This is page i Printer: Opaque this

Algorithmic Randomness and Complexity

Rod Downey School of Mathematics, Statistics and Operations Research Victoria University PO Box 600 Wellington New Zealand

Denis R. Hirschfeldt Department of Mathematics University of Chicago Chicago IL 60637 U.S.A.

November 2, 2009

This is page ii Printer: Opaque this

Rod dedicates this book to his wife Kristin, and Denis to Larisa.

This is page iii Printer: Opaque this

Contents

Preface xi

Ackowledgments xiv

Introduction xvii

I Background 1

0 Preliminaries 2 0.1 Notation and conventions . . . . . . . . . . . . . . . . . . 2 0.2 Basics from measure theory . . . . . . . . . . . . . . . . 4

1 Computability Theory 7 1.1 Computable functions and the halting problem . . . . . 7 1.2 Computable enumerability and Rice’s Theorem . . . . . 11 1.3 The Recursion Theorem . . . . . . . . . . . . . . . . . . 13 1.4 Reductions . . . . . . . . . . . . . . . . . . . . . . . . . . 14 1.4.1 Oracle machines and Turing reducibility . . . . . 14 1.4.2 The jump operator and jump classes . . . . . . . 17 1.4.3 Strong reducibilities . . . . . . . . . . . . . . . . . 18 1.5 The arithmetic hierarchy . . . . . . . . . . . . . . . . . . 20 1.6 The Limit Lemma and Post’s Theorem . . . . . . . . . . 21 1.7 The difference hierarchy . . . . . . . . . . . . . . . . . . 23

1.8 Primitive recursive functions . . . . . . . . . . . . . . . . 25 1.9 A note on reductions . . . . . . . . . . . . . . . . . . . . 26 1.10 The finite extension method . . . . . . . . . . . . . . . . 27 1.11 Post’s Problem and the finite injury priority method . . 31 1.12 Finite injury arguments of unbounded type . . . . . . . . 36 1.12.1 Sacks’ Splitting Theorem . . . . . . . . . . . . . . 36 1.12.2 The Pseudo-Jump Theorem . . . . . . . . . . . . 37 1.13 Coding and permitting . . . . . . . . . . . . . . . . . . . 39 1.14 The infinite injury priority method . . . . . . . . . . . . 41 1.14.1 Priority trees and guessing . . . . . . . . . . . . . 41 1.14.2 The minimal pair method . . . . . . . . . . . . . 44 1.14.3 High computably enumerable degrees . . . . . . . 50 1.14.4 The Thickness Lemma . . . . . . . . . . . . . . . 53 1.15 The Density Theorem . . . . . . . . . . . . . . . . . . . . 55 1.16 Jump theorems . . . . . . . . . . . . . . . . . . . . . . . 61 1.17 Hyperimmune-free degrees . . . . . . . . . . . . . . . . . 64 1.18 Minimal degrees . . . . . . . . . . . . . . . . . . . . . . . 66 1.19 Π^0_1 and Σ^0_1 classes . . . . . . . . . . . . . . . . . . . . . . 69 1.19.1 Basics . . . . . . . . . . . . . . . . . . . . . . . . 69 1.19.2 Π^0_n and Σ^0_n classes . . . . . . . . . . . . . . . . . . 71 1.19.3 Basis theorems . . . . . . . . . . . . . . . . . . . 73 1.19.4 Generalizing the Low Basis Theorem . . . . . . . 76 1.20 Strong reducibilities and Post’s Program . . . . . . . . . 77 1.21 PA degrees . . . . . . . . . . . . . . . . . . . . . . . . . . 78 1.22 Fixed-point free and diagonally noncomputable functions 82 1.23 Array noncomputability and traceability . . . . . . . . . 87 1.24 Genericity and weak genericity . . . . . . . . . . . . . . . 94

2 Kolmogorov Complexity of Finite Strings 104 2.1 Plain Kolmogorov complexity . . . . . . . . . . . . . . . 104 2.2 Conditional complexity . . . . . . . . . . . . . . . . . . . 108 2.3 Symmetry of information . . . . . . . . . . . . . . . . . . 109 2.4 Information-theoretic characterizations of computability 111 2.5 Prefix-free machines and complexity . . . . . . . . . . . . 115 2.6 The KC Theorem . . . . . . . . . . . . . . . . . . . . . . 118 2.7 Basic properties of prefix-free complexity . . . . . . . . . 121 2.8 Prefix-free randomness of strings . . . . . . . . . . . . . . 126 2.9 The Coding Theorem and discrete semimeasures . . . . . 126 2.10 Prefix-free symmetry of information . . . . . . . . . . . . 127 2.11 Initial segment complexity of sets . . . . . . . . . . . . . 129 2.12 Computable bounds for prefix-free complexity . . . . . . 131 2.13 Halting probabilities and universal machines . . . . . . . 133 2.14 The conditional complexity of σ^∗ given σ . . . . . . . . . 136 2.15 Monotone and process complexity . . . . . . . . . . . . . 138 2.16 Continuous semimeasures and KM -complexity . . . . . . 143

