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Abstract
The state-space of a discrete dynamical network is connected into basins of attraction, mathematical
objects that can be computed and shown as graphs for small networks. Multiple attractors explain how
the same genetic regulatory network can maintain di®erent stable patterns of gene activation, the cell
typesin multi-cellular organisms. Ideas of modularit y suggestthat the overall genetic network is actually
made up of semi-independent sub-networks. Each sub-network also settles into one of a range attractors
according to its current state, which if perturb ed can causethe dynamics to jump to alternativ eattractors.
A network's \memory", its abilit y to categorize, is provided by its separatebasins of attraction, and also
by the topology of the trees and sub-trees rooted on each attractor.

Based on computer simulations of cellular automata and random Boolean networks, using the au-
thors software Discrete Dynamics Lab[23], this paper describeshow basins of attraction might provide a
conceptual framework for biomolecular networks.

1 In tro duction

Someof the outstanding questionsin genetics,evolution, evolvabilit y and development, including notions of
modularit y, will involve unraveling and comprehendingnetworks of interacting elements.

In di®erentiation and generegulation, feedback makes the one way signaling pathway paradigm inade-
quate. It hasbeensupersededby a dynamical network approach. The dynamics manifestsitself in two ways.
Firstly by the changing pattern of activation on network elements (genes,or neurons in a neural network).
Secondlyby the dynamics of the network, how the network architecture itself changes,its set of elements
and how they connect, driven by evolution, development and learning.

Another issue is the quality of di®erent network architectures in terms of connectivity, and also the
updating logic. Of the possible types of network architectures and logical schemes, has nature selected
sometiny subset? Are there characteristic biaseswhich a®ectdynamics? Probably. This kind of ensemble
approach to biological networks might complement the search for the detailed biomolecular interactions.

Recent studies have shown that network topologies in real cell signaling and metabolic networks share
some universal features[1, 8, 16]. The connectivity appears to be \scale-free", where link frequency (the
number of connections at each node) roughly follows a power law distribution. Most elements have few
connections,and a few are highly connected. The \small world" averagedistance betweenpairs of elements
depends on those few highly connect nodes, which if disconnectedcan break the network into separate
components. Similar topologies have been found in many di®erent contexts, both natural and arti¯cial,
ranging from ecosystemsto the world wide web. Are generegulatory networks of this type? Or are they
broken into modules, small semi-independent sub-networks, responsible for useful adaptations and functions
which are conserved over long stretchesof the evolutionary tree[12]. Note that each module itself could also
have a scale-freetopology. This questiongoesto the heart of modularit y and evolvabilit y. Figure 1 illustrates
these two typesof hypothetical network. Although their link frequency pro¯les are similar (¯gure 2), their
dynamics turn out to be very di®erent. Results described in section 8 indicate that the modular network
has more basinsof attraction, which are relatively more stable, than the fully connectednetwork.

¤ To appear in "Mo dularit y in development and evolution", eds. G. Schlosser and G. P. Wagner, Chicago Univ ersity Press.
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Figure 1: Hypothetical networks of interacting elements (size n=100) with an approximate power-law distribution
of connections, both inputs (k) and outputs, which are represented by directed links (with arrows). Nodes are scaled
according to k and average k ' 2:2. left: A fully connected network. center: A network made up of ¯v e weakly
inter-link ed n=20 sub-networks or modules. right : A detail of the top right sub-network. These are examples of
random Boolean networks de¯ned in section 4.

Figure 2: Histograms of link frequency (y axis) against link size (x axis), for inputs+outputs, in the networks in
¯gure 1. The fully connected network (left), and modular network (right ), have a similar link frequency pro¯le.
However their dynamics are very di®erent, as described in section 8.

Dynamical networks in biology are found wherever one caresto look, from the brain to ecology. In the
context of modularit y in evolution and development the networks in questionare geneticregulatory networks
in cell di®erentiation, protein networks in cell signaling, networks of cells in tissuesand organs,and of organs
in the body. These networks overlap, making super-networks, and break down into sub-networks through
many levels. The ¯ner details of signaling pathways and network fragments are being discovered, both
by painstaking experiment on Drosophila and other organisms[17], and by the new micro-array methods
providing °oods of data on the dynamics of geneexpressionpatterns in development. There appears to be
an urgent needfor theoretical approximations and conceptsto keeppacewith the data[13].

Can methods from complex systems, network theory and discrete dynamics contribute? Cellular au-
tomata have provided models of pattern formation in biological organisms[2]. Boolean networks have pro-
vided models of genetic networks underlying cell di®erentiation basedon basins of attraction[9 , 5, 14, 26].
Basins of attraction can be computed and portrayed[21, 22, 23], revealing the global dynamics on small
networks. Could this provide a conceptual framework for networks in biology?

Discrete dynamical networks, as abstract systems,manifest ubiquitous emergent properties which tran-
scendany particular context, studied for their own sake, not just as models of something else. This paper
will outline some of these properties for cellular automata, and for random Boolean networks, which are
more generaland probably have more biological relevance. The key emergent property is that the dynamics
on the networks converge, thus fall into a number of \basins of attraction", which hierarchically categorize
patterns of activation, \state-space", creating memory as a function of the network architecture. High con-
vergenceimplies order, low convergenceimplies disorder or chaos. The most interesting phenomenaoccur
at the transition, sometimescalled the \edge of chaos"[11].

