ARITHMETICAL SACKS FORCING

ROD DOWNEY AND LIANG YU

Abstract. We answer a question of Jockusch by constructing a hyperimmunefree minimal degree below a 1-generic one. To do this we introduce a new forcing notion called arithmetical Sacks forcing. Some other applications are presented.

1. introduction

Two fundamental construction techniques in set theory and computability theory are forcing with finite strings as conditions resulting in various forms of Cohen genericity, and forcing with perfect trees, resulting in various forms of minimality. Whilst these constructions are clearly incompatible, this paper was motivated by the general question of “How can minimality and (Cohen) genericity interact?”. Jockusch [5] showed that for n ≥ 2, no n-generic degree can bound a minimal degree, and Haught [4] extended earlier work of Chong and Jockusch to show that that every nonzero Turing degree below a 1-generic degree below 0^′ was itself 1- generic. Thus, it seemed that these forcing notions were so incompatible that perhaps no minimal degree could even be comparable with a 1-generic one.

However, this conjecture was shown to fail independently by Chong and Downey [1] and by Kumabe [7]. In each of those papers, a minimal degree below m < 0^′ and a 1-generic a < 0^{′′} are constructed with m < a.

The specific question motivating the present paper is one of Jockusch who asked whether a hyperimmune-free (minimal) degree could be below a 1-generic one. The point here is that the construction of a hyperimmune-free degree by and large directly uses forcing with perfect trees, and is a much more “pure” form of Spector- Sacks forcing [10] and [9]. This means that it is not usually possible to use tricks such as full approximation or forcing with partial computable trees, which are available to us when we only wish to construct (for instance) minimal degrees. For instance, minimal degrees can be below computably enumerable ones, whereas no degree below 0^′ can be hyperimmune-free. Moreover, the results of Jockusch [5], in fact prove that for n ≥ 2, if 0 < a ≤ b and b is n-generic, then a bounds a n-generic degrees and, in particular, certainly is not hyperimmune free. This contrasts quite strongly with the main result below.

In this paper we will answer Jockusch’s question, proving the following result.

1991 Mathematics Subject Classification. Primary 03D28; Secondary 03D65. Key words and phrases. Sacks forcing, hyperimmune-freeness, minimal degree. The first author was supported in part by the Marsden Fund of New Zealand. The second author was supported by a postdoctoral fellowship from the New Zealand Institute for Mathematics and its Applications, NSF of China under grants No.10471060 and No.10420130638. 1

Theorem 1.1. There are hyperimmune-free degrees below 0^{′′} which are below 1- generic degrees below 0^{′′}.

Analysis of the original proof of our result allowed us to extract a new forcing notion which we call arithmetical Sacks forcing. We show that each arithmetical Sacks generic real is hyperimmune free and of degree below a 1-generic.

The proofs here are relatively straightforward, but will filter through the characterization of degrees computable in 1-generic ones of Chong and Downey.

2. Notation

Recall that a tree T is a subset of 2^{<ω} so that for every σ ∈ T , τ ⪯ σ implies τ ∈ T . A perfect tree T is a tree so that for every σ ∈ T , there exists a τ ⪰ σ so that τ^⌢0 ∈ T and τ^⌢1 ∈ T . Given a tree T , define [T ] = {G ⊆ ω|∀n(G ↾ n ∈ T )}.

We recall that a set C ⊂ ω is n-generic iff it is Cohen generic for n-quantifier arithmetic. An equivalent formulation due to Jockusch and Posner (see Jockusch [5]) is given by the following.

Definition 2.1. Given a string σ ∈ 2^{<ω}, a set A ⊆ ω and a set S ⊆ 2^{<ω}.

(1) σ ⊩ A ∈ S if σ ≺ A and σ ∈ S. (2) σ ⊩ A /∈ S if σ ≺ A and ∀τ ⪰ σ(τ /∈ S).

Definition 2.2. Given sets A, B ⊆ ω and a number n ≥ 1, A is n-B-generic if for every Σ^0_n(B) set S ⊆ 2^{<ω}, there is a string σ ≺ A so that either σ ⊩ A ∈ S or σ ⊩ A /∈ S.