3 Relating Complexities 147 3.1 Levin’s Theorem . . . . . . . . . . . . . . . . . . . . . . . 147 3.2 Solovay’s Theorems relating C and K . . . . . . . . . . . 148 3.3 Strong K-randomness and C-randomness . . . . . . . . . 153 3.3.1 Positive results . . . . . . . . . . . . . . . . . . . 154 3.3.2 Counterexamples . . . . . . . . . . . . . . . . . . 155 3.4 Muchnik’s Theorem . . . . . . . . . . . . . . . . . . . . . 160 3.5 Gács’ Theorem and Day’s Theorem . . . . . . . . . . . . 162

4 Effective Reals 190 4.1 Computable and left-c.e. reals . . . . . . . . . . . . . . . 190 4.2 Real-valued functions . . . . . . . . . . . . . . . . . . . . 195 4.3 Representing left-c.e. reals . . . . . . . . . . . . . . . . . 196 4.3.1 Degrees of representations . . . . . . . . . . . . . 196 4.3.2 Presentations of left-c.e. reals . . . . . . . . . . . 198 4.3.3 Presentations and ideals . . . . . . . . . . . . . . 201 4.3.4 Promptly simple sets and presentations . . . . . . 208 4.4 Left-d.c.e. reals . . . . . . . . . . . . . . . . . . . . . . . 210 4.4.1 Basics . . . . . . . . . . . . . . . . . . . . . . . . 210 4.4.2 The field of left-d.c.e. reals . . . . . . . . . . . . . 212

II Notions of Randomness 219

5 Martin-Löf Randomness 220 5.1 The computational paradigm . . . . . . . . . . . . . . . . 221 5.2 The measure-theoretic paradigm . . . . . . . . . . . . . . 223 5.3 The unpredictability paradigm . . . . . . . . . . . . . . . 228 5.3.1 Martingales and supermartingales . . . . . . . . . 228 5.3.2 Supermartingales and continuous semimeasures . 232 5.3.3 Martingales and optimality . . . . . . . . . . . . . 233 5.3.4 Martingale processes . . . . . . . . . . . . . . . . 235 5.4 Relativizing randomness . . . . . . . . . . . . . . . . . . 239 5.5 Ville’s Theorem . . . . . . . . . . . . . . . . . . . . . . . 239 5.6 The Ample Excess Lemma . . . . . . . . . . . . . . . . . 244 5.7 Plain complexity and randomness . . . . . . . . . . . . . 245 5.8 n-randomness . . . . . . . . . . . . . . . . . . . . . . . . 247 5.9 Van Lambalgen’s Theorem . . . . . . . . . . . . . . . . . 250 5.10 Effective 0-1 laws . . . . . . . . . . . . . . . . . . . . . . 252 5.11 Infinitely often maximally complex sets . . . . . . . . . . 253 5.12 Levin’s Theorem, measures, and degrees . . . . . . . . . 256 5.12.1 Generalizing randomness to other measures . . . 256 5.12.2 Computable measures and representing reals . . . 258