Basins of attraction sum up the network's global dynamics, analogousto Poincar¶e's \phase portrait"
which provided powerful insights in continuous dynamics. For small systems, its possible to compute and
draw basinsof attraction, and measuretheir convergenceand stabilit y to perturbation. Analogousbasinsof
attraction can be imagined in biological networks. That thesenetworks are very simple might be a strength
rather than a weaknesswhen extrapolating the ideas to real systems,by the argument that if the simple
network has particular emergent properties, a real biological network, in¯nitely more subtle and complex,
should be capableof that at least. Also, a biologically faithful model might becomeso elaborate as to mask
the underlying phenomenathat one seeksto capture, which might be clear in a simple model.
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2 Basins of A ttraction

For a network size n, an example of one of its states B might be
1010: : : 0110. State-space is made up of all 2n states, the space of
all possible bitstrings or patterns.

Part of a tr ajectory in state-space, where C is a successorof B , and
A is a pre-image of B , according to the dynamics on the network.

The state B may have other pre-images besidesA, the total is the
in-degree. The pre-image states may have their own pre-images
or none. States without pre-images are known as garden-of-Eden
states.

Any tra jectory must sooner or later encounter a state that occurred
previously - it has entered an attractor cycle. The tra jectory lead-
ing to the attractor is a tr ansient . The period of the attractor is
the number of states in its cycle, which may be just one - a point
attractor.

Take a state on the attractor, ¯nd its pre-images (excluding the
pre-image on the attractor). Now ¯nd the pre-images of each pre-
image, and so on, until all garden-of-Eden states are reached. The
graph of link ed states is a tr ansient tr ee rooted on the attractor
state. Part of the transien t tree is a subtree de¯ned by its root.

Construct each transien t tree (if any) from each attractor state.
The complete graph is the basin of attr action . Some basins of
attraction have no transien t trees, just the bare \attractor".

Now ¯nd every attractor cycle in state-space and construct its
basin of attraction. This is the basin of attr action ¯eld containing
all 2n states in state-space, but now link ed according to the dy-
namics on the network. Each discrete dynamical network imp oses
a particular basin of attraction ¯eld on state-space.

Figure 3: State-spaceand basins of attraction.

Figure 3 provides a summary of the idea of state-spaceand basins of attraction in idealized networks,
sometimescalled \decision making" networks. The dynamics dependson the connectionsand update logic
of each element, which \decides" its next value based on the values of the few elements that provide its
inputs, which might include self-input. The result is a complex web of feedback making the dynamics
di±cult to treat analytically, despite the extreme simplicit y of the underlying network. In fact, although
the dynamics are deterministic, the future is in general unpredictable. Understanding these systemsrelies
chie°y on computer simulation.

A more precisede¯nition of the network architecture is given in later sections. For the moment we will
de¯ne just someessential conceptsand properties, and also some terminology. At a given moment, each
element in the network hasa value, for simplicit y 0 or 1 in a binary network, though the samearguments apply
to a multi-state network. The pattern of 0s and 1s acrossthe whole network is the network's con¯guration,
pattern of activation, or \state" at that moment in time, which can be represented as a bit-string. Time
proceedsin discrete steps, \time-steps". At each time-step, all signals transmitted by network links are
processedsimultaneously, that is synchronously, in parallel. This transforms a state at time-step t to another
state at time-step t + 1, then another state at t + 2 and so on; the system is iterated. This process
is deterministic, there is just one successorto each state, and continues inde¯nitely , while the network
architecture itself (its wiring schemeand rule scheme) stays the same. That is, the sourceof the inputs (the
\wiring"), and the logical function (the \rule") that each element executeson its inputs to update its value,
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Figure 4: The basin of attraction ¯eld of the n=20 sub-network shown in detail
in ¯gure 1 (right ). The rules (input logic) were assigned at random. State-
space(size 220 ' 1.05 million) is partitioned into three basins of attraction. The
attractor states are shown as 5x4 bit patterns. The table and diagram on the
right show the probabilit y of jumping betweenbasinsdue to one-bit perturbations
of their attractor states. P = attractor period, J = possible jumps (P £ n), and
V% is the basin \v olume" as a percentage of state-space. For example in basin
1, P=5, J=100 possible jumps, 15 of these jump to basin 2, and 85 back to itself,
so basin 1 is relativ ely stable. Basin 3 has relativ ely few jumps back to itself so
in unstable, it is also unreachable from the other basins. The diagram below the
table, the \metagraph" (see section 5), shows the same data graphically. Node
size re°ects basin volume, link thicknesspercentage jumps, arrows the direction,
and the short stubs self-jumps. The fraction of garden-of-Eden states in all three
basins is 0.999+ indicating high convergenceand order.

1 2 3 P J V%

1: 85 15 . 5 100 61.78
2: 48 12 . 3 60 28.57
3: 32 6 2 2 40 9.65

do not change. The sequenceof states is called a \tra jectory". A \space-time" pattern representation of the
dynamics is madeby placing one-dimensionalbit-strings, representing successive states, onebelow the other
(time proceedsdown) as in ¯gures 5, where0sand 1sare shown aswhite and black dots. This demonstrates
how the pattern evolves from an initial state. It might stabilize, becomeperiodic, chaotic, or show some
interesting pattern formation.

