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Abstract

We consider the correspondence problem associated
with the non-rigid registration of a group of images; in par-
ticular, the theoretical basis for the derivation of the objec-
tive function that defines the ‘best’ correspondence across a
set of images. For intra-subject registration, there is an ac-
tual physical deformation process underlying the observed
deformation, but for inter-subject registration, there is no
such physical process, and hence no hypothetical process
that generates the observed data. This leads to the con-
clusion that our construction should be based on the data
alone.

Such a construction is possible using criteria derived
from information theory. We show how many commonly
used pairwise voxel-based similarity measures can be gen-
erated using these criteria, and discuss how this approach
can be extended to give a unified theoretical basis for the
generation of novel objective functions in the groupwise
case, where both image discrepancy and image deformation
terms should be included in a principled way.

1 Introduction

Algorithms for the automatic non-rigid registration of
medical images typically involve two independent choices:
the objective function, the extremum of which defines what
is meant by the ‘best’ correspondence between the images,
and the representation of the deformation field that defines
the dense correspondence between the images. The choice
of representation of the deformation field applies implicit
constraints on the possible deformations, and hence on the
possible correspondences. The objective function is typi-
cally a sum of several terms – a voxel-based similarity mea-
sure, and terms that assign a cost to each deformation. The
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problem with this approach is that these individual terms
are incommensurate quantities, so that we have to determine
appropriate values for the coefficients of each term.

In intra-subject registration there is often some actual
physical process determining the observed deformation, for
example, tissue deformation due to patient position, the in-
sertion of an external object such as a needle, or patient and
organ motion. Alternatively, the deformation may be caused
by atrophy, such as in dementia, or growth, as in a tumour.
In either case, the most suitable choice of registration al-
gorithm is one that closely models the underlying physical
process, leading to physically-based registration algorithms
(e.g., [5, 6]), or physically-based models (e.g., [9]) that can
be used to evaluate the results of non-rigid registration al-
gorithms.

However, in inter-subject registration there is no longer
a direct underlying physical process that generates the ob-
served data. We therefore contend that in the absence of ex-
pert anatomical knowledge (i.e., for the case of purelyauto-
matic registration) the meaning of correspondences should
be derived purely from the available data (i.e., the set of
images). Further, any statistical inferences we make about
the data should not depend on hypothetical data-generating
processes; an assumption that underlies parameter estima-
tion techniques such as maximum likelihood. The Mini-
mum Description Length (MDL) [8] and Minimum Mes-
sage Length (MML) [13] principles are closely related ap-
proaches [1] to model-selection and statistical inference that
satisfy these restrictions, and the MDL principle has previ-
ously been shown to give excellent results when applied to
the correspondence problem in shape modelling [4].

2 Minimum Description Length

The MDL principle states that the best model to rep-
resent some given data is the one that gives the smallest
stochastic complexity to the data, where the stochastic com-
plexity is the length of the message required to transmit the



data to some observer, when the data is encoded using the
specified model. In general, a complete message consists of
two parts – the parameter values of the model, and the data
encoded using the model. Code lengths (the length of the
encoded message required to transmit one parameter or one
piece of data) are calculated using the fundamental result of
Shannon [10] – if there are a set of possible, discrete events
{i} with associated model probabilities{pi}, then the op-
timum code length required to transmit the occurrence of
eventi is given by:

Li = − log pi. (1)

The total message length/description length is then given by
the sum of the parameter length and the data length:

L = Lpara + Ldata, Ldata =
∑

i

Li, (2)

where the parameter lengthLpara is the sum of the code
lengths for transmitting the set of parameter values of the
model. It is trivial to show that the data lengthLdata is min-
imised when the model probabilities{pi} exactly match the
empirical distribution of the data; for details of how to cal-
culate the parameter length, see [8], explicit examples of
calculating parameter lengths for the case of Gaussian mod-
els are given in [4]. The MDL criterion minimises the de-
scription lengthL, balancing model complexity (as mea-
sured byLpara) against the degree of match between the em-
pirical and model distributions.