6 Other Notions of Algorithmic Randomness 262

6.1 Computable randomness and Schnorr randomness . . . . 263 6.1.1 Basics . . . . . . . . . . . . . . . . . . . . . . . . 263 6.1.2 Limitations . . . . . . . . . . . . . . . . . . . . . 268 6.1.3 Computable measure machines . . . . . . . . . . 270 6.1.4 Computable randomness and tests . . . . . . . . 272 6.1.5 Bounded machines and computable randomness . 275 6.1.6 Process complexity and computable randomness . 275 6.2 Weak n-randomness . . . . . . . . . . . . . . . . . . . . . 278 6.2.1 Basics . . . . . . . . . . . . . . . . . . . . . . . . 278 6.2.2 Characterizations of weak 1-randomness . . . . . 282 6.2.3 Schnorr randomness via Kurtz null tests . . . . . 286 6.2.4 Weakly 1-random left-c.e. reals . . . . . . . . . . 287 6.2.5 Solovay genericity and randomness . . . . . . . . 289 6.3 Decidable machines: a unifying class . . . . . . . . . . . . 290 6.4 Selection revisited . . . . . . . . . . . . . . . . . . . . . . 294 6.4.1 Stochasticity . . . . . . . . . . . . . . . . . . . . . 294 6.4.2 Partial computable martingales . . . . . . . . . . 295 6.4.3 A martingale characterization of stochasticity . . 300 6.5 Nonmonotonic randomness . . . . . . . . . . . . . . . . . 301 6.5.1 Nonmonotonic betting strategies . . . . . . . . . 301 6.5.2 Van Lambalgen’s Theorem revisited . . . . . . . . 306 6.6 Further notions of randomness . . . . . . . . . . . . . . . 307 6.6.1 Demuth randomness . . . . . . . . . . . . . . . . 307 6.6.2 Finite randomness . . . . . . . . . . . . . . . . . 308 6.6.3 Injective and permutation randomness . . . . . . 309

7 Algorithmic Randomness and Turing Reducibility 313 7.1 Π^0_1 classes of 1-random sets . . . . . . . . . . . . . . . . . 314 7.2 Computably enumerable degrees . . . . . . . . . . . . . . 314 7.3 The Kučera-Gács Theorem . . . . . . . . . . . . . . . . . 315 7.4 A “no gap” theorem for 1-randomness . . . . . . . . . . 317 7.5 Kučera coding . . . . . . . . . . . . . . . . . . . . . . . . 320 7.6 Demuth’s Theorem . . . . . . . . . . . . . . . . . . . . . 323 7.7 Making sets random . . . . . . . . . . . . . . . . . . . . . 324 7.8 Randomness and PA degrees . . . . . . . . . . . . . . . . 326 7.9 Mass problems . . . . . . . . . . . . . . . . . . . . . . . . 334 7.10 DNC degrees and subsets of random sets . . . . . . . . . 337 7.11 High degrees and separating notions of randomness . . . 339 7.11.1 High degrees and computable randomness . . . . 339 7.11.2 Separating notions of randomness . . . . . . . . . 340 7.11.3 When van Lambalgen’s Theorem fails . . . . . . . 346 7.12 Measure theory and Turing reducibility . . . . . . . . . . 347 7.13 n-randomness and weak n-randomness . . . . . . . . . . 349 7.14 Every 2-random set is GL_1 . . . . . . . . . . . . . . . . . 352 7.15 Stillwell’s Theorem . . . . . . . . . . . . . . . . . . . . . 354

7.16 DNC degrees and autocomplexity . . . . . . . . . . . . . 355 7.17 Randomness and n-fixed-point freeness . . . . . . . . . . 359 7.18 Jump inversion . . . . . . . . . . . . . . . . . . . . . . . 362 7.19 Pseudo-jump inversion . . . . . . . . . . . . . . . . . . . 366 7.20 Randomness and genericity . . . . . . . . . . . . . . . . . 367 7.20.1 Similarities between randomness and genericity . 367 7.20.2 n-genericity vs. n-randomness . . . . . . . . . . . 369 7.21 Properties of almost all degrees . . . . . . . . . . . . . . 370 7.21.1 Hyperimmunity . . . . . . . . . . . . . . . . . . . 370 7.21.2 Bounding 1-generics . . . . . . . . . . . . . . . . . 372 7.21.3 Every 2-random set is CEA . . . . . . . . . . . . 376 7.21.4 Where 1-generic degrees are downward dense . . 383

III Relative Randomness 393

8 Measures of Relative Randomness 394 8.1 Solovay reducibility . . . . . . . . . . . . . . . . . . . . . 395 8.2 The Kučera-Slaman Theorem . . . . . . . . . . . . . . . 398 8.3 Presentations of left-c.e. reals and complexity . . . . . . 401 8.4 Solovay functions and 1-randomness . . . . . . . . . . . . 401 8.5 Solovay degrees of left-c.e. reals . . . . . . . . . . . . . . 403 8.6 cl-reducibility and rK-reducibility . . . . . . . . . . . . . 409 8.7 K-reducibility and C-reducibility . . . . . . . . . . . . . 415 8.8 Density and splittings . . . . . . . . . . . . . . . . . . . . 416 8.9 Monotone degrees and density . . . . . . . . . . . . . . . 422 8.10 Further relationships between reducibilities . . . . . . . . 423 8.11 A Minimal rK-degree. . . . . . . . . . . . . . . . . . . . . 426 8.12 Complexity and completeness for left-c.e. reals . . . . . . 429 8.13 cl-reducibility and the Kučera-Gács Theorem . . . . . . . 430 8.14 Further properties of cl-reducibility . . . . . . . . . . . . 431 8.14.1 cl-reducibility and joins . . . . . . . . . . . . . . . 431 8.14.2 Array noncomputability and joins . . . . . . . . . 434 8.14.3 Left-c.e. reals cl-reducible to Omega numbers . . 437 8.14.4 cl-degrees of Omega numbers . . . . . . . . . . . 444 8.15 K-degrees, C-degrees, and Turing degrees . . . . . . . . 445 8.16 The structure of the monotone degrees . . . . . . . . . . 448 8.17 Schnorr reducibility . . . . . . . . . . . . . . . . . . . . . 451

