iϕ − be−iϕ
}

)

(15)

=
(iϕ′)2√

ϕ′

{

ae+iϕ + be−iϕ
}

+ iϕ′

{

d

dx

(

a√
ϕ′

)

e+iϕ −
d

dx

(

b√
ϕ′

)

e−iϕ

}

+ i
ϕ′′

√
ϕ′

{

ae+iϕ − be−iϕ
}

(16)

= −
ϕ′2

√
ϕ′

{

ae+iϕ + be−iϕ
}

+
2iϕ′

√
ϕ′

da

dx
e+iϕ − i

ϕ′′

√
ϕ′

be−iϕ (17)

= −
ϕ′2

√
ϕ′

{

ae+iϕ + be−iϕ
}

−
2iϕ′

√
ϕ′

db

dx
e−iϕ + i

ϕ′′

√
ϕ′

ae+iϕ. (18)

(The last two relations use the “gauge condition”.) Now
insert these formulae into the Schrodinger equation writ-
ten in the form

d2ψ

dx2
= −k(x)2 ψ ≡ −

2m(E − V (x))

h̄2 ψ, (19)

to deduce

da

dx
= +

1

2ϕ′

{

ϕ′′ b exp(−2iϕ)

+i
[

k2(x) − (ϕ′)2
]

(a + b exp(−2iϕ))

}

, (20)

db

dx
= +

1

2ϕ′

{

ϕ′′ a exp(+2iϕ)

−i
[

k2(x) − (ϕ′)2
]

(b + a exp(+2iϕ))

}

. (21)

It is easy to verify that this first-order system is compati-
ble with the “gauge condition” (13), and that by iterating
the system twice (subject to this gauge condition) one re-
covers exactly the original Schrodinger equation. These
equations hold for arbitrary ϕ, real or complex, and when
written in matrix form, exhibit a deep connection with
the transfer matrix formalism [21].

B. Bounds

To obtain our bounds on the Bogolubov coefficients
we start by restricting attention to the case that ϕ(x)

2

Strategy:

The Schrodinger equation is equivalent to:



is a real function of x. (Since ϕ is an essentially arbi-
trary auxiliary function this is not a particularly restric-
tive condition). Under this assumption the probability
current is

J = Im

{

ψ∗ dψ

dx

}

=
{

|a|2 − |b|2
}

. (22)

Now at x ∼ +∞ the wavefunction is purely right-moving
and normalized to 1, because we are considering one-
dimensional Jost solutions [16]. Then for all x we have a
conserved quantity

|a|2 − |b|2 = 1. (23)

It is this result that makes it useful to interpret a(x) and
b(x) as position-dependent Bogolubov coefficients relative
to the auxiliary function ϕ(x). Now use the fact that

d|a|
dx

=
1

2|a|

(

a∗ da

dx
+ a

da∗

dx

)

, (24)

and use equation (20) to obtain

d|a|
dx

=
1

2|a|
1

2ϕ′

(

ϕ′′ [a∗b exp(−2iϕ) + ab∗ exp(+2iϕ)]

+i[k2 − (ϕ′)2] [a∗b exp(−2iϕ) − ab∗ exp(+2iϕ)]
)

.

(25)

That is

d|a|
dx

=
1

2|a|
1

2ϕ′
Re

(

[

ϕ′′ + i[k2 − (ϕ′)2]
]

[a∗b exp(−2iϕ)]

)

.

(26)

The right hand side can now be bounded from above, by
systematically using Re(A B) ≤ |A| |B|. This leads to

d|a|
dx

≤

√

(ϕ′′)2 + [k2 − (ϕ′)2]2

2|ϕ′|
|b|. (27)

It is essential that ϕ be real to have | exp(−2iϕ)| = 1
which is the other key ingredient above. Now define the
non-negative quantity

ϑ[ϕ(x), k(x)] ≡

√

(ϕ′′)2 + [k2(x) − (ϕ′)2]2

2|ϕ′|
, (28)

and use the conservation law (23) to write

d|a|
dx

≤ ϑ
√

|a|2 − 1. (29)

Integrate this inequality

{

cosh−1 |a|
}
∣

∣

xf

xi
≤

∫ xf

xi

ϑ dx. (30)

Taking limits as xi → −∞ and xf → +∞

cosh−1 |α| ≤
∫ +∞

−∞

ϑ dx. (31)

That is

|α| ≤ cosh

(
∫ +∞

−∞

ϑ dx

)

. (32)

Which automatically implies

|β| ≤ sinh

(
∫ +∞

−∞

ϑ dx

)

. (33)

Since this result holds for all real choices of the auxiliary
function ϕ(x), (subject only to ϕ′ '= 0 and ϕ′ → k±∞

as x → ±∞), it encodes an enormously wide class of
bounds on the Bogolubov coefficients. When translated
to reflection and transmission coefficients the equivalent
statements are

T ≥ sech2

(
∫ +∞

−∞

ϑ dx

)

, (34)

and

R ≤ tanh2

(
∫ +∞

−∞

ϑ dx

)

. (35)

I shall soon turn this general result into more specific
theorems.

C. Transfer matrix representation

The system of equations (20)–(21) can also be written
in matrix form. It is convenient to define

ρ ≡ ϕ′′ + i[k2(x) − (ϕ′)2]. (36)

Then

d

dx

[

a
b

]

=
1

2ϕ′

[

iIm[ρ] ρ exp(−2iϕ)
ρ∗ exp(+2iϕ) −iIm[ρ]

] [

a
b

]

.

(37)

This has the formal solution
[

a(xf )
b(xf )

]

= E(xf , xi)

[

a(xi)
b(xi)

]

, (38)

in terms of a generalized position-dependent “transfer
matrix” [21]

E(xf , xi) =

P exp

(
∫ xf

xi

1

2ϕ′

[

iIm[ρ] ρ exp(−2iϕ)
ρ∗ exp(+2iϕ) −iIm[ρ]

]

dx

)

,

(39)

3

is a real function of x. (Since ϕ is an essentially arbi-
trary auxiliary function this is not a particularly restric-
tive condition). Under this assumption the probability
current is

J = Im

{

ψ∗ dψ

dx

}

=
{

|a|2 − |b|2
}

. (22)

Now at x ∼ +∞ the wavefunction is purely right-moving
and normalized to 1, because we are considering one-
dimensional Jost solutions [16]. Then for all x we have a
conserved quantity

|a|2 − |b|2 = 1. (23)

It is this result that makes it useful to interpret a(x) and
b(x) as position-dependent Bogolubov coefficients relative
to the auxiliary function ϕ(x). Now use the fact that

d|a|
dx

=
1

2|a|

(

a∗ da

dx
+ a

da∗

dx

)

, (24)

and use equation (20) to obtain

d|a|
dx

=
1

2|a|
1

2ϕ′

(

ϕ′′ [a∗b exp(−2iϕ) + ab∗ exp(+2iϕ)]

+i[k2 − (ϕ′)2] [a∗b exp(−2iϕ) − ab∗ exp(+2iϕ)]
)

.

(25)

That is

d|a|
dx

=
1

2|a|
1

2ϕ′
Re

(

[

ϕ′′ + i[k2 − (ϕ′)2]
]

[a∗b exp(−2iϕ)]

)

.