For the cases of both pairwise and groupwise image reg-
istration with a single reference image, the data to be trans-
mitted consists of:
• theN pixel/voxel values of the reference image
• the warp applied to the reference image to register it to

each target image in turn
• the pixel-value data for each target image

where the reference imageX = {xi : i = 1, . . . N} only
has to be transmitted once and the pixel-value data for each
target image may be encoded using the values of the resam-
pled, warped reference image as part of the encoding model.

Given this information, the receiver can then reconstruct
each pixelated, quantised target imageexactly. If, for exam-
ple, we encode this according to the empirical distribution
pX(x), we obtain a data length of:

Lref = −
N∑

i=1

log pX(xi)

= −
∑

x

NpX(x) log pX(x) = NH(X), (3)

whereH(X) is the Shannon entropy of the reference image.

3 The Pairwise Case

3.1 Transmitting the pixel-value data

We now consider the data lengthsLdisc needed to trans-
mit the pixel-value data for the target image based on differ-
ent modelling choices for the encoding. The warped refer-
ence image can be included as part of our encoding model
for these values. The target image is denoted byY = {yi},
the warped reference image bỹX = {x̃i}, and the discrep-
ancy image byZ = {zi} = {yi − x̃i}. We will restrict
ourselves to the case of quantised grayscale images, with
yi, x̃i, zi ∈ Z.

If we encodeZ using a Gaussian model of zero mean
and fixed widthσ, then to leading order:

p(z) =
1

A(σ)

z+ 1
2∫

z− 1
2

dtexp
(
− t2

2σ2

)
≈ 1

A(σ)
exp

(
− z2

2σ2

)
,

(4)
whereA(σ) is a normalisation factor. From equation (1),
this gives a data length:

Ldisc = N log A(σ) +
1

2σ2

∑
i

z2
i , (5)

which is (up to a constant and factors) just the sum-of-
squares-difference voxel-based similarity measure.

Similarly, if we instead encode using an exponential dis-
tribution p(z) = 1

B(λ) exp (−λ|z|) then the corresponding
data length is:

Ldisc = N log B(λ) + λ
∑

i

|zi|, (6)

which gives the absolute difference similarity measure.
Suppose that we instead transmit the target pixel values

directly, rather than the discrepancies. We first separate the
pixels in the target imageY into subsets, according to the
values of the corresponding pixels in the resampled, warped
reference imagẽX and, for each subset, encode using the
empirical distribution of values in that subset. Ifr andt de-
note pixel values in the warped reference image and target
image respectively, then we find the data length for trans-
mitting the target image encoded using the warped reference
image is:

LY |X̃ = −N
∑
r,t

pX̃(r)p(t|r) log p(t|r) = NH(Y |X̃),

(7)
wherep(t|r) are conditional probabilities, andH(Y |X̃) is
the conditional entropy. The mutual information [12] of the
target and the warped reference image is given by:

I(Y, X̃) = H(Y )+H(X̃)−H(Y, X̃) ≡ H(Y )−H(Y |X̃).
(8)



Figure 1. Top row: The Description Lengths per pixel for a set of images, encoded using the 2 different
models, Optimised Gaussian: grey crosses, Empirical distribution: black circles. Middle row: Thumb-
nails of the images with image dimensions in pixels, Bottom row: The centred image histograms, all
to the same scale.

If we consider the entropyH(Y ) of the target is fixed, then
minimising the data lengthLY |X̃ corresponds to maximis-

ing the mutual informationI(Y, X̃).
The normalised mutual information [11], given by:

Inorm(Y, X̃) =
H(Y ) + H(X̃)

H(Y, X̃)
=

LX̃ + LY

LX̃ + LY |X̃
, (9)

is just the ratio of the data lengths for transmitting the
warped reference and target independently, as opposed to
encoding the target using the warped reference.

We see that these commonly-used pairwise voxel-based
similarity measures can be related to the data lengths for
transmitting the pixel value information of the reference
and target. A different choice of similarity measure is then
equivalent to a different choice of model used to encode the
data. In principle, moving to the MDL framework (i.e., in-
cluding the parameter lengths for the model) gives us a way
of choosing between these different similarity measures; we
just compute and compare the description lengths.