Becausethe network is ¯nite, wecande¯ne a \state-space" asthe spaceof all possiblebit-strings or states.
There are 2n unique states for a binary network of sizen. We can say that a tra jectory started from some
initial state moves through its state-space. Becausethe state-spaceis ¯nite, sooner or later the tra jectory
must encounter a state that occurred before. When this happens, becausethe system is deterministic, the
tra jectory must becometrapped in a perpetual cycle of of repeating states, a state cycle, or \attractor".
The number of time-steps betweenthe repeats of a state is the attractor period, which could be just one, a
\p oint attractor", where the space-timepattern has completely stabilized. Conversely, a chaotic space-time
pattern might have a very large attractor period.

Each state has just one successor,but what about a state's immediate predecessors?It turns out that a
state can have any number of these,called \pre-images", including none. The number of pre-imagesa state
has is its \in-degree". The existenceof in-degreesother than exactly one,and the existenceof states outside
the attractor, are conditions that must imply each other, otherwise the basin would be just a bare attractor
cycle. States outside an attractor lie on tra jectories that °ow to the attractor, known as \transien ts". A
state with zero in-degreeis known as a \garden-of-Eden" state, and except for highly chaotic systems,most
states, almost all for large networks, turn out to be garden-of-Edenstates.

Some time ago I invented algorithms for ¯nding the pre-imagesof a state directly, without having to
exhaustively test the entire state-space[21, 22]. This allowed the e±cient backwards tracing and recon-
struction of the branching transients that °ow into attractors, the \transien t tree", where the \leaves" are
garden-of-Edenstates. Conversely, the °ow towards attractors is convergent, like a river. High convergence
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implies order in space-timepatterns; short, bushy, highly branching transient trees, with many leaves and
small attractor periods. Conversely, low convergenceimplies chaos in space-time patterns; long, sparsely
branching transient trees, with few leaves and long attractor periods. Figure 5 illustrates this, showing a
transient sub-tree for three representativ e cellular automata rules, for order, complexity and chaos,and their
corresponding space-timepatterns. A simple measureof convergence,taken on a basin of attraction ¯eld,
a single basin, a subtree, or on just part of a subtree for larger systems, is the density of garden-of-Eden
states, and its rate of increaseof with n. A more comprehensive measureis the in-degreefrequency[25, 27].

The set of transient trees rooted on an attractor cycle is a \basin of attraction". The dynamics of the
network connectsstate-spaceinto a number of distinct basins, the \basin of attraction ¯eld", representing
the systemsglobal dynamics, as in ¯gures 4, 8 and 10. State-spacehas now been partitioned, categorized,
by the dynamics of the network into a number of separatebasinsof attraction. In addition the root of each
subtree within a transient tree forms a sub-category. The preciseway that states are linked into a basin of
attraction ¯eld dependson the details of the network architecture.

Sub-treesand basinsof attraction are portrayed asstate transition graphs,verticesor nodesrepresenting
states are connectedby directed edges.The direction of edges(i.e. time) °ows inward from garden-of-Eden
states to the attractor, and then clockwise around the attractor cycle, as indicated in ¯gures 8 and 10. In
the graphic convention[21, 23], the length of edgesdecreaseswith distance away from the attractor, and the
diameter of the attractor cycle approachesan upper limit with increasingperiod.

3 Cellular automata

Ordered rule 01dc3610 Complex rule 6c1e53a8 Chaotic rule 994a6a65

Figure 5: Ordered, complex and chaotic dynamics of one-dimensional cellular automata are illustrated by the
space-time patterns and subtrees of three typical k=5 rules (shown in hex, seesection 4). The bottom row shows the
space-timepatterns from the samerandom initial state. The bit-strings (n=100) of successive time-steps (represented
by white and black dots) are shown horizontally one below the other, i.e. time proceedsdown. Ab ove each space-time
pattern is a typical sub-tree for the samerule. In this casen=40 for the ordered rule, and n=50 for the complex and
chaotic rules. The root states were reached by ¯rst iterating the system forward by a few steps from a random initial
state, then tracing the subtree backwards. Note that the convergencein the sub-trees, their branchiness or typical
in-degree, relates to order-chaos in space-time patterns, where order has high, chaos low, convergence.
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Cellular automata are networks whoseelements form a regular lattice, possibly in one, two or three dimen-
sions, with inputs from nearest neighbors (and possibly next nearest etc), and homogeneouslogic. In fact
the lattice is a consequenceof the input connections. Cellular automata can be seenas a special case,a
subset, of the more general system, random Boolean networks, and there are a variety of hybrid systems
between the two. Cellular automata have provided models in computational and physical systems,and in
biological systems, such as pattern formation, for example strip es on mammalian coats and patterns on
nautilus shells[2], and in ecology, for example modeling forest ¯res. Large scalesurfacepattern can emerge
from just local interactions, basedon reaction-di®usionas in 7(left) and other mechanisms[20].