(26)

The right hand side can now be bounded from above, by
systematically using Re(A B) ≤ |A| |B|. This leads to

d|a|
dx

≤

√

(ϕ′′)2 + [k2 − (ϕ′)2]2

2|ϕ′|
|b|. (27)

It is essential that ϕ be real to have | exp(−2iϕ)| = 1
which is the other key ingredient above. Now define the
non-negative quantity

ϑ[ϕ(x), k(x)] ≡

√

(ϕ′′)2 + [k2(x) − (ϕ′)2]2

2|ϕ′|
, (28)

and use the conservation law (23) to write

d|a|
dx

≤ ϑ
√

|a|2 − 1. (29)

Integrate this inequality

{

cosh−1 |a|
}
∣

∣

xf

xi
≤

∫ xf

xi

ϑ dx. (30)

Taking limits as xi → −∞ and xf → +∞

cosh−1 |α| ≤
∫ +∞

−∞

ϑ dx. (31)

That is

|α| ≤ cosh

(
∫ +∞

−∞

ϑ dx

)

. (32)

Which automatically implies

|β| ≤ sinh

(
∫ +∞

−∞

ϑ dx

)

. (33)

Since this result holds for all real choices of the auxiliary
function ϕ(x), (subject only to ϕ′ '= 0 and ϕ′ → k±∞

as x → ±∞), it encodes an enormously wide class of
bounds on the Bogolubov coefficients. When translated
to reflection and transmission coefficients the equivalent
statements are

T ≥ sech2

(
∫ +∞

−∞

ϑ dx

)

, (34)

and

R ≤ tanh2

(
∫ +∞

−∞

ϑ dx

)

. (35)

I shall soon turn this general result into more specific
theorems.

C. Transfer matrix representation

The system of equations (20)–(21) can also be written
in matrix form. It is convenient to define

ρ ≡ ϕ′′ + i[k2(x) − (ϕ′)2]. (36)

Then

d

dx

[

a
b

]

=
1

2ϕ′

[

iIm[ρ] ρ exp(−2iϕ)
ρ∗ exp(+2iϕ) −iIm[ρ]

] [

a
b

]

.

(37)

This has the formal solution
[

a(xf )
b(xf )

]

= E(xf , xi)

[

a(xi)
b(xi)
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, (38)

in terms of a generalized position-dependent “transfer
matrix” [21]

E(xf , xi) =
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(
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[

iIm[ρ] ρ exp(−2iϕ)
ρ∗ exp(+2iϕ) −iIm[ρ]

]
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is a real function of x. (Since ϕ is an essentially arbi-
trary auxiliary function this is not a particularly restric-
tive condition). Under this assumption the probability
current is

J = Im

{

ψ∗ dψ

dx

}

=
{

|a|2 − |b|2
}

. (22)

Now at x ∼ +∞ the wavefunction is purely right-moving
and normalized to 1, because we are considering one-
dimensional Jost solutions [16]. Then for all x we have a
conserved quantity

|a|2 − |b|2 = 1. (23)

It is this result that makes it useful to interpret a(x) and
b(x) as position-dependent Bogolubov coefficients relative
to the auxiliary function ϕ(x). Now use the fact that
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1

2ϕ′
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[

ϕ′′ + i[k2 − (ϕ′)2]
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[a∗b exp(−2iϕ)]
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.

(26)

The right hand side can now be bounded from above, by
systematically using Re(A B) ≤ |A| |B|. This leads to

d|a|
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≤

√

(ϕ′′)2 + [k2 − (ϕ′)2]2

2|ϕ′|
|b|. (27)

It is essential that ϕ be real to have | exp(−2iϕ)| = 1
which is the other key ingredient above. Now define the
non-negative quantity

ϑ[ϕ(x), k(x)] ≡

√

(ϕ′′)2 + [k2(x) − (ϕ′)2]2

2|ϕ′|
, (28)

and use the conservation law (23) to write

d|a|
dx

≤ ϑ
√

|a|2 − 1. (29)

Integrate this inequality

{

cosh−1 |a|
}
∣
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xf

xi
≤

∫ xf

xi

ϑ dx. (30)

Taking limits as xi → −∞ and xf → +∞

cosh−1 |α| ≤
∫ +∞

−∞

ϑ dx. (31)

That is

|α| ≤ cosh

(
∫ +∞

−∞

ϑ dx

)

. (32)

Which automatically implies

|β| ≤ sinh

(
∫ +∞

−∞
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)

. (33)

Since this result holds for all real choices of the auxiliary
function ϕ(x), (subject only to ϕ′ '= 0 and ϕ′ → k±∞

as x → ±∞), it encodes an enormously wide class of
bounds on the Bogolubov coefficients. When translated
to reflection and transmission coefficients the equivalent
statements are

T ≥ sech2

(
∫ +∞

−∞

ϑ dx

)

, (34)

and

R ≤ tanh2

(
∫ +∞

−∞

ϑ dx

)

. (35)

I shall soon turn this general result into more specific
theorems.

C. Transfer matrix representation

The system of equations (20)–(21) can also be written
in matrix form. It is convenient to define

ρ ≡ ϕ′′ + i[k2(x) − (ϕ′)2]. (36)

Then

d

dx

[

a
b

]

=
1

2ϕ′

[

iIm[ρ] ρ exp(−2iϕ)
ρ∗ exp(+2iϕ) −iIm[ρ]

] [

a
b

]

.

(37)

This has the formal solution
[

a(xf )
b(xf )

]

= E(xf , xi)

[

a(xi)
b(xi)

]

, (38)

in terms of a generalized position-dependent “transfer
matrix” [21]

E(xf , xi) =

P exp

(
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xi

1

2ϕ′

[

iIm[ρ] ρ exp(−2iϕ)
ρ∗ exp(+2iϕ) −iIm[ρ]

]
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)

,

(39)
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is a real function of x. (Since ϕ is an essentially arbi-
trary auxiliary function this is not a particularly restric-
tive condition). Under this assumption the probability
current is

J = Im

{

ψ∗ dψ

dx

}

=
{

|a|2 − |b|2
}

. (22)

Now at x ∼ +∞ the wavefunction is purely right-moving
and normalized to 1, because we are considering one-
dimensional Jost solutions [16]. Then for all x we have a
conserved quantity

|a|2 − |b|2 = 1. (23)

It is this result that makes it useful to interpret a(x) and
b(x) as position-dependent Bogolubov coefficients relative
to the auxiliary function ϕ(x). Now use the fact that

d|a|
dx

=
1

2|a|

(

a∗ da

dx
+ a

da∗

dx

)

, (24)

and use equation (20) to obtain

d|a|
dx

=
1

2|a|
1

2ϕ′

(

ϕ′′ [a∗b exp(−2iϕ) + ab∗ exp(+2iϕ)]

+i[k2 − (ϕ′)2] [a∗b exp(−2iϕ) − ab∗ exp(+2iϕ)]
)

.

(25)

That is

d|a|
dx

=
1

2|a|
1

2ϕ′
Re

(

[

ϕ′′ + i[k2 − (ϕ′)2]
]

[a∗b exp(−2iϕ)]

)

.

(26)

The right hand side can now be bounded from above, by
systematically using Re(A B) ≤ |A| |B|. This leads to

d|a|
dx

≤

√

(ϕ′′)2 + [k2 − (ϕ′)2]2

2|ϕ′|
|b|. (27)

It is essential that ϕ be real to have | exp(−2iϕ)| = 1
which is the other key ingredient above. Now define the
non-negative quantity

ϑ[ϕ(x), k(x)] ≡

√

(ϕ′′)2 + [k2(x) − (ϕ′)2]2

2|ϕ′|
, (28)

and use the conservation law (23) to write

d|a|
dx

≤ ϑ
√

|a|2 − 1. (29)

Integrate this inequality

{

cosh−1 |a|
}
∣

∣

xf

xi
≤

∫ xf

xi

ϑ dx. (30)

Taking limits as xi → −∞ and xf → +∞

cosh−1 |α| ≤
∫ +∞

−∞

ϑ dx. (31)

That is

|α| ≤ cosh

(
∫ +∞

−∞

ϑ dx

)

. (32)

Which automatically implies

|β| ≤ sinh

(
∫ +∞

−∞

ϑ dx

)

. (33)

Since this result holds for all real choices of the auxiliary
function ϕ(x), (subject only to ϕ′ '= 0 and ϕ′ → k±∞

as x → ±∞), it encodes an enormously wide class of
bounds on the Bogolubov coefficients. When translated
to reflection and transmission coefficients the equivalent
statements are

T ≥ sech2

(
∫ +∞

−∞

ϑ dx

)

, (34)

and

R ≤ tanh2

(
∫ +∞

−∞

ϑ dx

)

. (35)

I shall soon turn this general result into more specific
theorems.