Figure 1 shows the description lengths for a version of
the Gaussian encoding (equation (5)), where the quantisa-
tion parameterδ and the widthσ have been optimised for
the particular data transmitted. The images used are a set of
8-bit (= 8

e ≈ 2.943 nats) greyscale images, with the data
being centred before transmission. The set of images con-
sists of 3 images of ordinary objects, 2 medical images (a

mammogram and a slice from a 3D MR image of a normal
human brain), and an artificial image constructed from a set
of independent Gaussian random variables. We can see that
the description length per pixel is of the correct order com-
pared to the greyscale resolution of the original images if
we remember that the transmitted data has been centred –
this then requires an upper bound of2×8 bits≈ 5.886 nats
to transmit any such centred image without encoding.

The description lengths of the Gaussian model are com-
pared with those found by using a considerably more com-
plex parameterised model, the empirical distribution de-
scribed by the histogram of the data. The bin widths for
the histogram are given by the quantisation scale of the
data, ∆. The set of occupied bin positions is given by
{bα : bα = mα∆, mα ∈ Z}, with occupancies{nα ≥ 1}.
Hence, the message length for transmitting all the parame-
ters of the histogram is:

Lhist:param =
∑
α

{
1
e

+ Lint(1 + |mα|) + Lint(nα)
}

nats

≈
∑
α

{
3
e

+ ln(1 + |mα|) + ln(nα)
}

nats, (10)

giving a final description length of:

Lhist = Lhist:param+ Lhist:data

= Lhist:param−
∑
α

nα ln
(nα

N

)
. (11)



Looking again at Figure 1, it can be seem that in all cases,
even that of the Gaussian image, the increased parameter
length for the model using the empirical distribution is more
than compensated for by the exact fit to the data. This dis-
crepancy was not due to any errors in approximating the op-
timum parameters for the Gaussian, which are very small.

As well as giving a smaller description length, the en-
coding according to the empirical distribution potentially
offers greater discrimination, given that the range of de-
scription lengths using this model (0.8743) is greater than
the range obtained using the Gaussian model (0.8296). We
therefore conclude that the in the MDL framework, the ap-
propriate description length for transmitting a single image
is that given by the empirical distribution of the data.

3.2 Transmitting the Deformation Fields

We now consider the message length for transmitting the
deformation field information. To obtain a finite message
length, we have to quantise our data. However, once this
is done, the message lengths for pixel data and deformation
field data are commensurate quantities. We do still have
an arbitrary parameter (the quantisation scale for the defor-
mation fields), but now this parameter has a clear physical
meaning. We reiterate that the receiver can always recon-
struct the target image exactly, whatever the quantisation
scale.

Consider the pixelwise deformation field{~di} with the
affine part removed. A naı̈ve quantisation would be to quan-
tise the Cartesian components of each~di using some quan-
tisation parameter. Then, the quantised components could
be considered as a set of quantised, pixelated images. We
could encode using the empirical distribution (in an anal-
ogous manner to equation (3)) to give a deformation field
data length of:

Ldeform =
∑

µ

NH({dµ
i }). (12)

However, this treats the components of the deformation at a
pixel, and the deformation at different pixels, as if they are
independent; in practice, representations of the deformation
field in non-rigid registration algorithms impose some de-
gree of smoothness on the deformation field, meaning that
such an encoding choice will actually grossly over-estimate
the stochastic complexity. This is illustrated by the case
considered in Figure 2. Here, we generated a set of 150 ran-
dom diffeomorphic warps of a190 × 190 image grid with
a fixed number of parameters, so that we would expect the
stochastic complexity of these warps to be approximately
constant. This will not be the case for the stochastic com-
plexity computed using the Shannon entropy, since, as is
shown in the figure, the entropy tends to increase with the
mean displacement of the warp.

Figure 2. The Shannon entropy of a deforma-
tion field versus the mean pixel displacement.

This suggests that for the deformation field in the pair-
wise case, we should encode using a low-dimensional rep-
resentation of the deformation field, for example describing
the parameters of the warps applied, if they are available.

4 The Groupwise Case

We will now consider the case of groupwise registra-
tion to a single reference image. We will begin by dis-
cussing some of the points raised by attempting to construct
a groupwise objective function within this MDL frame-
work. This will be followed by a simple example showing
groupwiseaffineregistration using an MDL objective func-
tion.