Another type of pattern formation which providesa striking exampleof self-organizationis the emergence
of coherent interacting structures, sometimesknown as \particles" or \gliders"[3 ], as in ¯gures 6 and 8(top).
Only a small fraction of CA rules generategliders. They are classi¯ed as complex, in contrast to ordered or
chaotic[19]. Gliders can be embedded within a uniform or periodic background, and propagate at various
velocities up to the system's \sp eed of light" set by the neighborhood diameter. Colliding gliders can
annihilate, pass through each other, or produce new gliders. Compound gliders may emergemade up of
sub-gliders re-colliding periodically, which can combine into yet higher order structures, and the process
could unfold without limit in large enoughsystems. Oncegliders have emerged,cellular automata dynamics
can be described at a higher level, by glider collision rules as opposedto the underlying cellular automata
rules[27].

Figure 7 shows examplesof emergent patterns in two and three dimensional cellular automata. Figure
8 shows a large space-timepattern of a one dimensional complex cellular, and also the basin of attraction
¯eld of the samerule for a small system. Note that the basin symmetriescan be explained by the regularity
of cellular automata architecture [21]. In random Boolean networks these symmetries, and also gliders,
are absent. Glider dynamics is said to occur at a phasetransition in rule-spacebetween order and chaos,
relative to static rule parameters[11, 27]. Measureson space-timepatterns allow rule spaceto be classi¯ed
automatically, and complex rules to be identi¯ed[27 ]. There is a sensehere of modularit y. In caseswhere
a bio-cellular or biomolecular substrate approximates a regular geometric lattice with local interactions,
cellular automata might provide useful models.

(a)7e8696de (b)89ed7106 (c)89ed7106 (d)b51e9ce8 (e)b51e9ce8

Figure 6: Gliders, \glider guns" (which generate sub-gliders), and compound gliders in k=5 1d cellular automata.
(c) is a compound glider made up of two independent gliders locked into a cycle of repeating collisions. (d) is a glider
with a period of 106 time-steps. (e) is a compound glider-gun.

2d 100x100 triangular grid 3d 20x20x20

Figure 7: Examples of emergent pat-
terns in 2d and 3d cellular automata. left:
an evolved time-step of a 2d cellular au-
tomaton on a k=7 triangular lattice with
a reaction-di®usion rule. right : a time-
step of a 3d nearestneighbor (k=7) cellular
automaton with a randomly selected rule,
starting from a single central 1. View this
as if looking up into a transparent box.
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Figure 8: top: The space-time pattern of a 1d complex cellular automaton with interacting gliders[27], n=700, k=7,
showing 308 times-steps from a random initial state. center: The basin of attraction ¯eld for the same rule, n=16.
The 216 states in state-space are connected into 89 basins of attraction, but only the 11 non-equivalent basins are
shown, with symmetries characteristic of cellular automata. bottom: A detail of the second basin in the basin of
attraction ¯eld, where states are shown as 4 £ 4 bit patterns.

7



4 Random Bo olean net works

Figure 9: Random Boolean network architecture. Each element in the network synchronously updates its value
according to the values in a pseudo-neighborhood, set by inputs (wiring) from anywhere in the network. Each
network element may have a di®erent number of input wires k, di®erent wiring, and rule. The system is iterated.

A random Boolean network is a more general system than a cellular automaton. The connections, inputs,
are nonlocal, and both inputs and logic can be di®erent for each network element. The network seemsmore
biological, for example in relation to neural networks, or genetic regulatory networks. The non-locality and
heterogeneity prevent the sort of pattern formation possiblewith cellular automata, though one is of course
free to intro duce any measureof locality and homogeneity if appropriate, like taking inputs randomly from
a local patch, or restricting, biasing, the range of logic.

The network consistsof a set of elements, which could be model genesor neurons, taking inputs (0 or
1) from each other, and changing their value (0 or 1) according to some logical function on these inputs
(the rule). The connectivity is usually sparse. The number of network elements, n, is usually much bigger
that the typical number of inputs to each element k. The updating is synchronous, in discrete time-steps.
The pattern of 0s and 1s acrossthe network is a global \state", changing over discrete time. The network
architecture itself does not change. Although there are various interesting possibilities for elaborating this
model, having a larger range of values(or alphabet) than just 0 or 1, and various schemesfor asynchronous
updating, this discussionstays with the simple model.

Figure 9 shows oneelement's inputs \wired" betweentwo consecutive time-steps,wherethe wires connect
to a \pseudo-neighborhood", equivalent to a cellular automaton's real neighborhood. The number of possible
input patterns on a pseudo-neighborhood of sizek is 2k . The most generalexpressionof the Booleanfunction
or rule is a look-up table (the rule-table) with 2k entries, giving 22k

possiblerules. Sub-categoriesof rules can
alsobe expressedassimple algorithms, conciselogical statements, totalistic rules[19], or threshold functions.

By convention[19] the rule-table, as in cellular automata, is arranged in descendingorder of the valuesof
neighborhoods as binary numbers, and the resulting bit string converts to a decimal or hexadecimal (hex)
rule number. For example, the k=3 neighborhoods are set out below in the conventional order, and the
bitstring formed by the output of each neighborhood is the rule-table, or rule, in this caserule 30 in decimal,
or rule \1e" in hex,

7 6 5 4 3 2 1 0 . . . neighborhoods, decimal
111 110 101 100 011 010 001 000 . . . all possible neighborhoods, binary
0 0 0 1 1 1 1 0 . . . outputs, the binary rule-table, equals 30 in decimal

The possiblealternativ e network architectures, thus the behavior spaceof a random Boolean network, is
very large, taking into account all possiblewiring schemesand rule schemes,but there are also equivalence
classeswhich reducethe number somewhat. In general, the number of e®ectively di®erent random Boolean
networks of sizen, and thus basin of attraction ¯elds, cannot exceed(2n )(2 n ) .