C. Transfer matrix representation

The system of equations (20)–(21) can also be written
in matrix form. It is convenient to define

ρ ≡ ϕ′′ + i[k2(x) − (ϕ′)2]. (36)

Then

d

dx

[

a
b

]

=
1

2ϕ′

[

iIm[ρ] ρ exp(−2iϕ)
ρ∗ exp(+2iϕ) −iIm[ρ]

] [

a
b

]

.

(37)

This has the formal solution
[

a(xf )
b(xf )

]

= E(xf , xi)

[

a(xi)
b(xi)

]

, (38)

in terms of a generalized position-dependent “transfer
matrix” [21]

E(xf , xi) =

P exp

(
∫ xf

xi

1

2ϕ′

[

iIm[ρ] ρ exp(−2iϕ)
ρ∗ exp(+2iϕ) −iIm[ρ]

]

dx

)

,
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is a real function of x. (Since ϕ is an essentially arbi-
trary auxiliary function this is not a particularly restric-
tive condition). Under this assumption the probability
current is

J = Im

{

ψ∗ dψ

dx

}

=
{

|a|2 − |b|2
}

. (22)

Now at x ∼ +∞ the wavefunction is purely right-moving
and normalized to 1, because we are considering one-
dimensional Jost solutions [16]. Then for all x we have a
conserved quantity

|a|2 − |b|2 = 1. (23)

It is this result that makes it useful to interpret a(x) and
b(x) as position-dependent Bogolubov coefficients relative
to the auxiliary function ϕ(x). Now use the fact that

d|a|
dx

=
1

2|a|

(

a∗ da

dx
+ a

da∗

dx

)

, (24)

and use equation (20) to obtain

d|a|
dx

=
1

2|a|
1

2ϕ′

(

ϕ′′ [a∗b exp(−2iϕ) + ab∗ exp(+2iϕ)]

+i[k2 − (ϕ′)2] [a∗b exp(−2iϕ) − ab∗ exp(+2iϕ)]
)

.

(25)

That is

d|a|
dx

=
1

2|a|
1

2ϕ′
Re

(

[

ϕ′′ + i[k2 − (ϕ′)2]
]

[a∗b exp(−2iϕ)]

)

.

(26)

The right hand side can now be bounded from above, by
systematically using Re(A B) ≤ |A| |B|. This leads to

d|a|
dx

≤

√

(ϕ′′)2 + [k2 − (ϕ′)2]2

2|ϕ′|
|b|. (27)

It is essential that ϕ be real to have | exp(−2iϕ)| = 1
which is the other key ingredient above. Now define the
non-negative quantity

ϑ[ϕ(x), k(x)] ≡

√

(ϕ′′)2 + [k2(x) − (ϕ′)2]2

2|ϕ′|
, (28)

and use the conservation law (23) to write

d|a|
dx

≤ ϑ
√

|a|2 − 1. (29)

Integrate this inequality

{

cosh−1 |a|
}
∣

∣

xf

xi
≤

∫ xf

xi

ϑ dx. (30)

Taking limits as xi → −∞ and xf → +∞

cosh−1 |α| ≤
∫ +∞

−∞

ϑ dx. (31)

That is

|α| ≤ cosh

(
∫ +∞

−∞

ϑ dx

)

. (32)

Which automatically implies

|β| ≤ sinh

(
∫ +∞

−∞

ϑ dx

)

. (33)

Since this result holds for all real choices of the auxiliary
function ϕ(x), (subject only to ϕ′ '= 0 and ϕ′ → k±∞

as x → ±∞), it encodes an enormously wide class of
bounds on the Bogolubov coefficients. When translated
to reflection and transmission coefficients the equivalent
statements are

T ≥ sech2

(
∫ +∞

−∞

ϑ dx

)

, (34)

and

R ≤ tanh2

(
∫ +∞

−∞

ϑ dx

)

. (35)

I shall soon turn this general result into more specific
theorems.

C. Transfer matrix representation

The system of equations (20)–(21) can also be written
in matrix form. It is convenient to define

ρ ≡ ϕ′′ + i[k2(x) − (ϕ′)2]. (36)

Then

d

dx

[

a
b

]

=
1

2ϕ′

[

iIm[ρ] ρ exp(−2iϕ)
ρ∗ exp(+2iϕ) −iIm[ρ]

] [

a
b

]

.

(37)

This has the formal solution
[

a(xf )
b(xf )

]

= E(xf , xi)

[

a(xi)
b(xi)

]

, (38)

in terms of a generalized position-dependent “transfer
matrix” [21]

E(xf , xi) =

P exp

(
∫ xf

xi

1

2ϕ′

[

iIm[ρ] ρ exp(−2iϕ)
ρ∗ exp(+2iϕ) −iIm[ρ]

]

dx

)

,
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It is essential that ϕ be real to have | exp(−2iϕ)| = 1
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2|ϕ′|
, (28)
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≤
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)
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)
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Since this result holds for all real choices of the auxiliary
function ϕ(x), (subject only to ϕ′ '= 0 and ϕ′ → k±∞
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bounds on the Bogolubov coefficients. When translated
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is a real function of x. (Since ϕ is an essentially arbi-
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tive condition). Under this assumption the probability
current is

J = Im

{
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dx

}

=
{

|a|2 − |b|2
}

. (22)

Now at x ∼ +∞ the wavefunction is purely right-moving
and normalized to 1, because we are considering one-
dimensional Jost solutions [16]. Then for all x we have a
conserved quantity

|a|2 − |b|2 = 1. (23)

It is this result that makes it useful to interpret a(x) and
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to the auxiliary function ϕ(x). Now use the fact that

d|a|
dx

=
1

2|a|

(

a∗ da

dx
+ a

da∗

dx

)

, (24)

and use equation (20) to obtain

d|a|
dx

=
1

2|a|
1

2ϕ′

(

ϕ′′ [a∗b exp(−2iϕ) + ab∗ exp(+2iϕ)]

+i[k2 − (ϕ′)2] [a∗b exp(−2iϕ) − ab∗ exp(+2iϕ)]
)

.

(25)

That is

d|a|
dx

=
1

2|a|
1

2ϕ′
Re
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[
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]
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.

(26)

The right hand side can now be bounded from above, by
systematically using Re(A B) ≤ |A| |B|. This leads to

d|a|
dx

≤

√

(ϕ′′)2 + [k2 − (ϕ′)2]2

2|ϕ′|
|b|. (27)

It is essential that ϕ be real to have | exp(−2iϕ)| = 1
which is the other key ingredient above. Now define the
non-negative quantity

ϑ[ϕ(x), k(x)] ≡

√

(ϕ′′)2 + [k2(x) − (ϕ′)2]2

2|ϕ′|
, (28)

and use the conservation law (23) to write

d|a|
dx

≤ ϑ
√

|a|2 − 1. (29)

Integrate this inequality

{

cosh−1 |a|
}
∣
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≤
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ϑ dx. (30)

Taking limits as xi → −∞ and xf → +∞

cosh−1 |α| ≤
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That is

|α| ≤ cosh

(
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)
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Which automatically implies
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(
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)

. (33)

Since this result holds for all real choices of the auxiliary
function ϕ(x), (subject only to ϕ′ '= 0 and ϕ′ → k±∞

as x → ±∞), it encodes an enormously wide class of
bounds on the Bogolubov coefficients. When translated
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)

, (34)

and
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I shall soon turn this general result into more specific
theorems.
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Then
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]
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, (38)
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Now at x ∼ +∞ the wavefunction is purely right-moving
and normalized to 1, because we are considering one-
dimensional Jost solutions [16]. Then for all x we have a
conserved quantity

|a|2 − |b|2 = 1. (23)
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function ϕ(x), (subject only to ϕ′ '= 0 and ϕ′ → k±∞

as x → ±∞), it encodes an enormously wide class of
bounds on the Bogolubov coefficients. When translated
to reflection and transmission coefficients the equivalent
statements are

T ≥ sech2

(
∫ +∞

−∞

ϑ dx

)

, (34)

and

R ≤ tanh2

(
∫ +∞

−∞

ϑ dx

)

. (35)

I shall soon turn this general result into more specific
theorems.