3. Arithmetical Sacks Forcing

Define S = {T | T is a computable perfect tree in 2^{<ω}}. A set D ⊆ S is dense if for every T ∈ S, there is a set T^′ ∈ D for which T^′ ⊆ T . Fix an effective enumeration {W_e}_{e∈ω} of c.e. sets W ⊆ 2^{<ω}. Then there is an arithmetical (actually, Σ^0_3) definable predicate P so that P (e) iff W_e is a computable perfect tree. Hence there is an arithmetical enumeration {T_e}_{e∈ω} of S so that if P (e) then T_e = W_e; otherwise, T_e = 2^{<ω}. We say a set D ⊆ S is arithmetical if the index set {e|T_e ∈ D} is arithmetical. If D ⊆ S, define [D] = {[T ]|T ∈ D}.

Define arithmetical Sacks forcing notion:

S = ⟨⊆, S⟩.

A filter F ⊂ S is a set so that if T ∈ F and T^′ ⊇ T in S, then T^′ ∈ F and if T_0, T_1 ∈ F, then there is T_2 ∈ F so that T_2 ⊆ T_0 ∩ T_1. A generic set G is a filter for which G ∩ D ≠ ∅ for every arithmetical dense set D. We say a set G is an arithmetical Sacks set if for every n, G ↾ n ∈ ⋂ T ∈G T .

The following lemma collects some well known facts.

Lemma 3.1. For any e ∈ ω,

(1) P_W = {T ∈ S | ∃i∀σ ∈ T (|τ| > i =⇒ σ(i) ≠ W (i)).} is dense where W is an arithmetical set.

(2) Q_e = {T ∈ S | One of the following cases is true:

(a) ∃i∀σ ∈ T (Φ^σ_e (i) ↑) , (b) ∀i∃n∀σ_0 ∈ 2^n ∩ T ∀σ_1 ∈ 2^n ∩ T (Φ^{σ0}_e (i) ↓= Φ^{σ1}_e (i) ↓), (c) ∀i∃n∀σ ∈ 2^n ∩ T (Φ^σ_e (i) ↓) and ∀σ∃j∀τ_0 ⪰ σ^⌢0∀τ_1 ⪰ σ^⌢1(τ_0 ∈ T & τ_1 ∈ T =⇒ Φ^{τ0}_e (j) ≠ Φ^{τ1}_e (j)).

} is dense.

(3) R_e = {T ∈ S | One of the following cases is true:

(a) ∃i∀σ ∈ T (Φ^σ_e (i) ↑) , (b) ∀i∃n∀σ ∈ 2^n ∩ T (Φ^σ_e (i) ↓) and there is a computable function f so that ∀i∀σ ∈ T (Φ^σ_e (i) ↓ =⇒ Φ^σ_e (i) < f(i)).

} is dense.

(4) M_e = {T ∈ S | ∃σ ∈ 2^e∀τ ∈ T (|τ| > |σ| =⇒ τ ⪰ σ).} is dense.

Proof. All of the statement above are well known. (1) says no arithmetical Sacks set is arithmetical, (2) is a minimality requirement and (3) is a hyperimmune-freeness requirement. (4) says arithmetical Sacks sets are well-defined. □

The following corollary is immediate.

Corollary 3.2. If G is an Arithmetical Sacks set, the G is a hyperimmune-free minimal degree.

In [2], Chong and Downey introduced the following notation.

Definition 3.3. Given a set G ⊆ ω,

(1) A set T ⊆ 2^{<ω} is dense in G if for any n ∈ ω, there is a finite string σ ∈ T so that G ↾ n ⪯ σ.

(2) A set W ⊆ 2^{<ω} is Σ_1-dense in G if

(a) For every σ ∈ W , σ ⊀ G and (b) For any c.e. set T ⊆ 2^{<ω} which is dense in G, there are finite strings τ_0 ∈ T and τ_1 ∈ W so that τ_1 ⪯ τ_0.