The examplesin ¯gure 10 illustrate a small random Boolean network, its network architecture, basin of
attraction ¯eld, and the stabilit y of the attractors to perturbation. Note that becauseof the heterogeneity
of wiring and rules, the basin topology lacks the symmetries characteristic of cellular automata.
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el. wiring rule

12 10,1,7 86
11 6,2,9 4
10 10,10,12 196
9 2,10,4 52
8 5,6,8 234
7 12,5,12 100
6 1,9,0 6
5 5,7,5 100
4 4,11,7 6
3 8,12,12 94
2 11,6,12 74
1 6,5,9 214
0 12,9,6 188

Figure 10: A small random Boolean network, n=13, with homogeneousk=3 wiring, though some elements have
more than one input from the sameelement. top left: The wiring/rule scheme, which fully de¯nes the network.. top
center: The network show as a directed graph with numbered nodes, self-links are short arrows sticking into nodes.
top right : One of the basins of attraction. The basin links 604 states, of which 523 are garden-of-Eden states. The
attractor period is 7, and one of the attractor states is shown in detail as a bit pattern. The direction of time is
inwards from garden-of-Eden states to the attractor, then clock-wise. bottom: The basin of attraction ¯eld. The
213 = 8192 states in state-spaceare organized into 15 basins, with attractor periods ranging between 1 and 7, and
basin volume between 68 and 2724. The arrow points to the basin shown in more detail.
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5 Jumping between basins due to attractor perturbations

Figure 11: The meta-graph of the
basin of attraction ¯eld in ¯gure 10,
showing the probabilit y of jumping
between basins due to single bit-
°ips to attractor states. Nodesrep-
resenting basins (shown inside each
node) are scaledaccording the num-
ber of states in the basin (basin vol-
ume). Links are scaled according
to both basin volume and the jump
probabilit y. Arro ws indicate the di-
rection of jumps. Short stubs are
self-jumps.

In a basin of attraction ¯eld, perturbations to network states will reset the dynamics, which may then
jump to another basin, or to a di®erent position in the samebasin. Stabilit y requires a high probabilit y
of returning to the samebasin, whereasadaptabilit y or di®erentiation requires appropriate jumps to other
basins in response to speci¯c signals. Perturbations or external signals are most likely to a®ectattractor
states, becausethats where the dynamics spendsthe most time.

Taking singlebit-°ips, perturbations, to attractor statesasthe simplest case,the meta-graph of the basin
of attraction ¯eld represents the probabilities of jumping between basins, and gives some insight into the
stabilit y and mobilit y between the basins of attraction. Figure 11 shows the meta-graph for the basin of
attraction ¯eld in ¯gure 10. Link thicknessrepresents jump probabilit y, and self-jumps are shown as short
stubs. As the network was set up at random, not surprisingly the basins are unstable. The largest basin
receivesthe most jumps, and sendsjumps to other basinsas well as back to itself.

6 Stabilit y of basins due to mutations in the net work architecture

Very ¯ne mutations can be made to the wiring/rule schemeof a random Boolean network, such as moving
one wiring input or °ipping one bit in the rule of just one element. In general, the basin of attraction ¯eld
is stable to such small mutations which result in slight changesto the overall topology. This is especially
true for larger networks where single mutations becomerelatively lesssigni¯cant. However, even a single
mutation can sometimeshave a drastic e®ect, such as breaking an attractor cycle. The consequencesof
moving a connection wire are usually greater than a one-bit mutation in a rule[22].

In the software DDLab[23] there are \learning" algorithms that allow pre-imagesto be a automatically
attached (learnt) or detached (forgotten) to/from a selected target state by mutations, moving wires or
°ipping bits in rules[22]. The aim is to \sculpt" a basin of attraction ¯eld to correspond to somedesirable
structure. The method is useful for ¯ne tuning a network, but not for building a network from scratch,
becauseof side e®ects,unplanned changesin other parts of the basin of attraction ¯eld.

One way to seethe e®ectof network mutations is to highlight a set of states,and track them as the basin
of attraction ¯eld changesfor successive mutations. Figure 12 shows one such mutation for a very small
network so that the pattern at each node can be seen.Larger networks are a®ectedin analogousways.
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el. wiring rule

5 2,4,5 62
4 5,0,1 61
3 4,3,5 108
2 2,5,0 5
1 4,2,1 64
0 3,1,2 231

Figure 12: The basin of attraction
¯eld of (a) the random Boolean net-
work (n=6, k=3) as de¯ned in the
table above, and (b) the network
following a 1-bit mutation to one
of its rules. The attractors are sta-
ble to this mutation, though some
di®erencesin subtrees are evident.
The all 1's referencestate (rs) and
the six states that di®er from it by
onebit (m), are indicated in the two
¯elds.

Figure 13: 32 mutant basins of attraction of the k=3 rule 195 (n=8, seedall 0s). top left: The original rule, where
all states fall into just one very regular basin. The rule was ¯rst transformed to its equivalent k=5 rule (f00®00f in
hex), with 32 bits in its rule-table. All 32 one-bit mutant basins are shown. If the rule is the genotype, the basin of
attraction can be seenas the phenotype.