C. Transfer matrix representation

The system of equations (20)–(21) can also be written
in matrix form. It is convenient to define

ρ ≡ ϕ′′ + i[k2(x) − (ϕ′)2]. (36)

Then

d

dx

[

a
b

]

=
1

2ϕ′

[

iIm[ρ] ρ exp(−2iϕ)
ρ∗ exp(+2iϕ) −iIm[ρ]

] [

a
b

]

.

(37)

This has the formal solution
[

a(xf )
b(xf )

]

= E(xf , xi)

[

a(xi)
b(xi)

]

, (38)

in terms of a generalized position-dependent “transfer
matrix” [21]

E(xf , xi) =

P exp

(
∫ xf

xi

1

2ϕ′

[

iIm[ρ] ρ exp(−2iϕ)
ρ∗ exp(+2iϕ) −iIm[ρ]

]

dx

)

,
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(definition)



is a real function of x. (Since ϕ is an essentially arbi-
trary auxiliary function this is not a particularly restric-
tive condition). Under this assumption the probability
current is

J = Im

{

ψ∗ dψ

dx

}

=
{

|a|2 − |b|2
}

. (22)

Now at x ∼ +∞ the wavefunction is purely right-moving
and normalized to 1, because we are considering one-
dimensional Jost solutions [16]. Then for all x we have a
conserved quantity

|a|2 − |b|2 = 1. (23)

It is this result that makes it useful to interpret a(x) and
b(x) as position-dependent Bogolubov coefficients relative
to the auxiliary function ϕ(x). Now use the fact that

d|a|
dx

=
1

2|a|

(

a∗ da

dx
+ a

da∗

dx

)

, (24)

and use equation (20) to obtain

d|a|
dx

=
1

2|a|
1

2ϕ′

(

ϕ′′ [a∗b exp(−2iϕ) + ab∗ exp(+2iϕ)]

+i[k2 − (ϕ′)2] [a∗b exp(−2iϕ) − ab∗ exp(+2iϕ)]
)

.

(25)

That is

d|a|
dx

=
1

2|a|
1

2ϕ′
Re

(

[

ϕ′′ + i[k2 − (ϕ′)2]
]

[a∗b exp(−2iϕ)]

)

.

(26)

The right hand side can now be bounded from above, by
systematically using Re(A B) ≤ |A| |B|. This leads to

d|a|
dx

≤

√

(ϕ′′)2 + [k2 − (ϕ′)2]2

2|ϕ′|
|b|. (27)

It is essential that ϕ be real to have | exp(−2iϕ)| = 1
which is the other key ingredient above. Now define the
non-negative quantity

ϑ[ϕ(x), k(x)] ≡

√

(ϕ′′)2 + [k2(x) − (ϕ′)2]2

2|ϕ′|
, (28)

and use the conservation law (23) to write

d|a|
dx

≤ ϑ
√

|a|2 − 1. (29)

Integrate this inequality

{

cosh−1 |a|
}
∣

∣

xf

xi
≤

∫ xf

xi

ϑ dx. (30)

Taking limits as xi → −∞ and xf → +∞

cosh−1 |α| ≤
∫ +∞

−∞

ϑ dx. (31)

That is

|α| ≤ cosh

(
∫ +∞

−∞

ϑ dx

)

. (32)

Which automatically implies

|β| ≤ sinh

(
∫ +∞

−∞

ϑ dx

)

. (33)

Since this result holds for all real choices of the auxiliary
function ϕ(x), (subject only to ϕ′ '= 0 and ϕ′ → k±∞

as x → ±∞), it encodes an enormously wide class of
bounds on the Bogolubov coefficients. When translated
to reflection and transmission coefficients the equivalent
statements are

T ≥ sech2

(
∫ +∞

−∞

ϑ dx

)

, (34)

and

R ≤ tanh2

(
∫ +∞

−∞

ϑ dx

)

. (35)

I shall soon turn this general result into more specific
theorems.

C. Transfer matrix representation

The system of equations (20)–(21) can also be written
in matrix form. It is convenient to define

ρ ≡ ϕ′′ + i[k2(x) − (ϕ′)2]. (36)

Then

d

dx

[

a
b

]

=
1

2ϕ′

[

iIm[ρ] ρ exp(−2iϕ)
ρ∗ exp(+2iϕ) −iIm[ρ]

] [

a
b

]

.

(37)

This has the formal solution
[

a(xf )
b(xf )

]

= E(xf , xi)

[

a(xi)
b(xi)

]

, (38)

in terms of a generalized position-dependent “transfer
matrix” [21]

E(xf , xi) =

P exp

(
∫ xf

xi

1

2ϕ′

[

iIm[ρ] ρ exp(−2iϕ)
ρ∗ exp(+2iϕ) −iIm[ρ]

]

dx

)

,

(39)
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is a real function of x. (Since ϕ is an essentially arbi-
trary auxiliary function this is not a particularly restric-
tive condition). Under this assumption the probability
current is

J = Im

{

ψ∗ dψ

dx

}

=
{

|a|2 − |b|2
}

. (22)

Now at x ∼ +∞ the wavefunction is purely right-moving
and normalized to 1, because we are considering one-
dimensional Jost solutions [16]. Then for all x we have a
conserved quantity

|a|2 − |b|2 = 1. (23)

It is this result that makes it useful to interpret a(x) and
b(x) as position-dependent Bogolubov coefficients relative
to the auxiliary function ϕ(x). Now use the fact that

d|a|
dx

=
1

2|a|

(

a∗ da

dx
+ a

da∗

dx

)

, (24)

and use equation (20) to obtain

d|a|
dx

=
1

2|a|
1

2ϕ′

(

ϕ′′ [a∗b exp(−2iϕ) + ab∗ exp(+2iϕ)]

+i[k2 − (ϕ′)2] [a∗b exp(−2iϕ) − ab∗ exp(+2iϕ)]
)

.

(25)

That is

d|a|
dx

=
1

2|a|
1

2ϕ′
Re

(

[

ϕ′′ + i[k2 − (ϕ′)2]
]

[a∗b exp(−2iϕ)]

)

.

(26)

The right hand side can now be bounded from above, by
systematically using Re(A B) ≤ |A| |B|. This leads to

d|a|
dx

≤

√

(ϕ′′)2 + [k2 − (ϕ′)2]2

2|ϕ′|
|b|. (27)

It is essential that ϕ be real to have | exp(−2iϕ)| = 1
which is the other key ingredient above. Now define the
non-negative quantity

ϑ[ϕ(x), k(x)] ≡

√

(ϕ′′)2 + [k2(x) − (ϕ′)2]2

2|ϕ′|
, (28)

and use the conservation law (23) to write

d|a|
dx

≤ ϑ
√

|a|2 − 1. (29)

Integrate this inequality

{

cosh−1 |a|
}
∣

∣

xf

xi
≤

∫ xf

xi

ϑ dx. (30)

Taking limits as xi → −∞ and xf → +∞

cosh−1 |α| ≤
∫ +∞

−∞

ϑ dx. (31)

That is

|α| ≤ cosh

(
∫ +∞

−∞

ϑ dx

)

. (32)

Which automatically implies

|β| ≤ sinh

(
∫ +∞

−∞

ϑ dx

)

. (33)

Since this result holds for all real choices of the auxiliary
function ϕ(x), (subject only to ϕ′ '= 0 and ϕ′ → k±∞

as x → ±∞), it encodes an enormously wide class of
bounds on the Bogolubov coefficients. When translated
to reflection and transmission coefficients the equivalent
statements are

T ≥ sech2

(
∫ +∞

−∞

ϑ dx

)

, (34)

and

R ≤ tanh2

(
∫ +∞

−∞

ϑ dx

)

. (35)

I shall soon turn this general result into more specific
theorems.