Lemma 3.4. Given an arithmetical set W . The set N_W = {T ∈ S | One of the following cases is true:

(1) ∃σ ∈ W ∀τ ∈ T (|τ| > |σ| =⇒ τ ⪰ σ), (2) ∀σ ∈ T ∀τ ∈ W (σ ⪰̸ τ).

} is dense.

Proof. Given a tree T ∈ S, if there is a σ in T ∩ W , then define T^′ = {τ ∈ T | τ ⪰ σ.}. Otherwise, define T^′ = T . Since T^′ is computable perfect tree, T^′ ∈ S and satisfies (1) or (2). □

Corollary 3.5. If G is an arithmetical Sacks set, then there is no arithmetical set W Σ_1-dense in G.

Proof. Suppose G is an arithmetical Sacks set. Given an arithmetical set W ⊆ 2^{<ω}, by Lemma 3.4, there are two cases:

(1) There is a T ∈ N_W so that ∃σ ∈ W ∀τ ∈ T (|τ| > |σ| =⇒ τ ⪰ σ) and G ∈ [T ]. Then by (a) in Definition 3.3, W is not Σ_1-dense in G

(2) There is a T ∈ N_W so that ∀σ ∈ T ∀τ ∈ W (σ ⪰̸ τ) and G ∈ [T ]. Then T is a c.e. dense set in G. By (b) in Definition 3.3, T is a witness that W is not Σ_1-dense in G. □

It is not hard to see that a set G ⊆ ω is computable if and only if there is no set W Σ_1-dense in G. For c.e. sets Σ_1-dense in G, Chong and Downey proved the following interesting theorem.

Theorem 3.6 (Chong and Downey [2]). Suppose G has Turing degree G. G is below a 1-generic degree if and only if there is no c.e. Σ_1-dense set in G.

Corollary 3.7. Every arithmetic Sacks set is bounded by a 1-generic real. Hence there is a 1-generic degree C and a hyperimmune-free minimal degree G so that C > G.

Proof. By Corollary 3.5, for any arithmetic Sacks set G, there is no is c.e. Σ_1-dense set in G. By Theorem 3.6, there is a 1-generic set C so that C ≥_T G. But obviously, C ≢_T G. By Corollary 3.2, G is a hyperimmune-free and minimal degree. □

We remark that, in the same way as the kind of forcing used in algorithmic randomness, these proofs don’t use the full strength of arithmetical Sacks forcing. Only that it works for Δ^0_3 collections of trees. Thus the hyperimmune free minimal degree we construct can be low_2 and below 0^{′′}. The full statement of the Chong- Downey result is that if M has no Σ_1-dense set of strings, then M is computable in a 1-generic set G ≤_T M^{′′}. In particular, we can choose here a minimal hyperimmunefree degree G computable in a 1-generic degree C below 0^{′′}.

A reasonable possible generalization of Theorem 3.6 is whether G is below a 2-generic degree if and only if there is no Σ^0_2 set Σ_1-dense in G. We give a negative answer.

Proposition 3.8. There is a set G so that there is no arithmetical set Σ_1-dense in G but G is not below any 2-generic degree.

Proof. By Corollary 3.5, for every arithmetical Sacks set G, there is no arithmetical set Σ_1-dense in G. By Corollary 3.2, every arithmetical Sacks set G has a minimal degree. But no 2-generic degree bounds a minimal degree as showed in [5]. So every arithmetical Sacks set G is not below any 2-generic set. □

Hyperimmune-freeness looks a stronger forcing notion than minimality forcing since there is no a Δ^0_2 hyperimmune-free degree. So it is natural to ask whether every hyperimmune-free degree is computable in a 1-generic degree. This possible result is not true since we have the following proposition.

Proposition 3.9. There is a hyperimmune-free degree computable in no 1-generic degree.

We need a lemma. This lemma is known in the folklore, and probably implicit in the work of Kučera and of Jockusch.

Lemma 3.10. No 1-generic set computes a DNR-set.