Figure 13 shows the e®ectsof all possibleone-bit mutations to a cellular automaton rule, whereall states
fall into one very regular basin. As a cellular automaton has just one rule, e®ectively the samebit in each
element's rule was mutated, so these mutations are more drastic than in ¯gure 12. If the rule is seenas
the genotype and the basin of attraction the phenotype, the relationship of the mutants to the original is
striking. This is not atypical of mutations of cellular automata [21]. The phenotype is more sensitive to the
mutation of somebits than others.
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7 Order/c haos measures for large random Bo olean net works

scrambling CA wiring CA wiring, mixed rules random Boolean network

Figure 14: Space-time patterns for intermediate one-dimensional architecture, from cellular automata (CA) to
random Boolean networks. n=150, k=5, 150 time-steps from a random initial state. left: Starting o® as a complex
cellular automaton (as in ¯gure 5), 4% (30/750) of available wires are randomized at 30 time-step intervals. The
coherent pattern is progressively degraded. center: A network with cellular automata wiring but mixed rules, vertical
features are evident. right : A random Boolean network, with no bias, shows extremely chaotic dynamics.

In contrast to cellular automata, glider dynamics and coherent pattern formation in general cannot occur
in random Boolean networks becauseof their irregular architecture. Figure 14(left) shows glider dynamics
degrading as local wiring is progressively scrambled.

Oneorder-chaosmeasurefor random Booleannetwork space-timepatterns is the balancebetween\frozen",
stabilized, regionsand changing regions[10], as in ¯gure 15(top left). Stable regionsare characteristic of net-
works with low connectivity, k · 3, becauserules which induce stabilit y are relatively frequent in these
rule-spaces. To induce stabilit y (i.e. order) for k ¸ 4, where chaotic rules becomeoverwhelmingly pre-
dominant, biaseson rules must be imposed. One way is to skew the proportion of 0s and 1s in a rule's
look-up table away from an even distribution. Another is to set a high proportion of \canalizing" inputs, C.
Although these biasesoverlap to a certain extent, a strong casehas beenmade by Harris et.al.[6] that the
latter type of bias is the most signi¯cant in control rules governing the activit y of eukaryotic genes.

Figure 15: Order-chaos measures for a random
Boolean network 36 £ 36, k = 5. C = the percent-
age of canalizing inputs in the randomly biased net-
work. top left: frozen elements, that have stabilized
for 20 time-steps are shown, 0s light gray, 1s dark
grey, for C=25% and 52%. top right : the log-log
\damage spread" histogram for C=52%, sample size
about 1000. left: the Derrida plot for C=0%, 25%,
52%, and 75%.
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In a rule's look-up table, an input wire is said to be canalizing if a particular input value (0 or 1)
determinesthe output irrespective of the other inputs. A rule's degreeof canalization can range from 0 to k
(for the sameoutput). For the network as a whole, the percentage of all inputs that are canalizing, C, can
be randomly set. A random Boolean network's order-chaoscharacteristics for varying C, applied especially
for large networks, are captured by the measuresillustrated in ¯gure 15, and described below[4, 6, 23].

The \Derrida plot", analogousto the Liapunov exponent in continuousdynamics,measuresthe divergence
of tra jectories based on normalized Hamming distance H t , the fraction of bits that di®er between two
patterns. Pairs of random states separatedby H t are independently iterated forward by one time-step. For
a sampleof random pairs, the averageH t +1 is plotted against H t , and the plot is repeated for increasingH t .
A curve above the main diagonal indicates divergent tra jectories and chaos,below - convergenceand order.
A curve tangential to the main diagonal indicates balanceddynamics.

A related measureis the distribution of \damage" resulting from a singlebit-°ip at a random position in
a random state, for a sampleof random states. The bit-°ip might causean avalanche of di®erence,damage,
relative to the original space-timepattern. The sizeof the resulting damageis measuredonceit hasstabilized.
A histogram is plotted of damagesizeagainst the frequencyof sizes. Its shape indicates order/chaos in the
network, where a balance between order and chaos approximates to a power law distribution. Results
according to thesemeasuresfor k = 5, indicate a balanceat C ¼ 52%.

These and other methods are applied in the context of random Boolean network models of genetic
regulatory networks. The conjecture is that evolution maintains genetic regulatory networks marginally on
the ordered side of the order-chaos boundary to achieve stabilit y and adaptabilit y in the pattern of gene
expressionwhich de¯nes the cell type[6].

8 A ttractors in fully connected and mo dular net works

Figure 16: Attractor frequency histograms, showing the frequency (y axis, scale indicated top left) of falling into
di®erent attractors (x axis, sorted by basin volume) from a large sample of random initial states. These examples
are for the \scale-free" networks in ¯gure 1, where n=100. The frequency of each attractor is a statistical measureof
basin volume, the fraction of state-spaceoccupied by each basin. left: The fully connected network: the number of
attractor typesstabilized at just 3 after 10000+ runs. Their periods are 2046, 553, 380, with averagetransient length
605, 673, 97. right : The modular network: the number of attractor types stabilized at 53 after 50000+ runs, though
about 2/3 of these represent very small basins. The 3 most frequent basins have periods 30, 14, 2, with average
transient length 54, 46, 47.