C. Transfer matrix representation

The system of equations (20)–(21) can also be written
in matrix form. It is convenient to define

ρ ≡ ϕ′′ + i[k2(x) − (ϕ′)2]. (36)

Then

d

dx

[

a
b

]

=
1

2ϕ′

[

iIm[ρ] ρ exp(−2iϕ)
ρ∗ exp(+2iϕ) −iIm[ρ]

] [

a
b

]

.

(37)

This has the formal solution
[

a(xf )
b(xf )

]

= E(xf , xi)

[

a(xi)
b(xi)

]

, (38)

in terms of a generalized position-dependent “transfer
matrix” [21]

E(xf , xi) =

P exp

(
∫ xf

xi

1

2ϕ′

[

iIm[ρ] ρ exp(−2iϕ)
ρ∗ exp(+2iϕ) −iIm[ρ]

]

dx

)

,
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is a real function of x. (Since ϕ is an essentially arbi-
trary auxiliary function this is not a particularly restric-
tive condition). Under this assumption the probability
current is

J = Im

{

ψ∗ dψ

dx

}

=
{

|a|2 − |b|2
}

. (22)

Now at x ∼ +∞ the wavefunction is purely right-moving
and normalized to 1, because we are considering one-
dimensional Jost solutions [16]. Then for all x we have a
conserved quantity

|a|2 − |b|2 = 1. (23)

It is this result that makes it useful to interpret a(x) and
b(x) as position-dependent Bogolubov coefficients relative
to the auxiliary function ϕ(x). Now use the fact that

d|a|
dx

=
1

2|a|

(

a∗ da

dx
+ a

da∗

dx

)

, (24)

and use equation (20) to obtain

d|a|
dx

=
1

2|a|
1

2ϕ′

(

ϕ′′ [a∗b exp(−2iϕ) + ab∗ exp(+2iϕ)]

+i[k2 − (ϕ′)2] [a∗b exp(−2iϕ) − ab∗ exp(+2iϕ)]
)

.

(25)

That is

d|a|
dx

=
1

2|a|
1

2ϕ′
Re

(

[

ϕ′′ + i[k2 − (ϕ′)2]
]

[a∗b exp(−2iϕ)]

)

.

(26)

The right hand side can now be bounded from above, by
systematically using Re(A B) ≤ |A| |B|. This leads to

d|a|
dx

≤

√

(ϕ′′)2 + [k2 − (ϕ′)2]2

2|ϕ′|
|b|. (27)

It is essential that ϕ be real to have | exp(−2iϕ)| = 1
which is the other key ingredient above. Now define the
non-negative quantity

ϑ[ϕ(x), k(x)] ≡

√

(ϕ′′)2 + [k2(x) − (ϕ′)2]2

2|ϕ′|
, (28)

and use the conservation law (23) to write

d|a|
dx

≤ ϑ
√

|a|2 − 1. (29)

Integrate this inequality

{

cosh−1 |a|
}
∣

∣

xf

xi
≤

∫ xf

xi

ϑ dx. (30)

Taking limits as xi → −∞ and xf → +∞

cosh−1 |α| ≤
∫ +∞

−∞

ϑ dx. (31)

That is

|α| ≤ cosh

(
∫ +∞

−∞

ϑ dx

)

. (32)

Which automatically implies

|β| ≤ sinh

(
∫ +∞

−∞

ϑ dx

)

. (33)

Since this result holds for all real choices of the auxiliary
function ϕ(x), (subject only to ϕ′ '= 0 and ϕ′ → k±∞

as x → ±∞), it encodes an enormously wide class of
bounds on the Bogolubov coefficients. When translated
to reflection and transmission coefficients the equivalent
statements are

T ≥ sech2

(
∫ +∞

−∞

ϑ dx

)

, (34)

and

R ≤ tanh2

(
∫ +∞

−∞

ϑ dx

)

. (35)

I shall soon turn this general result into more specific
theorems.

C. Transfer matrix representation

The system of equations (20)–(21) can also be written
in matrix form. It is convenient to define

ρ ≡ ϕ′′ + i[k2(x) − (ϕ′)2]. (36)

Then

d

dx

[

a
b

]

=
1

2ϕ′

[

iIm[ρ] ρ exp(−2iϕ)
ρ∗ exp(+2iϕ) −iIm[ρ]

] [

a
b

]

.

(37)

This has the formal solution
[

a(xf )
b(xf )

]

= E(xf , xi)

[

a(xi)
b(xi)

]

, (38)

in terms of a generalized position-dependent “transfer
matrix” [21]

E(xf , xi) =

P exp

(
∫ xf

xi

1

2ϕ′

[

iIm[ρ] ρ exp(−2iϕ)
ρ∗ exp(+2iϕ) −iIm[ρ]

]

dx

)

,
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is a real function of x. (Since ϕ is an essentially arbi-
trary auxiliary function this is not a particularly restric-
tive condition). Under this assumption the probability
current is

J = Im

{

ψ∗ dψ

dx

}

=
{

|a|2 − |b|2
}

. (22)

Now at x ∼ +∞ the wavefunction is purely right-moving
and normalized to 1, because we are considering one-
dimensional Jost solutions [16]. Then for all x we have a
conserved quantity

|a|2 − |b|2 = 1. (23)

It is this result that makes it useful to interpret a(x) and
b(x) as position-dependent Bogolubov coefficients relative
to the auxiliary function ϕ(x). Now use the fact that

d|a|
dx

=
1

2|a|

(

a∗ da

dx
+ a

da∗

dx

)

, (24)

and use equation (20) to obtain

d|a|
dx

=
1

2|a|
1

2ϕ′

(

ϕ′′ [a∗b exp(−2iϕ) + ab∗ exp(+2iϕ)]

+i[k2 − (ϕ′)2] [a∗b exp(−2iϕ) − ab∗ exp(+2iϕ)]
)

.

(25)

That is

d|a|
dx

=
1

2|a|
1

2ϕ′
Re

(

[

ϕ′′ + i[k2 − (ϕ′)2]
]

[a∗b exp(−2iϕ)]

)

.

(26)

The right hand side can now be bounded from above, by
systematically using Re(A B) ≤ |A| |B|. This leads to

d|a|
dx

≤

√

(ϕ′′)2 + [k2 − (ϕ′)2]2

2|ϕ′|
|b|. (27)

It is essential that ϕ be real to have | exp(−2iϕ)| = 1
which is the other key ingredient above. Now define the
non-negative quantity

ϑ[ϕ(x), k(x)] ≡

√

(ϕ′′)2 + [k2(x) − (ϕ′)2]2

2|ϕ′|
, (28)

and use the conservation law (23) to write

d|a|
dx

≤ ϑ
√

|a|2 − 1. (29)

Integrate this inequality

{

cosh−1 |a|
}
∣

∣

xf

xi
≤

∫ xf

xi

ϑ dx. (30)

Taking limits as xi → −∞ and xf → +∞

cosh−1 |α| ≤
∫ +∞

−∞

ϑ dx. (31)

That is

|α| ≤ cosh

(
∫ +∞

−∞

ϑ dx

)

. (32)

Which automatically implies

|β| ≤ sinh

(
∫ +∞

−∞

ϑ dx

)

. (33)

Since this result holds for all real choices of the auxiliary
function ϕ(x), (subject only to ϕ′ '= 0 and ϕ′ → k±∞

as x → ±∞), it encodes an enormously wide class of
bounds on the Bogolubov coefficients. When translated
to reflection and transmission coefficients the equivalent
statements are

T ≥ sech2

(
∫ +∞

−∞

ϑ dx

)

, (34)

and

R ≤ tanh2

(
∫ +∞

−∞

ϑ dx

)

. (35)

I shall soon turn this general result into more specific
theorems.