As was noted previously, the reference image is trans-
mitted to the receiver just once. For each target image we
transmit the warp of the reference image and the pixel val-
ues of the target, encoding the latter using the resampled,
warped reference image. As regards the pixel value data to
be transmitted, for each target this is the size of the target
image, and is in the frame of the target image,not the frame
of the unwarped reference image. We could encode this in a
similar manner to the pairwise case (see equations (5, 6, 7)).
However, the sum of pairwise mutual information (8) is no
longer strictly suitable in this MDL framework, since it in-
cludes the cost of transmitting the reference image multiple
times, nor is the normalised mutual information (9), since it
is a ratio of data lengths rather than a data length itself. If
the target images are all of the same size, and are all affinely
aligned (for example, by using the groupwise affine MDL
example given in section 4.1), we could instead consider the
set of pixel discrepancy images between each target and its
respective warped, resampled reference image. We could
then transmit the set of pixel discrepancies at a given pixel
using, for example, a Gaussian model or a histogram.

Let us consider the simple case where we have chosen to
encode both the pixel value data and the deformation field
data using Gaussian models. It is shown in [4] that the de-



scription length for data encoded using a simple Gaussian
model can, in the limit of a large number of examples, be
approximated by a form involving the determinant of the
data covariance matrix (as was used by Kotcheff and Tay-
lor [7]). This simplified expression involves the sum of the
logs of the eigenvalues of the covariance matrix, and hence
can be related to the total variance of the data.

In this approximate form of the MDL objective func-
tion, we obtain something analogous to the form of objec-
tive function for groupwise registration as used by Cootes et
al. [3], where the objective function used a sum of log prob-
abilities, which for a Gaussian model reduces to the sum of
variances of the data terms. However, they were required to
specify the arbitrary parameter that determined the relative
weights of the shape (that is, deformation) and texture (that
is, pixel value data) parts.

A similar situation occurs in the formulation of Active
Appearance Models (AAM) [2], where the arbitrary param-
eter is the relative weighting between the shape and tex-
ture parts of the model. However, the AAM is explicitly
constructed from an annotated training set; the weighting
parameter can then be chosen so that the shape and tex-
ture parts of the training set have equal total variance. In
our case, this would be equivalent to knowing the required
dense correspondence for some set of training images.

The role of the AAM weighting parameter is taken up
in our method by the relative weighting between the data
quantisation parameter for the deformation field (or for the
deformation field parameters in some representation), and
the pixel quantisation. So, although we have gained nothing
in terms of the number of parameters to be determined, our
quantisation parameters have a clear physical meaning.

4.1 The Rigid Case

To demonstrate the feasibility of the MDL objective
function, we here consider the simplest case of a set of im-
ages produced by simply translating and resampling a single
image. The extension to groupwise non-rigid registration
will be demonstrated in another paper. For the affine case
the transformations{ti} are just translations with parame-
ters{xi, yi}. If we suppose that these are transmitted to an
accuracyδ, and with some maximum modulusl, then the
message length for the transformations is given by:

Lparams({ti}) =
(

1
e

+ | ln(δ)|
)

+
(

1
e

+ ln
(

l

δ

))
+

ns∑
i=1

2
[
1
e

+ ln
(

2l + 1
δ

)]
nats. (13)

The images are then individually transmitting using the his-
togram encoding described earlier (see equation (11)), ex-
cept that the range of the data is now known, and so equa-

tion (10) is replaced by:

Lhist:param= M ln (R) +
M∑

α=1

(
1
e

+ ln(nα)
)

, (14)

whereM =
∑
α

nα, and the rangeR is 256 for greyscale im-

ages, and 512 for discrepancy images. As before, the{nα}
are the occupancies of theM occupied bins. This is equiva-
lent to taking a flat distribution over theR possible positions
for occupied bins. The only free parameters of the encod-
ing are the set of transformations{ti}; a set of such trans-
formations automatically defines the correspondence across
the set of images. The optimum correspondence is then that
given by the set of transformations that minimises the de-
scription length.