For large networks, too big to generatethe basin of attraction ¯eld, information on the ¯eld, the attractors,
and basins of attraction, can be still be found by statistical methods[18], though for excessively chaotic
networks, transients and attractor periods can be too long for the method to be practical. The network is
run forward from many random initial states looking for state repeats to identify the di®erent attractors,
noting the periods and attractor states. Although this does not reveal subtree topology, the frequency of
falling into di®erent attractors is a statistical measureof basin volume, the fraction of state-spaceoccupied
by each basin, so all but the smallest basinsare likely to be found in a large sampleof initial states.

Figure 16 shows the attractor frequency histograms of the \scale-free" networks in ¯gure 1, one fully
connected,the other modular, but with similar link frequencyand random rules. Figure 17 shows the meta-
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Figure 17: The meta-graphs of the attractor frequency histograms in ¯gure 16, showing the probabilit y of jumping
between basins due to single bit-°ips to attractor states. Nodes representing basins are scaled according to basin
volume. Links are scaledaccording to both basin volume and the jump probabilit y. Arro ws indicate the direction of
jumps. Short stubs are self-jumps. left: The fully connected network: the percentage of self-jumps is 60%, 36% and
6% respectively. right : The modular network: (for the 19 largest basins only, out of 53) the percentage of self-jumps
is 41%, 20% and 31% respectively for the 3 largest basins. 11 of the smallest basins (not shown) are unreachable.

graphs of the attractor frequency histograms, showing the probabilit y of jumping between basins due to
singlebit-°ips to attractor states. The meta-graph for the modular network shows the 19 largest basinsonly.

The attractor frequency histograms and data indicate that the modular network has markedly more
basins, with smaller attractor periods, and shorter transients, than the fully connected network. Other
experiments on similar networks con¯rm the sametendency. The jump probabilities indicate that basins in
the modular network are more stable than in the fully connectednetwork, becausethe fraction of self-jumps
for a typical basin is signi¯cantly greater than basin volume. This is not the casefor the fully connected
network, where self-jumps for the two biggest basinscorrelate closely with basin volume.

These results point to signi¯cant di®erencesbetween the basin of attraction ¯elds of modular and fully
connectednetwork architectures, where both are scale-free.Breaking a network into weekly linked modules
increasesboth the number and stabilit y of basins. Conversely, adding more links between the modules
reducesboth the number and stabilit y of basins. The modules in the modular network are behaving like
discrete coupled oscillators, perturbing each other between their alternativ e sub-attractors (see ¯gure 4).
This is where an explanation of the di®erencesmight be found.

Typical transient length and attractor period usually give someindication of the order/chaoscharacter-
istics of a network. The smaller attractor periods, and shorter transients, found in the modular network,
would usually be a sign of a greater degreeof \order". However, the order/chaos measuresin section 7 do
not show a signi¯cant di®erence.Theseare preliminary results, basedon a limited sample. Further research
is neededto better understand the behavior of thesetypesof scale-free,modular, random Booleannetworks.

9 Genetic regulatory net works

The cells of multicellular organismsdi®erentiate within the developing embryo into the various cell types
that form tissuesby a processthat is regulated at the molecular level by DNA sequences,encoding genes
that produce proteins that regulate other genes. All eukaryotic cells in an organism carry essentially the
sameset of genes,someof which are expressedothers not. A cell type dependson the particular subsetof
active genes,where the geneexpressionpattern needsto be stable but also adaptable. What then is the
mechanism that maintains the many alternativ e patterns of geneexpressionof the various cell typesmaking
a multicellular organism?
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Genesregulate each other's activit y by coding for transcription factors, which may enhanceor repress
the expressionof other genesby binding, often in combination, at particular sites. A given genemay directly
regulate just a small set of other genes,those genesregulate other genesin turn, so a genemay indirectly
in°uence the activit y of many genesdownstream. Conversely, a geneis indirectly in°uenced by many genes
upstream. A genemay directly or indirectly contribute to regulating itself. The result is a geneticregulatory
network, a complex feedback web of genesturning each other on and o®.

This has been modeled as an idealized dynamical system, Kau®man's random Boolean network, where
model genesare connectedby directed links (transcription factors), updating their (on-o®) state in parallel,
according to the combinatorial logic of their inputs[9, 10, 14]. Depending on the network's current state,
and biaseson the connectionsand logic, the dynamics on such a network, as has been shown, can settle
onto a number attractors, which are interpreted in this context as cell types. This provides a mechanism
for explaining the apparent paradox that the samegenomecan create and maintain a variety of cell types
and sub-types, skin, muscle, liver, brain, etc. In stem cells, tra jectories leading to attractors have been
interpreted as pathways of di®erentiation becausesmall perturbations can nudge the dynamics towards
di®erent attractors.

The model has beencriticized for being too simple, that parallel (synchronous) updating and the on-o®
characterization of genesare implausible idealizations when applied to real genetic networks, given that
transcription is asynchronous and driven at di®erent rates. However, geneactivit y at the molecular scale
consistsof discrete events occurring concurrently . Variable protein concentrations can be accounted for by
genesbeing on for somefraction of a given time span. More elaborate models have beenproposedbut are
harder to interpret. The random Boolean network idealization is arguably the simplest possible abstract
model that is computationally tractable, well understood in ¯elds outside biology, yet which still re°ects the
essential qualities of the dynamics of genetic networks.