C. Transfer matrix representation

The system of equations (20)–(21) can also be written
in matrix form. It is convenient to define

ρ ≡ ϕ′′ + i[k2(x) − (ϕ′)2]. (36)

Then

d

dx

[

a
b

]

=
1

2ϕ′

[

iIm[ρ] ρ exp(−2iϕ)
ρ∗ exp(+2iϕ) −iIm[ρ]

] [

a
b

]

.

(37)

This has the formal solution
[

a(xf )
b(xf )

]

= E(xf , xi)

[

a(xi)
b(xi)

]

, (38)

in terms of a generalized position-dependent “transfer
matrix” [21]

E(xf , xi) =

P exp

(
∫ xf

xi

1

2ϕ′

[

iIm[ρ] ρ exp(−2iϕ)
ρ∗ exp(+2iϕ) −iIm[ρ]

]

dx

)

,
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Conclude:

This is one proof, 
(quant-ph/9901030).

Distinct proof in
arXiv:0801.0610

[quant-ph]

I am certain that 
significant 

generalizations 
are still possible...



Another 
application:

3

k∞ = k(+∞) = k(−∞)

Q ≤
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q ≥ sech2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

R = |r|2 = tanh2 Q ≤ tanh2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q

R = |r|2 = tanh2 Q

ω∞ = ω(+∞) = ω(−∞)

Q ≤
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q ≤ sinh2
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q

k(x)2 < 0 ω(t)2 < 0

∫

forbidden
|k(x)| dx

∫

forbidden
|ω(t)| dt

T ≈ exp
{
−2

∫

forbidden
|k(x)| dx

}
& 1

N ≈ exp
{

+2
∫

forbidden
|ω(t)| dt

}
' 1

k(x)2 ϕ′(x)2

3

k∞ = k(+∞) = k(−∞)

Q ≤
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q ≥ sech2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

R = |r|2 = tanh2 Q ≤ tanh2
∮ ∣∣∣∣

k2
∞ − k(x)2

2k∞

∣∣∣∣ dx

T = |t|2 = sech2Q

R = |r|2 = tanh2 Q

ω∞ = ω(+∞) = ω(−∞)

Q ≤
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q ≤ sinh2
∮ ∣∣∣∣

ω2
∞ − ω(t)2

2ω∞

∣∣∣∣ dt

N = |β|2 = sinh2 Q

k(x)2 < 0 ω(t)2 < 0

∫

forbidden
|k(x)| dx

∫

forbidden
|ω(t)| dt

T ≈ exp
{
−2

∫

forbidden
|k(x)| dx

}
& 1

N ≈ exp
{

+2
∫

forbidden
|ω(t)| dt

}
' 1

k(x)2 ϕ′(x)2
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T ≥ sech2

{
1
2

ln
[
k+∞
k−∞

]}
N ≤ sinh2

{
1
2

ln
[
ω+∞
ω−∞

]}

T ≥
(

2√
k+∞/k−∞ +

√
k−∞/k+∞

)2

N ≤
(√

ω+∞/ω−∞ −
√

ω−∞/ω+∞

2

)2

T ≥ 4k+∞k−∞
(k+∞ + k−∞)2

N ≤ (ω+∞ − ω−∞)2

4ω+∞ω−∞

Re(X) ≤ |X|

d|a|
dx

≤ |ϕ′′ + i[k2 − (ϕ′)2]|
2|ϕ′| |b|

ω =
√

ω2
0 + c2 k2

cp(k) =
ω

k
=

√
ω2

0 + c2 k2

k
> c.

cg(k) =
∂ω

∂k
=

c2k√
ω2

0 + c2 k2
< c

cs = lim
k→∞

cp(k) = c

c2 ∝ (scattering length)

∀∆ > 0

Q ≤ 1
2

ln
[
k+∞k−∞

∆2

]
+

∫

∆2−k2>0

∆2 − k2(x)
2∆

dx

IV. KNOWN RESULTS

— To be written —
— Cannibalize the pieces below —

Let phi’(x) track k(x) until 
one gets close to the 

classically forbidden region, 
then hold phi’(x) constant...

5

Q ≤ 1
2

∮ |k′|
|k| dx Q ≤ 1

2

∮ |ω̇|
|ω| dt

T ≥ sech2

{
1
2

∮ |k′|
|k| dx

}
N ≤ sinh2

{
1
2

∮ |ω̇|
|ω| dt

}

T ≥ sech2

{
1
2

ln
[
k+∞
k−∞

]}
N ≤ sinh2

{
1
2

ln
[
ω+∞
ω−∞

]}

T ≥
(

2√
k+∞/k−∞ +

√
k−∞/k+∞

)2

N ≤
(√

ω+∞/ω−∞ −
√

ω−∞/ω+∞

2

)2

T ≥ 4k+∞k−∞
(k+∞ + k−∞)2

N ≤ (ω+∞ − ω−∞)2

4ω+∞ω−∞

Re(X) ≤ |X|

d|a|
dx

≤ |ϕ′′ + i[k2 − (ϕ′)2]|
2|ϕ′| |b|

ω =
√

ω2
0 + c2 k2

cp(k) =
ω

k
=

√
ω2

0 + c2 k2

k
> c.

cg(k) =
∂ω

∂k
=

c2k√
ω2

0 + c2 k2
< c

cs = lim
k→∞

cp(k) = c

c2 ∝ (scattering length)

∀∆ > 0

Q ≤ 1
2

ln
[
k+∞k−∞

∆2

]
+

∫

∆2−k2>0

∆2 − k2(x)
2∆

dx



L

********
*******
******
*****
****
***
*

Extremize to find the  “best” value for Delta...

6

L∆ =
∫

∆2−k2>0
dx

∆ ≈
∫

k2<0
|k2(x)| dx

∆ =
∫

k2<0
|k2(x)| dx

TJWKB = 1

Texact < 1

T2(a) =
T 2

1

1 + 2R1 cos[2k∞a− φ(t)] + R2
1
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[Remember:     bound holds for *all* Delta.]
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Another 
application:

So we certainly can certainly assert:

Choose:

Deduce: 

But this bound might not be  “optimal”.

(And finding a general  “optimal” bound is 
exceedingly difficult.)
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Comparison
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If there is no forbidden region then:
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So there definitely are situations where JWKB 
*over-estimates* the transmission probability. 



There are also situations 
where JWKB definitely
*under-estimates* the 

transmission probability. 

Comparison
with JWKB:

Consider a  “repeated” 
potential, with the two
repeats separated by

distance “a”.
“a”
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For such a  “repeated”  potential,  one can 
encounter “resonant tunnelling”.

It is an  “easy” exercise to see that:

Thus,  as the separation “a” is adjusted the exact 
transmission probability oscillates between: 

Resonant 
tunnelling:
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Resonant 
tunnelling:

Proof:   Describe the effect of each individual potential 
by a  “transfer matrix”   [ Jones matrix ]:

As long as the 2 potentials do not overlap:
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IV. KNOWN RESULTS

— To be written —
— Cannibalize the pieces below —

Resonant 
tunnelling:

Matrix multiply:
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T 2
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1 + 2R1 cos[2k∞a− φ(t)] + R2
1
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— Cannibalize the pieces below —
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Comparison
with JWKB:

But for all potentials with a forbidden region:

But we have just seen that there are some choices 
of the separation  “a”  for which

6
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∫
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IV. KNOWN RESULTS

— To be written —
— Cannibalize the pieces below —

That is, there are some potentials for which the 
JWKB estimate is an *under-estimate* of the 

true transmission probability.