9 Complexity and Relative Randomness for 1-Randoms 454 9.1 Uncountable lower cones in K- and C-reducibility . . . . 454 9.2 The K-complexity of Ω and other 1-random sets . . . . . 456 9.2.1 K(A ↾ n) vs. K(n) for 1-random sets A . . . . . . 456 9.2.2 The rate of convergence of Ω and the α function . 457 9.2.3 Comparing complexities of 1-random sets . . . . . 459

9.2.4 Limit complexities and relativized complexities . 461 9.3 Van Lambalgen reducibility . . . . . . . . . . . . . . . . 463 9.3.1 Basic properties of the van Lambalgen degrees . . 464 9.3.2 Relativized randomness and Turing reducibility . 466 9.3.3 vL-reducibility, K-reducibility, and joins . . . . . 467 9.3.4 vL-reducibility and C-reducibility . . . . . . . . . 469 9.3.5 Contrasting vL-reducibility and K-reducibility . . 469 9.4 Upward oscillations and �_K -comparable 1-random sets . 471 9.5 LR-degrees . . . . . . . . . . . . . . . . . . . . . . . . . . 479 9.6 Almost everywhere domination . . . . . . . . . . . . . . 486

10 Randomness-Theoretic Weakness 490 10.1 K-triviality . . . . . . . . . . . . . . . . . . . . . . . . . 490 10.1.1 The basic K-triviality construction . . . . . . . . 491 10.1.2 The requirement-free version . . . . . . . . . . . . 492 10.1.3 Solovay functions and triviality . . . . . . . . . . 494 10.1.4 Counting the K-trivial sets . . . . . . . . . . . . . 496 10.2 Lowness . . . . . . . . . . . . . . . . . . . . . . . . . . . 497 10.3 Degrees of K-trivial sets . . . . . . . . . . . . . . . . . . 501 10.3.1 A first approximation: wtt-incompleteness . . . . 501 10.3.2 A second approximation: impossible constants . . 502 10.3.3 The less impossible case . . . . . . . . . . . . . . 504 10.4 K-triviality and lowness . . . . . . . . . . . . . . . . . . 508 10.5 Cost functions . . . . . . . . . . . . . . . . . . . . . . . . 516 10.6 The ideal of K-trivial degrees . . . . . . . . . . . . . . . 518 10.7 Bases for 1-randomness . . . . . . . . . . . . . . . . . . . 520 10.8 ML-covering, ML-cupping, and related notions . . . . . . 523 10.9 Lowness for weak 2-randomness . . . . . . . . . . . . . . 525 10.10 Listing the K-trivial sets . . . . . . . . . . . . . . . . . . 527 10.11 The Low_2 Top Theorem . . . . . . . . . . . . . . . . . . 530 10.12 A gap phenomenon for K-triviality . . . . . . . . . . . . 539 10.13 Strong jump traceability . . . . . . . . . . . . . . . . . . 541 10.13.1Basics . . . . . . . . . . . . . . . . . . . . . . . . 542 10.13.2The ideal of strongly jump traceable c.e. sets . . . 546 10.13.3Strong jump traceability and K-triviality . . . . . 553 10.13.4Strongly jump traceable sets and diamond classes 562 10.13.5The general case . . . . . . . . . . . . . . . . . . 573

11 Lowness for Other Randomness Notions 576 11.1 Schnorr lowness . . . . . . . . . . . . . . . . . . . . . . . 576 11.1.1 Lowness for Schnorr null sets . . . . . . . . . . . 576 11.1.2 Lowness for Schnorr randomness . . . . . . . . . 581 11.1.3 Lowness for computable measure machines . . . . 583 11.2 Schnorr triviality . . . . . . . . . . . . . . . . . . . . . . 586 11.2.1 Degrees of Schnorr trivial sets . . . . . . . . . . . 586