In a cell type's geneexpressionpattern over a span of time (i.e. its space-timepattern), a particular
genemay, broadly speaking, be either on, o®, or changing. If a large proportion of the genesare changing,
chaotic dynamics, the cell will be unstable. On the other hand, dynamics that settles to a pattern where
a large proportion of the genesare permanently on or o® (frozen) may be too in°exible for adaptive be-
havior. Cells constantly need to adapt their geneexpressionpattern in response to a variety of hormone
and growth/di®erentiation factors from nearby cells. A cell type is probably a set of closely related gene
expressionpatterns, not just on the attractors, but shifting around within the basin of attraction, allowing
an essential measureof °exibilit y in behavior. Too much °exibilit y might allow a perturbation to °ip the
dynamics too readily into a di®erent basin of attraction, to a di®erent cell type such as a cancer cell, or
from a bone cell to a fat cell. The conjecture is that the appropriate dynamical regime has evolved to ¯nd
a delicate balancebetweenstable on/o® regionsand dynamically changing regions[6].

The basinsof attraction in random Boolean networks are idealized models for the stabilit y of cell types
against mutations, and also for their response to perturbations of the current state of gene activation.
Jumping between basins due to these e®ectswas described in sections5 and 6. If a particular pattern of
geneexpressionundergoesa perturbation, the dynamics may jump to a di®erent subtree in the samebasin,
which would temporarily adapt the pattern, or it may be °ipp ed to another basin, a di®erent cell type. In
this casethe basin of attraction ¯eld remains unchanged. Alternativ ely, the network itself may undergo a
mutation, resulting in an an altered basin of attraction ¯eld. This model provides a mechanism for both the
stabilit y and adaptabilit y of geneexpression.

10 Memory

Attractors classify state-spaceinto broad categories,the network's content addressable\memory" [7]. Fur-
thermore, state-spaceis categorized along transients, by the root of each subtree forming a hierarchy of
sub-categories.This notion of memory far from the equilibrium condition of attractors greatly extends the
classicalconcept of memory by attractors alone[22, 24].

It can be argued that in biological networks such as neural networks in the brain or networks of genes
regulating the di®erentiation and adaptive behavior of cells, basinsof attraction and subtreesmust be just
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right for e®ective categorization. The dynamics need to be su±ciently versatile for adaptive behavior but
short of chaotic to ensurereliable behavior, and this in turn implies a balancebetween order and chaos in
the network.

A current research topic, known as the \in verseproblem", is to ¯nd ways to deducenetwork architecture
from usually incomplete data on transitions, such asa tra jectory. This is signi¯cant becauseit could help to
infer the genetic regulatory network, modeled a random Boolean network, from data on successive patterns
of geneexpressionin the developing embryo[15]. In pattern recognition and similar applications in the area
of arti¯cial neural networks, solutions to the inverseproblem would provide \learning" methods for random
Boolean networks to make useful categories[22, 24].

11 Conclusions

In the context of random Boolean network models of genetic regulatory networks, basins of attraction
represent a kind of modular functionalit y, in that they allow alternativ e patterns of geneexpressionin the
samegenome,providing a mechanism for cell di®erentiation, stabilit y and adaptabilit y.

Although the entire genomecan be viewed as a vast genetic network, the notion of modularit y suggests
that the network is in fact built from functionally semi-independent, weekly inter-link ed, sub-networks.
Each sub-network may itself consist of further sub-networks in a sort of nested hierarchy. Figure 1 gave a
hypothetical example. Section 8 gave somepreliminary results indicating that the dynamics of \scale-free"
modular networks are markedly di®erent from their fully connectedcousins,having more basinswith smaller
attractors and transients, and which are relatively more stable.

There is evidencethat genetic regulatory sub-networks, highly adapted to useful functions, are conserved
by evolution, and that examplesof essentially the samesub-network are redeployed acrossdi®erent species,
genera,and even families[12]. Examples of sub-networks, self-contained transcriptional circuits in regulated
eukaryotic genes,are being found by experiment, together with the biaseson their connectionsand logic[6].

Each sub-network module could behaves semi-independently within its own basin of attraction ¯eld,
but cross-talk, perturbations, betweensub-networks, and inter-cellular signals,would allow adaptive jumps
between basins of attraction, or to transients within the samebasin, shifting the dynamics away from the
equilibrium at the attractor, constantly adapting to the metabolic environment.

There are many open questionsstemming from this discussion. From the network theory perspective, a
better understanding is neededof the dynamics of modular random Boolean networks and related systems,
their basins of attraction, the stabilit y of basins, and jump probabilities between basins. How does the
dynamics change as more links are added between interacting sub-networks? What biaseson connectivity
and logic are required for networks models to re°ect data coming from biology?

From the biological perspective, data is accumulating on the make up of genetic and other biological
networks. What kind of biasesmight exist in general, in connectivity, modularit y and logic. How does
the biological network strike the right balance between stabilit y and adaptabilit y. Are genetic regulatory
networks \scale-free"? And if modular, to what extent are the modules interlink ed? In short, what are the
generalprinciples that describe the quality of thesenetworks.

The hope is that the ideas,methods and tools for studying network dynamics in idealized networks can
provide a conceptual framework for comprehendingnetworks in biology.
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