This is what I mean by an  “uncontrolled approximation”.

JWKB is sometimes high, sometimes low,  and there is 
no (known) a-priori estimate of just how good/ bad 

JWKB might be in a specific situation.

Given this, the  “a priori” bounds I discussed earlier 
seem (at present) to be the best one can do.

Is there room for improvement?
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Q ≤
∮ √

(ϕ′′)2 + [(k2 − (ϕ′)2]2

2|ϕ′| dx

ϕ′(x) essentially arbitrary.

Generalizes previous bound.

T ≥ sech2

{∮ √
(ϕ′′)2 + [k2 − (ϕ′)2]2

2|ϕ′| dx

}

R ≤ tanh2

{∮ √
(ϕ′′)2 + [k2 − (ϕ′)2]2

2|ϕ′| dx

}

N ≤ sinh2

{∮ √
(ϕ̈)2 + [ω2 − (ϕ̇)2]2

2|ϕ̇| dt

}

ω(t)2 ϕ̇(t)2

Need ϕ̇(t)2 > 0.

Permit ω−∞ $= ω+∞.

Q ≤
∮ √

(ϕ̈)2 + [(ω2 − (ϕ̇)2]2

2|ϕ̇| dt

ϕ̇(t) essentially arbitrary.

Generalizes previous bound.

N ≤ sinh2

{∮ √
(ϕ̈)2 + [(ω2 − (ϕ̇)2]2

2|ϕ̇| dt

}

ϕ′(x) = k(x) ϕ̇(t) = ω(t)

Q ≤ 1
2

∮ |k′|
|k| dx Q ≤ 1

2

∮ |ω̇|
|ω| dt

T ≥ sech2

{
1
2

∮ |k′|
|k| dx

}
N ≤ sinh2

{
1
2

∮ |ω̇|
|ω| dt

}

Re(X) ≤ |X|

d|a|
dx

≤ |ϕ′′ + i[k2 − (ϕ′)2]|
2|ϕ′| |b|

IV. KNOWN RESULTS

— To be written —
— Cannibalize the pieces below —

Reprise:



--- Probably there are  “optimal” bounds still waiting 
to be discovered...

--- Definitely there are  “more general” bounds in the 
process of being discovered...

--- Just because it’s quantum mechanics, it does not 
mean that everything has already been done...

--- Watch this space....
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INTRODUCTION

Black-hole greybody factors modify the spectrum of
Hawking radiation seen at spatial infinity [1], so that it
is not quite Planckian [2]. There is a vast scientific litera-
ture dealing with estimates of these black-hole greybody
factors, using a wide variety of techniques [3].

Unfortunately, most of these calculations adopt vari-
ous approximations that move one away from the physi-
cally most important regions of parameter space. Some-
times one is forced into the extremal limit, sometimes
one is forced to asymptotically high or low frequencies,
sometimes techniques work only away from (3+1) dimen-
sions, sometimes the nature of the approximation is un-
controlled. As a specific example, monodromy techniques
fail for s = 1 (photons) [4], which is observationally one
of the most important cases one would wish to consider.

Faced with these limitations, we ask a slightly different
question: Restricting attention to the physically most
important situations (Schwarzschild black holes, (3+1)
dimensions, intermediate frequencies, unconstrained spin
and angular momentum) is it possible to at least place
rigorous (and hopefully simple) analytic bounds on the
greybody factors?

By considering the Regge–Wheeler equation for exci-
tations around Schwarzschild spacetime, and adapting
the general analysis of references [5, 6], we shall demon-
strate that rigorous analytic bounds are indeed achiev-
able. While these bounds may not answer all the physical
questions one might legitimately wish to ask, they are a
solid step in the right direction.

REGGE–WHEELER EQUATION

In terms of the tortoise coordinate r∗ the Regge–
Wheeler equation (GN → 1) is

d2ψ

dr2
∗

= [ω2 − V (r)]ψ, (1)

where for the specific case of a Schwarzschild black hole

dr

dr∗
= 1− 2m

r
, (2)

and the Regge–Wheeler potential is

V (r) =
(

1− 2m

r

) [
#(# + 1)

r2
+

2m(1− s2)
r3

]
. (3)

Here s is the spin of the particle and # is the angular mo-
mentum of the specific wave mode under consideration,
with # ≥ s. Thus V (r) ≥ 0 outside the horizon, where
r ∈ (2m,∞). The greybody factors we are interested
in are just the transmission probabilities for wave modes
propagating through this Regge–Wheeler potential.

• Despite comments often encountered in the litera-
ture, one can explicitly solve for r as a function of
the tortoise coordinate r∗ — in terms of Lambert
W functions we have

r(r∗) = 2m
[
1 + W (e[r∗−2m]/2m)

]
, (4)

whereas

r∗(r) = r + 2m ln
[
r − 2m

2m

]
. (5)

Unfortunately this formal result is less useful than
one might suppose.

• Despite other comments often encountered in the
literature, one can also explicitly solve the Regge–
Wheeler equation — now in terms of Heun func-
tions [7]. Unfortunately this is again less useful
than one might suppose, this time because rela-
tively little is known about the analytical behaviour
of Heun functions — this is an area of ongoing re-
search in mathematical analysis [8].
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• Despite comments often encountered in the litera-
ture, one can explicitly solve for r as a function of
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[
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, (4)

whereas
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literature, one can also explicitly solve the Regge–
Wheeler equation — now in terms of Heun func-
tions [7]. Unfortunately this is again less useful
than one might suppose, this time because rela-
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Application to 
black holes:

Regge--Wheeler equation:

Tortoise coordinate:

Regge--Wheeler potential:
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BOUNDS

The general bounds developed in references [5, 6] can,
in the current situation, be written as

T ≥ sech2

{∫ ∞

−∞
ϑ dr∗

}
. (6)

Here T is the transmission probability (greybody factor),
and ϑ is the function

ϑ =
√

(h′)2 + [ω2 − V − h2]2

2h
. (7)

Furthermore, h is some positive function, h(r∗) > 0, sat-
isfying the limits h(−∞) = h(+∞) = ω, which is other-
wise arbitrary. Two different derivations of this general
result, and numerous consistency checks, can be found in
references [5, 6].

(These bounds were originally developed as a techni-
cal step when studying the completely unrelated issue of
sonoluminescence [9], and since then have also been used
to place limits on particle production in analogue space-
times [10] and resonant cavities [11], to investigate qubit
master equations [12], and to motivate further general
investigations of one-dimensional scattering theory [13].)
For current purposes, the most useful practical results
are obtained by considering two special cases:

(1) If we set h = ω then

T ≥ sech2

{
1
2ω

∫ ∞

−∞
V (r∗) dr∗

}
, (8)

whence

T ≥ sech2

{
1
2ω

∫ ∞

2m

[
#(# + 1)

r2
+

2m(1− s2)
r3

]
dr

}
.

(9)
Therefore, since the remaining integral is trivial, we ob-
tain our first explicit bound:

T ≥ sech2

{
2#(# + 1) + (1− s2)

8ωm

}
. (10)

That is:

T ≥ sech2

{
(# + 1)2 + (#2 − s2)

8ωm

}
. (11)

Note that this bound is meaningful for all frequencies.
This is sufficient to tell us that at high frequencies the
Regge–Wheeler barrier is almost fully transparent, while
even at arbitrarily low frequencies some nonzero fraction
of the Hawking flux will tunnel through. A particularly
nice feature of this first bound is that it is so easy to
write down for arbitrary s and #.