From an implementation point of view, it is important to
note that we can optimise each transformationti individu-
ally; varying ti alters the contribution of theith image to
the mean, which alters the reference image, which hence
alters the discrepancy images for all images in the set. So,
although we can sequentially optimise the transformations,
the effect is actually a fully groupwise one. The results of
such an optimisation for a set ofns = 5 images is shown in
Figure 3. Each iteration of the algorithm corresponds to op-
timising just one of the transformations{ti}. As we might
have expected, the optimisation produces a good result af-
ter ns iterations. It is clear that the final reference image is
exactly the generalisation of the image set we would have
expected, and that the algorithm converges to it despite the
extremely poor quality of the initial reference image.

5 Conclusion

We have shown that many of the commonly-used voxel-
based similarity measures can be understood in terms of an
MDL framework. This framework also provides a natural
way of combining formerly incommensurate shape and tex-
ture terms in the same objective function in a principled
way; although the MDL formulation will still involve the
determination of arbitrary parameters, it has the distinct ad-
vantage that these parameters now have a clear physical
meaning.

Most importantly, it allows us to compare different
classes of encoding model (that is, different objective func-
tions), as is demonstrated in this paper. This paper also
demonstrates that an objective function based on the MDL
principle allows successful affine registration of 2D brain
images. The further theoretical work necessary to extend
this method to non-rigid registration is the subject of our
current work.
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Figure 3. Top Row: The group of 5 images to be aligned (translated versions of the same image).
Second Row:The description length divided by the total number of pixels in the group of images as a
function of iteration number, Bottom Two Rows: The mean/reference image at each iteration.

References

[1] R. Baxter and J. Oliver. MDL and MML: Similarities and
differences. Technical report TR 207, Department of Com-
puter Science, Monash University, Australia, 1994.

[2] T. F. Cootes, G. J. Edwards, and C. J. Taylor. Active
appearance models.Lecture Notes in Computer Science,
1407:484–498, 1998.

[3] T. F. Cootes, S. Marsland, C. J. Twining, K. Smith, and C. J.
Taylor. Groupwise diffeomorphic non-rigid registration for
automatic model building. InProceedings of ECCV, 2004.

[4] R. H. Davies, C. J. Twining, T. F. Cootes, J. C. Waterton, and
C. J. Taylor. 3D statistical shape models using direct opti-
misation of description length.Lecture Notes in Computer
Science, 2352:3–20, 2002.

[5] M. Ferrant, S. K. Warfield, C. R. G. Guttmann, R. V. Mulk-
ern, F. A. Jolesz, and R. Kikinis. 3D image matching using
a finite element based elastic deformation model.Lecture
Notes in Computer Science, 1679:202–209, 1999.

[6] A. Hagemann, K. Rohr, H. S. Stiehl, U. Spetzger, and J. M.
Gilsbach. Biomechanical modelling of the human head for
physically based, nonrigid registration.IEEE Transactions
on Medical Imaging, 18(10):875–884, 1999.

[7] A. C. W. Kotcheff and C. J. Taylor. Automatic construction
of eigenshape models by direct optimization.Medical Image
Analysis, 2:303–314, 1998.

[8] J. Rissanen. Stochastic Complexity in Statistical Inquiry.
World Scientific Press, Singapore, 1989.

[9] J. A. Schnabel, C. Tanner, A. C. Smith, M. O. Leach,
C. Hayes, A. Degenhard, R. Hose, D. L. G. Hill, and
D. J. Hawkes. Validation of non-rigid registration using fi-
nite element methods.Lecture Notes in Computer Science,
2082:344–357, 2001.

[10] C. Shannon. A mathematical theory of communication.Bell
System Technical Journal, 27:379–423,623–656, 1948.

[11] C. Studholme, D. Hawkes, and D. Hill. An overlap invariant
entropy measure of 3D medical image alignment.Pattern
Recognition, 32(1):71–86, 1999.

[12] P. Viola and W. M. Wells III. Alignement by maximization
of mutual information. International Journal of Computer
Vision, 24(2):137–154, 1997.

[13] C. S. Wallace and P. R. Freeman. Estimation and inference
by compact coding.Journal of the Royal Statistical Society
B, 54(3):240–265, 1987.