Proof. Recall that a DNR set A is a subset of ω so that A ≠ Φ_e(e) for every e ∈ ω. Suppose g is a 1-generic set and Ψ^g is a DNR-set. Define a Σ^0_1 set M = {σ|∃e(Φ_e(e) ↓ & Ψ^σ(e) ↓ & Ψ^σ(e) = Φ_e(e))}. Since Ψ^g is DNR, there is a σ ≺ g so that for every τ ≻ σ, for every e, Φ_e(e) ↓ and Ψ^τ (e) ↓ implies Φ_e(e) ≠ Ψ^τ (e). Define a computable function Φ so that Φ(e) = Ψ^μ where μ is the first τ ≻ σ for which Ψ^τ (e) ↓ at stage |τ|. Since Ψ^g is total, Φ must be total. Φ has an index e. Then Φ_e(e) = Φ(e) = Ψ^τ (e) for some τ ≻ σ. A contradiction. □

Proof. (of proposition 3.9) By Jockusch-Soare [6], there is a hyperimmune-free DNR-degree. But, by Lemma 3.10, no 1-generic degree can compute a DNR degree. □

Perhaps it might be the case that every minimal hyperimmune-free degree is computable in a 1-generic one. Again this attractive suggestions fails. However, this time the proof is now not quite so straightforward. Since the result is only of marginal interest, we will only sketch its proof.

Theorem 3.11. There is a minimal hyperimmune-free degree below 0^{′′} with an Σ_1-dense set of strings, and hence one not computable in any 1-generic degree.

Proof. (sketch) In Chong and Downey [1], using a full approximation argument, a minimal degree m is constructed with a Σ_1-dense set of strings, and hence one not computable in a 1-generic degree. In Downey [3], it is shown how to construct a (minimal) hyperimmune free degree below 0^{′′} using a full approximation argument. The point is that these two constructions are compatible, with great detail and no real new insight. □

References

[1] Chong, C. T.; Downey, R. Degrees bounding minimal degrees. Math. Proc. Cambridge Philos.

Soc. 105 (1989), no. 2, 211–222.

[2] Chong, C. T.; Downey, R. G. Minimal degrees recursive in 1-generic degrees. Ann. Pure Appl.

Logic 48 (1990), no. 3, 215–225.

[3] Downey, R. G., On Π^0_1 classes and their ranked points, Notre Dame J. of Formal Logic, 32 (1991) 499-512.

[4] Haught, Christine. The degrees below a 1-generic degree < 0^′. J. Symbolic Logic 51 (1986), no. 3, 770–777.

[5] Jockusch, Carl. Degrees of generic sets. Recursion theory: its generalization and applications (Proc. Logic Colloq., Univ. Leeds, Leeds, 1979), pp. 110–139, London Math. Soc. Lecture Note Ser., 45, Cambridge Univ. Press, Cambridge-New York, 1980.

[6] Jockusch, Carl; Soare, Robert I. Π^0_1 classes and degrees of theories. Trans. Amer. Math. Soc.

173 (1972), 33–56.

[7] Kumabe, Masahiro A 1-generic degree which bounds a minimal degree. J. Symbolic Logic 55 (1990), no. 2, 733–743.

[8] Lerman, Manuel. Degrees of unsolvability. Local and global theory. Perspectives in Mathematical Logic. Springer-Verlag, Berlin, 1983.

[9] Sacks, Gerald E. Forcing with perfect closed sets. 1971 Axiomatic Set Theory (Proc. Sympos.

Pure Math., Vol. XIII, Part I, Univ. California, Los Angeles, Calif., 1967) pp. 331–355 Amer. Math. Soc., Providence, R.I.

[10] Spector, Clifford. On degrees of recursive unsolvability. Ann. of Math. (2) 64 (1956), 581–592.

School of Mathematics and Computing Sciences, Victoria University of Wellington, Wellington, New Zealand.

E-mail address: rod.downey@mcs.vuw.ac.nz

School of Mathematics and Computing Sciences, Victoria University of Wellington, Wellington, New Zealand.

E-mail address: yuliang@mcs.vuw.ac.nz