(2) If we now set h =
√

ω2 − V , which in this case im-
plicitly means that we are not permitting any classically
forbidden region, then

T ≥ sech2

{
1
2

∫ ∞

−∞

∣∣∣∣
h′

h

∣∣∣∣ dr∗

}
. (12)

Since for arbitrary s and # the Regge–Wheeler poten-
tial is easily seen to have a unique peak at which it is a
maximum, this becomes

T ≥ sech2

{
ln

(
hpeak

h∞

)}
(13)

= sech2

{
ln

(√
ω2 − Vpeak

ω

)}
, (14)

which is easily seen to be monotonic decreasing as a func-
tion of Vpeak. However calculating the location of the
peak, and value of the Regge–Wheeler potential at the
peak is somewhat more tedious than evaluating the pre-
vious bound (10). Note that the present bound fails, and
gives no useful information, once ω2 < Vpeak, correspond-
ing to a classically forbidden region. More explicitly, the
bound can be rewritten as:

T ≥ 4ω2(ω2 − Vpeak)
(2ω2 − Vpeak)2

= 1−
V 2

peak

(2ω2 − Vpeak)2
. (15)

Let us now consider various sub-cases:

• For s = 1 (ie, photons) the situation simplifies con-
siderably. (Remember, this is the case for which
monodromy techniques fail [4].) For s = 1 we have
rpeak = 3m and

Vpeak =
#(# + 1)
27m2

. (16)

Consequently

Ts=1 ≥
108ω2m2[27ω2m2 − #(# + 1)]

[54ω2m2 − #(# + 1)]2
. (17)

In almost the entire region where this bound applies
(ω2 > Vpeak) it is in fact a better bound than (10)
above.

• For s = 0 (ie, scalars) and # = 0 (the s-wave), we
have rpeak = 8m/3 and

Vpeak =
27

1024m2
. (18)

Consequently

Ts=0,!=0 ≥
4096ω2m2[1024ω2m2 − 27]

[2048ω2m2 − 27]2
. (19)

In a large fraction of the region where this bound
applies it is in fact a better bound than (10) above.

• For s = 0 but # ≥ 1 it is easy to see that throughout
the black hole exterior, ∀r ∈ (2m,∞), we have

Vs=0,!≥1(r) <

(
1− 2m

r

) [
#2 + # + 1

r2

]
, (20)
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(2ω2 − Vpeak)2

= 1−
V 2

peak

(2ω2 − Vpeak)2
. (15)

Let us now consider various sub-cases:
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Note that this bound is meaningful for all frequencies.
This is sufficient to tell us that at high frequencies the
Regge–Wheeler barrier is almost fully transparent, while
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of the Hawking flux will tunnel through. A particularly
nice feature of this first bound is that it is so easy to
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which is easily seen to be monotonic decreasing as a func-
tion of Vpeak. However calculating the location of the
peak, and value of the Regge–Wheeler potential at the
peak is somewhat more tedious than evaluating the pre-
vious bound (10). Note that the present bound fails, and
gives no useful information, once ω2 < Vpeak, correspond-
ing to a classically forbidden region. More explicitly, the
bound can be rewritten as:

T ≥ 4ω2(ω2 − Vpeak)
(2ω2 − Vpeak)2

= 1−
V 2
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(2ω2 − Vpeak)2
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Let us now consider various sub-cases:

• For s = 1 (ie, photons) the situation simplifies con-
siderably. (Remember, this is the case for which
monodromy techniques fail [4].) For s = 1 we have
rpeak = 3m and
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. (16)

Consequently
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[54ω2m2 − #(# + 1)]2
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In almost the entire region where this bound applies
(ω2 > Vpeak) it is in fact a better bound than (10)
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• For s = 0 (ie, scalars) and # = 0 (the s-wave), we
have rpeak = 8m/3 and

Vpeak =
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Consequently
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the black hole exterior, ∀r ∈ (2m,∞), we have
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3

which is the s = 1 potential with the replacement
!(! + 1)→ !2 + ! + 1. This bound on the potential
has its maximum at rpeak = 3m, implying

Vpeak,s=0,!≥1 <
!2 + ! + 1

27m2
. (21)

Therefore the monotonicity of the bound on the
greybody factor implies

Ts=0,!≥1 >
108ω2m2[27ω2m2 − (!2 + ! + 1)]

[54ω2m2 − (!2 + ! + 1)]2
, (22)

(for ω, m, and ! held fixed, and subject to s ≤ !).

• For s > 1 it is easy to see that throughout the black
hole exterior, ∀r ∈ (2m,∞), keeping ! held fixed,
we have Vs>1(r) < Vs=1(r). Therefore

Vpeak,s>1 < Vpeak,s=1. (23)

Therefore the monotonicity of the bound on the
greybody factor implies

Ts>1 >
108ω2m2[27ω2m2 − !(! + 1)]

[54ω2m2 − !(! + 1)]2
, (24)

(for ω, m, and ! held fixed, and subject to s ≤ !).

• More generally, it useful to define

ε =
1− s2

!(! + 1)
. (25)

Excluding the case (s, !) = (0, 0), which was explic-
itly dealt with above, the remainder of the phys-
ically interesting region is confined to the range
ε ∈ (−1,+1/2]. Then a brief computation yields

rpeak = 3m
{

1− ε

9
+O(ε2)

}
, (26)

and

Vpeak =
!(! + 1)
27m2

{
1 +

2ε

3
+O(ε2)

}
. (27)

In fact one can show that

Vpeak <
!(! + 1)
20m2

(28)

over the physically interesting range. (This bound
on Vpeak is tightest for (s, !) = (0, 1), corresponding
to ε = +1/2, where it provides a better than 1%
estimate, and becomes progressively weaker as one
moves to ε = −1.) This then implies

T(s,!) "=(0,0) >
80ω2m2[20ω2m2 − !(! + 1)]

[40ω2m2 − !(! + 1)]2
. (29)

As always there is a trade-off between strength of
the bound and the ease with which it can be written
down.

While this second set of bounds has required a little more
case by case analysis, observe that this second set of
bounds provides much stronger information at very high
frequencies, where in fact

T ≥ 1−O[Vpeak ω−4]. (30)

Unfortunately this second set of bounds is (because of de-
tails in the derivation, see [5, 6]) not capable of providing
information once the frequency has dropped low enough
for the problem to develop classical turning points — in
other words a problem with a classically forbidden region
is not amenable to treatment using bounds of the second
class considered above. For sufficently low frequencies,
bounds of the form (10) are more appropriate, with

T ≥ O (exp{−1/ω}) . (31)

What we have not done, at least not yet, is to use the full
generality implicit in equation (7). Subject to rather mild
constraints, there is a freely specifiable function h(r∗)
available that can potentially be used to extract tighter
bounds. Work along these lines is continuing.

DISCUSSION

The study of black hole greybody factors [3], and (once
one moves into the complex plane), the closely related
problem of locating the quasinormal modes [4, 14, 15], is
a subject that has attracted a vast amount of interest.
In the present article we have developed a complemen-
tary set of results — we have sought and obtained sev-
eral rigorous analytic bounds that can be placed on the
greybody factors. While these bounds are not necessar-
ily tight bounds on the exact greybody factors they do
serve to focus attention on general and robust features
of these greybody factors, and provide a new way of ex-
tracting physical information. For instance, in the cur-
rent formalism, (as opposed to, for instance, monodromy
techniques [4]), it is manifestly clear that one does not
have to know anything about what is going on inside the
black hole in order to obtain information regarding the
greybody factors. This is as it should be, since physically
the greybody factors are simply transmission coefficients
relating the horizon to spatial infinity, and make no in-
trinsic reference to the nature of the central singularity.
Looking further afield, here should be no intrinsic diffi-
culty in extending these results to Reissner–Nordström
black holes, dilaton black holes, or to higher dimensions
— all that is really needed is an exact expression for the
Regge–Wheeler potential. Ultimately, it is perhaps more
interesting to see if one can significantly improve these
bounds in some qualitative manner, perhaps by making
a more strategic choice for the essentially free function
h(r∗).
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are still possible...

--- Watch this space....