11.2.2 Schnorr triviality and strong reducibilities . . . . 590 11.2.3 Characterizing Schnorr triviality . . . . . . . . . . 592 11.3 Tracing weak truth table degrees . . . . . . . . . . . . . 597 11.3.1 Basics . . . . . . . . . . . . . . . . . . . . . . . . 597 11.3.2 Reducibilities with tiny uses . . . . . . . . . . . . 598 11.3.3 Anti-complex sets and tiny uses . . . . . . . . . . 599 11.3.4 Anti-complex sets and Schnorr triviality . . . . . 601 11.4 Lowness for weak genericity and randomness . . . . . . . 602 11.5 Lowness for computable randomness . . . . . . . . . . . 607 11.6 Lowness for pairs of randomness notions . . . . . . . . . 612

12 Algorithmic Dimension 614 12.1 Classical Hausdorff dimension . . . . . . . . . . . . . . . 614 12.2 Hausdorff dimension via gales . . . . . . . . . . . . . . . 616 12.3 Effective Hausdorff dimension . . . . . . . . . . . . . . . 618 12.4 s-Randomness . . . . . . . . . . . . . . . . . . . . . . . . 623 12.5 A correspondence principle for effective dimension . . . . 628 12.6 Hausdorff dimension and hardness extraction . . . . . . . 629 12.7 A Turing degree of nonintegral Hausdorff dimension . . . 633 12.8 DNC functions and effective Hausdorff dimension . . . . 639 12.8.1 Dimension in h-spaces . . . . . . . . . . . . . . . 640 12.8.2 Slow-growing DNC functions and dimension . . . 644 12.9 C-independence and Zimand’s Theorem . . . . . . . . . 648 12.10 Other notions of dimension . . . . . . . . . . . . . . . . . 656 12.10.1Box counting dimension . . . . . . . . . . . . . . 657 12.10.2Effective box counting dimension . . . . . . . . . 658 12.10.3Packing measures and packing dimension . . . . . 659 12.10.4Effective packing dimension . . . . . . . . . . . . 662 12.11 Packing dimension and hardness extraction . . . . . . . . 663 12.12 Clumpy trees and minimal degrees . . . . . . . . . . . . 666 12.13 Building sets of high packing dimension . . . . . . . . . . 669 12.14 Computable dimension and Schnorr dimension . . . . . . 675 12.14.1Basics . . . . . . . . . . . . . . . . . . . . . . . . 675 12.14.2Examples of Schnorr dimension . . . . . . . . . . 678 12.14.3A machine characterization of Schnorr dimension 679 12.14.4Schnorr dimension and computable enumerability 680 12.15 The dimensions of individual strings . . . . . . . . . . . . 683

IV Further Topics 687

13 Ω as an Operator 688 13.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 688 13.2 Omega operators . . . . . . . . . . . . . . . . . . . . . . 690 13.3 A-1-random A-left-c.e. reals . . . . . . . . . . . . . . . . 692

13.4 Reals in the range of some Omega operator . . . . . . . 694 13.5 Lowness for Ω . . . . . . . . . . . . . . . . . . . . . . . . 696 13.6 Weak lowness for K . . . . . . . . . . . . . . . . . . . . . 697 13.6.1 Weak lowness for K and lowness for Ω . . . . . . 697 13.6.2 Infinitely often maximal K-randomness . . . . . . 699 13.7 When Ω^A is a left-c.e. real . . . . . . . . . . . . . . . . . 699 13.8 Ω^A for K-trivial A . . . . . . . . . . . . . . . . . . . . . 703 13.9 K-triviality and left-d.c.e. reals . . . . . . . . . . . . . . 705 13.10 Analytic behavior of Omega operators . . . . . . . . . . 706

14 Complexity of C.E. Sets 712 14.1 Barzdins’ Lemma and Kummer complex sets . . . . . . . 712 14.2 The entropy of computably enumerable sets . . . . . . . 715 14.3 The collection of nonrandom strings . . . . . . . . . . . . 722 14.3.1 The plain and conditional cases . . . . . . . . . . 722 14.3.2 The prefix-free case . . . . . . . . . . . . . . . . . 727 14.3.3 The overgraphs of universal monotone machines . 736 14.3.4 Strict process complexity . . . . . . . . . . . . . . 745

References 751

Index 777